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ABSTRACT: Spatiotemporal pattern formation plays a key role in various biological phenomena including embryogenesis and
neural network formation. Though the reaction−diffusion systems enabling pattern formation have been studied
phenomenologically, the biomolecular mechanisms behind these processes have not been modeled in detail. Here, we study the
emergence of spatiotemporal patterns due to simple, synthetic and commonly observed two- and three-node gene regulatory
network motifs coupled with their molecular diffusion in one- and two-dimensional space. We investigate the patterns formed due to
the coupling of inherent multistable and oscillatory behavior of the toggle switch, toggle switch with double self-activation, toggle
triad, and repressilator with the effect of spatial diffusion of these molecules. We probe multiple parameter regimes corresponding to
different regions of stability (monostable, multistable, oscillatory) and assess the impact of varying diffusion coefficients. This
analysis offers valuable insights into the design principles of pattern formation facilitated by these network motifs, and it suggests the
mechanistic underpinnings of biological pattern formation.

■ INTRODUCTION
Pattern formation in living organisms is ubiquitous in nature, for
instance, during embryonic development−1 morphogenesis,2

organization of neural networks,3,4 and patterns on body (wing/
skin/fur).5 In smaller organisms, such as Hydra6 and in the
different species of Drosophila,1 we observe emergence of
patterns during formation of several structures. Some examples
in higher organisms include wing decoration in butterfly, stripes
in zebras, patches in giraffes or spots in leopards. These diverse
patterns are often driven by morphogen gradients, and have
been extensively investigated.7−9 However, the underlying
mechanisms in terms of gene regulatory networks are not as
well-investigated. Thus, reproducing these patterns in synthetic
biology has remained a challenging problem.

The theory of pattern formation was first exploredmathemati-
cally in 1952 by Alan Turing in his seminal work.10 In 1958,
spontaneous, dynamic, and oscillating circular and spiral
chemical patterns were first observed experimentally, famously
known as, Belousov−Zhabotinsky (BZ) reactions.11,12 In 1972,
Gierer and Meinhardt13 developed a theoretical model of the
Activator−Inhibitor system, based on Turing’s theory of 1952,10

and also devised it experimentally.14−16 In this two-component
system an activator triggers the inhibitor while the inhibitor
represses the activator in a long-range way. This mechanism
could model different patterns including parallel stripes in shells,

caused by near synchronous oscillations. Other theoretical
models17−19 also generate similar patterns thus, augmenting that
mathematical models like Turing’s drive development of theory
for biological systems.10

Mathematical models incorporating diffusion of only one of
the two components have already been developed.20,21 More-
over, experiments have been designed in various contexts of a
single diffusing molecule−22,23 spatial arrangement and
manipulation of inducers,24,25 and quorum sensing mole-
cules,26,27 highlighting the importance of the Turing model in
exploring pattern formation in many systems.17−19 However,
patterns emerging from diffusing molecules of gene regulatory
networks is still in its formative stages, and there are many
challenges to it.28

The inherent stochasticity due to spatial diffusion of
molecules enhances the noise/fluctuations in the environment
of a cell which can thus influence gene expression.29 Molecular
diffusion plays an important role in transcriptional regulation,
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biochemical signaling etc.30 Cottrell et al. developed an
analytical model for branching-diffusion and estimated the
mean and the magnitude of fluctuations which can be
determined by the protein’s Kuramoto length�the typical
distance across which a protein can diffuse in its lifetime.31 How
such diffusion, coupled with emergent dynamics of the gene
regulatory networks, can generate specific patterns is elusive and
what we hope to contribute to.28,32−34

Here, we aim to study diverse patterns emerging out of
spatiotemporal dynamics of interactive diffusive molecules of
multiple simple two- and three-node gene regulatory network
(GRN) motifs�toggle switch35 with/without self-activation,36

toggle triad,37 and repressilator.38 We have further observed how
the patterns change corresponding to different stability regimes
of a single motif and for varying diffusion coefficients. The
patterns induced byGRNs are transient, evolve dynamically, and
asymptotically reach a stable homogeneous state. The dynamics
of pattern formation depend on the motif being investigated and
operating regimes.

■ RESULTS

Toggle Switch�an Archetype of GRNs�Exhibiting
Temporal and Spatial Bistability. We take a bottom-up
approach and begin our study by analyzing the toggle switch, a
network formed by two genes A and B, mutually repressing each
other (schematic in the inset of the first plot of Figure 1 A). Each
gene of A and B is usually a master regulator of a specific cellular
fate and inhibits the activity of the other gene. It is an archetype
of GRNs in various biological systems, for instance, mammalian
cell fate tree (with toggle switch at each of its branch points).39

Toggle switch enables two states: (high A, low B) which we call
as state A and (low A and high B) which we call as state B. It
displays both monostable and bistable behaviors at different
parameter regimes. Such bistable behavior is exemplified in the
above mentioned embryonic patterning of Drosophila2,40

signaling networks41 and galactose regulatory networks.42,43

The governing equation for genetic toggle switch�two genes
mutually repressing each other�in terms of the shifted Hill
function is given by

Figure 1. Temporal dynamics of toggle switch (TS): (A) Left: Bifurcation diagram of one of the proteins (A) as a function of degradation rate (γA)
depicting the bistable behavior of a toggle switch (inset). Center and right: Phase diagrams between nondimensionalized parameters which control the
strength of the toggle switch. Different colors depict different regions of bistability and monostability. A0B/B0A, γA/γB, and gA/gB are the ratio of
thresholds, degradation rates, and production rates, respectively. (B) Time evolution of one of the proteins (A here) starting from different initial
conditions under different regimes of bifurcation diagram. (C) Nullclines for different regimes of the parameter space. The black and gray circles
denote stable and unstable fixed points of the system, respectively. The red curve is the plot for the solution of the first one of eq 1 at the steady state
while the blue curve is the same for the second one of eq 1.
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where gA and gB are the production rates, γA and γB are the
degradation rates. The first terms in the equations in (1)
correspond to the effective production rates of the species and
the second terms correspond to their degradation. The terms

