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Abstract: Quantum coherence is an important physical resource in quantum information science,
and also as one of the most fundamental and striking features in quantum physics. To quantify
coherence, two proper measures were introduced in the literature, the one is the relative entropy of
coherence C;(p) = S(pdiag) — S(p) and the other is the /;-norm of coherence Cy, (p) = L |p;|- In
this paper, we obtain a symmetry-like relation of relative entropy measure C,(p4142"4n) of coherence
for an n-partite quantum states p1142*4n which gives lower and upper bounds for C,(p). As
application of our inequalities, we conclude that when each reduced states p? is pure, p14" is
incoherent if and only if the reduced states pAi and tr AipAl"'A" (i =1,2,...,n) are all incoherent.
Meanwhile, we discuss the conjecture that C,(p) < Cy, (o) for any state p, which was proved to be
valid for any mixed qubit state and any pure state, and open for a general state. We observe that
every mixture # of a state p satisfying the conjecture with any incoherent state o also satisfies the
conjecture. We also observe that when the von Neumann entropy is defined by the natural logarithm
In instead of log,, the reduced relative entropy measure of coherence C(p) = — Pdiag IN Pdiag + 0 1Inp
satisfies the inequality C,(p) < Cy, (p) for any state p.
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1. Introduction

Quantum computing utilizes the superposition and entanglement of quantum states to operate
and process information. Its most significant advantage lies in the parallelism of operations [1-3]. To
achieve efficient parallel computing in quantum computers, quantum coherence is essentially used.
Quantum coherence arising from quantum superposition plays a central role in quantum mechanics
and so becomes an important physical resource in quantum information and quantum computation [4].
It also plays an important role in a wide variety of research fields, such as quantum biology [5-10],
nanoscale physics [11,12], and quantum metrology [13,14].

In 2014, Baumgratz et al. [15] proposed a framework to quantify coherence. In their seminal
work, conditions that a suitable measure of coherence should satisfy have been put forward, including
nonnegativity, the monotonicity under incoherent completely positive and trace preserving operations,
the monotonicity under selective incoherent operations on average and the convexity under mixing
of states. By introducing such a rigorous theoretical framework, a mass of properties and operations
of quantification of coherence were discussed. Moreover, based on that framework, many coherence
measures have been found, such as ¢1-norm of coherence and relative entropy of coherence [15], fidelity
and trace norm distances for quantifying coherence [16], robustness of coherence [17], geometric
measure of coherence [18], coherence of formation [19], relative quantum coherence [20], measuring
coherence with entanglement concurrence [21], trace distance measure of coherence [22-24].
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In addition, some research related to quantum coherence have been developed, including
quantum coherence and quantum correlations [25-30], an uncertainly-like relation about coherence [31],
distribution of quantum coherence in multipartite systems [32], quantum coherence over the noisy
quantum channels [33], maximally coherent mixed states [34], ordering states with coherence
measures [35], coherence and path information [36], complementarity relations for quantum
coherence [37], converting coherence to quantum correlations [38] and logarithmic coherence [39],
quantum coherence and geometric quantum discord [40]. Recently, Guo and Cao [41] discussed the
question of creating quantum correlation from a coherent state via incoherent quantum operations and
obtained explicit interrelations among incoherent operations (IOs), maximally incoherent operations,
genuinely incoherent operations and coherence breaking operations.

In this paper, we discuss some inequalities on the measures of quantum coherence. The organization
of this paper is as follows: In Section 2, we recall the framework of coherence measure and basic
properties of quantum coherence. In Section 3, we establish lower and upper bounds for the relative
entropy measure of coherence in a multipartite system. In Section 4, we discuss the relation between
Cr(p) and Cy, (p). In Section 5, we give our conclusions obtained in this paper.

2. Preliminaries

In this section, we give a review of some fundamental notions about quantification of coherence,
such as incoherence states, incoherence operations, and measures of coherence.

Let H be a d-dimensional Hilbert space, whose elements are denoted by the Dirac notations
|¢), |x) and so on, and let B(H) be the C*-algebra consisting of all bounded linear operators on H.
The adjoint operator of an operator T in B(H) is denoted by T'. The identity operator on H is denoted
by Iy, or simply, I. We use D(H) to denote the set of all density operators (positive and trace-1
operators) on H, whose elements are said to be the states of the quantum system S described by H.
Fixed an orthonormal basis (ONB) e = {|e;) }1_, for H, a state p of S is said to be incoherent with respect
to (w.r.t.) the basis e if (e;|ple;) = 0(i # j). Otherwise, it is said to be coherent w.r.t. e. Let Z(e) be the set
of all states of S that are incoherent w.r.t. ¢, that is,

T(e) = {p € D(H) : (eflolej) = 0(i # )}
For every p € D(H), we define

d
Pe-diag = Z<€i\P|€i>|€i><€i\~
i=1
Clearly, p,-diag € Z (e). By definition, a state p is incoherent w.r.t e if and only if p = Pe-diag, 1-€., ithas a
diagonal matrix representation w.r.t. ¢, i.e.,

M
d Ao
=Y Aile;)(ei] = . ,
i=1 .

