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Abstract

Late phase clinical trials are occasionally planned with one or more interim analyses to allow for early termination or
adaptation of the study. While extensive theory has been developed for the analysis of ordered categorical data in
terms of the Wilcoxon-Mann-Whitney test, there has been comparatively little discussion in the group sequential litera-
ture on how to provide repeated confidence intervals and simple power formulas to ease sample size determination.
Dealing more broadly with the nonparametric Behrens-Fisher problem, we focus on the comparison of two parallel treat-
ment arms and show that the Wilcoxon-Mann-Whitney test, the Brunner-Munzel test, as well as a test procedure based
on the log win odds, a modification of the win ratio, asymptotically follow the canonical joint distribution. In addition to
developing power formulas based on these results, simulations confirm the adequacy of the proposed methods for a
range of scenarios. Lastly, we apply our methodology to the FREEDOMS clinical trial (ClinicalTrials.gov Identifier:
NCT00289978) in patients with relapse-remitting multiple sclerosis.
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I Introduction

Since it is not uncommon for phase III clinical trials to run for a number of years, there is much interest in being able to
assess safety and efficacy while the trial is still ongoing. Unsurprisingly, regulatory authorities (EMA,' FDA?) point out the
need to adequately address multiplicity issues and give practical guidance on group sequential methods, which allow for
repeated significance testing on accumulating data without inflating the nominal overall type I error rate.

While standard textbooks such as Jennison and Turnbull®, Proschan,* or Wassmer and Brannath® primarily discuss con-
tinuous, binary and survival endpoints, the Wilcoxon-Mann-Whitney test®™® has also been extended to group sequential
settings.”™'! In our view, the estimand most naturally associated with the Wilcoxon-Mann-Whitney test is the probability

p =Pl <Xo)+1/2- P, =X),

where X ~ F; and X, ~ F, denote two independent random variables. The quantity p is called nonparametric relative
effect of X, with respect to X;, probabilistic index or Mann-Whitney parameter.'~'> Dividing p by its complement pro-
duces

p/(1 —p),

the so-called win odds.'® Adding half of the probability of equal outcomes to P(X; < X;) neatly aligns with Putter’s gen-
eralisation'” of the Wilcoxon-Mann-Whitney test to the case of ties. By the same token, Brunner et al.'® regard the win
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odds to be a tie corrected version of the win ratio P(X; < X3)/P(X; > X3), which has recently attracted attention in the
context of time-to-event data,'® continuous endpoints,19 and stratification.? Of course, if tied values cannot occur
almost surely, that is, if P(X; = X5) = 0, then p equals P(X; < X3) and the win odds coincide with the win ratio.

To illustrate the interpretation of the nonparametric relative effect p, let us assume that X; and X; refer to outcomes from
treatment arms 1 and 2, respectively, and that lower values point to a more favourable outcome. Then p is nothing but the
probability that patients on arm 1 will fare better than those on arm 2, including 1/2 times the probability of equal out-
comes. Perhaps a little easier to interpret are the win odds. For instance, if p = 0.75, then the odds that a patient on
arm 1 will fare better than one on arm 2 are 3: 1, with the possibility of equal outcomes equally allocated to the ‘fare
better’ and ‘fare worse’ scenarios.

However, asymptotic results of the Wilcoxon-Mann-Whitney test as commonly employed are only valid if both dis-
tributions coincide, that is, if 71 = F5. Hence the null hypothesis is usually formulated in terms of the distribution func-
tions as well, that is, Hy : F'| = F, and not the Mann-Whitney parameter p as such. While | = F, implies p = 1/2, the
reverse does not hold. For instance, any two symmetric distributions with the same centre of symmetry, such as two
normal distributions N(0, 1) and N0, 4), would imply p = 1/2. In essence, the nonparametric Behrens-Fisher
problem addresses the testing problem Hj :p = 1/2, while making no further assumptions on F and F,, which is pre-
cisely the scenario that the Brunner-Munzel test'? was developed to deal with. In that regard, unlike the
Wilcoxon-Mann-Whitney test, the limiting distribution of the Brunner-Munzel test is normal with unit variance under
both the null and the alternative hypotheses, thus allowing for test inversion and computation of confidence intervals
for p, which in turn facilitates the derivation of simple power approximations in the group sequential setting.

A key tool in group sequential theory which we will also rely on here is the so-called canonical joint distribution.
More precisely, a sequence of K test statistics {Zj, ..., Zx} with information levels {Z, ..., Zg} for a single parameter
are said to follow the canonical joint distribution if

3-5,21

(1) Z = (Zy, ..., Zg) follows a multivariate normal distribution,
(i) EZy) =6VIy, k=1, ....K,
(111) COV(Zkl, Zkz) = w/Ikl /Ik27 1<k <hkh<K.

As might be expected, group sequential versions of the nonparametric tests just discussed follow the canonical joint distri-
bution only asymptotically, which is why we will check its applicability for finite sample sizes by way of extensive simulations.

