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The aim of this work is to present numerical treatments to a complex order fractional nonlinear one-
dimensional problem of Burgers’ equations. A new parameter rt is presented in order to be consistent
with the physical model problem. This parameter characterizes the existence of fractional structures in
the equations. A relation between the parameter rt and the time derivative complex order is derived.
An unconditionally stable numerical scheme using a kind of weighted average nonstandard finite-
difference discretization is presented. Stability analysis of this method is studied. Numerical simulations
are given to confirm the reliability of the proposed method.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article

under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

It is known that the complex order fractional derivative is a gen-
eralization of fractional order derivative and the integer order
derivative when the imaginary part of complex order is equal to
zero [1]. In recent years, mathematical systems could be depicted
suitability and more accurately by employing the fractional order
derivative. There are several definitions for derivatives of fractional
order. The most common is Caputo its have several applications
[3]. More recently, Atangana-Baleanu Caputo sense (ABC) defined
a modified Caputo fractional derivative by introducing generalized
Mittag–Leffler function as the nonlocal and non-singular kernel
[18]. These new type of derivatives have been used in modeling
of real life applications in different fields ([4–7]). In order to a
better understanding of some mistakes and limitations of the
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fractional classical mathematical models can be seen in the com-
ment of Baleanu in [2]. Recently, in [20] Fernandez proposed the
complex analysis approach to Atangana-Baleanu fractional calcu-
lus. The integer-order derivatives cannot describe systems with
the effects of history memory and hereditary properties of materi-
als and processes as fractional order derivatives and complex order
fractional derivative [8–10]. In [10], Pinto and Carvalho presented a
new mathematical model for complex order fractional model for
HIV infection with drug resistance. They concluded that, the com-
plex order fractional system has many advantages such as its
dynamics are rich, moreover, the changes of the complex order
derivative value can sheds a new light on the modeling of the intra-
cellular delay. Also, in [22] the complex-order approximation to
the forced van der Pol oscillator is proposed.

Burgers’ equations can describe the communication between
acoustic waves, reaction apparatuses, convection effects, heat con-
duction, diffusion transports, and modeling of dynamics, for more
details see [11–14,16,17]. Several authors have investigated stud-
ied Burgers’ model for various physical flow problem in fluid
dynamics. The structure of Burgers’ equation is roughly similar to
that of Navier–Stokes equations due to the presence of the non-
linear convection term and the occurrence of the diffusion term
with viscosity coefficient. So this equation can be considered as a
simplified form of the Navier–Stokes equations. The one dimen-
sional coupled Burgers’ equation can be taken as a simple model
of sedimentation and evolution of scaled volume of two kinds of
particles in fluid, suspensions and colloids under the effect of grav-
ity [15].

In this work, we present applications for the new definition of
complex fractional order which given in [20], these applications
are Burgers’ equation with proportional delays in one-
dimensional (1-D) and the coupled Burgers’ equations in 1-D. In
order to characterize the existence of complex fractional
structure in the model, a parameter rt is added to the model prob-
lem [2]. A relation between rt and the complex order derivative
ðlþ kiÞ is derived. Moreover, a numerical scheme is constructed
using weighted average nonstandard finite-difference method
(WANFDM) ([24–27]) to solve numerically the proposed equations.

To our knowledge the nonstandard finite difference method for
solving complex-order fractional Burgers’ equations was never
explored before.

This paper is organized as follows: In Section 2, we explain
some of the required mathematical concepts and preliminaries of
complex fractional order derivatives. In Section 3, two complex
order fractional Burgers’ equations models are introduced and
the construction of WANFDM to solve these equations. Moreover,
the stability of this scheme is studied in Section 4. Numerical sim-
ulations for the proposed equations are given in Section 5. Finally,
the conclusions are given in Section 6.