B B A n l( , , , )BA BA0 and A A B n l( , , , )AB AB0 are the shifted
Hill functions and capture the interaction between gene A and
gene B due to transcriptional inhibition.
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Figure 2. Spatiotemporal dynamics of the toggle switch (TS). (A) Schematic of toggle switch plus diffusion system. In the 1D system, we consider a
single array of cells and each has a toggle switch with diffusive molecules. In the 2D system, we have a square lattice of cells. (B) Heatmaps of levels of
protein A (i) and B (ii) as a function of time and space in the 1D diffusive system. (C)Heatmap of levels of A in the 2D diffusive system at different time
points. (D) Analytical plots for the eigenvalues of TS (expressions in Supporting Information) in different parameter regimes, viz. Monostable-I (left),
Bistable-II (center), and Monostable-III (right) (refer to previous figure). (E) Heatmaps of levels of A for another parameter set (Parameter set-2) at
different time points..

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.2c04581
ACS Omega 2023, 8, 3713−3725

3715

https://pubs.acs.org/doi/10.1021/acsomega.2c04581?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.2c04581?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.2c04581?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.2c04581?fig=fig2&ref=pdf
http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.2c04581?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


In (2), B0A and A0B are the thresholds which determine the
levels at which the transcriptional interaction becomes active.
The Hill coefficients, nBA and nAB, correspond to the
cooperativity of interaction and lBA and lAB are the fold changes
in the levels of proteins due to transcriptional activation or
inhibition. The fold change value of lBA > 1 means that B is
activating A and lBA < 1 means that B is inhibiting A.44

First, we perform numerical analysis to understand the
dynamical behavior of the toggle switch motif. Numerical
bifurcation analysis shows that the system switches from a
monostable region of only state A ((Ab) ≡ (high A, low B)) to a
bistable region where both state A ((Ab) ≡ (high A, low B)))
and state B ((aB) ≡ (low A, high B)) are permitted, to another
monostable region with only state B ((aB) ≡ (low A, high B))
(see Figure 1A). Here capital letters denote high expression
levels, while small letters denote low expression levels. The
bifurcation parameter here is the degradation rate of A (γA).
Starting from state A (region I), as we increase the degradation
rate, the steady state concentration of A decreases and the
system reaches a bistable region (region II), where the system
can achieve both the states�A or B. If we further increase the
degradation rate of A, the system can only attain state B (where
B is high and A is low). The opposite behavior can be seen if the
degradation rate of B is chosen as a bifurcation parameter
(Figure S1 B).

Next, we draw the phase diagram depicting the stability
regions. On the y-axis, we haveA0B/B0A, and as we increase this
ratio, the relative strength of inhibition of A on B, as compared to
B on A, decreases. In the first phase diagram, we have the ratio of
their degradation rates (γA/γB) on the x-axis. As this ratio
increases, the inhibition strength by A decreases. Therefore, the
region marked I is the region where we observe state A, and in
region II, the inhibition of both A and B are balanced and we
observe a bistable behavior. In the region III, the inhibition of A
on B is weak as compared to B′S inhibition on A; therefore we
observe the state B (high B, low A Ba)

Next, we numerically solved the eqs 1 starting from 200
different initial conditions and from parameters in different
regions. Dynamics of the corresponding region reveal the system
converging to one or both states (Figure 1B). The dynamics of B
are presented in Figure S1A,B.

Panel C depicts the nullclines for the three regimes having
one, two, and one stable fixed points marked by solid black
circles. The unstable steady state is shown by gray circle. The red
curve is the plot for the solution of the first one of eq 1 in the
steady state while the blue curve is the same for the second one
of eq 1. The arrows represent the vector fields. They are directed
toward the stable fixed point and away from the unstable one. A
monostable regime is signified by having a single stable steady
state or cells having one phenotype while a bistable regime
signifies the possibility of a population of cells having two
different fates denoted by two stable steady states. The bistable
temporal dynamics of gene B for parameter set 1 corresponding
to three stability regimes (same as in Figure 1) and its
bifurcation diagram, the phase diagrams (ratio of thresholds as a
function of ratios of production rates and degradation rates
respectively) and nullclines for parameter sets 2 and 3 are shown
in Figure S1D. Phase diagrams of the time taken for gene A to
reach the steady state are also presented in the Figure S2A−C.
Toggle Switch with 1D Diffusion. Tkacik and Bialek

developed a mathematical model for understanding the one-
dimensional diffusion�longitudinal sliding of repressor mole-
cules along DNA during transcriptional regulation.30 Here, we

consider a one-dimensional chain of cells (depicting hair-line/
filamentous structures), each having a toggle switch with
diffusing molecules of gene products (see Figure 2A for the
schematic). Each molecule can diffuse through the entire one-
dimensional space. The mathematical equations describing the
system can be written in the following way,
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The above equations are similar to eq 1 with one added term
in the right-hand side describing diffusion. DA and DB are the
diffusion constants/diffusivities for genes A and B. Higher
diffusivity means faster diffusion. ∂2A/∂x2 and ∂2B/∂x2 capture
the spatial dependencies/evolution/fluxes of the concentration
of gene products A and B respectively. Figure 2B shows bistable
spatiotemporal behavior of toggle switches with molecules
diffusing in one-dimensional space. Green and blue represent
the higher and the lower expression levels of gene A. The
simulation starts with a spatially in-homogeneous state (having
both expression levels) but as time progresses, the system
reaches its steady homogeneous state. One can notice the
complementary behavior of (i) gene A and (ii) gene B as
expected from a toggle switch.
Toggle Switch with 2D Diffusion. Consider a two-

