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Abstract: Quantum turbulence deals with the phenomenon of turbulence in quantum fluids, such as
superfluid helium and trapped Bose-Einstein condensates (BECs). Although much progress has been
made in understanding quantum turbulence, several fundamental questions remain to be answered.
In this work, we investigated the entropy of a trapped BEC in several regimes, including equilibrium,
small excitations, the onset of turbulence, and a turbulent state. We considered the time evolution
when the system is perturbed and let to evolve after the external excitation is turned off. We derived
an expression for the entropy consistent with the accessible experimental data, which is, using the
assumption that the momentum distribution is well-known. We related the excitation amplitude
to different stages of the perturbed system, and we found distinct features of the entropy in each
of them. In particular, we observed a sudden increase in the entropy following the establishment
of a particle cascade. We argue that entropy and related quantities can be used to investigate and
characterize quantum turbulence.
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1. Introduction

The route to equilibration of a many-body quantum system driven to a far-from-equilibrium state
is a question that permeates several areas in physics. Quantum turbulence [1,2] is an example of such
out-of-equilibrium systems. Its classical counterpart, classical turbulence, is a process that occurs in
many types of fluids, spanning the climatic effects that involve large masses down to capillaries. It is
characterized by a large number of degrees of freedom interacting non-linearly to produce disordered
states, both in space and time. Turbulence presents properties that are universal, regardless of the
system under consideration. Many aspects of classical turbulence are not well-understood, so dealing
with its quantum version, quantum turbulence, seems very ambitious. However, turbulence in
quantum fluids might be more tractable than its classical counterpart, because the vortex circulation
is quantized in the former and continuous for classical fluids. Additionally, the advances in
trapping, cooling, and tuning the interparticle interactions in atomic Bose–Einstein condensates
(BECs) make them excellent candidates for studying quantum turbulence.

Much progress has been made in understanding and characterizing quantum turbulence since
the first observation of turbulence in a trapped BEC, and its signature self-similar expansion [3,4].
A milestone was the identification of an energy cascade demonstrated by the presence of a power-law
in the energy spectrum E(k) ∝ k−α [5,6].

However, there are some intrinsic difficulties in determining the range and exponent of the
power-law. The range of length scales and, consequently, momentum scales, available in trapped
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BEC experiments is very narrow if compared to other systems (superfluid helium, for example).
Additionally, different theoretical models predict exponents there are close together, and experiments
do not have yet the necessary precision to distinguish between them. Hence, approaches other than
the power-law behavior have been employed to overcome these issues. Energy and particle fluxes
have been used in simulations [7,8] and experiments [9,10] as alternative methods to investigate and
characterize quantum turbulence.

Entropy is a fundamental concept for any physical system. The importance of entropy
in determining the macroscopic behavior of a system has been recognized by many scientists,
like Maxwell, Boltzmann, Kelvin, and many others. Conventionally, entropy is determined for a
physical system as a function of a parameter, such as temperature, density, or other. Entropy is
rarely determined as a general property of the physical system and its properties explored from
a broader perspective. As entropy relates microscopic and macroscopic aspects to systems in
equilibrium or tending to equilibrium, it is expected that a system far from its equilibrium state
and left to evolve can show, through the determination of its entropy, characteristics of this evolution
in search for the re-establishment of equilibrium. Turbulence is one of these cases well-suited for such
analysis. There are a wide variety of “entropy-like” quantities that can be determined. For a certain
physical system, based on the quantities that we can access from measurements, one definition is
more appropriate.

In this work, we investigated the entropy of a trapped BEC in regimes that range from equilibrium
up to a turbulent state. We are interested in the decaying turbulence regime, which is, the system is
perturbed, and we study the time evolution after the external excitations are turned off. We derived an
expression for the entropy that is consistent with our knowledge of the system in order to calculate the
entropy using the experimental data that we can acquire. The central assumption was that the values
of the momentum distribution are well-known.