Preliminaries and notations

Let us consider the complex order fractional differentiation
equation as follows:

ABCDlþki
t yðtÞ ¼ f ðt; yðtÞÞ; 0 < t 6 T; ðlþ kiÞ 2 C; ð1Þ

yð0Þ ¼ y0:

The Atangana-Baleanu fractional order derivative in Caputo
sense (ABC) given is defined as follows [18]:

ABCDl
t yðtÞ ¼

MðlÞ
ð1� lÞ

Z t

0
El �l ðt � qÞl

ð1� lÞ
� �

_yðqÞdq; ð2Þ

where, 0 < l < 1, MðlÞ ¼ 1� lþ l
CðlÞ is normalization function,

El is Mittag–Leffler function, where, ElðZÞ ¼
P1

n¼0
Zn

Cðlnþ1Þ, Z 2 C.
The Atangana-Baleanu complex order fractional derivative in
Caputo sense is defined as follows [20]:

ABCDðlþkiÞ
t yðtÞ ¼ Mðlþ kiÞ

2pið1� ðlþ kiÞÞ

�
Z t

0
EðlþkiÞ �ðlþ kiÞ ðt � qÞðlþkiÞ

ð1� ðlþ kiÞÞ

 !
_yðqÞdq; ð3Þ

where, Mðlþ kiÞ ¼ 1� ðlþ kiÞ þ ðlþkiÞ
CðlþkiÞ, Reðlþ kiÞ > 0 and

Cðlþ kiÞ is the Stirling asymptotic formula of gamma function
[21].

Numerical discretization for the ABC complex order derivatives

In this section we aim to construct WANFDMwith ABC complex
order fractional derivative to obtain the discretization of complex
order fractional derivative numerically. Using (3) let a ¼ ðlþ kiÞ
2C. Then the discretization of complex order fractional derivative
is given numerically as follows:

ABCDa
t u ¼ MðaÞ

2pið1� aÞ
Z tj

0
Ea

�aðt � sÞa
1� a

� �
duðsÞ
ds

ds; ð4Þ

ABCDa
t u ¼ MðaÞÞ

2pið1� aÞ
Xj�1

p¼0

Z tpþ1

tp

Ea
�aðt � sÞa

1� a

� �
ujþ1�p
i � uj�p

i

uð4tÞ ds;

ABCDa
t u ¼ MðaÞ

2pið1� aÞ
Xj�1

p¼0

ujþ1�p
i � uj�p

i

uð4tÞ
Z tpþ1

tp

Ea
�aðtjþ1 � sÞa

1� a

� �
ds;

ABCDa
t u ¼ H

Xj�1

p¼0

ujþ1�p
i � uj�p

i

uð4tÞ Hp;j; ð5Þ

where

H ¼ MðaÞ
2pið1� aÞ ;

Hp;j ¼ R tpþ1
tp

Ea
�aðtjþ1�sÞa

1�a

� �
ds

¼ ðtjþ1 � tpþ1ÞEa �aðtjþ1�tpþ1Þa
1�a

� �
� ðtjþ1 � tpÞEa �aðtjþ1�tpÞa

1�a

� �
:

Complex order fractional Burgers’ equations

In the following, two nonlinear complex order fractional Burg-
ers’ models in 1-D are presented as follows:

1-D Burgers’ equation

Consider the Burgers’ equation in 1-D as follows ([12,23]):

utðt; xÞ þ k1uðt; xÞuxðt; xÞ þ l1uðt; xÞ � quxxðt; xÞ ¼ 0; ð6Þ
with the initial and the boundary conditions given as follows:

uðt0; xÞ ¼ gðxÞ; L0 6 x 6 L;

uðt; L0Þ ¼ uðL; tÞ ¼ f ðtÞ; t > 0;

where, k1;q > 0 and l1 are constants, utðt; xÞ is the variation term,
uðt; xÞ is the velocity component, q is diffusion coefficient,
uðt; xÞuxðt; xÞ is the nonlinear convective term and uxx is the diffusion
term, gðxÞ and f ðtÞ are known functions. t0 is the initial time.