dimensional square lattice of cells (depicting a thin monolayer of
biological tissue), each cell having a toggle switch with diffusing
gene molecules (see Figure 2A for the schematic). Each
molecule can diffuse through the entire two-dimensional space.
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In two dimensions, the equations have two added terms in the
right-hand side describing diffusion in two different directions.
DA

x , DA
y and DB

x , DB
y are the diffusion constants/diffusivities for

genes A and B in the x- and y-directions, respectively.
The spatiotemporal behavior of toggle switches with

molecules diffusing in two-dimensional space at three different
time instants is shown in Figure 2C. We notice that as time
progresses, the arbitrary-shaped yellow patches become regular,
and the state represented by blue gradually wins over
(Supporting Video S3.1). Panel D shows analytical plots for
eigenvalues in different parameter regimes, viz. I-Monostable, II-
Bistable, and III-Monostable. Analytical solutions reveal
negative eigenvalues, thus indicating the steadiness of the
patterns. With the increase in wavenumber k, eigenvalues
become more negative. For k = 0, the system reduces to the
diffusion-free case. In two dimensions, the fast convergence to
the patterns, seen across multiple parameter sets, strengthen the
stability and robustness of observed patterns. We also conducted
similar analyses for another parameter set (Figure 2E) and found
that the patterns are qualitatively similar. The nature of the
stability of these dynamical systems can be evaluated from the
trace, determinant, and eigenvalues of the linear stability matrix.
The detailed calculation, in general (not particular to any
specific motifs), is in Section 1.1 in Supporting Information. The
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calculation and the expressions for eigenvalues for each of the
motifs are given in subsequent sections in the Supporting
Information. The stability (quantified by the nature of trace,
determinant and eigenvalues) of the patterns in one-dimension
is similar and robust across parameters (shown for parameter
sets 1, 2, and 3 in Figures S3A−C and S4A−C).
Toggle Switch with Self-Activation�Exhibiting Spa-

tiotemporal Tristability. The next motif we consider is two
self-activation loops coupled with a toggle switch (TSSA) (see
Figure 3A). This architecture introduces a third stable steady
state in the system. The balance between mutual repression and
double self-activation enhances the probability of having a third
state (intermediate A−intermediate B) in addition to the two
possibilities of expression levels of toggle switch (high A−low B)
and (low A−high B).36,37,45,46 The additional third/hybrid

stable steady state starts emerging as the strength of the self-
activation loops are increased. Weak self-activation reduces
TSSA to a simple toggle switch. Further enhancement of the
strengths of the links stabilizes the hybrid state while
destabilizing the two canonical stable steady states.36 Emergence
of the stable hybrid state enabled by self-activations in toggle
switch has been observed in different biological phenomena of
cellular decision making. A few examples include (i) branching
of multipotent progenitor cells into erythroid and myelomono-
cytic lineages governed by two key transcription factors�
GATA1 and PU.1,47 (ii) epithelial-to-mesenchymal transition
(a key regulatory process involving transcription factors ZEB/
SNAIL and microRNAs miR34/miR200) during embryo-
genesis, wound healing, and cancer progression,48−50 and (iii)
stabilization of hybrid T-helper cells having properties of both

Figure 3. Dynamics of toggle switch with self-activation (TSSA). (A) Schematic of the ODE model. (B) Bifurcation diagram of A as a function of
degradation rate of A. Note the presence of a tristable region. (C) Nullcline plot of the tristable region. The black and gray circles denote stable and
unstable fixed points of the system, respectively. (D) Time evolution plot of protein A for multiple initial conditions in the tristable parameter regime.
(E) Schematic of the TSSA coupled with the 1D diffusive system. (F) Heatmap of levels of A and B as a function of space and time for parameter set A.
(G) Schematic of the TSSA coupled with the 2D diffusive system. (H) Heatmaps of levels of A for parameter set 1 at two different time points. (I)
Trace, determinants, and eigenvalues evaluated at equilibrium points 1 and 3. (J) Trace, determinants, and eigenvalues evaluated at equilibrium points
2.
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Th1/Th2 cells during lineage specification.51 The governing

mathematical equations for such a system is given by
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where B B A n l( , , , )BA BA0 and A A B n l( , , , )AB AB0 are the

shifted Hill functions as given in eq 2 in the previous section,

while the other two shifted Hill functions are for the self-loops,

given by the following,
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Figure 3B shows the bifurcation diagram of A. The expression
levels of A is shown as a function of degradation rate of A, γA.
The three stable states are shown in red, while the two unstable

Figure 4.Dynamics of toggle triad. (A) Schematic of toggle triad of three species in a cell coupled with the diffusion system. (B) Heat map of levels of
(i) A, (ii) B, and (iii) C as a function of space in the monostable parameter regime. Protein A is high in all cells as compared to B and C. (iv) RGB (red
green blue) plot of the three species combined. Here, red corresponds to high A, green corresponds to high B, and blue corresponds to high C. (C)
Same as part B for the bistable parameter regime where either A is high or B is high. (D) Same as part B) but for tristable parameter regime in which
either A is high or B is high or C is high.
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states are shown in blue. The corresponding nullclines are
shown in (Figure 3 C). The three stable fixed points are marked
by solid black circles while the two unstable steady states are
shown by gray circles. (Figure 3D) shows the time evolution of
gene A for 200 different initial conditions, finally all ending up in
three different stable steady states.
Toggle Switch with Self-Activation with 1D Diffusion.

Let us now consider a one-dimensional chain of cells (depicting
hair-line/filamentous structures), each having a toggle switch
coupled with two self-activation loops (TSSA) (schematic in
Figure 3E). Each molecule can diffuse through the entire one-
dimensional space. The governing equations are
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where are the shifted Hill functions as described in the
previous sections and the last two terms in the RHS describe
molecular diffusion (DA and DB being the diffusion coefficients
of A and B, respectively). Figure 3F shows the heat map of
expression levels of A and B as a function of space and time for
parameter set A. The complementarity natures in expression
levels of gene A and gene B are shown side by side for
comparison.
Toggle Switch with Self-Activation with 2D Diffusion.