Ad

where A; > 0 are eigenvalues of p and Zfl:l A; = trp = 1; it is coherent w.r.t. ¢ if and only if it can not
be written as a diagonal matrix under this basis.

According to [42], a linear map £ on the C*-algebra B(H) is a completely positive and trace
preserving (CPTP) map if and only if there exists a set of operators Ky, ..., K, in B(H) (called Kraus
operators of £) with )" | K;ﬂKn = Iy such that

E(T)= Y K.TK,", VT € B(H).

n=1
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A CPTP map £ on B(H) is said to be an e-incoherent operation (IO) if it has Kraus operators
Ki,..., Ky suchthat foralln =1,2,...,m, it holds that

KnpK,f € tr (KnpKn+) Z(e), Yp € Z(e).
In this case, we call {K; }"_; a set of e-incoherent Kraus operators of £.

In order to measure coherence, Baumgratz et al. [15] presented the following four defining
conditions for a coherence measure C*:

(A1) C%(p) >0, Vp € D(H); and C°(p) = 0if and only if p € Z(e).

(Ap) C¢(p) > C¢(&(p)) for any e-incoherent operation £ and any state p € D(H).

(As) C¢(p) > X, PnC¢(pn) for any e-incoherent operation £ with a set of e-incoherent Kraus
operators {K, } and any state p € D(H) where p, = p,~'KnpK} with p, = tr(K,pK}) # 0.

(Ag) YipiCe(pi) > C(¥; pipi) for any ensemble {p;, p; }.

It was proved in [15] that the relative entropy C¢(p) and the ¢;-norm measure cl, (p) of coherence
satisfy these defining conditions, which are defined as follows:

Ci(0) = S(Pe-diag) — S(p), 1)

where S(p) = —tr(plogp) is the von Neumann entropy, and

Cl, (0) = ) {eilples) - 2
i7

Notably, for a bipartite quantum system AB, the reference basis for Hqp = Hj4 ® Hp can be taken
as a local basis:

eap i=ep e = {|€,‘> X |fk>|l = 1,2,...,dA,k: 1,2,...,d3},

where ey = {|e,'>}’i1;‘1 and eg = {| fk>}Zi , are the orthonormal bases for Hy and Hp, respectively. In
this case, every p*B of AB has the following representation:

dy  dgp

PP =YY pijralen (el @ Lfi) (fil- 9
ij=1kI=1
Put
AB da, ds
Ponn-diag = 2 2 Piikkle (el @1 fi) (fil- @)
i=1k=1

Thus, a state p48 of the system AB is incoherent w.r.t. e4p if and only if p48 = péi_diag, ie.,

Oijki i= <€i|fk|PAB|€j\fz> =0((i,k) # (j,1))-
Moreover, let p? := trg(p8) and p® := tr4 (0?). Then from Equations (3) and (4), we get that

A _ AB B _ AB
Pe,-diag = trp (peAB—diag)r Peg-diag = tra (peAB-diag)‘ ®)

In next section, we derive some inequalities, which give lower and upper bounds for the relative
entropy of coherence of multi-partite states.
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3. Lower and Upper Bounds for the Relative Entropy of Coherence

Xi et al. [30] proved that for any bipartite quantum state p“5, the relative entropy of coherence
obeys some uncertainty-like relation by using the properties of relative entropy, which reads

Cr? (p1%) = G (0™) + G (o), ©)
where p4 = trppAB, o8 = tr4p45.
Afterwards, Liu et al. [31] proved that any tripartite pure state p4BC satisfies
C;fABC (pABC) > CfAB (pAB) + C;fAc (PAC), 7)

where eppc := e4 ® eg R ec,eap = €4 R ep,eac = ex R ec, pAB = tGCABC and pAC = terABC’

provided that
AS(pitiag) < S(0™%), (1= A)S(0fGag) < S(0™°) ®)

for some 0 < A < 1. Combining Equations (6) and (7), the following inequality was derived in [31]:

Cime (p480) > < (CE (o) + G2 (0") + GE (o)) ©)
for a pure state pABC satisfying the condition (8).

The aim of this section is to establish lower and upper bounds of C,(p
n-partite state p14247. To do this, we use pX . and C,(pX) to denote pgi _diag and C/X(p
respectively.