Our findings could also be of interest to fields other than quantum turbulence. Several areas
would benefit from a better understanding of Bose–Einstein condensates from an entropy point
of view, since isentropic transformations have been widely used to manipulate quantum gases.
For example, the adiabatic change of the shape of the trap of cold atoms gives the possibility to
change the phase-space density in a controlled manner [11,12]. This led to the proposal to produce
BECs using atoms in optical lattices by adiabatically removing the optical lattice [13]. High-level control
of the mode populations of guided-atom lasers was demonstrated by showing that the entropies per
particle of an optically guided-atom laser and the one of the trapped BEC from which it has been
produced are the same [14]. In the context of two-component fermionic gases, the adiabatic tuning of
the interspecies scattering length from positive to negative values lead to the reversible formation of a
molecular BEC [15–19].

This work is organized, as follows. In Section 2, we summarize the experimental procedure of
producing a BEC, the introduction of an external excitation, and measuring the momentum distribution.
The theoretical aspects of this work are presented in Section 3. We derive an expression for the entropy
consistent with our knowledge of the system, and we show that it agrees with well-known results and
limits. Section 4 contains our results. In Section 4.1, we show how to reconstruct the three-dimensional
momentum distribution of the cloud from the experimental data, and we relate the excitation amplitude
to different stages of the system: small perturbations, the onset of turbulence, and the turbulent regime.
The momentum distributions are used in Section 4.2 to compute the entropy for these different regimes.
Finally, we present our conclusions and outlook in Section 5.

2. Experimental Procedure

The initial phase of the experiment consists in the production of a Bose-Einstein condensate,
containing approximately 4 × 105 87Rb atoms in the hyperfine state |F, mF〉 = |2, 2〉, confined in
a Quadrupole–Ioffe configuration (QUIC) magnetic trap of frequencies ωr/2π = 237.3(8)Hz and
ωx/2π = 18.7(2)Hz. The unperturbed BEC has a condensate fraction of 70(5)%, chemical potential
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µ0/kB = 124(5) nK, and healing length ξ0 = 0.15(2) µm. The number density is of n = 1014 cm−3,
which results in na3 = 10−5, a being the s-wave scattering length of 87Rb. The critical temperature for
this trapping geometry is Tc = 430 nK. The temperature of the unperturbed sample is approximately
constant for the time intervals reported in this work, 220(15) nK, corresponding to 0.5Tc. Details of the
experimental procedure and other technical remarks can be found in previous works [4,20,21].

After the condensate is produced, while it is still in the trap, an oscillating magnetic field is
applied, thus driving the BEC out-of-equilibrium. The excitation potential corresponds to

Vexc(r, t) = A
[
1− cos (Ωt)

]
x/Rx, (1)

where Rx = 42 µm is the in-trap extent of the BEC along the x-axis of the trap. The field is produced by
a pair of anti-Helmholtz coils placed with their axis tilted by a small angle, of ≈5◦, with respect to the
axis of the trap. Because the coils are not aligned with the condensate axis, the oscillations generate
deformations, displacements, and rotations in the cloud. The amplitude, time, and frequency of the
disturbances can be varied. In this work, we keep the excitation frequency fixed at Ω/(2π) = 230.5 Hz,
close to the radial trapping frequency. The excitation amplitude is varied from small values until an
amplitude is reached where the momentum distribution corresponds to a non-equilibrium state with
turbulent characteristics. The excitation time may also vary, because there is a compromise between
the excitation application time and the amplitude to generate the turbulent state. For example, larger
amplitudes need less time to reach similar conditions. The range of amplitudes to obtain turbulence
was the topic of investigation in previous works [4,20,21].

The excitation is applied during a time texc = 5τ, where τ = 2π/Ω. The amplitude A
is varied, ranging from from 0 (no perturbation) to 0.60µ0. This protocol drives a BEC in initial
thermal equilibrium to an out-of-equilibrium state. Subsequently, the atomic cloud is held for a
time thold inside the trap, which we vary from 20 to 90 ms, leading to the temporal evolution of the
momentum distribution.