This paper is organised as follows. Section 2 introduces notation and group sequential methods for hypothesis tests
based on the nonparametric relative effect p, with derivations concerning the covariance structure of the corresponding
group sequential statistics Z referred to the appendix. Following a discussion on error spending in Section 3, we set out
results from simulation studies in Section 4 to assess type I error rates for finite sample sizes. Section 5 deals with the retro-
spective application of our proposed methodology to a completed clinical trial, whereas Section 6 outlines how to plan a
group sequential trial with the aid of simple approximate power formulas. More detailed results and technical considera-
tions regarding the simulations are provided in the Supplemental Material.

2 Nonparametric group sequential models

We start with notation from nonparametric theory necessary to develop group sequential models for the
Wilcoxon-Mann-Whitney test, the Brunner-Munzel test and a logit transformed version of the latter, which we refer to
as the log win odds test. With the asymptotic normality of the test statistics at issue already established for the fixed
sample size scenario, a vector Z of such statistics based on accumulating groups of data is asymptotically multivariate
normal by the Cramer-Wold theorem.?* Thus, in order to obtain the asymptotic joint distribution, it remains to properly
define the information levels and derive the expectation and covariance matrix of Z.

2.1 Notation

Let X be a univariate random variable representing real-valued or ordered categorical data, defined on the probability space
(R, A, P). Adopting common notation, we denote by
F~(x) = P(X <x) the left-continuous,
F*(x) = P(X <x) the right-continuous,
Fx)=PX <x)+1/2-P(X =x) the normalised
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version of the cumulative distribution function of X .>***12
Now suppose we have a sample of observations X, ..., X, “F. Then we call
L 0 ifx <X
F(x) = . Y et X)), e Xp=1{1/2 ifx=X;,
= 1 ifx>X;

the normalised version of the empirical cumulative distribution function. Moreover,

Ri=1/2+4) cX. X)), i=1,...n
=1
denotes the mid-rank of X; among the observations Xi, ..., X.
For two independent random variables X; ~ F| and X, ~ F5, the probability

p=PX <X)+1/2-P(X; = X)) = jFldFZ

is called nonparametric relative effect of X, with respect to X; (or of F, with respect to F}). We say that

e X; tends to smaller values than X; if p > 1/2,
e X tends to larger values than X, if p < 1/2,
e X and X, are stochastically comparable if p = 1/2.

For a more comprehensive discussion on nonparametric theory we refer to Brunner et al.'?
Throughout the remainder of this paper we will focus on a parallel two-arm clinical trial and consider accumulating
responses

id .
X],l'lvFl, l=1,2, ey

X%F, j=12, ...,
from treatment arms 1 and 2, respectively. Apart from assuming that 0 < p < 1 and that there exists no x such that P(X;; =
x) = 1 or P(X5; = x) = 1, which excludes the degenerate cases of completely separated samples and one-point distribu-
tions, F; and F, are otherwise arbitrary.
With 7y, and ny; denoting the cumulative number of observations available at analysis k = 1, ..., K for the respective
treatments, Ny = ny; + nyx, we can estimate the nonparametric relative effect p by
S j FOAP® —

Mok Nik

ZZ 0ty X = - (R - RE) + 172,

Mk Mok eyl
with Rg? 1 = Rg), where R( ) is the mid-rank of X,; among all observations
Xits oo Xingo> X215+ vy Xogy,

available at analysis k; g =1,2;i=1, ..., ng.
For asymptotic results, we let both sample sizes tend to infinity such that neither vanishes, that is, ng /Ny — 7, > 0 for
both n1; - o0 and ny —» 0, g =1, 2.

2.2 Wilcoxon-Mann-Whitney test allowing for ties

To test the hypothesis Hy : F| = F; against H, : | # F,, we employ at each interim analysis & the same test statistic as in
the fixed design, namely

’Zk:(ﬁ(k>—1/2)\/f—, k=1, ...k, M
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with estimated information fk = (Ny¢n lknz;{)/’&fek, where

ZZ( R Nk“), k=1, ... K

g=1 i=1

U
Rk = k_l

It is well known that each Z converges in distribution to a standard normal random variate, provided the null hypothesis is
true.”? L R

To derive the asymptotic joint distribution of Z = (Z;, ..., Z;) we need to compute its covariance matrix.
Proceeding in accord with Jennison and Turnbull,> we first replace the estimated information with its population
version, resulting in

Ze= (3% - 1/2)VTx ]i} NGO, k=1,..,K, @)
0
T = (Nenigna) /o (3)
where we assume the variance
Ny —3 N,
0% = Nk{(Nk - 2)jF2dF - "4 } - Tkj(F+ — F7)dF 4)

and therefore the true distribution F = F| = F, to be known.'? If F is continuous, the information simplifies to

Ty =1 = (12n4m2) /(Ng + 1).

Since E%?k are consistent estimators of o%,, k=1, ...,K, the vector of Wilcoxon-Mann-Whitney test
statistics Z has the same limiting distribution as its counterpart Z = (Z), ..., Zx) with the true population infor-
mation. The limiting distribution being multivariate normal, it remains to establish the covariances of the com-
ponents of Z.