First, for a bipartite pB of the system AB, we know from Equation (5) and the subadditivity of
von Neumann entropy that

ArdzAn) for a general

%)

7

S(pélqigg) < S(teré‘il:g) + S(trApélqil:g) = S(p(/:lqiag) + S(pgiag)

and so
CV(PAB) - Cr(PA) —Cr(p®)
= S(pglgg) - S(PAB) - S(pg‘iag) + S(PA) - S(pgiag) + S(PB)
< S(péag) + S(pgmg) - S(PAB) - S(pélqiag> + S(PA) - S(pgiag) + S(pB)
= S(p") + (") — ().
Thus,

Cr(p"?) < Cr(p™) + Cr(0®) + S(0™) + S(0) =S (0"P).

Combing this with Equation (6), we have
1
3 (2C:(p") +2C(0%)) < Cr(p™P) < C/(p™) + Cr(p®) + S(p™) + S(o%)~S(0"F).  (10)

Second, for a tripartite quantum state pA5C, according to the super-additivity inequality (6),
we have
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By finding the sums of two sides of the inequalities above, we obtain

Cr(PABC) > % (Cr(PAB) + CV(PBC) + Cr(PAC) + Cr(PA) + Cr(PB) + CT(PC)> . (1)

On the other hand, using definition (1) yields that

Cr(p™"C) = Cr(pP) — Cr (pC) — Cr (")
= S(phing) — S(0*") — S(pfin,) + S(0"F)
S(p

- (pdiag>+s(pBC)_S(p§igg)+ 49)
= s<p§£§ +s<pd1ag> S(p45,) — S(P5S,)]

+[S(0") = S(04Sy)] + [S(07F) + S(05€) — S(p™EC) — S(of,)]
< S(p*)+ ( P) 4+ 5(0") +5(p ) — S(pliag) — S(0*"C)
< S(p™) +5(0") + 5(0°) -S04,

since S(pggg) + S(pgiag) - S(paqi]jg) - S(pgiig) < 0 (strong subadditivity) and S(p€) — S(péigg) <0.
This shows that

Cr(p™PC) < Cr(p™P) + Cr(pC) + Cr(p%C) + S(p™) + S (") + S(p©) —S (pPC). (12)

Combining Equations (11) and (12) gives

3 (CHo™) + ") + G o) + Crlp™) + Cr(®) + o (6))

< Cr(pABC)
< Cr(pP) + Cr(p”C) + Cr (") + S(p?) + S(®) + S (p©) —S(pFC). (13)

As a generalization of inequalities (10) and (13), we can prove the following inequalities (14) for
any n-partite state pAl'”A” of the system Hy, 4,..4, = Ha, ® Ha, ® - - - ® Hy,,, which give lower and
upper bounds for the relative entropy of coherence. To do this, weletes, = {|e;‘k> }ikzl be an orthogonal
basis for the Hilbert space Hy, (k = 1,2,...,1), and let

€A Ay Ay = {|e}1>|elz2> celel ) 1< <di(k=1,2,...,n)},
which is an orthogonal basis for the Hilbert space Hy, 4,...4,- Thus,
€Ay Ay, = {|el-22>|el33> coelel ) 1<ip <di(k=2,3,...,n)}

becomes an orthogonal basis for the Hilbert space Ha, a,...4, = Ha, ® Ha, ® - - - ® Hp,,. With these
notations, we have the following.

Theorem 1. For any state pAl"‘A" of the system Ha, a,...a, = Ho, @ Ha, @ - - - @ Hp,,, it holds that

S| =
™=

[Coltrap™4) +Co(p™)] < G (o i{cy (tra o)+ (M) | =S, (14)

i=1

where pi denotes the reduced state of p41An on the subsystem A;.

Proof. To prove that the first inequality in Equation (14) holds, we know from Equation (6) that

Cr(p™4n) = Cr(p™) + Crtra, o™ ),
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Cr(p™ ) > Cr(p™2) + Cr(tra o),

Cr(PAl'”A") > CV(PA"> + Cr(trAnPAlmA")/

and consequently,
1 < ,
Cr(p™hin) = — (ZC tra, o) + Zc,<p“‘f>> '
i=1 i=1
Next, let us prove that the second inequality in (14) holds by using mathematical induction.
Firstly, we know from Equation (10) that the desired inequality holds for n = 2 and any bipartite state.

Secondly, we assume the second inequality in (14) holds for n = N — 1 and any N — 1-partite state.
Then for any N-partite state p11"" N, we have

C, (pAl"'AN) = G (PAI"'AN—Z(ANflAN))

IN

Cr(tI'AI_pAl"'AN—Z(AN—lAN)) + Cr(trAN,lANPAlmAN)

+ S(pAi) +S(pANflAN)_S(pAl“'AN—Z(ANflAN))'

i=

—_

By using Equation (6), we know that C,(trx#) < C,(y). Thus,
Cr(tI'AN_lANPAlwAN)S Cr(trANpAl”'AN) < Cr(trAN_lpAl“'AN) + Cr(trANpAl“'AN).
Combining the fact that
S(p -1y < S(pN-1) 4 (o), S(p M An2lAnadnd) — g(pAr A,
we get that
N-2
Crp™ ) < Y Coltra, pt AN 2NN 4 Gy (g, p™AN)
i=1

N-2
+Cr(tra o™ AN Y7 S(p%) 4 S(pN 1) + S(p) =S (pAN)

Il
—_

S(p™)—S(phrAn).