As the amplitude of the external excitation increases, so does the temperature of the cloud,
the atom losses, and the depletion of the condensate. At thold = 20 ms, the number of atoms is
close to 4× 105 for all amplitudes. For the longest holding times that we investigated, thold = 90 ms,
the atom loss never exceeds 20% for 0.20µ0 6 A 6 0.50µ0, and it is much more pronounced for the
highest amplitude considered, 50%. The temperature of the cloud is ∼0.5 Tc at thold = 20 ms, while,
at thold = 90 ms it is close to 0.7Tc for 0.20µ0 6 A 6 0.40µ0 and approximately Tc for A > 0.50µ0.
Finally, the condensate fraction is approximately 40% at thold = 20 ms (if the excitation protocol is
employed) and it can drop to as low as 20% for the highest amplitude and thold = 90 ms.

To probe the state of the gas after a thold, we turn off the trap potential and measure the momentum
distribution n(k, t) using absorption images taken from the ballistic expansion of the cloud after a
time of flight (TOF) of tTOF = 30 ms. Following the release of the trap, the distance that an atom has
traveled from its center is given by r = h̄tTOFk/m, where h̄ is Planck’s constant and m is the atomic
mass. Hence, the TOF procedure corresponds to a Fourier transform of the spatial distribution into the
momentum distribution,

n(r) ∝ n
(

h̄tTOFk
m

)
. (2)

The expansion of a dilute atomic cloud is relatively well-understood in the regime of momenta
smaller than the inverse of the healing length [22]. In this regime, schemes based on scaling
transformations [23,24] or on the hydrodynamic picture [25] have proven to be very successful in
describing the dynamics of the expansion.

However, the description of the expansion at a microscopic level involves knowledge of
high-momenta components of the momentum distribution, which is more challenging. For example,
in Ref. [26] the authors studied the expansion of a weakly interacting Bose gas at zero temperature,
following its release from an isotropic three-dimensional harmonic trap. They calculated the time
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dependence of the momentum distribution with a special focus on the behavior of the contact
parameter, which depends on the tail of the distribution. They showed that the momentum distribution
changes dramatically if the interaction is present during the expansion, and that the high momentum
tail decreases and eventually disappears for large tTOF.

In the presence of interactions, quantum fluctuations deplete the condensate, thus inducing
correlations in TOF measurements. Numerical methods have been used to compute momentum
correlations in a two-dimensional harmonically trapped interacting Bose gas at zero temperature
during the TOF procedure [27]. It was found that the momentum distribution is dominated by a
central peak, due to the condensate, and the amplitude of the normal fraction of the gas is overwhelmed
by this central peak. However, the latter contribution is much more extended in the momentum space,
represented by a slowly decaying tail.

These shortcomings of the TOF technique do not significantly impact our results. A common
assumption of the investigations concerning the limitations of the TOF measurements is that the
interaction energy is dominant in these systems. However, the turbulent state is kinetically dominated,
which means that the interaction energy plays a small role in the effects of a turbulent cloud [28].
Hence, this technique has been used successfully to obtain the momentum distribution of turbulent
trapped BECs [5,6].

3. Extracting the Entropy from Experimental Data

The momentum distribution n(k) corresponds to information about the square of the amplitude of
the condensate’s wave function, while its phase cannot be determined in these experiments. However,
we can derive an expression for the entropy using the assumption that the momentum distribution
values are well-known, which is what we can obtain from the experimental data. In the following
sections, we derive the formula that we use to calculate the entropy of the turbulent BECs. We show
that the expression is consistent with well-known statistical physics results.

3.1. Classical Treatment

First, let us start with some remarks about the notation. We work in momentum space,
with coordinates given by kj, where the index j identifies the different points in momentum space,
and we employ the shorthand notation ψ(kj) ≡ ψj for the fields. The functional “volume” element
used in the integrations is given by

D{ψ∗, ψ} ≡∏
kj

dψ∗(kj)dψ(kj) ≡∏
j

dψ∗j dψj. (3)

The fields can be separated into real and imaginary parts, ψj = Rj + iIj, with a differential given
by dψ∗j dψj ≡ dRjdIj [29]. We use the Mandelung transformation to write the fields as ψj = Aje

iϕj ,
with Rj = Aj cos ϕj and Ij = Aj sin ϕj. Hence, the integrations can be done in “polar” coordinates,
dψ∗j dψj ≡ dAj dϕj Aj.