Proposition 1. Let Z; and Z; be defined as in (2) and (3). Then, for 1 <k <k <K,

Cov(Zi,» Z,) = v Ii /L,

2.3 Brunner-Munzel test

To test the null hypothesis Hy : p = 1/2 against H, : p # 1/2, we now compute, analogous to before, for each interim ana-
lysis k the Brunner-Munzel test statistic

Zi= (% -12Ti, k=1,... K, (5)
with estimated information fk = (’a\%k /ni + Egk / nzk)_l, where
2
) M) _ b _ p M 1)
R —R,)”—R|,+——) ,
Ol = nzk(nlk Z( 1i li le 2
1 &2 N 1)2
52 (k) (2k) (k) 2
Ry — Ry —Ryy + )
Oy = nlk(n2k . 1) ;( 2j 2 2
and ng) denotes the mid-rank of Xg; among the observations of the gth treatment group Xy, ..., Xgn,, available at analysis

kyg=1,2i=1, ..., ng.
b b b 9 9 é

For the derivation of the asymptotic covariance, we take an approach similar to before. Once again, we substitute the
estimated information with the true one

Zi= (P - 12Tk z N(H\/I_J), k=1, ... K,

1
I = (o1 /nu + 03 /n)
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where 67 = V{F>(X};)} and 63 = V{(F(Xy)}. However, since the definition of the variance components o7 and o3 is actu-
ally based on an asymptotically equivalent version of the Z;s, that is to say,

Mok

1 1 N1k
z,§f={n_MZFl(ij)—n—MZFAXu)}/IT = N (0VT), 7
j=1 i=1

we compute the covariance accordingly. This result is given in the following proposition.

Proposition 2. Let Z! and Z be defined as in (7) and (6). Then, for 1 <k <k, <K,

Cov(2, 2Y) = VT /T

Thus, fk consistently estimating Zy, k =1, ..., K, the sequence of Brunner-Munzel test statistics {Z, e Z<}
asymptotically follow the canonical joint distribution. In the nonsequential scenario, the test has been shown to be too
liberal for small sample sizes when using standard normal quantiles.'?> Analogous to the parametric Behrens-Fisher

problem, they propose a Satterthwaite-Smith-Welch #-approximation®>2’ with degrees of freedom estimated by
~ 2. /n k +32%, /n k 2
Dp = { 1k/ 1 2k/ 2 } (8)

G/ (i — DY+, /{n3,(na — D}

Another way is to employ a variance stabilising transformation, such as the logit function, producing the logarithmised
win odds, which we will explore in the next subsection.

2.4 Log win odds test
To address the liberal behaviour of the Brunner-Munzel test, we now consider
y=In{p/(1-p)}
a(k) —In {’]5(")/(1 _ ’ﬁ(k))}’

at stage k = 1, ..., K. Consequently, straightforward application of the delta method yields
Zi=@@%-0)yI, 3 N(e T, 1), k=1, .. K, 9)

Zi= 9 -0, 2 N(g/z_,l), k=1,.. K, (10)

with effect @ = y — 0 and information levels

[p(-p)})’

=P TP
o3 /ni + o3 /noi”

_ S0 (1 — 5®)1?
T
o1/ Mk + 05 /nok

which is nothing but {p(1 — p)}? times, or {p®(1 — 7®)}? times, the information for the corresponding effect p — 1/2
from the Brunner-Munzel test as in Section 2.3. Moreover, Proposition 2 together with the information obtained by the
delta method directly imply that the log win odds test statistics asymptotically follow the canonical joint distribution.

To recapitulate, in all three cases under the respective assumptions, the standardised test statistics {Z, ..., Zx} with
information {Z, ..., Zx} for the parameter 8 asymptotically follow the canonical joint distribution. The difference
between the Wilcoxon-Mann-Whitney and Brunner-Munzel tests arises solely from the way in which we define the infor-
mation, both distributions F; and F, needing to coincide for the former but not the latter. The log win odds test is nothing
but a Brunner-Munzel test based on the logit transformed nonparametric relative effect p.

Before we investigate the adequacy of the proposed methods by means of simulations, we turn our discussion to error
spending to explain in more detail the manner in which we wish to reject the null hypothesis.
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3 Error spending

Initially, group sequential methods required the number of interim looks to be specified in advance and equally spaced:
Pocock?® considered standard normal test statistics and derived local significance levels (‘stage levels’) which are identical
across all stages, while O’Brien and Fleming®’ stage levels are extremely low at the first interim and increase with each
stage in such a way that the final stage level is quite close to the nominal overall significance level a. To avoid having
to specify the time or number of interim looks in advance, Lan and DeMets*° suggested the use of error spending functions,
which we will employ in the simulations. R

With statistics and information levels Z, Z;, Zy, Ly, k = 1, ..., K, given as in the previous section, a right-sided group
sequential test for efficacy maintains the nominal significance level a if the stage levels a, ..., ag are chosen such that

a=Ppu(pr <oy forsome k=1, ...,K), (11)

where we regard the repeated p-values py = 1 — @(Z), k=1, ..., K, to be random variables, ® denoting the cumulative
distribution function of the standard normal distribution. The null hypothesis is rejected at stage & if p; < a; and the trial is
consequently stopped. We do not, however, set up futility bounds.

