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Abstract

In any outbreak of infectious disease, the timely quarantine of infected individuals along with preventive measures strategy
are the crucial methods to control new infections in the population. Therefore, this study aims to provide a novel fractional
Caputo derivative-based susceptible-infected-quarantined-recovered-susceptible epidemic mathematical model along with
a nonmonotonic incidence rate of infection. A new quarantined individual compartment is incorporated into the suscep-
tible-infected-recovered-susceptible compartmental model by dividing the total population into four subpopulations. The
nonmonotonic incidence rate of infection is considered as Monod-Haldane functional type to understand the psychological
effects in the population. Qualitative analysis of the study shows that the model solutions are well-posed i.e., they are
nonnegative and bounded in an attractive region. It is revealed that the model has two equilibria, namely, disease-free
(DFE) and endemic (EE). The stability analysis of equilibria is investigated for local as well as global behaviors.
Mathematical analysis of the model reveals that DFE is locally asymptotically stable when the basic reproduction number
(Rp) is lower than one. The basic reproduction number Ry is computed using the next-generation matrix method. The
existence of EE is shown and it is investigated that EE is locally asymptotically stable when Ry > 1 under some appro-
priate conditions. Moreover, the global stability behaviors of DFE and EE are analyzed under some conditions using Ry.
Finally, some numerical simulations are performed to interpret the theoretical findings.

Keywords Epidemic model - Quarantine compartment - Nonmonotonic incidence rate - Local and global stabilities -
Numerical simulation

1 Introduction

Mathematical models are playing a crucial role in under-
standing and controlling the spread of infectious diseases
since a very long time. Epidemiological researchers have
developed numerous models to understand the dynamics of
infectious diseases, such as SIR, SEIR, SIRS, SAIR,
SVEIRS, and many others (where S stands for susceptible,
A for alert, E for Exposed, V for vaccinated,  for Infected,
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and R for recovered individuals) (Gumel et al. 2006; Goel
et al. 2020a, 2020b; Kumar and Nilam 2019; Kumar et al.
2019; Haung et al. 2010; Goel and Nilam 2019; Alexander
et al. 2004; Xu and Ma 2009; Wang 2002; Michael et al.
1999; Zhou and Wang 2022). In mathematical epidemio-
logical literature, many studies are based on classical and
integer-order derivatives, which are taken as a vital tool for
model formulation; for example, see Gumel et al. (2006),
Goel et al. (2020a), Kumar and Nilam (2019), Kumar et al.
2019), Alexander et al. (2004) and Wang (2002). In the last
few years, researchers are focusing on developing more
realistic models using Fractional-order derivatives instead
of integer order derivatives which provide more rich
dynamics of epidemic models; for example, see Matignon
(1996), Rostamy and Mottaghi (2016), Ahmed et al.
(2006), Ye and Xu (2019), Khan et al. (2020), Swati
(2022), Cui et al. (2022), Chatterjee et al. (2022) and Zhou
and Wang (2022).
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Fractional calculus is a special branch of mathematics
that deals with derivatives of fractional order, unlike the
ordinary derivative which is a local operator in nature. The
fractional-order derivative has a vital property called the
memory effect. As we all know that every biological
phenomenon has long-range temporal memory, therefore,
the use of the fractional-order derivative in epidemic
models instead of the integer-order derivative provides the
systems with long-term memory, which has been proven
more realistic. There are several definitions of fractional
order derivatives (Camargo and Oliveira 2015; Saad et al.
2018). The majorly used definition of fractional order
derivative is proposed by Caputo in 1967. Caputo frac-
tional-order derivative-based differential equations system
is one of the most used in the field of mathematical mod-
eling. In Caputo derivative-based equation systems, the
initial conditions can be expressed in the same manner as in
the integer-order based differential equations system. Also,
the Caputo fractional derivative has the same property as
an integer-order derivative, i.e., the derivative of a constant
is zero. This makes the Caputo fractional derivative more
popular and useful over other fractional derivatives such as
Riemann-Liouville, Grunwald-Letnikov fractional deriva-
tives, etc. Below is the definition and expression of the
Caputo fractional order derivative (Lu and Zhu 2018; Ye
and Xu 2019):

“The Caputo fractional derivative of order o« of a
function f(x) € C"([xo, +0o0], R) is defined as

Y A A ()
[(n—«) / (x —Q)**H="

where xo > x,I'. is the Gamma function and » is the posi-
tive integer such thatn — 1 <a<n. Whenn =1,0<a <1,
we have.

apry L Q)
Dif(x) = 1 =) /X(J = Q)“dQ.

D*f(x) = dQ, (1)

The spread of any infectious disease mainly depends on
the incidence rate. In epidemiology, the number of indi-
viduals who become infected per unit of time is known as
the incidence rate (Kermack and Mckendrik 1927; Kumar
and Nilam 2021; Goel and Nilam 2019). Kermack and
McKendrick (1927) introduced the first infectious disease
model using a bilinear incidence rate of the form SSI. This
bilinear incidence rate is based on the law of mass action,
which is inconsiderable for a large population. Therefore,
in lateral years, many researchers have modified this
bilinear incidence rate to the nonlinear incidence rates such
as the Holling type II, Crowley—Martin functional type,
Beddington—DeAngelish functional type, etc., to study the
dynamics of infectious diseases for a large population
(Kumar et al. 2019; Goel and Nilam 2019; Dubey et al.
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2016; Shi et al. 2011; Liu et al. 1987). In 1986 Liu et al.
(Liu et al. 1986) suggested a general incidence rate of the
form:

kY?S

f(S>Y):8(Y)S:m

(2)
In the above expression, g(¥) = ]J’if’yq is denoting the
nonmonotonic force of infection at the rate k, that is, g(¥)
is increasing when Y is small but it is decreasing when Y is
large. The incidence rate f(S,Y) can be used to interpret
“psychological effects” by susceptibles, i.e., the infection
force may get reduced as the number of infected increases
for a large number of infected population because in such a
situation the number of contacts may tend to reduce for the
case p<gq. The psychological effects can be observed on
the general public during the epidemic outbreak of SARS;
aggressive measures and policies, such as border screening,
mask-wearing, maintaining hygiene, etc., have been proven
very effective (Xiao and Ruan 2007) in reducing the
infective rate at the later stage of SARS outbreak, even
when the number of infective individuals was getting
increasing. In Eq. (2) when we consider p =1 and g =2
then Eq. (2) reduces to the following form:

kS
1 +oay?’

f(8,Y)=g(Y)S where k, o > 0. (3)
where kY measures the infection force of the disease and
1+17 describes the psychological effect from the behavioral

change of susceptibles when the number of infectives is
very high. The parameter o measures the psychological
effect of disease on the population when the infective
individuals become sufficiently larger in society. The
expression of Eq. (3) is a nonmonotonic functional which
is also known as the simplified Monod—Haldane incidence
rate (Kumar and Nilam 2021).