The entropy can then be defined according to:

S = −
∫

D{ψ∗, ψ}ρ{ψ∗, ψ} ln (ρ{ψ∗, ψ}) . (4)

It is important to notice that additive and multiplicative constants could be added to this definition.
The Principle of Maximum Entropy states that the probability distribution that best represents the
knowledge of the system is the one that maximizes Equation (4) obeying the required constraints.
Such constraints are typically included via Lagrange multipliers.

As stated before, the experimental data corresponds to well-defined values of the density n(kj) ≡
nj = 〈ψ∗j ψj〉, which corresponds to the first constraint, while a second constraint must be introduced to
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ensure that the integral of the probability density function is equal to one. Hence, we want to maximize
the entropy with these constraints enforced by the Lagrange multipliers µj and λ,

δ

δρ{ψ′∗, ψ′}

[
S + λ

∫
D{ψ∗, ψ}ρ{ψ∗, ψ}+ ∑

j
µj

∫
D{ψ∗, ψ}ρ{ψ∗, ψ}ψ∗j ψj

]
= 0. (5)

The equation above leads to the probability density function

ρ{ψ∗, ψ} = ∏
j

µj

π
e−µjψ

∗
j ψj . (6)

The expectation values of the density can be obtained by performing the Gaussian integrations,

nj =
〈

ψ∗j ψj

〉
=
∫

D{ψ∗, ψ}∏
k

µk
π

e−µkψ∗k ψk ψ∗j ψj =
1
µj

. (7)

Substituting Equations (6) and (7) into Equation (4) yields

S = −
∫

D{ψ∗, ψ}∏
j

1
πnj

e−ψ∗j ψj/nj ln

(
∏

k

1
πnk

e−ψ∗k ψk/nk

)

= − ln

[
∏

j

1
πnj

]
+ ∑

k
1 = C + ∑

j
ln
(
nj
)

. (8)

The additive constant C can be neglected, so that we can define

Sc = ∑
j

ln
(
nj
)

. (9)

Notice that, since usually n(k)→ 0 as k→ ∞, Equation (9) may give rise to ultraviolet divergences,
which is typical of classical treatments. In the following section, we show how this issue goes away
with quantum treatment.

Finally, it is possible to show that the entropy of Equation (9) agrees with a thermal distribution
for n(k). If we impose the constraint on the number of particles and energy (∑j nj h̄

2k2
j /(2m)) through

the Lagrange multipliers λ1 and λ2, the extremization of the momentum distribution yields

∂

∂nj

[
∑

l
ln (nl)− λ1 ∑

l
nl − λ2 ∑

l

h̄2k2
l

2m
nl

]
= 0. (10)

This leads to
n(k) =

1/λ2
h̄2k2

2m + λ1/λ2

, (11)

which is the thermal Rayleigh-Jeans distribution with kBT = 1/λ2 and µ = λ1/λ2, where T is the
temperature and µ is the chemical potential.

3.2. Quantum Treatment

For quantum systems, we must consider the von Neumann entropy,

S = −Tr [ρ̂ ln ρ̂] , (12)
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where ρ̂ is the density matrix. In order to relate this formalism with the experimental data, we consider
the constraints nj ≡ n(kj) =

〈
ψ̂†(kj)ψ̂(kj)

〉
≡
〈

ψ̂†
j ψ̂j

〉
. Differently from the previous section,

the operators obey the canonical commutation relations,
[
ψ̂j, ψ̂†

k
]
= δjk.