Consider a two-dimensional square lattice of cells (depicting
thin monolayer of biological tissue), each having a toggle switch
coupled with two self-activation loops (TSSA) (Figure 3G).
Each molecule can diffuse through the entire two-dimensional
space. The mathematical equations describing the scenario are
given by
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where the shifted Hill functions are expressed same as in the
previous section, and there are two diffusive terms (in x- and y-
spatial directions) for each gene.

Figure 3H shows the heatmaps of levels of gene A for
parameter set 1 at two different time points for TSSA with
molecules diffusing in two-dimensional space. We observe three
states in the initial time point (T = 150) A being high,
intermediate or low. As time progresses and molecules diffuse,
the intermediate state vanishes and A-high or A low dominate.
(Supporting Video S3.2). In Figure 3I, we show the analytical
plots for the trace, determinants, and eigenvalues of the linear
stability matrix, evaluated at equilibrium points 1 (we obtain
exactly same results as obtained at the second equilibrium point

since the coordinates of equilibria are symmetric), and panel J

shows the same quantities evaluated at equilibrium points 2. The

temporal evolution and the spatiotemporal dynamics corre-

sponding to the tristable parameter regime is also shown here.

Additionally, we solved the system in a bistable parameter

regime and studied the steady states and spatiotemporal

dynamics (Figure S5A−G). The overall behavior is similar to

that of the bistable regime in toggle switch.
Toggle Triad�a Frustrated Tristable System. We

consider a toggle triad, three coupled toggle switches,

comprising the genes A, B, and C mutually repressing each

other (schematic shown in Figure 4 A). This motif can have

“pure”/single positive (A-high, B-low, C-low {Abc} or A-low, B-

high, C-low {aBc} or A-low, B-low, C-high {abC}), “hybrid”/

double positive (A-high, B-high, C-low {ABc} or A-low, B-high,

C-high {aBC} or A-high, B-low, C-high {AbC}), or triple

positive (A-high, B-high, C-high {ABC}) and triple negative (A-

low, B-low, C-low {abc}) states. In our previous study,37 we

showed that the frequency of triple positive and triple negative

states is very low. Single positive states are more frequent

compared to the double positive states. It should be noted that

toggle triad is a frustrated system;52 e.g., high levels of A will

drive levels of B to be low by repressing it, and low levels of B will

make levels of C higher, which will eventually reduce the levels of

A.
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where are the shifted Hill functions defined as in the previous

sections with different arguments which can be obtained by

systematic changes. Here we focus on monostability, bistability,

and tristability of single positive states since they are most

frequent. The patterns formed by double-positive states are also

not significantly different from the single-positive ones.
Toggle Triad with 2D Diffusion. To study the pattern

formation due to toggle triad, we coupled the motifs into the 2D

lattice of cells. We write reaction−diffusion equations as follows:
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We first explore the evolving patterns in different phases, i.e.,
monostable, bistable, and tristable. When the motif shows the
monostable behavior (here A-high, B-low, and C-low {Abc}),

the system reaches a homogeneous state (Figure 4B), as
expected. When the motif is in the bistable parameter regime
(here {Abc}-{aBc}), we get domains of regions where A is high
and others where B is high. C remains low in all regions (Figure
4C). In the tristable parameter regime (here {Abc}-{aBc{abC}),
we see pattern formation in all three species. The 2D space is
distributed into different regions where either A is high or B is
high or C is high. From the overlay plot is clear that only one of
the genes is high in each cell (Figure 4D), reflecting patterns
seen in the toggle triad (Supporting Video S3.3).

Next, we studied the role of diffusion constant on the pattern
formation. In the tristable parameter regime, when the diffusion
constant is low (D = 0.0008), we observe that the size of the
yellow patches corresponding to the regions where either of the
three states (Abc, aBc, or abC) is small (Figure 5A) as compared
to the case where the diffusion constant is intermediate (D =
0.008) (Figure 5B which is same as Figure 4D). As the diffusion
constant increases (D = 0.08), the yellow patch size of the

Figure 5.Dynamics of toggle triad in the tristable parameter regime for different diffusion constants. (A) Heat map of levels of (i) A, (ii) B, and (iii) C
as a function of space in the tristable parameter regime when the diffusion is low (D = 0.0008). (iv) RGB plot of the three species combined. Here, red
corresponds to A high, green corresponds to B high, and blue corresponds to C high. (B) Same as part A but for intermediate diffusion levels (D =
0.008). (C) Same as part A but for high diffusion levels (D = 0.08).
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patterns increases (Figure 5C). Diffusion enables the regions of
stability to coalesce.

We also studied the effect of variable diffusion on pattern
formation from a toggle triad motif in the bistable regime (see
Figure S6A−C of the Supporting Information).

Time evolution (panels A and C) of the molecules of gene A
for multiple initial conditions and the frequency distributions
(panel B and D) of different states at steady state in the bistable
and tristable parameter regimes of toggle triad is shown in Figure
S7. Similarly, as in the cases for previous motifs, the stabilities of
the patterns are quantified by traces, determinants, and three
eigenvalues of linear stability matrix for different stability (mono
(Figure S8), bi (Figure S9) and tri (Figure S10)) regimes and for
low (panel A) and high (panel B) diffusivity.
Repressilator�Showcasing Spatiotemporal Oscilla-

tions. Oscillatory/rhythmic behaviors in biological systems
are often generated by the complex interactions among various
genes, proteins, metabolites etc. A number of factors like
negative feedback, time delay, or inherent nonlinearity of the
reaction kinetics can give rise to biochemical oscillations.53

Elowitz and Leibler38 first designed and constructed an artificial
biological clock, called repressilator, with three transcription
factors in Escherichia coli.