To obtain specific stage levels, we split the global a into K positive parts z; (‘a spent at stage £’), k =1, ..., K, such
that Y5_, 7 = a and

Pu,(p1 > a1, -, et > a1, pr < ag) = 7.
To compute the stage levels ay, ..., a;, we make use of the underlying limiting canonical joint distribution of the sta-
tistics {Z, el Z} and estimate the covariance of Z and Zr( by +/ /I\k [Las k=1, ..., K — 1, where Z,,,, is the prespe-

cified information that we believe would be available if the total maximum sample size N of the trial were observed under
the respective treatment allocation scheme.

The error spending function prescribes precisely how the global a is to be spent across the stages. More formally, an
error spending function is defined as a nondecreasing function f: [0, co[ — [0, ] such that /(0) = 0 and f(¢) = a for
all # > 1. Then the amount of «a allocated to stages k =1, ..., K is given by

m =f(Z1/Zk),
m =fZi/Ig) —f(Zk-1/Zk), k=2, ...,K.

However, the true information levels are not known in advance. Therefore, we use Z,,,, instead of Zx and replace the
other information levels by their estimates,

7 :f(fl/znmx),
72 =1 (Zu/Toae) =1 (Ziet/ Do) k=2, o K= 1,
K =a _f(fK—l/Imax)-

As fK might turn out to be lower than Z,,,,, the last equation ensures that the full amount of « still available is spent at

the last stage. Moreover, it is important to bear in mind that the information levels fk are estimated at stage £ and remain
unchanged thereafter.

4 Simulations

As the methods developed in Section 2 are of asymptotic nature, we explore their applicability for finite sample sizes in a
range of scenarios. To this end, we simulate the group sequential Wilcoxon-Mann-Whitney, Brunner-Munzel, and log win
odds tests given as in (1), (5), and (9), respectively. Assuming that lower values correspond to more favourable outcomes,
we want to show that treatment 1 is superior to treatment 2, yielding a one-sided efficacy test with Hy:p < 1/2 against
H; :p>1/2 and a nominal overall significance level of a = 0.025. In that regard, it is perhaps more natural to view the
Wilcoxon-Mann-Whitney test as a means to test the null hypothesis Hy:p < 1/2 as well, with F} = F, constituting a
model assumption under the null.
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To gauge the type I error rate of our proposed methods, we perform 100,000 simulation runs for each scenario, giving
rise to a Monte Carlo error of about 0.0003 based on a 95%-precision interval for a global a = 0.025. Altogether, we
present the results of 120 scenarios for each data generating process, that is all combinations of

total maximum sample sizes Nx = {144, 288, 576, 864, 1008},
allocation ratios 1:1 or 2: 1 (twice as many patients on treatment arm 1),
two, three, or four stages, and

two error spending functions.

More specifically, we consider O’Brien and Fleming®® as well as Pocock® type error spending functions

Jor(t) = min{z — 2(1,(21—70;/2>’ a},

Jro(t) = min[an{l + (e — D}, a],

using the information fractions fk /Lg, k=1, ..., K to determine the amount of a to be spent since we know the true
maximum information Zgx. For the subsequent computation of the stage levels, we make use of the command
getDesignGroupSequential() from the R package rpact.’! In addition to using standard normal quantiles for
the Wilcoxon-Mann-Whitney, Brunner-Munzel, and log win odds tests, we compute rejection rates based on the
Satterthwaite-Smith-Welch r-approximation for the Brunner-Munzel test. As is suggested by Jennison and Turnbull®
and Wassmer and Brannath® to provide satisfactorily accurate results for the two sample #-test, we use the same stage

levels for the r-approximation and change the computation of the repeated p-values only, namely py = 1 — F’Jk (/Z\k),

where F~ denotes the cumulative distribution function of the 7-distribution with T degrees of freedom as in (8).

It migﬁt occur that our methods break down, for instance the variance estimate of the Brunner-Munzel test might be zero
in finite samples or the estimated information could actually decrease in a subsequent stage. Since this happened very rarely
and has virtually no influence on the results presented in the main paper, we relegate the discussion on exception handling
to the supplementary material. Moreover, we only report the overall type I error rate here, that is, the relative frequency of
simulation runs, where the null hypothesis could be rejected at some stage. Readers interested in a more detailed presen-
tation of the results such as cumulative rejection rates for each stage are again referred to the supplementary material.

4.1 Normal distribution

First we generated data from normal distributions, namely Xgi"j/\/' (,ug, aé), g=1,2,i=1, ..., ng, for three different set-
tings as set out in Figures 1 to 3. In case of equal variances, the Wilcoxon-Mann-Whitney test best maintains the nominal
type I error rate for all total maximum sample sizes, whereas the Brunner-Munzel test with or without -approximation
tends to be too liberal and the log win odds test too conservative for smaller samples sizes. In both heteroskedastic settings,
that is settings 2 and 3, the Wilcoxon-Mann-Whitney test exceeds the nominal significance level across all sample sizes if
the allocation ratio is 1:1. However, if twice as many patients receive treatment 1, then the Wilcoxon-Mann-Whitney test is
far too liberal if the data in treatment 1 is less dispersed than in treatment 2 and far too conservative conversely. Again, this
behaviour is not affected by sample size.