In the following, the ordinary time derivative will be replaced
by the complex order derivative.
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d
dt

! dlþki

dtlþki
: ð7Þ

It can be seen that (7) is not quite right, from a physical point of
view, because the time derivative operator d

dt has dimension of

inverse time T�1, while the fractional complex time derivative oper-

ator dlþki

dtlþki has, T
�ðlþkiÞ. Now we introduce rt in the following way:

1

r1�ðlþkiÞ
t

dlþki

dtlþki
¼ ðTÞ�1

: ð8Þ

In the case the expression (7) becomes an ordinary derivative oper-
ator d

dt in case l ¼ 1; k ¼ 0. In this way (7) is dimensionally consis-
tent if and only if the new parameter rt , has dimension of time

½rt� ¼ T . Put ABCDðlþkiÞ
t ¼ dlþki

dtðlþkiÞ, Now, we can write a fractional com-

plex differential equation corresponding to the fractional complex
order Burgers’ equation in the following way:

1

r1�ðlþkiÞ
t

ABC

DðlþkiÞ
t uðt; xÞ þ k1uðt; xÞuxðx; tÞ þl1uðt; xÞ � quxxðt; xÞ ¼ 0;

ð9Þ

put a ¼ ðlþ kiÞ, then we can write (9) as follows:

1

r1�ðlþkiÞ
t

ABC

Da
t uðt; xÞ þ k1uðt; xÞuxðt; xÞ þ l1uðt; xÞ � quxxðt; xÞ ¼ 0:

ð10Þ
Using Eq. (10), the particular case can be obtained when q ¼ k1 ¼ 0,

1

r1�ðlþkiÞ
t

ABC

Da
t uðt; xÞ þ l1uðt; xÞ ¼ 0: ð11Þ

By using the same steps in [28], the numerical solution of (11) when
l ¼ 1; k ¼ 0, i.e., a ¼ 1 is given as follows:

U ¼ U0e
�1
l1

t
: ð12Þ

In this case the relation between a and rt is given by [28]:

a ¼ rt

l1
; 0 < rt 6

1
l1

:

1-D coupled Burgers’ equations

Consider the complex order coupled Burgers’ equations in 1-D
as follows:

1
r1�a
t

ABCDa
t uðt; xÞ þ k1uðt; xÞuxðt; xÞ þ b1

@
@x ðuðt; xÞvðt; xÞÞ ¼ quxxðt; xÞ;

1
r1�a
t

ABCDa
t vðt; xÞ þ k2vðt; xÞvxðt; xÞ þ b2

@
@x ðuðt; xÞvðt; xÞÞ ¼ qvxxðt; xÞ;

a 2 C;

ð13Þ
with the initial conditions:

uðt0; xÞ ¼ g1ðxÞ; vðt0; xÞ ¼ g2ðxÞ; L0 6 x 6 L;

and the boundary conditions:

uðt; L0Þ ¼ uðt; LÞ ¼ f 1ðtÞ; vðt; L0Þ ¼ vðt; LÞ ¼ f 2ðtÞ; t > 0:

Where k1; k2;b1 and b2 are constants, uðt; xÞ and vðt; xÞ are the veloc-
ity components, g1ðxÞ; g2ðxÞ,

f 1ðt; xÞ and f 2ðt; xÞ are known functions and t0 is the initial time.
This coupled equation found in [15] when k ¼ 0.
Construction of WANFDM

In the following, we aim to construct WANFDM in order to
obtain the discretization of the model problems.

1-D complex fractional order Burgers’ equation
The discretization of 1-D complex fractional order Burgers’

Eq. (6) and the nonstandard finite differences approximation can
be claimed as follows:

1
r1�a
t

H
Xj�1

p¼0

ujþ1�p
i

�uj�p
i

uð4tÞ Hp;j

þð1� hÞ k1u
jþ1
i

ujþ1
iþ1

�ujþ1
i

wð4xÞ þ l1u
jþ1
i � q

ujþ1
iþ1

�2ujþ1
i

þujþ1
i�1

wð4xÞ2

� �

þh k1u
jþ1
i

uj�1
iþ1

�uj�1
i

wð4xÞ þ l1u
j�1
i � q

uj�1
iþ1

�2uj�1
i

þuj�1
i�1

wð4xÞ2

� �
¼ R:

ð14Þ
Where (j ¼ 0; 1; 2; . . . ; N; i ¼ 0; 1; 2; . . . ; M) and R is the
truncation error. Neglecting the truncation error, the resulting
computable difference scheme takes the form:

1
r1�a
t

H
Xj�1

p¼0

ujþ1�p
i

�uj�p
i

uð4tÞ Hp;j

þð1� hÞ k1u
jþ1
i

ujþ1
iþ1

�ujþ1
i

wð4xÞ þ l1u
jþ1
i � q

ujþ1
iþ1

�2ujþ1
i

þujþ1
i�1

wð4xÞ2

� �

þh k1u
jþ1
i

uj�1
iþ1

�uj�1
i

wð4xÞ þ l1u
j�1
i � q

uj�1
iþ1

�2uj�1
i

þuj�1
i�1

wð4xÞ2

� �
¼ 0:

ð15Þ
1-D complex fractional order coupled Burgers’ equation
The discretization form of 1-D complex fractional order coupled

Burgers’ Eqs. (13) given as follows:

1
r1�a
t

H
Xj�1

p¼0

ujþ1�p
i

�uj�p
i

uð4tÞ Hp;j þ ð1� hÞ ðk1ujþ1
i þ b1v

jþ1
i Þ ujþ1

iþ1
�ujþ1

i
wð4xÞ

�

þb1u
jþ1
i

v jþ1
iþ1

�v jþ1
i

wð4xÞ � q
ujþ1
iþ1

�2ujþ1
i

þujþ1
i�1

wð4xÞ2

�
þ h ðk1uj�1

i þ b1v
j�1
i Þ

h
uj�1
iþ1

�uj�1
i

wð4xÞ þ b1u
j�1
i

v j�1
iþ1

�v j�1
i

wð4xÞ � q
uj�1
iþ1

�2uj�1
i

þuj�1
i�1

wð4xÞ2

�
¼ Rj

1;i;

where (j ¼ 0; 1; 2; . . . ; N; i ¼ 0; 1; 2; . . . ; M).

1
r1�a
t

H
Xj�1

p¼0

v jþ1�p
i

�v j�p
i

uð4tÞ Hp;j þ ð1� hÞ ðk2v jþ1
i þ b2u

jþ1
i Þ v

jþ1
iþ1

�v jþ1
i

wð4xÞ

�

þb2v
jþ1
i

ujþ1
iþ1

�ujþ1
i

wð4xÞ � q
v jþ1
iþ1

�2v jþ1
i

þv jþ1
i�1

wð4xÞ2

�
þ h ðk2v j�1

i þ b2u
j�1
i Þ

h
v j�1
iþ1

�v j�1
i

wð4xÞ þ b2v
j�1
i

uj�1
iþ1

�uj�1
i

wð4xÞ � q
v j�1
iþ1

�2v j�1
i

þv j�1
i�1

wð4xÞ2

�
¼ Rj

2;i:

ð16Þ
Where Rj

1;i and Rj
2;i are the truncation errors. Neglecting the trunca-

tion errors, the resulting computable difference scheme takes the
form:

1
r1�a
t

H
Xj�1

p¼0

ujþ1�p
i

�uj�p
i

uð4tÞ Hp;j þ ð1� hÞ ðk1ujþ1
i þ b1v

jþ1
i Þ ujþ1

iþ1
�ujþ1

i
wð4xÞ

�

þb1u
jþ1
i

v jþ1
iþ1

�v jþ1
i

wð4xÞ � q
ujþ1
iþ1

�2ujþ1
i

þujþ1
i�1

wð4xÞ2

�
þ h ðk1uj�1

i þ b1v
j�1
i Þ

h
uj�1
iþ1

�uj�1
i

wð4xÞ þ b1u
j�1
i

v j�1
iþ1

�v j�1
i

wð4xÞ � q
uj�1
iþ1

�2uj�1
i

þuj�1
i�1

wð4xÞ2

�
¼ 0;
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1
r1�a
t

H
Xj�1

p¼0

v jþ1�p
i

�v j�p
i

uð4tÞ Hp;j þ ð1� hÞ ðk2v jþ1
i þ b2u

jþ1
i Þ v

jþ1
iþ1

�v jþ1
i

wð4xÞ

�

þb2v
jþ1
i

ujþ1
iþ1

�ujþ1
i

wð4xÞ � q
v jþ1
iþ1

�2v jþ1
i

þv jþ1
i�1

wð4xÞ2

�
þ h ðk2v j�1

i þ b2u
j�1
i Þ

h
v j�1
iþ1

�v j�1
i

wð4xÞ þ b2v
j�1
i

uj�1
iþ1

�uj�1
i

wð4xÞ � q
v j�1
iþ1

�2v j�1
i

þv j�1
i�1

wð4xÞ2

�
¼ 0:

ð17Þ
Stability analysis for the WANSFDM for solving Burgers’ models

Stability analysis for the WANSFDM for solving 1-D Burgers’ equation
In the following, we used the idea of Jon von Neumann tech-

nique to claim the stability of (15), ([25,26]). This idea will be

applied after linearizing (10). Assume that uj
i ¼ njeicq4x, where

c ¼
ffiffiffiffiffiffiffi
�1

p
, the requirement is jnðqÞj 6 1, then (15) will be written

as follows:

1
r1�a
t

H
Xj�1

p¼0

njþ1�peicq4x�nj�peicq4x

uð4tÞ Hp;j

þð1� hÞ l1 n
jþ1eicq4x � q

wð4xÞ2 ðn
jþ1eðiþ1Þcq4x

h
�2njþ1eicq4x þ njþ1eði�1Þcq4xÞ

i
þh l1 n

j�1eicq4x � q
wð4xÞ2 ðn

j�1eðiþ1Þcq4x
h

�2nj�1eicq4x þ nj�1eði�1Þcq4xÞ
i
¼ 0:

ð18Þ

Diving by njeicq4x, put g ¼ njþ1

nk
, and using the Euler formula we have:

1
r1�a
t

H
Xj�1

p¼0

n�pðg�1Þ
uð4tÞ Hp;j þgð1� hÞ l1 � 2q

wð4xÞ2 ðcosðq4 xÞ � 1Þ
h i

þg�1h l1 � 2q
wð4xÞ2 ðcosðq4 xÞ � 1Þ

h i
¼ 0:

ð19Þ
Assume

Xj�1

p¼0

ðn�pdÞ=uð4tÞ ¼
Xj�1

p¼0

ðg�pdÞ=uð4tÞ ¼ Ao;

1
r1�a

t
HAog� 1

r1�a
t

HAo þ Bgþ Cg�1 ¼ 0; ð20Þ

where, B ¼ ð1� hÞ l1 � 2q
wð4xÞ2 ðcosðq4 xÞ � 1Þ

h i
and C ¼

h l1 � 2q
wð4xÞ2 ðcosðq4 xÞ � 1Þ

h i
.

1
r1�a

t
HAo þ B

� �
g2 � 1

r1�a
t

HAogþ C ¼ 0; gj j � 1; ð21Þ

g1j j ¼
1

r1�a
t

HAo �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
r1�a
t

HAoÞ2 � 4ð 1
r1�a
t

HAo þ BÞC
r				

				
2ð 1

r1�a
t

HAo þ BÞ
			 			 � 1;

then,

1
r1�a

t
HAo �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
r1�a

t
HAoÞ

2

� 4ð 1
r1�a

t
HAo þ BÞC

s						
						 6 2ðHAo þ BÞj j:

g2j j ¼
1

r1�a
t

HAo þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
r1�a
t

HAoÞ2 � 4ð 1
r1�a
t

HAo þ BÞC
r				

				
2ðHAo þ BÞj j � 1;
where,

1
r1�a

t
HAoþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

r1�a
t

HAo

� �2

�4
HAo

r1�a
t

þB
� �

C

s						
						6 2

1
r1�a

t
HAoþB

� �				
				:
Stability analysis for the WANSFDM for solving 1-D coupled Burgers’
equation

We consider the stability analysis for the WANFDM for solving
system (17), we used the kind of Jon von Neumann technique. We
will apply this technique after linearized the system (13), we write
this system in matrix form as follows:

ABCDa
t Xðt; xÞ ¼ Y

@2

@x2
ðXÞ; ð22Þ

where,

X ¼ uðt; xÞ
vðt; xÞ

� �
and Y ¼ q 0

0 q

� �
.