Whenever an epidemic outbreak emerges, the quaran-
tine of infected people is an effective tool to reduce the
spread of the epidemic. Hence, the role of quarantine
people cannot be ignored in the spread control of the dis-
ease. In this study, to understand the impact of quarantine
people, a quarantine class of individuals is introduced into
the standard epidemic model for disease transmission
dynamics. The word quarantine is simply meant to the
situation of forced isolation or some restrictions on the
movement of infected individuals to control the disease
from spreading further. To reduce the new infection cases
among susceptibles, one can quarantine those infectives
who have tested positive. In the case of covid-19, quar-
antined people are those positively tested infected indi-
viduals who are staying in a separate room in the household
or a repurposed hotel, depending on the severity of infec-
tion and risk factors for developing the severity of the
disease as per the WHO report (World Health Organization
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2021). For the present study, in case of an outbreak of
infectious disease, infected individuals who are in hospitals
as per the severity of symptoms are also considered as
quarantined individuals. In 2002, Hethcote et al. studied the
effect of quarantine class with a bilinear incidence rate for
infectious disease in six epidemic models. Later, in 2017
Erdem et al., proposed the disease dynamics with the
imperfect quarantine of individuals for altering the influ-
enza infection in the population. In our study, it is supposed
that quarantined individuals do not mix up with other
individuals so they do not infect them, hence, they will not
cause further infection in the population, and do help in
reducing the incidence rate for new infection cases.

Motivated by the work of Kumar (2020); Michael et al.
1999; Erdem et al. 2017), the proposed work aims to study
the effect of nonmonotonic incidence and quarantine class
in disease transmission dynamics to achieve adequate
understanding in implementing measures to prevent and
control infectious diseases among people. For this purpose,
a  susceptible-infected-recovered-susceptible  epidemic
compartmental model is extended and proposed by intro-
ducing a quarantine class into it. In the model, it is assumed
that recovered individuals are having temporary immunity,
and with time they will lose the temporal immunity and
will become susceptible again. Some infected individuals
who are asymptomatic or do not seek medical attention or
have not tested positive remain in the infected class for
their entire infectious period. Further, it is assumed that
some infected individuals move to the recovered class due
to the auto-recovery or by adopting alternate therapies
other than medical intervention while other infected indi-
viduals who have tested positive and seeking sufficient
medical attention move into the quarantined class and will
remain there until they are no longer infectious and move
to recovered class. This paper also aims to provide a new
Caputo derivative-based fractional-order susceptible-in-
fected-quarantined-recovered-susceptible epidemic model
along with a nonmonotonic incidence rate and its mathe-
matically rich dynamics.

The rest of the paper is structured as follows: in Sect. 2,
the fractional-order mathematical epidemic model is pro-
posed, and some of its basic properties are presented. In
Sect. 3, the model equilibria and their local stability
behaviors are analyzed with the help of threshold value Rj.
The Global stability behaviors of the model equilibria are
investigated using Ry and fractional order Lyapunov
function method (Boukhouima et al. 2020) in Sect. 4. In
Sect. 5, numerical simulations are performed using Matlab
2012b to validate the analytical studies. Finally, Sect. 6 is
dedicated to the discussion, and conclusion of the present
study.

2 Fractional-Order Epidemic Model and Its
Properties

This section is devoted to the formulation of a non-integer
Caputo derivative-based mathematical epidemic model.
For the development of the model, it is assumed that the
total population size is N(¢). Further, the total population is
divided into four subpopulations or classes, namely; sus-
ceptible S (¢), infected Y(¢), quarantine Q(¢), and recovered
Z(t), respectively. The susceptible class S(¢) consists of
those individuals who can catch the infection by coming in
close contact with infected people. The infected class Y (¢)
consists of those individuals who have been caught by the
infection and can transfer the infection to susceptibles
under appropriate conditions. Quarantine class Q(¢) con-
sists of those infected people who are tested positive and
staying at their homes or hospitalized according to the level
of severity of infection. More explanation about quarantine
class has mentioned in Sect. 1. Recovered class Z(¢) con-
sists of those individuals who have moved from Y(¢) and
Q(r) compartments due to auto-recovery and proper med-
ical treatment, respectively. It is assumed that recovered
individuals cannot have immunity for a long period,
therefore, they can recatch the infection, and hence, they
will become susceptible after a certain period. Let A denote
the constant recruitment rate of susceptible. Let f§ be the
transmission rate of disease among the susceptible popu-
lation, ¢ be the psychological effect, y be the rate at which
recovered individuals move in S compartment. Let u be the
natural death rate, and parameters d;,d, denote the dis-
ease-induced mortality rates in Y and Q classes, respec-
tively. The parameters w, 6, and ¢ denote the quarantine
rate, the auto-recovery rate of infectives, and the recovery
rate of quarantined people after medical attention, respec-
tively. Under the above assumptions, the following frac-
tional-order epidemic model is proposed:

d* S(t) pSY

dr> AL 1+oY2+/Z’

YY) BSY

dr _1+6Y2_(H+dl+w+9)’. )
dd%<t):wY—(u+d2+5)Q,

¥/

ddta(t)zﬁY—kéQ—(quy)Z.

Subject to the conditions:

§(0) =S80 >0,Y(0) =Y,>0,0(0) = 0y >0,Z(0)
=7Zy>0 (5)
Here, j—; = D? is taken in the form of the Caputo
derivative of order o such that 0 <a <1.
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BSY
Troy? denotes the

non-monotonic force of infection at the rate /5.

For biological reasons, all model parameters are sup-
posed to be positive. The list of all variables and parame-
ters of the model (4) is given below in Table 1.

Now, the following lemmas are being provided of the
fractional calculus to derive the basic properties of the
model (4).

In the proposed model (4), the term

Lemma 1 (Odibat and Shawagfeh 2007), Consider that
o € (0,1] and the functions f(t) € Cla,b] and its frac-
tional derivative D?f(t) € Cla,b]. Then, we get that for all
t € [a,b],

(1) =f(a) +é% (&)(t — a)*, where & € [a,1].
It is observed that for oo = 1 above Lemma 1 reduces to
the classical mean value theorem.