In line with the simulation results of Brunner and Munzel'* for the fixed sample size scenario, the rejection rates pattern
of the other tests are not affected by heteroskedasticity or different allocation schemes.

4.2 Ordinal data

Now we consider ordinal data divided into five categories C; < C; < C3 < C4 < Cs, with a smaller index pointing to a more
favourable outcome. As in Brunner et al.,'® the probabilities of each category occurring are derived through a latent Beta
distribution: Let Ygi"~dBeta(ag, ﬁg), g=1,2,i=1, ..., ng, denote a Beta distributed random variable with shape para-
meters ag, f3, > 0, such that the expectation and variance of Y,; are given by

ag
9
ag + /}g

agﬁg
(ag + Bo)(ag + B, + 1)

[E(Ygi) = \/(Ygi) =
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Normal distribution with equal allocation: p; =0, p,=0, 61=1, 6,=1
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Figure 1. Normal distribution—Setting |

Notes: The lines show the relative frequency of the 100000 simulation runs, where the null hypothesis could be rejected at some stage
based on the Brunner-Munzel test (with t-approximation) as in (5), the Wilcoxon-Mann-Whitney test as in (1) and the log win odds test
as in (9) for five different total maximum sample sizes, two error spending functions, up to four stages in total as well as two different
allocation ratios.

Then, the random variable X,;, g =1,2,i =1, ..., ng, is defined by
Xoi = Cif Yy € [0.2(k — 1), 0.2k fork =1, ..., 5.
Consequently, the probability mass function of Xg; is nothing but
PXy = Cx) = P{0.2(k — 1) < Y < 0.2k} for k=1, ..., 5.

We specify three different parameter settings to mimic the homo-/heteroskedasticity pattern for the normal scenarios in
Section 4.1. The results exhibit virtually the same behaviour as the normally distributed responses shown previously and
are therefore included in the online supplementary material.
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Normal distribution with equal allocation: u1 =0, 4, =0, 67=1, 6,=2
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Figure 2. Normal distribution—Setting 2

Notes: The lines show the relative frequency of the 100000 simulation runs, where the null hypothesis could be rejected at some stage
based on the Brunner-Munzel test (with t-approximation) as in (5), the Wilcoxon-Mann-Whitney test as in (1) and the log win odds test
as in (9) for five different total maximum sample sizes, two error spending functions, up to four stages in total as well as two different
allocation ratios.

5 FREEDOMS clinical trial

The FREEDOMS clincial trial (ClinicalTrials.gov Identifier: NCT00289978) was a placebo-controlled phase III study
running from January 2006 to July 2009 to analyse the efficacy and safety of fingolimod in patients with
relapsing-remitting multiple sclerosis.*> The primary efficacy endpoint was the annualised relapse rate at 24 months
after baseline evaluation. The definition of a relapse was based on the Expanded Disability Status Scale (EDSS),** with
values ranging from 0 (normal status) to 10 (death due to multiple sclerosis) and a step size of 0.5, although a value of
0.5 is not possible. Thus, a higher score on the EDSS indicates more severe disability.

In this paper, we focus on the EDSS score at 24 months, its change compared to the baseline (post minus prae), and its
direction of change, that is, whether the EDSS score at 24 month decreased (—1), stayed the same (0), or increased (+1)
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Figure 3. Normal distribution—Setting 3

Notes: The lines show the relative frequency of the 100000 simulation runs, where the null hypothesis could be rejected at some stage
based on the Brunner-Munzel test (with t-approximation) as in (5), the Wilcoxon-Mann-Whitney test as in (1) and the log win odds test
as in (9) for five different total maximum sample sizes, two error spending functions, up to four stages in total as well as two different
allocation ratios.

with respect to the baseline value. To simplify the presentation of the results, we only considered the complete cases data
set, that is, patients where the EDSS score was observed both at baseline and 24 months thereafter. Summary descriptive
statistics depicted in Table 1 reveal in all three cases that, at the end of the trial, the mean EDSS outcome of patients on the
placebo arm is higher and therefore less favourable than for those on the fingolimod 0.5 mg treatment.

While the original design of the FREEDOMS trial did not provide for interim looks, we now retrospectively analyse the
data as though there were two equally spaced stages. More specifically, the first 353 patients on either arm who completed
the 24 month evaluation form the basis of the first stage analysis, while all 706 patients are taken into account at the second
and therefore last stage. As we did in the simulation section, we consider the Wilcoxon-Mann-Whitney test, the
Brunner-Munzel test (with f-approximation) as well as the log win odds test and employ O’Brien and Fleming as well
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Table |I. Summary descriptive statistics for EDSS data at month 24, month 24 minus baseline (change), and direction of change from the
FREEDOMS clinical trial.