By weakening three links of the toggle triad (see schematic in
(Figure 6A) through the corresponding parameter set in the
excel sheet), we obtain the motif for repressilator genes, with A,
B, andC repressing each other sequentially and cyclically. This is
a well-known example of a biological oscillator. We have

obtained repressilator as a limiting case of toggle triad by
weakening specific links which behaves functionally as a
“standard” repressilator. A toggle triad consists of the following
6 links: (a) A inhibits B, (b) B inhibits C, (c) C inhibits A, (d) A
inhibits C, (e) C inhibits B, and (f) B inhibits A. If we weaken the
strength of links d−f while maintaining the a−c ones (or vice
versa), we get a standard repressilator. The governing equations
are given by
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We observe interesting dynamics when we couple the
repressilator motif with the diffusion dynamics. Initially the
system develops dynamic patterns which do not repeat
themselves. After a time point (around T = 8500 here), they
start repeating themselves. Although the molecules diffuse
throughout the space the pattern repeats itself every 240 time
steps. We also observe the formation of localized spirals serving
as epicenters of spirals − a repeating motif (Figure 6B(i−vi)). A
video of the oscillatory patterns is presented in the Supporting
Information, Video S3.4. The overlay plot is shown in the main
while the separate expression levels for the molecules of gene A,

Figure 6. Repressilator as a special case of toggle triad. (A) Schematic of repressilator as a special case of toggle triad of three species in a cell, coupled
with the diffusion system. One cycle of the repression is weak as compared to the other one. (B) An RGB (red-green-blue) plot of levels of A, B, and C,
respectively, at six different time-points: (i) T = 9000, (ii) T = 9080, (iii) T = 9160, (iv) T = 9240, (v) T = 9320, and (vi) T = 9400.
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gene B, and C for the same parameter set are shown in Figure
S11. The oscillatory behavior is shown from the analytical
calculation and its graphical representation of the three
eigenvalues (one positive, and two complex eigenvalues with
negative real component) for diffusion in two-dimensional space
as a function of the wavenumber k in Figure S12.

■ DISCUSSION
Many biological phenomena result from a constant tug-of-war
between the contrasting aspects of stochastic and deterministic
behavior, i.e., random fluctuations in gene expression,
concentration of numerous intracellular biomolecules, and
their interactions via different signaling pathways, cell-to-cell
variability, intercellular communication, etc., ultimately result-
ing in some coordinated emergent phenomena of cellular
division, differentiation, and development.54 Similarly, for the
biological systems which fall into the category of reaction−
diffusion systems, biochemical “reactions” are a stabilizing/
homogenizing/equilibrating process while molecular “diffusion”
is trying to destabilize it. These two contradictory processes
result in the spontaneous emergence of spatiotemporal patterns.
“Reaction” and “diffusion” might refer to intracellular
biochemical reactions and intercellular signaling/communica-
tion (at the tissue-level) respectively. Unraveling the underlying
mechanisms of these processes is one of the key challenging
problems in synthetic28 and developmental biology. An
asymptotically stable homogeneous steady-state of an inherently
nonlinear system becoming unstable by the effect of self- and/or
cross-diffusion is known as diffusion-driven instability or Turing
instability.55

Spatiotemporal patterns have been studied in multifarious
contexts with different length-scales and time-scales. In
population ecology�the systems of interacting population of
prey-dependent predator−prey models with the influence of
self- and cross-diffusion, gestation delays, and weak allele
effects�analyzing formation of different patterns is an
interesting domain of study.56−59 Bacterial pattern formation60

has been studied to understand the effects of biofilms and
quorum-sensing in pathogenic bacteria Staphylococcus aureus,61

and E. coli62,63 by simulating their gene regulatory systems.
Many theoretical64−68 and experimental69−71 studies suggest

that the reaction−diffusion mechanism plays the primary role in
producing patterns (stripes, spots, patches, and color variations)
on animals, birds, insects, and fish. Using fluorescence
microscopy and in situ hybridization techniques, Fritsch et
al.72 observed beautiful expression patterns of gap and pair-rule
genes such as hunchback and bicoid in Drosophila embryo.
These gene networks spatial bistability.2

Barbier et al. constructed synthetic toggle switches inE.
coliand maintained them under the influence of diffusive
gradients of an external inducer and regulator and observed,
characterized, and tuned spatiotemporal patterning exhibiting
bistability and hysteresis.32 Besides naturally existing patterns,
synthetic patterns have been engineered in microbial
communities.60,73 Theoretical explorations of spatial patterns
(transient but persistent) formed from quorum-sensingmodules
of bistable toggle switch and a four-state GRN with diffusible
molecules in one- and two-dimensional space, having leaky gene
expression and cross-talk,62 is also worth mentioning. Quite
recently Tompkins et al. performed quantitative analysis of
Turing’s hypothesis and experimental testing of it on an
emulsion of aqueous droplets (mimicking a circular array of
cells).74 This also opens up applications of the Turing model in

material science. Though there have been a plethora of
theoretical explorations on biological pattern formation over
decades, studies of these in the context of gene regulatory
networks is a very recent paradigm of interest.

We have presented a detailed analysis of spatiotemporal
patterns emerging from the spatially cued molecules involved in
two- and three-node regulatory networks showing multistability
or oscillatory behavior. The analysis begins with the simple two-
node network of toggle switch, having both monostable and
bistable behavior. Toggle switch coupled with self-loops yields
an additional stable state. Toggle triad is the next example which
shows all the mono-, bi-, and tristable behaviors in the
spatiotemporal dynamics. Finally, the Repressilator network
exhibits an oscillatory behavior. The time period of the
spatiotemporal oscillations can be varied significantly by
changing the rate of degradation of the gene-products (see
Figure S12).

The full nonlinear model should be solved to gain more
precise and detailed insights instead of Linear Stability Analysis.
The latter has captured a majority of the dynamical features of
the system qualitatively, leaving out some of the intricate details.
We have developed a generic, and coarse-grained, but strong,
theory which has the potential to capture various spatiotemporal
patterns by taking into account the structure and parameter
regimes of the underlying gene regulatory networks.