Lemma 2 (Podlubny 1999), Consider o«; > 0,0, > 0 and
c € C. Define y(t) =127 'E,,,, (£ct™), where E,, ., (2)
denotes the two-parameter Mittag—Leffler function along
with parameters oy and op.Then the Laplace transforma-
tion of y is given by

Lly()] =

s T

o —
%1 2

Lemma 3 (Podlubny 1999), Assume that o, is an arbitrary
real number. If oy <2, then there exists a constant Cg such
that, for all z in the complex plane,

Cg

E <
| 117a2(z)‘— 1+|Z|

Now, we state and prove the following theorems for the
basic properties of the model (4) below:

Theorem 1 All the solutions of the proposed mathematical
epidemic model (4) with initial conditions given by Egq. (5)
are non-negative.

Proof Consider that S(0) > 0 at # = 0. Firstly, we have to

prove that S(t)>0Vs>0. On contrary, assume that
S(#) >0 is not true. Then, there exists a 7 > 0 such that

>0 if 0<t<mt
S(tH)=<¢ =0 if t=r1 . (6)
<0 if 11<t<t]+ €

where ¢; > 0 is assumed sufficiently small. From the
first equation of the model (4), we get,

40— A9z >0.

o
dt =1,

0<e; < 1, we have.

From Lemma 1, for any

52, €\ Springer

1d*
o dt*
consequently, we get S(t; + ¢) >0, which is a contra-

diction of Eq. (6) that S(¢) <0 for 1ty <f<7t; + €;. There-
fore, we get that S() >0V¢>0.

S(ti+e)=S8(t1) + S(&)ef where 1) <E<1y + ¢

Next, we have to show that Q(r) >0V ¢ > 0. Again, we
shall complete this by the method of contradiction. Sup-
pose that Q(7) >0 is not true. Then, there exists a 7, > 0
such that

>0 if 0<r<1,
on=<¢ =0 if r=1, . (7)
<0 if,<t<t+e6

where ¢; > 0 is assumed sufficiently small. From the third

d*Q(t)
9 dt7

equation of the proposed model (4), we get =Y

> (0. From Lemma 1, for 0<e; < 1, we have.

o

0(rs + @) = Q) + -4

o Q(&)e&gwhere 1, <E<1, + €

As a result, we obtain Q(t, + €) >0, which is a con-
tradiction of Eq. (7) that is Q(¢) <0 for 1, <t<7; + €.
Therefore, we get that Q(¢) >0V¢>0.

Similarly, we can show that Y (¢) >0 and Z(¢) > 0 for all
t>0. Therefore, as a consequence, all the solutions
(S(r), Y(1),0(1),Z(t)) of the model (4) with initial condi-
tions (5) are non-negative.

Theorem 2 The region R={(S,Y,0,Z) € R} : 0<S+
Y+Q+Z<P,P>Cg %} is an attractive region of the
model (4), where Cg is a constant described in Lemma 3.
Proof Adding all the equations of the model (4), we get
the following fractional order differential equation:
D?NZA—,MN—d]Y—sz (8)
where N=S+Y + Q0+ Z. Now, as Y, 0 >0, we get
DIN <A — uN 9)

Now, take the initial value problem
DN = A — i, N(0) = No (10)
From the comparison principle (Lu and Zhu 2018), the

solution of Egs. (9) and (10) satisfy the following
inequality:

N(t) <N(t), forallt >0 (11)

Take the Laplace Transform of Eq. (10), we get



Iran J Sci Technol Trans Sci (2022) 46:1249-1263

1253

o

LN~ No =2 — W)
Aas—l
st u

=17~
= L[N()| = Za f:?

Also, from Lemma 2, we get
o—1 -1

} s
s* 4 ,LL”CP“E%HI(ﬂH )] =

LIE, (~u)] = -

Taking the inverse Laplace transform of the above, we
get

N(t) = NoEy 1 (—ut") + A" Ey 1 (—put”)
Using Eq. (9), we have

N(t) <NoE, (—ut*) + AEyyir (—ut*)
Using Lemma 3, we obtain

NoCg At*Cg
14+ pu* 14 u*

IN(1)| <

where, Cg is a constant, described in Lemma 3. So, as t
— 00, we obtain N(t) <P, where P > CE%.

Therefore, region R 1is attracting all the solutions
(S(2),Y(t), 0(z), Z(¢)) of the model (4).

3 Equilibria and Their Stability Analysis

This section is devoted to the existence of the model
equilibria and their stability analysis. The model equilibria
are obtained by setting all the equations of the model (4) to
zero, which are as given below:

i. Disease-free equilibrium (DFE).E;(So, Yo, Qy,Zo)

- (ﬁ,o,o,o).
ii. Endemic equilibrium (EE), E, = (S*,Y*, 0", Z").

A detailed discussion on the existence of endemic
equilibrium is given in section 3.3.

To investigate the stability behavior of both equilibria,
we need to compute the basic reproduction number Ry
(Driessche and Watmough 2002). The basic reproduction
number is obtained in Sect. 3.1 using the next-generation
matrix method (Driessche and Watmough 2002; Ye and Xu
2019).

3.1 Computation of the Basic Reproduction
Number Ry:

For the computation of the basic reproduction number Ry,
first, we consider that

Dix = U(x) — V(x),

where x = (Z,0,7, S)T, U(x) is the matrix of new infec-
tion term and V(x) is the matrix of transfer term into the
compartments and out of the compartments. Jacobian
matrices of U(x) and V(x) at E| are given by:

0O 0 0 O
0O 0 0 O
= A
v 0 0 —ﬁ 0’
u
00 0 O
Y+ —0 -0 0
0 dry+d+u — 0
V= 0 0 di+0+u+w 0
A
IR AP
u

For the next-generation matrix, we need to calculate the
inverse of matrix V. The inverse of the matrix (V~!) is
given in “Appendix A”.

Now, the next-generation matrix is:

uv!
00 0 0
00 0 0
=10 o AP(—dayp — ySp — doyi® — ypi — 5% — i) 0
12 (day + 90 + dop + pp+ op + p2)(—dy — 0 — p — o)
00 0 0
On simplification, we get
0 0 0 0
Lo loo 0 0
uwl=14 o B 0
u(dy + 0+ u+ )
0 0 0 0

From Ye and Xu (2019), the basic reproduction number
is the spectral radius of the next generation matrix (UV ")
that is denoted by p(UV~!). Hence, the basic reproduction
number of the model (4) is:

-1 Aﬂ ﬁSO
Ro=p(UV™) Tudi 40+ p+ o) (di+ 0+ p+ o)
(12)
In the above Eq. (12), the term m denotes the
average life expectancy of infectious individuals. The
right-hand side term of R, provides the number of sec-
ondary infections of susceptible individuals that one
infected individual can produce in a disease-free
population.
Further, the local stability behaviors of the equilibrium
point E; of the model (4) are discussed with the help of the
basic reproduction number Ry.
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A