When considering these assumptions, the density matrix is given by

ρ̂ = Z−1e−∑j f jψ̂
†
j ψ̂j ,

Z = ∏
j

1

1 + e− f j
, (13)

with

nj =
e− f j

1− e− f j
. (14)

Now, the entropy becomes

S = −Tr
[

Z−1e−∑j f jψ̂
†
j ψ̂j ln

(
Z−1e−∑j f jψ̂

†
j ψ̂j
)]

= −∑
j

ln
(

1− e− f j
)
+ ∑

j

f jnj

1− e− f j
. (15)

Combining Equations (14) and (15) yields an expression for the entropy in terms of only the
momentum distribution nj,

S = ∑
j

[(
1 + nj

)
ln
(
1 + nj

)
− nj ln nj

]
. (16)

Although we discussed thermal equilibrium, Equation (16) was derived without assuming it.
The only assumption was that the expected values of the momentum distribution are well-known,
which is valid both for systems in and out of equilibrium. This formula does not suffer from the same
ultraviolet issues that the one found with the classical treatment, Equation (9), since

(
1 + nj

)
ln
(
1 + nj

)
− nj ln nj

nj�0
−→ 0. (17)

Additionally, for large occupation numbers we recover the classical formula,

(
1 + nj

)
ln
(
1 + nj

)
− nj ln nj

nj�∞
−→ ln nj. (18)

Finally, as a consistency check, we can apply Equation (16) to non-interacting bosons in
equilibrium to recover the Bose–Einstein distribution. If we impose the constraints on the number of
particles and the energy, via Lagrange multipliers λ1 and λ2,

∂

∂nj

[
∑

l
[(1 + nl) ln (1 + nl)− nl ln nl ]− λ1 ∑

l
nl − λ2 ∑

l

h̄2k2
l

2m
nl

]
= 0. (19)

After a few manipulations, we get

n(k) =
1

eλ1+λ2
h̄2k2
2m − 1

, (20)

which is the thermal Bose–Einstein distribution with λ1 = −µ/(kBT) and λ2 = 1/(kBT). We should
note that this distribution should not be used to describe the data presented in the following section,
since it corresponds to an interacting system driven out-of-equilibrium (for A 6= 0).
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4. Results

4.1. Momentum Distribution

The optical absorption image of the cloud after the TOF produces an image on the plane
(kx, ky), as illustrated in Figure 1. The momentum distribution is obtained by averaging the values

within the interval k =
√

k2
x + k2

y and k + δk, with δk ≈ 0.04 µm−1. In the left panel of Figure 2,
we show the result of this procedure for A = 0. However, the absorption image corresponds to a
two-dimensional projection of the cloud, and we would like to work with the three-dimensional
distribution. A procedure that has been successfully used in the past to overcome this difficulty [5,6]
consists in employing the inverse Abel transform [30], which reconstructs the three-dimensional
distribution n(k) from its two-dimensional projection n2D(k) according to

n(k) = − 1
π

∫ ∞

k

dn2D(k′)
dk′

dk′√
k′2 − k2

. (21)

In the right panel of Figure 2, we show the result of applying this transformation to the
two-dimensional momentum distributions. For the remainder of this paper, we will only employ the
reconstructed three-dimensional momentum distributions.

Figure 1. Momentum distribution of an unperturbed cloud (A = 0) held in the trap for a short time
(thold = 20 ms) obtained through an optical absorption image following the release of the trap. The
normalization is such that the integration over the plane yields one.

In Figure 3, we show the momentum distributions for non-zero perturbations for different
holding times. For the lowest excitation amplitude, A = 0.20 µ0, the profile is similar to the one of the
unperturbed cloud, Figure 2b. The momentum distributions of A = 0.25 and 0.30µ0 show the system
migrating to higher-momenta, as the energy input of the excitation is increased. Figure 3d depicts a
slightly higher excitation, A = 0.40µ0, placing the system in a regime that we would best describe
as the onset of turbulence. For strong enough amplitudes, in this particular experimental setting
A > 0.50µ0, the system is in a turbulent state with a particle cascade characterized by a power-law
behavior n(k) ∝ k−δ. In the region 10µm−1 6 k 6 17 µm−1 we observe such behavior with δ = 2.3(2)
for thold close to 35 ms. In Figure 3e,f, we plot this power-law to guide the eye. Finally, for long hold
times, the amplitudes A = 0.40, 0.50, and 0.60µ0 display momentum distributions compatible with the
thermalization of the cloud.
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Figure 2. Momentum distribution of an unperturbed cloud (A = 0) held in the trap for different
times (thold =) from 20 to 115 ms. We show both (a) the angular average using the absorption images,
and (b) the three-dimensional reconstruction of the momentum distributions using the inverse Abel
transform, Equation (21). The profiles for different hold times are very similar, with small differences at
high-momenta due to heating in the system.
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Figure 3. Momentum distribution of the cloud for the excitation amplitudes A = 0.20, 0.25, 0.30, 0.40,
0.50, and 0.60µ0, panels (a–f) respectively, and holding times ranging from 20 to 90 ms. Increasing the
excitation amplitude corresponds to larger energy input to the BEC, thus driving the system toward
higher-momenta regions. For strong enough excitations, A > 0.50µ0 in this experimental setting, the
system enters a turbulent regime with a particle cascade characterized by a power-law n(k) ∝ k−δ. In
panels (e,f), we plot a line corresponding to ∝ k−2.3 to guide the eye.
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4.2. Entropy