EDSS Treatment n Mean SD Min Median Max
Month 24 Fingolimod 0.5 mg 374 2.269 1.442 0 2 6.5
Placebo 332 2.545 1.507 0 2 7.0
Change Fingolimod 0.5 mg 374 0.004 0.878 -3 0 35
Placebo 332 0.131 0.936 -3 0 35
Direction Fingolimod 0.5 mg 374 —0.078 0.734 —I 0 |
Placebo 332 0.099 0.769 —1 0 |

Table 2. Repeated effect estimates, p-values in % based on standard normal and t approximation (T), O’Brien and Fleming (aof) and
Pocock type (ap) error spending stage levels in %.

Wilcoxon-Mann-Whitney Brunner-Munzel Log win odds
EDSS N Estimate p-value aoF apo p-value (T) aoF apo p-value aoF apo
Month 24 353 0.545 7.20 0.16 156 7.19 (7.23) 0.15 154 7.29 016 156
706 0.558 0.34" 2.45 138 03370337 245 1.39 0.35" 2.45 1.38
Change 353 0.564 .60 0.14 153 1.60 (1.63) 0.14 153 1.69 0.14 152
706 0.560 0217 245 139 0207 (0217) 245 140 0227 246 140
Direction 353 0.565 1217 0.15 154 120" (1.23") 0.14 153 1.28° 0.14 153
706 0.563 0.09™ 2.45 139 0.097(0.097) 245 1.40 0.10™ 2.45 1.40

*Reiection with respect to Pocock type stage level only;
“Rejection with respect to both Pocock and O’Brien and Fleming type stage levels.

Table 3. Repeated 95%-confidence intervals based on Pocock type alpha spending function.

EDSS N Estimate Brunner-Munzel Brunner-Munzel (T) Log win odds

Month 24 353 0.545 0.479 0610 0.479 0610 0.478 0.609
706 0.558 0511 0.606 0511 0.606 0511 0.605

Change 353 0.564 0.499 0.628 0.499 0.628 0.499 0.626
706 0.560 0514 0.605 0514 0.605 0514 0.605

Direction 353 0.565 0.503 0.628 0.503 0.628 0.502 0.626
706 0.563 0519 0.608 0519 0.608 0518 0.607

as Pocock type error spending functions. Since we do this analysis retrospectively, we can choose 7, = Iz In all scen-
arios the estimated information fractions I /I , are close to 0.5, essentially coinciding with the sample size fraction
353/706.

Analogous to the simulation section, we aim to reject Hy : p < 1/2 at a global significance level of 2.5%. As Tables 2 to
4 demonstrate, we can reject the null hypothesis at some stage in any scenario and conclude that fingolimod treatment is
efficacious. Only the direction of change endpoint leads to early rejection, that is, when using Pocock type stage levels.
Even if the trial could not have been stopped at the interim, second stage p-values in the region of 0.1% would have resulted
in rejection eventually. Consistent with the results from the simulations, the p-values and confidence intervals from differ-
ent tests are fairly close.

6 Planning and sample size considerations

In planning a clinical trial, a careful examination of the power of different scenarios under the alternative appears to be
advisable at any rate. With the nonparametric relative effect p chosen as the efficacy estimand of the primary endpoint,
we now extend and slightly modify the approach to sample size planning for the fixed scenario proposed by Happ
et al.>* to the group sequential setting.
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Table 4. Repeated 95%-confidence intervals based on O’Brien and Fleming type alpha spending function.

EDSS N Estimate Brunner-Munzel Brunner-Munzel (T) Log win odds

Month 24 353 0.545 0.454 0.635 0.453 0.636 0.454 0.633
706 0.558 0.516 0.601 0.516 0.601 0.516 0.600

Change 353 0.564 0.475 0.652 0.474 0.653 0.474 0.649
706 0.560 0.519 0.601 0.519 0.601 0.518 0.600

Direction 353 0.565 0.479 0.651 0.478 0.652 0.478 0.649
706 0.563 0.524 0.603 0.523 0.603 0.523 0.603

Table 5. Power of the Wilcoxon-Mann-Whitney (WMW), Brunner-Munzel (BM), and log win odds (LWO) tests for an equally spaced

two stage trial with ordinal data as in Section 4.2, p = 0.6, @) = 0.6974797, 8, = |, @y =3, f, = 3.

t Test Error spending function N, N, Power formula Simulated power (stage one)
0.5 WMW Pocock 142 284 0.80382 0.80352 (0.48612)
0.5 BM Pocock 144 288 0.80231 0.79546 (0.47652)
0.5 LWO Pocock 152 304 0.80213 0.80372 (0.47272)
0.5 WMW O’Brien and Fleming 126 252 0.80008 0.79989 (0.16823)
0.5 BM O’Brien and Fleming 130 260 0.80597 0.79743 (0.19909)
0.5 LWO O’Brien and Fleming 136 272 0.80232 0.80717 (0.12543)
2/3 WMW Pocock 153 306 0.80488 0.80571 (0.46197)
2/3 BM Pocock 132 264 0.80784 0.80016 (0.47790)
2/3 LWO Pocock 138 276 0.80379 0.80569 (0.47236)
2/3 WMW O’Brien and Fleming 135 270 0.80472 0.80364 (0.13013)
2/3 BM O’Brien and Fleming 17 234 0.80417 0.79515 (0.19662)
2/3 LWO O’Brien and Fleming 123 246 0.80242 0.80582 (0.12398)