!

uS(t)

BS(t)Y(t)
1+0oY3(2)

|

wY (1)

(u+d )Y (1)

5Q (1)

(u+dx)Q(®)

- Z()

|

HZ(t)

ey (ov)

YZ(t)

Fig. 1 Transfer diagram of the model (4)

3.2 Local Stability Analysis of Disease-Free
Equilibrium (E,)

The local stability behavior of the disease-free equilibrium
of the model (4) can be analyzed by the linearization of the
model (4) at the disease-free equilibrium (E}). Therefore, a
linearized matrix of the model (4) is obtained as given
below:

P 25Y?Bo _Sp
# 1+7Y% (1+y20)2 1+7Y%
Y 25Y? S
J= ﬁz —di —0—p— [302+ 52
1+ Yo (1+Y?%g)" 1+Y0
0 w
0 0

All characteristic roots of Eq. (13) are given by
=y =—(u+7y), ls=—(d2+0+p), la=(Ro—
1)(di+ 0+ u+ ).

We see that the eigenvalues 4, A, and A3 of the matrix
JE, are of with negative sign and the eigenvalue /4 will be
negative when Ro<1. Hence, |arg/;| =n > % for all
j=1,2,3,4.

From the above, the linearized matrix of the system (4)
at DFE (E))is given as:

—H - 0 Y

Aﬂ
JE1: 0 7d179+—ﬂ7,u7w 0 0
0 w —dy— 96— u 0

0 0 ) —y—pu

The characteristic equation of the matrix Jg, is as
follows:

A+ +2+w(dr+0+ A+ w)(—APp+ pu(d +0+ 2
+ 1+ w))
=0.

(13)

22, Q) Springer

Now, whenRy > 1, the eigenvaluels > 0, and in this
situation |argd4| = 0< %*. Therefore, the disease-free
equilibrium (E;) is unstable whenR, > 1. Hence, by
Kumar (2020) and Matignon 1996) and the above discus-
sion, we present the following theorem for the local sta-
bility behavior of the disease-free equilibrium(E,):

Theorem 3 The disease-free equilibrium E| = (% ,0,0, 0)
of the proposed model (4) is:

i. locally asymptotically stable when the basic repro-
duction number Ry <1.
ii. unstable when Ry > 1.

Figure 2 is the graphical representation of Theorem 3
using data as given in Table 2. It confirms that disease will
die out when Ry<1 and disease will continue its propa-
gation among the population when Ry > 1.
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Unstable DFE and Stable EE

Y(1)

Stable DFE

o
T

0.0 0.5

Ro

Fig. 2 Basic reproduction number Ry versus Infected population Y (¢).

3.3 Existence of the Endemic Equilibrium (E;)
and Its Local Stability Analysis

In this section, we present the existence of a unique
endemic equilibrium and discuss its local stability behav-
ior. The endemic equilibrium E,(S*,Y*,Q*,Z*) of the
model is obtained by taking all equations of the model (4)
to zero as given below:

S Y*

A—MS* —m—f—yz* :07
BS*Y* *
m—(ﬂ+d1+w+9)y =0, (14)

oY —(u+dr+0)Q" =0,
0Y* +0Q" — (u+7y)Z" =0.
On solving Eq. (14), we get
1+ Y206)(d) + 0+ p+ o) o = Yo
B ’ dy+ 6+’
75— Y0+ Y00 + Y 0u+ Y*ow
(v +w)(d2+ 6+ u)

ot

and Y* is the solution of the following quadratic

equation:
ALY+ AY +A,=0 (15)

where the coefficients Ag,A; and A, of Eq. (15) are as
given below:

Ao ==+ u)(d2+ 6+ w)(=AB+ u(di + 0 + p + ))
= () +wu)(d2+ 0+ puldi + 0+ p+w)(Ry — 1),

Ay = —p(di(y + p)(dr + 6+ p) + do(y(u + @)
Fu(0 + p+ @) + p(y(0 + p+ o) + (6 + w0 + p+ ),
Ay = —u(y + ) (dy + 0 + wWa(dy + 0+ u+ o).

Now, we state the result in form of the theorem for the
existence of a unique positive equilibrium.

Theorem 4 There is at most one positive equilibrium of
the model (4) if Ry > 1.

Proof  Suppose that

F(Y) =AY 2 + A Y + A4 =0. (16)

The coefficients A, and A; of f(Y*) are negative, and
coefficient Ay is positive when Ry > 1 as all parameters are
assumed to be positive. From Eq. (16), it can be seen that
f(Y*) is a continuous function in Y*. Therefore, by
Descartes’ Rule of the signs (Wang 2004), there exists at
most one real positive root of Eq. (16). Thus, after
obtaining the unique positive value of Y*, we can calculate
the value of S*, Q" and Z*, respectively. Hence, there exists
a unique positive endemic equilibrium E, =
(S*,Y*,0",Z*) of the model (4).

Now, the local stability behavior of the endemic
equilibrium E, = (S*,Y*, 0", Z*) is investigated.

To investigate the locally asymptotical stability of the
endemic equilibrium E,, we need the following lemma:

Lemma 4 (Ahmed et al. 2006; Naik et al. 2020) Define the
following characteristic equation:

PO =0"+al" +al"?+ - +a,=0 (17)

The following conditions make all the roots of the
characteristics Eq. (17) satisfy the equation given below:

|arg(Eig(J"))| = |arg/; (18)

> %fora11j=1,2,3,4.

i. For n =1, the condition for Eq. (17) is a; > 0.
ii. For n =2, the conditions for Eq. (17) are either
Routh-Hurwitz conditions or a;<0,4a; > a%,

tan~' (1/4a; — (a1)2> Jai| > an/2

iii. For n = 3, if the discriminant of P({), namely D(P)
is positive, the following conditions are the neces-
sary and sufficient conditions to satisfy Eq. (18):

ap > 0,&3 > 0,01612 > Cl3,ifD(P) >0

iv. If D(P)<0,a; > 0,a; > 0,aja, = a; then condition
Eq. (18) is satisfied for all o € [0, 1).
v. For general n,a, > 0 is necessary for Eq. (18).