In simulations, we assumed free diffusion across cell
membranes. In real biological systems, the positional and
structural information about the cell-membranes and organelles
is required to set up the diffusion gradient. Visually similar in-
silico patterns can be generated from equations having different
reaction and diffusion terms. Thus, an interplay of more than
one factor can occur to bring about a biological stationary
pattern. In-silico, ordered spatiotemporal patterns such as stripes
and spots, can also be formed within this mathematical
framework. We illustrate different mechanisms, from special
initial conditions, generating the striped patterns in toggle triad
and spotted patterns from spatially-varying diffusion coefficient
in toggle switch (see Figure S14 for reference).

Animals can have different body structures, sizes, shapes, and
curvatures which demand tackling of the nonlinear multivariate
system of partial differential equations, to be solved for different
geometries/topologies�spherical, cylindrical, etc. For simplic-
ity, we have taken diffusion coefficient for different genes to be
the same. Realistically, these should differ inherently and along
different directions and might be a function of space due to
anisotropy in diffusion of molecules. Thus, next steps include
incorporating these realistic features and different initial and
boundary conditions imitating more realistic biological
scenarios. The systems can be studied for more specific
biological cases where we can tune parameters using
experimental results. In our analysis, we have diagonal diffusivity
tensors, as we have only self-diffusion of the biomolecules. This
assumption is reasonable because molecular diffusion of one
molecule does not depend directly on others. We can extend to
these scenarios and tackle more realistic cases which will have
nonzero off-diagonal elements in the diffusivity tensor to capture
the cross-diffusion dependence on perhaps the concentration
gradient of some external component (inducer and/or
regulator). Here, we have analyzed bivariate (toggle switch)
and trivariate systems (toggle triad and repressilator). In
principle, systems can be in general be multivariate (toggle
polygons and other networks) described by multiple nonlinear
coupled partial differential equations. The essence of the
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problem remains the same, while the complexity of solving it
increases multifold due to a larger number of parameters.

Despite providing valuable insights into the emergent
dynamics of pattern formation, our analysis here has multiple
limitations. First, we have modeled reaction−diffusion systems,
i.e., added a diffusive term in the PDEs describing the
evolutionary dynamics of the motifs. We do not consider the
length and time scales explicitly in our problem, since these
scales are implicitly present in the diffusion coefficient term.
Considering diffusion-limited biomolecular reaction kinetics
(rate of reactions being functions of the diffusive transport of
molecules) is important in some scenarios.75 Second, we have
considered a static lattice with fixed domain in our simulations.
Cell division and death (apoptosis/necrosis) is not relevant in
the time scales we are considering. Third, transcription factors
are not known to diffuse across cell membranes. The molecules
considered here are not necessarily transcription factors but can
represent, at a coarse-grained-level, downstream signaling/
regulatory molecules that can diffuse at a larger length-scale.

■ CONCLUSION
The main goal of this work is to elucidate the spatially extended
dynamics of common network motifs implicated in cellular
decision-making: toggle switch, toggle triad, and repressilator.
We highlight the different patterns observed for varying
durations under diverse parameter regimes, thus offering better
understanding of design principles of spatial patterns, and
pinpointing specific network topologies underlying reaction−
diffusion systems. These results pave the way for further
multiscale spatiotemporal investigations of cellular-decision-
making-regulatory-networks and for deciphering tissue-level
patterning in various physiological and diseased scenarios.

■ METHODS AND MATERIALS
Analytical Formalism.We have studied few two- and three-

gene regulatory network motifs that exhibit inherent multistable
and oscillatory behaviors, viz., genetic toggle switch, genetic
toggle switch coupled with double self-activation, toggle triad,
and repressilator. We have written down the sets of partial
differential equations representing the reaction−diffusion
systems for each of these motifs. Numerically solving the
reaction systems (without including the term for the diffusing
molecules), we first find the sets of real solutions (coordinates)
for the stable fixed points/saddle nodes of the multistable/
oscillatory states of the motifs. Linearizing around the stable
fixed points/saddle modes, we obtain the linear stability matrix
. Solving the matrix , we find the traces, determinants, and

eigenvalues for the systems, the signs and types of which
represent the stability of the systems (refer to text of the
Supporting Information for the detailed analytical treatment for
each motif). We follow the same analytical treatment with
molecular diffusion in one- and two-dimensional space. The
resultant trace, determinant and eigenvalues of the reaction−
diffusion systems (diffusive GRNs) are functions of the
wavenumber k (see text in the Supporting Information for
details). To make the distinctions clear and comprehensible, the
detailed analytical treatment for the reaction systems and
reaction−diffusion systems have been done (see the Supporting
Information, text), separately for all the GRNs.
Simulation Details. Temporal Dynamics of the GRNs. To

solve the coupled ordinary differential equations (ODEs)
(equations written in Supporting Information) of the network

motif interactions, we integrate the ODEs using the MATLAB
(MathWorks Inc.) ode45 solver. We solve the ODEs for 100
initial conditions chosen from the range [0, 1.5 × gA/γA] for total
time of 200 units.

Bifurcation Diagram. To calculate and plot the bifurcation
diagrams of the coupled ODEs, we used MATCONT76 (a
bifurcation analysis tool in MATLAB (MathWorks Inc.)).

Phase Diagram. We first divided the phase space in 50 × 50
cells. Then, for each cell, we calculated 50 trajectories, each
starting with different initial conditions. We then calculate the
number of states from these trajectories and plot the heatmap of
the phase space.

Spatiotemporal Dynamics in One Dimension. Consider a
one-dimensional chain of cells, each having a toggle switch with
diffusing molecules. To solve the reaction diffusion system in 1
dimension we used the pdepe solver in MATLAB. We solve the
system for 1D array of 400 cells with the Neumann boundary
condition.