M=

I
—_

N
= Y CrltrgptAN) +
i=1

Thus, the validity of the second inequality in Equation (14) is proved. The proof is completed. [

As immediate application of Theorem 1, we have the following corollaries.
Corollary 1. Let pA1r4n be a state of the system Hy, a,...4, HAl ® Ha, ® -+ @ Hy,. If ph-An is
incoherent, then the reduced states pi and tr , oM An(i =1,2,...,n) are all incoherent. The converse is true

if each reduced states pi is pure.

Corollary 2. Let pA v An be q state of the system Ha Ay.a, = Ha, @ Hpy @ - - - @ Hp,, such that the reduced

states o (i = 1,2,...,n) are pure and incoherent. Then
1y AgerA AgeeA - AperA
— 2 Crltrgp ) < C(p™ i) < 2 Co(tra, o). (15)

i=1 i=1



Entropy 2020, 22, 297 7 of 10

It is remarkable that the equalities in Equation (14) may hold in some cases. For example, when
di=dy=---=d, =dand

1\" &
N & I S AL AR 16)
1,02, ,In=

the maximally coherent state
A1Ag- Ay
P = Ay n,) (WA

satisfies

=

S|

[Coltraph ) + G p™)] = (™) = nlog,y d,
i=1

due to the fact that Cr(pAf) =log,dforj=1,2,...,n,and
Co(p™ M) = — L log, = x " = nlogyd, Cy(trap™n) = 1)log,d
PP ) = — o logy o X d" = nlogyd, Cr(try,p™ ) = (n —1)log, d.

Moreover, the second inequality in Equation (14) also becomes equality when n = 2. This shows that
the inequalities in Equation (14) are tight and can not be improved.

4. The Relation between C,(p) and Cy, (p)

In this section, we discuss the relation between C,(p) and Cy, (0). Rana et al. found that the
inequality
Crp) < Ce,(p) (17)

holds for any mixed qubit state ([39], Proposition 1) and any pure state ([39], Proposition 3). Moreover,
they conjectured that the inequality (17) holds for all states p. It was also proved ([39], Proposition 6)
that inequality (17) holds for any state p of the form p = p|¢) (¢| + (1 — p)d(0 < p < 1) provided that
J is an incoherent state w.r.t. the reference basis. As an extension of this result, we have the following.

Proposition 1. Let p be a state of S satisfying Equation (17) and let o be any incoherent state of S. Then every
mixture 7 := pp + (1 — p)o(0 < p < 1) of p and o satisfies (17).

Proof. The convexity of C, implies that

Cr(n) < pCilp)+(1—p)Ci(o)
= pCr(p)
< pCy(p)
= Cy(pp+(1—p)o)
= Cy ().

The proof is completed. [

Rana et al. proved in ([22], Proposition 6) that for arbitrary state p of a d-dimensional system, it
holds that

Cr(p) < Cy,(p)log,d (18)
and derived in ([39], Equation (10)) that

Ce, (0), ifCp(p) 2 1;
Crlp) = { Ce,(p)logye, if Cp (p) < 1. (19)
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So, Cr(p) < Cy, (p) log, e for all p. Thus, if we redefine the von Neumann entropy as 5(p) = —tr(pInp),
then the resulted relative entropy of coherence reads

_ _ _ 1
Cr(p) = S(pdiag) — S(0) = @Cr(.‘))' (20)
This leads to the following inequality:
Cr(p) < C (), Vip € D(H). 1)

5. Conclusions

In this paper, we have established lower and upper bounds for relative entropy of coherence
C,(pA142+4n) for an n-partite quantum states p41424n As application of our inequalities, we have
found that when each reduced states p*i is pure, p41"47 is incoherent if and only if the reduced states
p2i and try,p414n (i = 1,2,...,n) are all incoherent. Moreover, we have discussed the conjecture that
Cr(p) < Cy,(p) for any state p and observed that every mixture 7 of a state p satisfying the conjecture
with any incoherent state ¢ also satisfies the conjecture. We have also proved that when the von
Neumann entropy is defined by the natural logarithm In instead of log,, the reduced relative entropy
measure of coherence C;(p) = —0diag I Pdiag + 0 In p satisfies the inequality C,(p) < Cy, (p) for any
state p.
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