Now, to analyze the local stability behavior of E,, we
linearize the model (4) at E,, and obtained the following
Jacobian matrix(J*):
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Y*p 25Y*2 o Sp
I L a—— 2 ¥2 0 v
1+ Y0 (1+y*26) 1+Y*0
. Y* 28Y*? S
J = % —dy—0—pu— ﬁ0'2 ﬁz —w 0 0
1+Y*0 (1+7v2%)" 1+Y%
0 W —dy—0—p 0
0 0 0 —y—u

The characteristic equation of the matrix J* is:

P(A) =2+ C323 4+ C12> + C1A+ Cy =0, (19)

where the coefficients Cy, C;,C3 and C4 are given by:

1
T1t+r
+d2(2Y" u(y + o (0 + p+ o) + (1 + )
Fu(0 + p+ o)) + p2Y (r + )0 + po(0 + p+ o)
B0+ p+w) + (6 + )0+ p+ ),

=L (vt Y RS0+ 2¥ pyu + 2Y o
14+Y"0o
+ pOu + 2V PO+ 3Y* pr® + yui® + ou® + 1
+2Y*%000 + 3Y**ydpo + 4Y**90uc + 4Y**50uc
+ 5V 2 pute + 5Y*20uP + 6Y20uta + 1Y iPo
+d Y (B(y + 0+ 2u) +2Y*(p0 + 2pu + 20u
+31?)a + dy (B +2Y*(y + 2u)0)) + Y By
+ Y*Bdw + 2Y* Buw + 2Y**pdow + 4Y *pucw
+4Y25u0w + 6Y** (oo + dy(u(y + p) + Y B(y
+ 042+ )+ Y*20(p(20 + 3u + 20) + u(40
+5p+4m)))),

Co (Y*(di(y + m)(d2 + 6 + p) (B + 2Y" po)

C

C, (Y'By+ Y Bo+ 90+ Y pO+3Y" P+ 2yu

T + 12
1201+ 312 + Y**9da + 2Y* 2900 + 2Y* 2000 + 4Y yuc
+4Y*2(3,ua + 6Y*29,ua + 9Y*2,u20’
+d\ Y (B42Y"(dy + 7 + 0 4 3u)0) + Y* fo + 2Y** 00
+2Y* 206w + 6Y* 2 pow + (Y B+y+2u
+Y20(y +2(0 4 2+ )))),

1
1417
+Y%6(2d, + 7+ 6 + 20+ 5u + 20)).

Cs (dy+Y'B+y+0+3u+drY*%

All the coefficients Cy, Cy, C,, C5 of the characteristic
Eq. (19) are of positive sign. Thus, from condition (v) of
Lemma 4, the unique positive endemic equilibrium E; is

22, Q) Springer

locally asymptotically stable (Ahmed et al. 2006; Naik
et al. 2020). Hence, this result is stated in form of the
theorem below:

Theorem 5 The endemic equilibrium E, = (S*,Y*, 0%, Z")
of the fractional-order epidemic model (4) is locally
asymptotically stable when Ry > 1 and
unstable otherwise.

4 Global Stability Analysis

In this section, we discuss the global stability behavior of
the disease-free (E;) and endemic equilibria (E5).
For global stability analysis, we assume that

G(y)=—

1 +oY?
Now, we establish the following theorems correspond-
ing to the global stability behavior of E| and E,.

(20)

Theorem 6 The disease-free equilibrium E; = (% ,0,0, O)
of the model (4) is globally asymptotically stable when the
basic reproduction number is less than or equal to unity,

that is, Ry <1.

Proof From the system of Eq. (4), we derive the following

(4.0,0,0)

conditions at E;

A:,US()

Now, consider the Lyapunov function as:
S A
L(t) = S—So—SolnS— +Y + QO+ Z, whereSy = —
0 It

(1)

The differentiation of Eq. (21) along the solution of the
model (4) is
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S
D'L(t) = <1 - E“)D;‘s + DY + D'Q + D'Z
(-9
S
(-9
S

(A—uS—pSG(Y) +9Z)+ pSG(Y) — (u+di+ o+ 0)Y + oY — (u+d>+0)Q+0Y + 00 — (u+7y)Z

(uSo — uS — BSG(Y) +yZ + BSG(Y) — (p+di + o+ 0)Y + oY — (u+da +0)Q+0Y + 00 — (u+7)Z

So\’ 7S
=—uS<1—§O> + pSoG(Y) — (u—&-u)Z—(,u—&—dz)Q—(#-i-dl+w+0)Y+wY+9Y

S

< —,uS(l—SO)er(ﬁSo—(,u+d|+w+0))Y—(

S

2
——)—(M+d1+w+9)Y(1—Ro)— ((

@ﬂt)z- (4 +d2)Q + (@ + O)Y (Since G(Y) < Y)

S

%-l—,u)Z—#(,u-kdz)Q—(w—&-H)Y).

Now from above, it can be observed that if
(0+0)Y < (B + W) Z+ (u+dr)Q and Ry<1 then
D?L(r) <0. In addition, the maximum invariant set in
{(8,Y,0,Z) : D!L(t) =0} is the singleton set {E,}.
Therefore, according to Lassalle’s invariance principle
(Kumar 2020; Salle 1976), the disease-free equilibria E; of
the model (4) is globally asymptotically stable when
Ro<1.

Table 1 Notations and descriptions of the model’s variables and
parameters

Notations Description

S(1) Susceptible population

Y(¢) Infected population

o) Quarantine population

Z(t) Recovered population

A Recruitment rate

u Natural death rate

p Transmission rate of infection
g Rate of psychological effects

y Rate at which recovered move to S class
d, Death due to disease in Y class
[0) Quarantine rate

0 Auto recovery rate

d> Death due to disease in Q class
0 Recovery rate due to treatment

Theorem 7 When the basic reproduction number is
strictly greater than one, that is, Ry > 1 then the endemic
equilibrium E, = (S*,Y*,0%,Z") of the model (4) is
globally asymptotically stable.

Proof 1t is derived the following conditions from the
system of Eqgs. (4) at E»(S*,Y*, 0", Z%)

A=uS" + BS'G(Y") —9Z"; (u+di + o+ 0)

_pse(r) _(utdr+9)Q0"

y© Y ’
gtz og
Y* Y*

Now, to prove the global stability of E,, we define the
following Lyapunov function:

S Y

- 0" - Q0'In— -7 —Z'In— ).