Spatiotemporal Dynamics in Two Dimensions. Now, we
consider a two-dimensional square lattice of population of cells,
each having a toggle switch with diffusing molecules. To solve
this system, we wrote a solver using central difference in space
and forward difference in time (in python). We divided the
space into lattice with 100 × 100 points and used Neumann
boundary conditions. The initial levels of the proteins is chosen
from the range [0, 1.5 × gA/γA].
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(30) Tkacǐk, G.; Bialek, W. Diffusion, dimensionality, and noise in

transcriptional regulation. Phys. Rev. E 2009, 79, 051901.
(31) Cottrell, D.; Swain, P. S.; Tupper, P. F. Stochastic branching-

diffusion models for gene expression. Proc. Natl. Acad. Sci. U. S. A. 2012,
109, 9699−9704.
(32) Barbier, I.; Perez-Carrasco, R.; Schaerli, Y. Controlling

spatiotemporal pattern formation in a concentration gradient with a
synthetic toggle switch. Molecular Systems Biology 2020, 16, No. e9361.
(33) Perez-Carrasco, R.; Barnes, C. P.; Schaerli, Y.; Isalan,M.; Briscoe,

J.; Page, K. M. Combining a toggle switch and a repressilator within the
AC-DC circuit generates distinct dynamical behaviors. Cell Systems
2018, 6, 521−530.

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.2c04581
ACS Omega 2023, 8, 3713−3725

3724

https://orcid.org/0000-0003-2894-6319
https://orcid.org/0000-0003-2894-6319
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Chinmay+K.+Haritas"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.2c04581?ref=pdf
https://doi.org/10.1016/0959-437X(94)90068-E
https://doi.org/10.1016/0959-437X(94)90068-E
https://doi.org/10.1371/journal.pcbi.1000184
https://doi.org/10.1371/journal.pcbi.1000184
https://doi.org/10.1371/journal.pcbi.1006003
https://doi.org/10.1371/journal.pcbi.1006003
https://doi.org/10.1088/0034-4885/61/4/002
https://doi.org/10.1088/0034-4885/61/4/002
https://doi.org/10.1186/1741-7007-10-46
https://doi.org/10.1186/1741-7007-10-46
https://doi.org/10.1186/1741-7007-10-46
https://doi.org/10.1006/dbio.1993.1138
https://doi.org/10.1006/dbio.1993.1138
https://doi.org/10.1006/dbio.1993.1138
https://doi.org/10.1242/dev.129452
https://doi.org/10.1242/dev.129452
https://doi.org/10.1016/S0092-8674(00)81297-0
https://doi.org/10.1016/S0092-8674(00)81297-0
https://doi.org/10.1371/journal.pcbi.1008589
https://doi.org/10.1371/journal.pcbi.1008589
https://doi.org/10.1371/journal.pcbi.1008589
https://doi.org/10.1007/BF02459572
https://doi.org/10.1038/225535b0
https://doi.org/10.1038/225535b0
https://doi.org/10.1126/science.175.4022.634
https://doi.org/10.1007/BF00289234
https://doi.org/10.1007/BF00289234
https://doi.org/10.1103/PhysRevLett.64.2953
https://doi.org/10.1103/PhysRevLett.64.2953
https://doi.org/10.1103/PhysRevLett.64.2953
https://doi.org/10.1016/0167-2789(91)90204-M
https://doi.org/10.1016/0167-2789(91)90204-M
https://doi.org/10.1103/PhysRevE.63.056124
https://doi.org/10.1103/PhysRevE.63.056124
https://doi.org/10.1016/0022-5193(71)90154-8
https://doi.org/10.1016/0022-5193(71)90154-8
https://doi.org/10.1073/pnas.89.9.3977
https://doi.org/10.1073/pnas.89.9.3977
https://doi.org/10.1103/RevModPhys.65.851
https://doi.org/10.1103/RevModPhys.65.851
https://doi.org/10.1371/journal.pcbi.1002331
https://doi.org/10.1371/journal.pcbi.1002331
https://doi.org/10.1371/journal.pcbi.1002331
https://doi.org/10.1038/msb.2013.55
https://doi.org/10.1038/msb.2013.55
https://doi.org/10.1016/j.cell.2016.03.006
https://doi.org/10.1016/j.cell.2016.03.006
https://doi.org/10.1371/journal.pone.0007086
https://doi.org/10.1371/journal.pone.0007086
https://doi.org/10.1186/1754-1611-3-10
https://doi.org/10.1186/1754-1611-3-10
https://doi.org/10.1186/1754-1611-3-10
https://doi.org/10.1073/pnas.0307571101
https://doi.org/10.1073/pnas.0307571101
https://doi.org/10.1038/nature03461
https://doi.org/10.1038/nature03461
https://doi.org/10.1021/acs.biochem.8b01242?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1529/biophysj.106.086157
https://doi.org/10.1529/biophysj.106.086157
https://doi.org/10.1103/PhysRevE.79.051901
https://doi.org/10.1103/PhysRevE.79.051901
https://doi.org/10.1073/pnas.1201103109
https://doi.org/10.1073/pnas.1201103109
https://doi.org/10.15252/msb.20199361
https://doi.org/10.15252/msb.20199361
https://doi.org/10.15252/msb.20199361
https://doi.org/10.1016/j.cels.2018.02.008
https://doi.org/10.1016/j.cels.2018.02.008
http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.2c04581?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


(34) Diambra, L.; Senthivel, V. R.; Menendez, D. B.; Isalan, M.
Cooperativity to increase Turing pattern space for synthetic biology.
ACS Synth. Biol. 2015, 4, 177−186.
(35) Gardner, T. S.; Cantor, C. R.; Collins, J. J. Construction of a

genetic toggle switch in Escherichia coli. Nature 2000, 403, 339−342.
(36) Jia, D.; Jolly, M. K.; Harrison, W.; Boareto, M.; Ben-Jacob, E.;

Levine, H. Operating principles of tristable circuits regulating cellular
differentiation. Physical Biology 2017, 14, 035007.
(37) Duddu, A. S.; Sahoo, S.; Hati, S.; Jhunjhunwala, S.; Jolly, M. K.