Finally we can compute the entropy using Equation (16). We should note that the profiles
of Section 4.1 were normalized, such that their integral yields one, to make comparisons easier.
However, the derivation of Equation (16) assumes the normalization ∑i ni = N, the total number of
atoms. So, we employ the latter normalization and report the entropy per particle for the following
entropy calculations.

Figure 4 shows the entropy per particle for different excitation amplitudes, ranging from no
perturbation to A = 0.60µ0, for several values of thold. The unperturbed cloud shows an approximately
constant entropy per particle as a function of the time spent in the trap, as expected. For a relatively
small excitation, A = 0.20µ0, the entropy per particle is slightly higher than in the previous case, but
with the same qualitative behavior. Increasing the excitation amplitude even further, A = 0.25 and
0.30µ0, increases the entropy of the system, but still gives an approximately constant behavior as a
function of the time. For A = 0.40µ0, the system is at the threshold of becoming turbulent: the entropy
per particle is higher than previous values, and the slope is more inclined for the initial times. For
higher excitations, A > 0.50µ0 ,turbulence is fully developed. For thold ≈ 45 ms, the entropy per
particle experiences a sudden increase, which occurs after the particle cascade was established.
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S
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 A=0.60 µ0

Figure 4. Entropy per particle calculated using Equation (16) for several excitation amplitudes as
a function of the time held in the trap. The unperturbed BEC corresponds to a constant entropy
per particle over time. Increasing the amplitude corresponds to higher values of the entropy per
particle until the turbulent regime is reached, A > 0.50µ0. The particle cascade that occurs at ≈ 35
ms (see Section 4.1) is accompanied by a sudden increase in the entropy per particle, as seen for
thold > 45 ms.

Much of our understanding of turbulent systems comes from functions computed in the
momentum space, such is the example of the momentum distribution. This is because they provide
information on how particles and energy flow from one momentum class to the neighboring ones.
We can define an entropy as a function of k by recasting Equation (16) as S ≡ ∑j S̃(k j). We show
our results in Figure 5 for A = 0 and A = 0.60µ0, an unperturbed and a turbulent BEC, respectively.
The sudden increase in the entropy is also evident in Figure 5b, as the distributions for thold 6 45 ms
are close together and for longer times they continue to increase. Thermalization occurs for long times
for the turbulent BEC, and it corresponds to a more flat distribution.



Entropy 2020, 22, 956 10 of 13

0.00001

0.00002

0.00003

0.00004

0.00005

0.00006

 1          10  20   25

(a) A=0.00 µ0

S~
(k

)/
N

k [µm
-1

]

 20

 30

 40

 50

 60

 70

 80

 90

t h
o

ld
 [
m

s
]

0.00001

0.00002

0.00003

0.00004

0.00005

0.00006

 1          10  20   25

(b) A=0.60 µ0

S~
(k

)/
N

k [µm
-1

]

 20

 30

 40

 50

 60

 70

 80

 90

t h
o

ld
 [
m

s
]

Figure 5. Entropy per particle as a function of the momentum for an unperturbed BEC (a) and
a turbulent cloud (b). Notice that the same scale was employed in both plots. The turbulent
BEC experiences a sudden increase in the entropy per particle, for thold > 45 ms, and it reaches
thermal equilibrium for long times, corresponding to a more flat distribution of entropy among the
momentum classes.