As before, we consider the hypothesis pair Hy:p < 1/2 and H; :p > 1/2 with a nominal overall significance level of
a = 0.025. To determine the power of a particular alternative, it is convenient to specify the distributions F; and F, as

well as a constant sample size ratio t = ny; /Ny forall stages k = 1, ..., K suchthat F = tF| 4+ (1 — ¢)F; is the distribution
of the whole data ignoring the group structure, which appears in the variance formula (4) of the Wilcoxon-Mann-Whitney
test. If we then choose the sample sizes for the particular stages k = 1, ..., K, we immediately get the true information

MW TBM  TEWO as given in (3), (6) and (10), respectively. Approximate power formulas for the group sequential
Wilcoxon-Mann-Whitney, Brunner-Munzel and log win odds tests then take the form as provided in the following two

propositions.

Proposition 3 Let ¢y, ..., cx denote the critical values computed from a K-variate normal distribution with mean vector 0,

: o RWMW _ . o [rwmw WMW . . .
covariance matrix R = (Fi)ijm1, k> T = \/Imin(k“k/) /Imax(khk/), and error spending function of choice. Then the

.....

approximate power of the group sequential Wilcoxon-Mann-Whitney test for H; : p > 1/2 is given by

Powerymw ~ 1 —@R{,/IfM/I,WMW-q —JIM (p—1/2), oy JTRTPMY ok — TR - (p— 1/2)},

where ®g denotes the cumulative distribution function of a K-variate normal distribution with mean vector 0 and covari-
ance matrix R = (rij)a rij = \/Nmin(k,-,k,)/Nmax(ki,k,)~

Proposition 4 Let ¢y, ..., cx denote the critical values computed from a K -variate normal distribution with mean vector 0,
covariance matrix R = (ry), ry = \/Nmin (kik;)/ Nmax (k..k)» and error spending function of choice. Then the approximate
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power of the group sequential Brunner-Munzel and log win odds tests for H; :p > 1/2 is given by

Powergy ~ 1 —d)R{c] VI (p=1/2), ..ok —JIRM - (p— 1/2)},

POWCerozl—q)R(Cl— 0y, ek — I§<WO'II/>, w =In{p/(1-p)},

respectively, where ®g denotes the cumulative distribution function of a K-variate normal distribution with mean vector 0
and covariance matrix R as given above.

The critical values ¢y, ...,cxk as well as ®gr(-) can be easily obtained from the commands
getDesignGroupSequential and pmvnorm of the respective R packages rpact®! and mvtnorm.>® To demon-
strate the adequacy of the formulas just presented, the results of a small simulation study with 100,000 replications
based on the ordinal distribution defined as in Section 4.2 are depicted in Table 5.

7 Discussion

In this paper, we derived group sequential methodology for the Wilcoxon-Mann-Whitney, the Brunner-Munzel, and the
log win odds tests, establishing their convergence in distribution to the canonical joint distribution, with simulation
studies lending further support to the validity of our approach.

If one is willing both to assume the distributions to be equal under the null and to dispense with confidence intervals, the group
sequential Wilcoxon-Mann-Whitney test best maintains the nominal significance level, particularly if sample sizes are small.

In the presence of heteroskedasticity, the Wilcoxon-Mann-Whitney test is either too liberal or too conservative depend-
ing on the heteroskedasticity pattern and the sample size allocation ratio. On the other hand, the log win odds test never
exceeds the nominal significance level but does have a somewhat conservative tendency in certain scenarios. Nonetheless,
the log win odds test allows for test inversion to compute confidence limits for the log win odds, which can readily be
converted to the win odds or nonparametric relative effect scales. While the Brunner-Munzel test, with or without
t-approximation, can be inverted in the same manner, it tends to be too liberal, especially in case of small sample sizes.
In light of the fact that the Brunner-Munzel test gives rise to liberal test decisions for nominal significance levels
smaller than 0.05 in the nonsequential setting in small samples, this result is hardly surprising.

In the randomised clinical trial setting, there appears little reason to conclude that distributions under the null are not
identical. Still, if the treatment arms produce heteroskedastic outcomes in the alternative, one may well be led to infer
from the simulation results that the Wilcoxon-Mann-Whitney test might actually turn out to be less powerful than the
log win odds test in certain cases. However, as our case study in Section 5 suggests, the different behaviours of the
tests are presumably negligible when sample sizes are reasonably large.

Care should be taken when adopting our methods for multi-arm trials. While Dunnet-type*® many-to-one comparisons
should not pose particular difficulties, Tukey-type37 all-pairwise comparisons might lead to Efron’s paradox,>®** that is,
the nonparametric relative effect as defined in this paper may point to nontransitive conclusions. If treatment 1 is more
beneficial than treatment 2 and treatment 2 is more beneficial than treatment 3, then it does not necessarily follow that treat-
ment 1 is more beneficial than treatment 3.