Multi-stability in cellular differentiation enabled by a network of three
mutually repressing master regulators. J. R. Soc., Interface 2020, 17,
20200631.
(38) Elowitz, M. B.; Leibler, S. A synthetic oscillatory network of

transcriptional regulators. Nature 2000, 403, 335−338.
(39) Zhou, J. X.; Huang, S. Understanding gene circuits at cell-fate

branch points for rational cell reprogramming. Trends in Genetics 2011,
27, 55−62.
(40) Lopes, F. J.; Spirov, A. V.; Bisch, P. M. The role of Bicoid

cooperative binding in the patterning of sharp borders in Drosophila
melanogaster. Dev. Biol. 2012, 370, 165−172.
(41) Igoshin, O. A.; Alves, R.; Savageau, M. A. Hysteretic and graded

responses in bacterial two-component signal transduction. Mol.
Microbiol. 2008, 68, 1196−1215.
(42) Venturelli, O. S.; El-Samad, H.; Murray, R. M. Synergistic dual

positive feedback loops established bymolecular sequestration generate
robust bimodal response. Proc. Natl. Acad. Sci. U. S. A. 2012, 109,
E3324−E3333.
(43) Venturelli, O. S.; Zuleta, I.; Murray, R. M.; El-Samad, H.

Population diversification in a yeast metabolic program promotes
anticipation of environmental shifts. PLoS Biology 2015, 13,
No. e1002042.
(44) Lu, M.; Jolly, M. K.; Levine, H.; Onuchic, J. N.; Ben-Jacob, E.

MicroRNA-based regulation of epithelial-hybrid-mesenchymal fate
determination. Proc. Natl. Acad. Sci. U.S.A. 2013, 110, 18144−18149.
(45) Hari, K.; Sabuwala, B.; Subramani, B. V.; La Porta, C. A.; Zapperi,

S.; Font-Clos, F.; Jolly, M. K. Identifying inhibitors of epithelial-
mesenchymal plasticity using a network topology-based approach.NPJ.
Systems Biology and Applications 2020, 6, 1−12.
(46) Lu, M.; Jolly, M. K.; Gomoto, R.; Huang, B.; Onuchic, J.; Ben-

Jacob, E. Tristability in cancer-associated microRNA-TF chimera
toggle switch. J. Phys. Chem. B 2013, 117, 13164−13174.
(47)Huang, S.; Guo, Y.-P.;May, G.; Enver, T. Bifurcation dynamics in

lineage-commitment in bipotent progenitor cells. Dev. Biol. 2007, 305,
695−713.
(48) Jolly, M. K.; Boareto, M.; Huang, B.; Jia, D.; Lu, M.; Ben-Jacob,

E.; Onuchic, J. N.; Levine, H. Implications of the hybrid epithelial/
mesenchymal phenotype in metastasis. Frontiers in Oncology 2015, 5,
155.
(49) Jolly, M. K.; Tripathi, S. C.; Jia, D.; Mooney, S. M.; Celiktas, M.;

Hanash, S. M.; Mani, S. A.; Pienta, K. J.; Ben-Jacob, E.; Levine, H.
Stability of the hybrid epithelial/mesenchymal phenotype. Oncotarget
2016, 7, 27067.
(50) Jia, D.; Jolly, M. K.; Tripathi, S. C.; DenHollander, P.; Huang, B.;

Lu, M.; Celiktas, M.; Ramirez-Peña, E.; Ben-Jacob, E.; Onuchic, J. N.;
et al. Distinguishing mechanisms underlying EMT tristability. Cancer
Convergence 2017, 1, 1−19.
(51) Huang, S. Hybrid T-helper cells: stabilizing the moderate center

in a polarized system. PLoS Biology 2013, 11, No. e1001632.
(52) Tripathi, S.; Kessler, D. A.; Levine, H. Biological Networks

Regulating Cell Fate Choice Are Minimally Frustrated. Phys. Rev. Lett.
2020, 125, 1−6.
(53) Novák, B.; Tyson, J. J. Design principles of biochemical

oscillators. Nat. Rev. Mol. Cell Biol. 2008, 9, 981−991.
(54) Raj, A.; Van Oudenaarden, A. Nature, nurture, or chance:

stochastic gene expression and its consequences. Cell 2008, 135, 216−
226.
(55) Riaz, S. S.; Ray, D. S. Diffusion andmobility driven instabilities in

a reaction−diffusion system: a review. Ind. J. Phys. 2007, 81, 1177−
1204.

(56) Guin, L. N.; Haque, M.; Mandal, P. K. The spatial patterns
through diffusion-driven instability in a predator−prey model. Applied
Mathematical Modelling 2012, 36, 1825−1841.
(57) Li, Y.; Liu, H.; Wei, Y.; Ma, M. Turing pattern of a reaction−

diffusion predator-prey model with weak Allee effect and delay. Journal
of Physics: Conference Series 2020, 1707, 012025.
(58) Li, Y. X.; Liu, H.;Wei, Y.M.;Ma,M.;Ma, G.;Ma, J. Y. Population

Dynamic Study of Prey-Predator Interactions with Weak Allee Effect,
Fear Effect, and Delay. Journal of Mathematics 2022, 2022, 1−15.
(59) van Gestel, J.; Bareia, T.; Tenennbaum, B.; Dal Co, A.; Guler, P.;

Aframian, N.; Puyesky, S.; Grinberg, I.; D’Souza, G. G.; Erez, Z.;
Ackermann, M.; Eldar, A. Short-range quorum sensing controls
horizontal gene transfer at micron scale in bacterial communities.
Nat. Commun. 2021, 12, 1−11.
(60) Duran-Nebreda, S.; Pla, J.; Vidiella, B.; Piñero, J.; Conde-Pueyo,
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