Q* Z*

(22)

The differentiation of L, (¢) along the solution of system
4) is:

Table 2 Parameters and their

. Parameters A
numerical value " B

o Y d; w 0 d, )

Value 9 0.03

0.003

0.002 0.0002 0.04 0.08 0.04 0.007

% @ Springer
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tl|A G|
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Q Y
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+ﬁS*G(Y*)(<1 +
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=uS (2—§—§>+ﬂSG(Y)(1
SG(Y) Y
S'G(Y*) Y* ' YS'G(Y*)
+(u+y)Z*(%Q£+l)+5Q*(
. s 5 s STy
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B Y
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1— %) (uS* + BS*G(Y*) — yZ* — uS — BSG(Y) + 7Z) + (1

Y—(u+d2+5)Q> + (1
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+7> +(u+d2+5)Q*(————

y. zv, 0 Z*Q)
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*

Y
- )wst)
(n+7)Z°

2
o

Y QY

_BSGr),

oQ"
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Y+5Q—(,u+y)Z)
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1+t

Stz
S zv Sz
2 +1)

0

1+S+Z Sz
NVA

Y —

G(Y)
G(Y*)

o Zo

Y*S
- '\Z*
) (

zy*
S z

(1

Y*

Using the property of arithmetic mean, we get:

<2 _Si_SS*) <0, (23)
and if

(YY*_g;{_g*Jrl)SO’ (26)
(%¥?+1><0, (27)
(550

Hence, when the inequalities (23)-(28) are satisfied
simultaneously then D?L.(r) <0. Besides, the maximum
invariant set in {(S, Y, Q,Z) : DYL.(t) = 0} is the singleton
set {E,}. Therefore, according to Lassalle’s invariance
principle (Kumar 2020; Salle 1976), the endemic equilibria

52, €\ Springer

E, of the model (4) is globally asymptotically stable when
Ry > 1.

5 Numerical Results

In this section, we present the numerical simulation of the
model (4) in support of our analytical findings. The
numerical simulations are performed using the predictor-
corrector method (Diethelm et al. 2002; MathsWorks
2012). For the simulation, we use the experimental data as
given in Table 2.

From the data as given in Table 2, the value of the
coefficients of Eq. (16) is A, = —2.1626219999999994
x107%, A} = —1.080744 x 10~°, Ay = 0.00005197269.
These coefficients value satisfy Theorem 4 for the exis-
tence of a unique positive equilibrium. So, the unique
positive endemic equilibrium is calculated as E,(S*,Y*,
0*,Z") = (144.893,30.0364725,31.2067,12.2063)  for
which the basic reproduction number is calculated as Ry =
5.8065. The numerical values of the coefficients of
Eq. (19) are evaluated using the data given in Table 2 and
are given as (3 =0.36879,C, =0.041332,C, =
0.00178363, Cy = 0.00002549. The numerical value of
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Cy,Ci, C, and Cj satisfy the condition (v) of Lemma 4.
Thus, the unique positive endemic equilibrium is asymp-
totically stable whenever the basic reproduction number
Ry > 1. This confirms Theorem 5 numerically.

The initial values of the subpopulations for numerical
simulations are considered as given below:

S(0) = 270, ¥(0) = 10,0(0) = 15,Z(0) = 5

Figures 3, 4, 5, and 6 depict the impact of the fractional
derivative of order a(x = 0.7,0.8,0.9,1) on the suscepti-
ble, infected, quarantined, and recovered subpopulations,
respectively. On the ground of Theorem 5, the endemic
equilibrium E, is stable for every value of fractional order
o which is shown by these figures. Figures 3, 4, 5 and 6
also confirm that the disease is endemic as all the solution
curves tend to the endemic equilibrium E,. Further, from
Figures 3, 4, 5 and 6, we observed that for o = 1, the

Time

Fig. 6 Impact of fraction order o on recovered population

system approaches the stationary state in a short duration.
The stationary time is increased when we decrease the
value of o.

Figure 3 depicts that for different values of (o (o =
0.7,0.8,0.9,1)) as time passes, the number of susceptible
individuals decreases, and finally the population reaches
endemic equilibrium E, with time. It is noticed that as «
approaches one, the system reaches the steady-state in a
very short period.

Figure 4 shows the effect of fractional order derivative o
on the infected individuals and it is observed that for the
lower value of « steady time is increasing. As o approaches
one the steady-state is achieved in a very short duration for
infected populations which means infected populations will
need more time to vanish when « decreases due to the
presence of the memory effect.

T, @ Springer
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Figure 5 depicts the effect of fractional order derivative
o on the quarantined individuals and it is noticed that as the
quarantine takes into account, for the lower value of o
steady time is increased. As o approaches to the value one
the steady-state is achieved in a very short time for the
quarantined populations. It can be concluded from this
figure that timely and effective quarantine can be proved a
vital factor in the recovery of infectives and hence control
the spread of infections.
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Figure 6 shows that, if we decrease the fractional-order,
the total number of recovered cases is decreased and it
takes more time to approach to a steady-state. It is observed
that as o increases then the number of recovered individ-
uals also increases and as « reaches one steady state is
achieved in a very short time.

Figure 7 depicts the infected individuals at various ini-
tial values of infected individuals (Y(0) =5,10,15). It
shows that when the number of infectives is low initially,
infection occurs at a low level in comparison to high initial
values of infected populations. Moreover, with any values
of Y(0), the infected population approaches the same
steady-state as time passes.

Figure 8 shows the impact of timely quarantine of
individuals on the infected population. It is depicted that
as the quarantine of individuals takes into account in the
system then the infected population increases initially but
later due to the timely quarantine of individuals, the
infection reaches its peaks and then significantly
decreases. Hence, timely quarantine of individuals is
crucial to control the peak of infection during the epi-
demic outbreak.

Figure 9 shows the impact of timely quarantine of
individuals on the recovered population. It is obvious that
as the quarantine takes place timely the recovery increases
and reaches its steady state. In Fig. 10, it is observed that,
initially, as the number of infected individuals increases
recovered population is at a low level, and as time passes
recovery increases with the increase of infected individuals
and reaches its steady state.

Figures 11 and 12 are portrayed to observe the impact of
psychological effects on both susceptible and infected
populations. As the value of the rate of psychological
effects ¢ increases, the number of susceptibles increases,
and the peak of infected individuals start decreasing as
shown in Fig. 11 and Fig. 12, respectively. Hence, the
psychological effects can be used as an effective method
for reducing the peak of infection in society during an
outbreak.