Then we can write system (22) using WANFDM as follows [24]:

1
r1�a

t
H
Xj�1

p¼0

Xjþ1�p
i � Xj�p

i

uð4tÞ Hp;j þ ð1� hÞ �qXjþ1
iþ1 � 2Xjþ1

i þ Xjþ1
i�1

wð4xÞ2
" #

þh �q Xj�1
iþ1

�2Xj�1
i

þXj�1
i�1

wð4xÞ2

� �
¼ 0;

ð23Þ

As in the Jon von Neumann stability we assume that:

Xj
i ¼ nj�eicq4x;

where c ¼
ffiffiffiffiffiffiffi
�1

p
; � 2 R2�1 and n 2 R2�2 is the amplification matrix.

By substituting into (23) and using the Euler formula, we have:

A1 � 1
r1�a

t
HB1

� �
n2 þ 1

r1�a
t

HB1nþ C1I ¼ 0; ð24Þ

where,
I is the unit matrix, A1 ¼ ð1� hÞ 2q

wð4xÞ2 ðcosðq4 xÞ � 1Þ,
B1 ¼Pj�1

p¼0ðn�pdÞ=uð4tÞ, and.
C1 ¼ h 2q

wð4xÞ2 ðcosðq4 xÞ � 1Þ.
The system will be stable as long as jnðqÞj 6 1.

n1j j ¼
� 1

r1�a
t

HB1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
r1�a
t

HB1Þ2 � 4C1ðA1 � 1
r1�a
t

HB1Þ
r				

				
2ðA1 � 1

r1�a
t

HB1Þ
			 			 � 1;

where,

� 1
r1�a

t
HB1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
r1�a

t
HB1Þ

2

� 4C1ðA1 � 1
r1�a

t
HB1Þ

s						
						

6 2ðA1 � 1
r1�a

t
HB1Þ

				
				;

n2j j ¼
� 1

r1�a
t

HB1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
r1�a
t

HB1Þ2 � 4C1ðA1 � 1
r1�a
t

HB1Þ
r				

				
2ðA1 � 1

r1�a
t

HB1Þ
			 			 � 1;

where,

� 1
r1�a

t
HB1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1
r1�a

t
HB1Þ

2

� 4C1ðA1 � 1
r1�a

t
HB1Þ

s						
						

6 2ðA1 � 1
r1�a

t
HB1Þ

				
				:
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Application of WNFDM for complex order derivative

This section deals with the effectiveness and validity of the pro-
posed method for solving the test problem of complex fractional
order Burgers’ models.

Example 1. The complex order fractional Burgers’ equation with
proportional delay a; c [19]:
Fig. 1. Numerical simulations for the Example 1
1r1�ðlþkiÞ
t

ABC
Dlþki

t uðt; xÞ � uðct; axÞuxðct; xÞ þ 1
2
uðt; xÞ � uxxðt; xÞ ¼ 0:

ð25Þ
x 2 ½0; L�; t 2 ½0;1�; a; c 2�0;1½

The initial and boundary conditions are given as follows:

uð0; xÞ ¼ x:
at different values of imaginary part, h ¼ 0.
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uðt;0Þ ¼ uðt; LÞ ¼ 0:

The exact solution is uðt; xÞ ¼ xet when a ¼ c ¼ 0:5 and ReðaÞ ’ 1.
Taking wðhÞ ¼ qðeh � 1Þ and uð4tÞ ¼ pðe4t � 1Þ, where
0 < q � 1;0 < p � 1 and 0 < rt 6 2.

The proposed numerical scheme (15), together with the
boundary conditions and the initial condition yield a nonlinear

algebraic system of ðN þ 1ÞðM þ 1Þ equation with the unknown uj
i

Fig. 2. Numerical simulations for the Example
(j ¼ 0; 1; 2; . . . ; N; i ¼ 0; 1; 2; . . . ; M). This system will be
solved in this work using Newton’s iteration methods. The
following are noted:

Fig. 1 shows that the behavior for the solution at different
values of imaginary part and the value of real part equal 0:999. We
compare the obtained solutions with the solution in the case
l ¼ 0:999 and k ¼ 0. Fig. 2 illustrates the behavior of the numerical
solution at different values of the real part and the value of
1 at different values of the real part, h ¼ 0.
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imaginary part equal 0:6. We compare the obtained solutions with
the a solution in case l ¼ 0:999 and k ¼ 0. We noted that a new
behavior appears that are not seeing in case of integer and
fractional order models.
Example 2. Consider the following fractional complex order cou-
pled Burgers’ equations in 1-D as follows:
Fig. 3. Numerical simulations for Example 2
1
r1�ðlþkiÞ
t

ABCDlþki
t uðt;xÞþ2uðt;xÞuxðt;xÞþ @

@x ðuðt;xÞvðt;xÞÞ�uxxðt;xÞ ¼ 0;

1
r1�ðlþkiÞ
t

ABCDlþki
t vðt;xÞþ2vðx; tÞvxðt;xÞþ @

@x ðuðt;xÞvðt;xÞÞ�vxxðt;xÞ ¼ 0;

ð26Þ
with the initial conditions:

uðt0; xÞ ¼ sinðxÞ; vðt0; xÞ ¼ sinðxÞ; 0 6 x 6 p;
at different values of Real part, h ¼ 0:5.
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and the boundary conditions:

uðt;0Þ ¼ uðt;pÞ ¼ 0; vð0; tÞ ¼ vðt;pÞ ¼ 0; t > 0:

The exact solutions of velocity components are uðx; tÞ ¼ e�tsinðxÞ
and vðx; tÞ ¼ e�tsinðxÞ, when ReðaÞ ’ 1. Taking wð4xÞ ¼ q sinhð4xÞ
and uð4tÞ ¼ p sinhð4tÞ, where 0 < q � 1 and 0 < p � 1. The pro-
posed numerical scheme (17), together with the boundary condi-
tions and the initial condition construct a nonlinear algebraic
Fig. 4. Numerical simulations for Example 2 at
system of ðN þ 1ÞðM þ 1Þ equation with the unknown uj
i;v i

j,
(j ¼ 0; 1; 2; . . . ; N; i ¼ 0; 1; 2; . . . ; M). This system will be
solved in this work using Newton’s iteration methods. We have
the following observations:

Fig. 3 illustrates the behavior of the numerical solution u and v at
different values of the real part and the value of imaginary part is
equal to 0:4. We compared the obtained solutions with the
approximated integer order solution. Fig. 4 shows that the behavior
different values of imaginary part, h ¼ 0:5.
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for the solutions u and v at different values of imaginary part and
the value of real part equal 0:999. We compared the obtained
solutions with the solution in case l ¼ 0:999 and k ¼ 0. Fig. 5
illustrates the behavior of the numerical solution for imaginary part
of u and v at different values of real part and the value of imaginary
part equal 0:4. We compare the obtained solutions with the
Fig. 5. Numerical simulations for Example 2
solution in case l ¼ 0:999 and k ¼ 0. Fig. 6 illustrates the behavior
of the numerical solution for imaginary part of u and v at different
values of imaginary part and the value of the real part equal to
0:999. We compare the obtained solutions with the solution in the
case l ¼ 0:999 and k ¼ 0. We noted that the complex order is more
general than integer and fractional order.
at different values of real part, h ¼ 0:5.



Fig. 6. Numerical simulations for Example 2 at different values of imaginary part, h ¼ 0:5.
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Conclusions

In this work, the numerical treatments for a complex order frac-
tional nonlinear one-dimensional Burgers’ equations are pre-
sented. It is more suitable and more general to describe these
problems than the integer order and fractional order derivatives
as we can see from Figs. 1–4. A novel parameter rt is given in order
to be consistent with the physical equation. A relation between the
complex order and rt depending on the model is derived for the
propose model problem. The numerical simulations for the solu-
tions of complex fractional order Burgers’ equations are performed.
WANFDM is constructed to study the nonlinear complex order
fractional Burgers’ equations numerically. This method is based
on choosing the weight factor theta. The main advantage of this
method is it can be explicit or implicit with large stability regions
using the idea of the weighed step introduced by the nonstandard
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finite difference method. Finally, we suggest that the complex
order fractional derivative provides best results and could be more
useful for the researchers and scientists. All results in this work
were obtained by using MATLAB (R2013a), on a computer machine
with intel(R) core i5.
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