Since the variance estimators require the endpoint at issue to induce a rank representation and therefore all pairwise compar-
isons to be transitive, the methodology presented here does not cover hierarchical composite and possibly censored endpoints in
general terms as discussed in Buyse,' Cantagallo et al.,** Péron et al.,** or Buyse and Péron.** However, the idea of linking group
sequential theory with generalised U-statistics****® might prove fruitful in extending our approach in this direction.
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Proofs

Proof of Proposition 1. We begin with the derivation of the covariance for the group sequential Wilcoxon-Mann-Whitney test statistics
assuming F' = F'| = [ and allowing for ties. Setting {; = c(Xy;, X1;), we have for 1 <k <k <K

Cov(Zy,, Z) = Cov| (™) =112y . (P = 1/2) /T

VIV T Y Y)Y Covty )

My Mok Mk, M2k, 5= =7 51 72

First, we observe that [E{c(X;, XN = ([FdF W) = (deF )" = 1/4. Now, withi # i’ andj # j, there are four cases to distinguish,
that is

COV(gfj, Ci’j’) = O,
Cov(Ly. &) = P(Xii < X)) + 1/4- P(Xy; = Xy) — 1/4
P(Xi < Xy) +1/2 - P(Xy; = X)) — 1/4 - P(Xy; = Xy) — 1/4

= |FaF - 1/4J(F+ — F7)dF — 1/4,

=1/4— 1/4J(F+ — F7)dF,
Cov(&y» C1) = Ee(Xy, Xi)e(Xoy, Xii) } — 1/4

= |E{c(x, X1))e(x, Xip)}dF2(x) — 1/4

= |Ec(x, Xi}E{c(x, Xi7)}dF2(x) — 1/4

= |FldF, — 1/4 = szdF —1/4,

and by similar arguments, Cov((;, {;) = [F?dF — 1/4.

Altogether, there are

nop Mg, terms with index combination i = /' and j =,

Rk, Mg, (Mag, — 1) terms with i = i and j #f/,

nog, Nk, (nlkz — 1) terms with i # 7 and j :j,,

Rog Mg, (Mog, — 1)(n1k, — 1) terms with i # " and j # .

Thus, if F = F; = F, but not necessarily continuous, the quadruple sum reduces to

Moky Miky N2ky Nk
2222 Covléydy)

J=1i=1 j=1 i=1

= {1/4 - 1/4J(F+ - F)dF}nZklnlkl - (JdeF - 1/4) {nar i (nak, — 1) + nog g, (mu, — 1)}
= o, Mk, {1/4 — 1/4j — F7)dF + szdF - 1/4) (N, — 2)}

- 1/4](1?+ —F)dF}

Ni, =3

= n2kln1k1{ Ny, —2) szdF -
(7

- ”2k1n1k1 N
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Putting everything together, we obtain

111 1 07
— W Rk o
My N2ky Mk, N2k, ks

([:OV(Zk1 N Zkz) = w/Ik] \/Ikz

1 1 o% _
= VT VT W — ST Tn(T) " = VIn T

N1k, ok, N,

In case of no ties, three of the four cases discussed above further simplify to Cov({y, {;) =1/4 and

Cov(gy, £iy) = Cov(&y, &) = 1/12, producing the desired result.
Proof of Proposition 2. As for the Brunner-Munzel test, it holds for k; < k3,

M2k Nk N2ky Niky

c:ov(zg, Zg)zcovH : > R (Xy) - : ZFZ(X“)}\/I_,Q, {IZFI(ij)_lez(XU)}\/I_kZ}

N2k, = Nk <= N2, = N,

1 M2ky 1 N2k, 1 Miky 1 Nk,
= VIV [C"V{E Y Fi(Xy), - >R (ij)} + Cov{ﬁ Y R, — Y F(Xy)
1 j=1 2 j=1 1 i=1 i=1

nlkz —

1 1 1 1
=VInvI (aanzklﬂg +Eﬂn1kﬁ%> =Iy/Zy,,

which concludes the proof.
Proof of Proposition 3. As for the Wilcoxon-Mann-Whitney test, we first consider the fixed design, that is, K = 1, under H, : p > 1/2.
Adopting the notation from Sections 2 and 6 we have

Powerwmw = P{W. (" -1/2)> cl}
zP{\/—IW-('ﬁ(”—I/Z) ch}
:P{\/Ilﬂ«(’ﬁ“)—l/z)z\/w-cl}

=P{\/I_?A7-(ﬁ<‘>—p)z\/W-cl —\/I_‘?A7~(p—1/2)}

@{,/I?M/I{VMW oy — I (p— 1/2)},

Q
|

since /5" . (p() — p) is approximately standard normal under H,. Setting ¢ = ny; /Ny for all k = 1, ..., K immediately gives

1 (=00 + 103
Tk 1-6

2 2 2 2
_ Iz Iz 1 Ny N, N0y N0
(IfM) 1:*1-1-*2— kL k-<2k1+ 1k 2)

iy noy Np nmyg nog Ny Ny

yielding IﬁM /IfZM = /Ny, /N,. The formula for general K follows directly from the canonical joint distribution.

Proof of Proposition 4. The arguments are completely analogous to the ones given for Proposition 3 and are therefore omitted.
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