6 Discussion and Conclusion

This article aimed to propose and mathematically ana-
lyze a fractional-order epidemic model to understand the
role of quarantine individuals along with a deep under-
standing of psychological effects on susceptible individ-
uvals in disease transmission dynamics during an
outbreak. Therefore, a class of quarantined individuals is

incorporated into the standard susceptible-infected-
recovered-susceptible compartmental epidemic model
with Monod-Haldane type incidence rate of infection.
Monod-Haldane type incidence rate is a nonmonotonic
incidence rate that considers the psychological effects on
susceptibles during an epidemic. The Caputo derivative
is considered for the population rate of each subpopu-
lation. The Caputo derivative is a fractional-order
derivative that considers the memory effects which can
be seen for any emerging disease. Whenever a disease
emerges in society, at the beginning of the disease, we
always use the knowledge which we have collected from
previously emerged diseases. This collected information
is always helpful for controlling the transmission of
newly emerging diseases and this is the memory effect
in the fractional-order epidemic model that we cannot
measure by the integer-order derivative-based epidemic
model. The model analysis has shown that the proposed
model is well-posed i.e. the solutions of the model are
non-negative and bounded in a compact region; and the
model has two equilibria, namely disease-free and
endemic. Further, we computed the basic reproduction
number Ry by the Next-generation matrix method and
investigated that the disease-free equilibrium is locally
asymptotically stable when the basic reproduction num-
ber is less than the unity and unstable when it is greater
than unity as stated in Theorem 3. The existence of a
unique positive equilibrium is established and the local
stability behavior of endemic equilibrium is analyzed.
We investigated that EE is locally asymptotically
stable when Ry is greater than unity and follows any one
condition of Lemma 4 as stated in Theorem 5. Fur-
thermore, the global stability behaviors of both equilibria
DFE and EE have been analyzed by the Lyapunov
function method and it is shown that EE is globally
asymptotically stable when Ry > 1 and DFE is globally
asymptotically stable when Ry <1 as stated in Theorems
6 and 7, respectively.

Numerical results are proposed in support of analyti-
cal results. Figure 2 is plotted in support of Theorem 3
which has shown that when Ry<1 then the disease-free
equilibrium is locally asymptotically stable and when Ry
slightly increases from one then endemic equilibrium
arrises. Figures 3, 4, 5, and 6 are plotted to show the
impact of fractional order o on susceptible, infected,
quarantine, and recovers subpopulations, respectively.
These figures depict that as the value of fractional order
o increases to one, each subpopulation takes less time to
reach its steady state. We noticed that various values of
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o have no effect on the stability nature of the equilib-
rium points but affect only the time to reach the equi-
librium state. These graphs support Theorem 5 which

Hence, the inverse of the matrix V is given as:

d20ﬂ+50ﬂ
1 0 +0* + Spw
7+ u (tw(d+0o+u)  p(y+p(d+06+p)(d +0+pu+w)
0 1 P + o
dr+ 6+ p u(y + p)(da+ 0+ p)(dy + 0+ p+ )
V= 0 0 ! 0
di+0+u+o
_ABG (2 +o )
u
dyy + 70 +yp 70 P(d20 + 60 + Ou + dw) 1
)

w(y+ ) (dy+0+p) wuy+u)(d+ 06+ p)

o+ (da+o+p)(di+0+u+w) u

states that the EE is locally asymptotically stable when
Ry greater than one. It is also observed from the simu-
lation that any initial population of infectives does not
affect the steady-state of the infected population as
shown in Fig. 7. Further, numerical simulations show
that the timely quarantine of infected individuals helps
us in reducing the new infection cases significantly, and
also helps us in increment of recovered population. From
graphs, it is observed that if we timely monitor the
psychological effects and take the appropriate action to
increase the value of the rate of psychological effects
that helps to reduce the new infection significantly in
society.

In conclusion, this study suggests that if health poli-
cymakers and professionals consider the memory effect,
do the timely quarantine of infected individuals, and
focus on the appropriate actions to increase the psy-
chological effects on susceptibles then we can predict the
disease more correctly, may reduce the impact of the
epidemic, and this can also be helpful to reduce the
period of the outbreak as well.

Appendix A

The matrix V is

Y+ —0 -0 0
0 dy+ 0+ ) 0
0 0 di+0+pu+ow 0

A
u

) @ Springer

Acknowledgements The authors are very grateful to the editor and
anonymous reviewers for their constructive comments and sugges-
tions, which improve the quality of the paper.

Author contributions: Both authors equally contributed to conceptu-
alization, formal analysis, writing original draft, reviewing and
editing.

Funding The authors received no specific funding for this work.

Data availability All relevant data are within the paper.

Code availability Not Applicable.

Declarations

Conflict of interest The authors declare that they have no conflicts of
interest to disclose.

References

Gumel AB, Mccluskey CC, Watmough J (2006) An SVEIR model for
assessing the potential impact of an imperfect anti-SARS
vaccine. Math Biosci Eng 3:485-494

Goel K, Kumar A, Nilam, (2020a) A deterministic time-delayed
SVIRS epidemic model with incidences and saturated treatment.
J Eng Math 121:19-38

Kumar A, Nilam, (2019) Stability of a delayed SIR epidemic model
by introducing two explicit treatment classes along with
nonlinear incidence rate and Holling type treatment. Comp Appl
Math 38:130

Kumar A, Nilam KR (2019) A short study of an SIR model with
Inclusion of an alert class two explicit nonlinear incidence rate
and saturated treatment rate. SeMA J 76(3):505-519

Kumar A (2020) Stability of a fractional-order epidemic model with
nonlinear incidences and treatments rates. Iran J Sci Technol
Trans Sci 44:1505-1517



Iran J Sci Technol Trans Sci (2022) 46:1249-1263

1263

Kermack, WO, Mckendrik, AGA (1927): A contribution to the
mathematical theory of epidemics. Proc. R. Soc. A Math. Phys.
Eng. Sci.; 115(772):700-721.

Matignon D (1996) Stability results for fractional differential
equations with applications to control processing. [EEE-SMC
Comput Eng Syst Appl 2:2963-2968

Kumar A, Nilam, (2021) Effects of nonmonotonic functional
responses on a disease transmission model: modeling and
simulation. Commun Math Stat. https://doi.org/10.1007/
s40304-020-00217-4

LuZ, Zhu Y (2018) Comparison principles for fractional differential
equations with the caputo derivatives. Adv Differ Equ 2018:237.
https://doi.org/10.1186/s13662-018-1691-y

Haung G, Takeuchi Y, Ma W, Wei D (2010) Global Stability for
delay SIR and SEIR epidemic models with nonlinear incidence
rate. Bull Math Biol 72:1192-1207

Rostamy D, Mottaghi E (2016) Stability analysis of a fractional order
epidemics model with multiple equilibriums. Adv Differ Equ
2016:170. https://doi.org/10.1186/s13662-016-0905-4

Ahmed E, El-Sayed AMA, El-Saka HAA (2006) On some Routh-
Hurwitz conditions for fractional-order differential equations and
their applications in Lorenz Rossler, Chua, Chen Systems. Phys
Lett A 358(1):14

Driessche PVD, Watmough J (2002) Reproduction numbers and sub-
threshold endemic equilibria for compartment models of disease
transmission. Math Biosci 180:29-48

Goel K, Nilam, (2019) Stability behavior of a nonlinear mathematical
epidemic transmission model with time delay. Nonlinear Dyn
98:1501-1518