The main mechanism of entropy generation, after the excitations were introduced in the sample,
occurs by the interactions between them generating, in the case of vortices, Kelvin waves, and random
distribution of fragments and rings, and, in the case of waves, a process of proliferation of waves
that cascade up in momentum. The generation of turbulence consists of converting the energy
placed in an organized manner in the large length scales and migrating it to the small length scales,
promoting entropy formation. In this sense, the capacity to produce excitations and promote their
interaction is essential for the fast production of disorder and consequently, entropy. Through this
energy migration from large to small length scales, the cascade, a larger population of the sample is
transferred to the high-momenta region. Over time, if a small number of excitations (low amplitudes)
were introduced, there are few temporary occurrences to promote the disorder. The dynamic with few
excitations is slow, and even with a longer waiting time, it still does not produce enough interactions
to promote the growth of the disorder. As a result, for low amplitudes, the growth of entropy is low
over time. For excitation amplitudes up to values in the order of 0.30µ0, the change in entropy over
time is negligible. When excitations are produced at the amplitude of 0.40µ0, the rate of change in
entropy begins to be more sensitive, demonstrating that sufficient excitations were generated for a
high interaction rate and, therefore, a more significant generation of the disorder.

The final establishment of a cascade corresponds to an efficient transfer of energy from the
largest length scales to the smallest scales and, thus, an efficient mechanism for the growth of entropy.
For amplitudes of the order of 0.50µ0 and above, this cascade establishment occurs not only due to
the greater introduction of excitations in the sample, but also due to its rapid interaction. In general,
the establishment of turbulence is associated with this situation and, therefore, at the same time as the
turbulence is established, entropy also has a higher growth rate.

5. Discussion and Conclusions

In summary, we calculated the entropy of a BEC in regimes that go from an unperturbed system
up to a turbulent cloud, corresponding to a far-from-equilibrium state. We discussed how relatively
small perturbations, the onset of turbulence, and the fully developed turbulent regime impact the
momentum distribution and entropy of the system. In particular, we observed a sudden increase in
the entropy following the establishment of a particle cascade.

These calculations were only possible because we derived an expression for the entropy,
Equation (16), with the data available from experiments in mind. The main assumption is
that the expected value of the momentum distribution is well-known, i.e., the square of the
amplitudes of the wave function are determined, whereas no information is available about the
phase. Similar considerations have been applied successfully in the field of quantum turbulence.
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For example, the theory of wave turbulence [31] assumes a uniform random distribution for the phase
of the different momentum classes.

It is also interesting to note that an expression for the entropy could also be derived from the
kinetic equations that describe the non-equilibrium quasiparticle distribution function for a dilute
inhomogeneous BEC [32–34]. If the same procedure was repeated with the assumptions, we employed
in this work, namely the momentum distribution values are well-known and we have no knowledge
of the phase, we would reach an expression for the entropy based on a microscopic description of the
Bose gas. Comparing the results that were obtained with both approaches could shed light on the role
of microscopic interactions in developing the turbulent regime.

In contrast to experiments, the phase is accessible in numerical simulations employing the
Gross–Pitaevskii equation [35]. Performing simulations that reproduce the experimental conditions
reported in this work would be illuminating in two main aspects. First, the von Neumann entropy
could be computed straightforwardly and the results as compared to our present work to test the
validity of our assumptions. Second, it would be possible to distinguish between vortices and wave
contributions to the turbulent regime, which would help to characterize the turbulence that we observe.

The identification of a power-law behavior of the momentum distribution has some intrinsic
difficulties [2], mainly because the region where it is observed is very narrow in BECs.
Hence, other approaches may provide useful insights into identifying and characterizing the turbulent
regime. We believe that entropy and related quantities can be used to improve our understanding of
quantum turbulence. It captures the essential features of the transition from equilibrium to a turbulent
state and the changes that occur in between.
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