Wang X (2004) A simple proof of Descartes’s rule of signs. Am Math
Mon 111(6):525-526

Alexander ME, Browman C, Moghadas SM, Summers R, Gumel AB,
Sahai BM (2004) A vaccination model for transmission dynam-
ics of influenza. SIAM J Appl Dyn Syst 3(4):503-524

Podlubny I (1999) Fractional differential equations. Academic Press,
New York

Xu R, Ma Z (2009) Stability of a delayed SIRS epidemic model with
a nonlinear incidence rate. Chaos, Solutions and Fractals
41:2319-2325

Ye X, Xu C (2019) A fractional order epidemic model and simulation
for avian influenza dynamics. Math Methods Appl Sci
42(14):4765-4779

Wang WD (2002) Global behavior of an SEIRS epidemic model with
time delays. Applied Mathematics Letter 15:423-428

Odibat ZM, Shawagfeh NT (2007) Generalized Taylor’s formula.
Appl Math Comput 186(1):286-293

Michael YL, Graef JR, Wang L, Karsai J (1999) Global dynamics of a
SEIR model with varying total population size. Math Biosci
160:191-213

La Salle JP (1976) The stability of dynamical systems. Soc Ind Appl
Math. https://doi.org/10.1137/1.9781611970432

Naik PA, Yavuz M, Qureshi S, Zu J, Townley S (2020) Modeling and
analysis of covid-19 epidemics with treatment in fractional
derivatives using real data from Pakistan. Eur Phys J plus
135:795

Khan MA, Ullah S, Ullah S, Farhan M (2020) Fractional order SEIR
model with generalized incidence rate. AIMS Math
5(4):2843-2857

Goel K, Kumar A, Nilam, (2020b) Nonlinear dynamics of a time-
delayed epidemic model with two explicit aware classes,
saturated incidences, and treatment. Nonlinear Dyn
101:1693-1715

Diethelm K, Ford NJ, Freed AD (2002) A predictor-corrector
approach for the numerical simulation of fractional differential
equations. Nonlinear Dyn 29:3-22

MathsWorks (2012): Predictor—corrector PECE method for fractional
differential equations, http:/www.mathworks.com/matlabcentral/
fileexchange/32918.

Camargo RF, Oliveira EC (2015): Calculo fraciondrio. Livraria da
Fisica, Sao Paulo.

Saad KM, Baleanu D, Atangana A (2018) New fractional derivatives
applied to the Korteweg-de Vries and Korteweg-de Vries-
Burger’s equations. Comput Appl Math 37(4):5203-5216

Dubey P, Dubey B, Dubey US (2016) An SIR model with nonlinear
incidence rate and Holling type III treatment rate. Appl. Anal.
Biol. Phys. Sci. Springer Proc. Math. Stat. 186:63-81

Liu WM, Levin SA, Iwasa Y (1986) Influence of nonlinear incidence
rates upon the behavior of SIRS epidemiological models. J Math
Biol 23(2):187-204

Shi X, Zhou X, Song X (2011) Analysis of a stage-structured
predator-prey model with Crowley—Martin function. J Appl
Math Comput 36(1-2):459-472

Liu WM, Hethcote HW, Levin SA (1987) Dynamical behavior of
epidemiological models with nonlinear incidence rates. J Math
Biol 25(4):359-380

Xiao D, Ruan S (2007) Global analysis of an epidemic model with
nonmonotone incidence rate. Math Biosci 208(2):419-429

Boukhouima A, Hattaf K, Lotfi EM, Mahrouf M, Torres DFM, Yousfi
N (2020) Lyapunov functions for fractional-order systems in
biology: Methods and applications, Chaos Solitons Fractals
140:110224. ISSN 0960-0779. https://doi.org/10.1016/j.chaos.
2020.110224

Erdem M, Safan M, Castillo-Chavez C (2017) Mathematical analysis
of an SIQR influenza model with imperfect quarantine. Bull
Math Biol 79:1612-1636

Hethcote H, Zhien M, Shengbing L (2002) Effects of quarantine in six
endemic models for infectious diseases. Math Bios
180(1-2):141-160

World Health Organization (2021): Considerations for quarantine of
contacts of COVID-19 cases. https://www.who.int/publications/
i/item/WHO-2019-nCoV-IHR-Quarantine-2021.1.

Swati N (2022) Fractional order SIR epidemic model with Bedding-
ton—De Angelis incidence and Holling type II treatment rate for
Covid-19. J Appl Math Comput. https://doi.org/10.1007/s12190-
021-01658-y

Cui X, Xue D, Pan F (2022) Dynamic analysis and optimal control for
a fractional-order delayed SIR epidemic model with saturated
treatment. Eur Phys J plus 137:586

Chatterjee AN, Basir FA, Ahmad B, Alsaedi A (2022) A fractional-
order compartmental model of vaccination for COVID-19 with
the fear factor. Mathematics 10(9):1451

Zhou X, Wang M (2022) Dynamic analysis of a fractional-order SIRS
model with time delay. Nonlinear Anal Model Control
27(2):368-384

o — @ Springer


https://doi.org/10.1007/s40304-020-00217-4
https://doi.org/10.1007/s40304-020-00217-4
https://doi.org/10.1186/s13662-018-1691-y
https://doi.org/10.1186/s13662-016-0905-4
https://doi.org/10.1137/1.9781611970432
http://www.mathworks.com/matlabcentral/fileexchange/32918
http://www.mathworks.com/matlabcentral/fileexchange/32918
https://doi.org/10.1016/j.chaos.2020.110224
https://doi.org/10.1016/j.chaos.2020.110224
https://www.who.int/publications/i/item/WHO-2019-nCoV-IHR-Quarantine-2021.1
https://www.who.int/publications/i/item/WHO-2019-nCoV-IHR-Quarantine-2021.1
https://doi.org/10.1007/s12190-021-01658-y
https://doi.org/10.1007/s12190-021-01658-y

	A Fractional-Order Epidemic Model with Quarantine Class and Nonmonotonic Incidence: Modeling and Simulations
	Abstract
	Introduction
	Fractional-Order Epidemic Model and Its Properties
	Equilibria and Their Stability Analysis
	Computation of the Basic Reproduction Number {{{\varvec R}}}_{0}:
	Local Stability Analysis of Disease-Free Equilibrium ({{{\varvec E}}}_{1})
	Existence of the Endemic Equilibrium ({{{\varvec E}}}_{2}) and Its Local Stability Analysis

	Global Stability Analysis
	Numerical Results
	Discussion and Conclusion
	Appendix A
	Author contributions:
	Data availability
	References




