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% Check for updates Measurement-induced state disturbance is a major challenge in obtaining

quantum statistics at multiple time points. We propose a method to extract
dynamic information from a quantum system at intermediate time points,
namely snapshotting quantum dynamics. To this end, we apply classical post-
processing after performing the ancilla-assisted measurements to cancel out
the impact of the measurements at each time point. Based on this, we
reconstruct a multi-time quasi-probability distribution (QPD) that correctly
recovers the probability distributions at the respective time points. Our
approach can also be applied to simultaneously extract exponentially many
correlation functions with various time-orderings. We provide a proof-of-
principle experimental demonstration of the proposed protocol using a dual-
species trapped-ion system by employing 7*Yb* and **Ba* ions as the system
and the ancilla, respectively. Multi-time measurements are performed by
repeated initialization and detection of the ancilla state without directly
measuring the system state. The two- and three-time QPDs and correlation
functions are reconstructed reliably from the experiment, negativity and
complex values in the QPDs clearly indicate a contribution of the quantum
coherence throughout dynamics.

A striking difference between quantum mechanics and classical
mechanics arises from understanding the measurements. In quantum
mechanics, the uncertainty principle asserts that it is impossible to
define a joint probability distribution of statistical properties of non-
commuting variables, thus prohibiting a description of quantum
physics using classical probability theory. This leads to the introduc-
tion of quasi-probability distributions (QPDs), a prototypical example
of which is the Wigner function' describing quantum phase space.
Another important class of QPDs is the Kirkwood-Dirac (KD)
distribution®™*, which can be applied to any two incompatible sets of

measurement operators. The nonclassical features in these QPDs,
characterized by negative'” or even non-real values®’, have been
investigated within the realms of quantum foundations®’, closely
connected to quantum contextuality®™, and recently recognized as a
resource in quantum computing*" and quantum metrology®*>.
The same principle is applied when performing sequential mea-
surements during the evolution of a quantum state. The double-slit
experiment serves as an illustration of this phenomenon: attempting
to extract path information causes the final interference patterns to
disappear. Consequently, one cannot obtain a classical joint
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probability distribution that simultaneously describes both the which-
path information and the final position of the particle. The absence of
the classical probability description of quantum mechanical processes
gives rise to the nonclassicality of temporal correlation described by
the Leggett-Garg inequality’ and the no-go theorem for defining work
observables in quantum thermodynamics*. Meanwhile, with recent
advances in quantum information science, there has been an increas-
ing demand to study multi-time quantum statistics to explore exotic
features of quantum dynamics, such as information spreading
throughout quantum dynamics®?. Recently, it has also been shown
that monitoring the dynamics of a quantum system at multiple time
points can witness entanglement”’.

On the other hand, a major challenge arises when attempting to
access these quantum correlations over time in experiments. As
observed from the double-slit experiment, direct measurements per-
formed on a quantum state wash out quantum coherences so that they
can no longer contribute to the subsequent dynamics. The destructive
and irreversible effect of measurements on a quantum system raises an
ongoing question: Is it possible to extract information about the sys-
tem at intermediate points in time throughout quantum dynamics
while minimizing the impact of the measurement on subsequent
events? The most widely adopted method is the use of weak
measurements® > (see refs. 34-39 for experimental realizations) to
gain little information with little disturbance of the system***2, Over
the years, various quantum measurement schemes®*>*> beyond weak
measurement have been proposed to extract temporal quantum cor-
relation functions. Alternative approaches have also been explored,
including those utilizing long-time entanglement between the system
and the ancilla***, as well as methods involving multiple copies of
quantum states for each trialP**54°,

In this work, we propose a method to simultaneously extract
multiple types of quantum system’s dynamical information through
ancilla-assisted measurements at intermediate time points, which we
term snapshotting quantum dynamics (see Fig. 1). The key idea is to
cancel out the impact of the measurements via classical post-
processing of the outcomes, which enables us to obtain multi-time
QPDs as well as both time-ordered and out-of-time-ordered quantum
correlation functions. We experimentally demonstrate the proposed
method in a "'Yb*-"*®Ba* trapped-ion system by reconstructing QPD
and quantum correlation functions with the full contribution of
coherence up to three time points.

Results

QPD for multiple time points

Suppose a quantum state is p,, at ¢; and evolves in time. The quantum
state at a certain time ¢; can be expressed as

prj =Nti—>tj(pti)l @

where N tt) is a completely positive trace-preserving quantum
channel describing the evolution from time ¢; to ¢. To obtain the
information of the quantum state at time ¢, one may perform
measurements given by a set of projection operators m,, =x; (x|
satisfying _, I, = 1, which leads to the outcome distribution of x; at
time ¢;, p(x;; t',-):Tr[pt[l'lxi]. After the measurement is performed, the
state collapses to |x;){x;|. Such a projective measurement incurs a
critical issue when obtaining quantum statistics for more than two
sequential time points. For example, the joint distribution of outcomes
by performing projective measurements at times ¢ and ¢, can be
written as pP"9 (xy, X,; £, £5) = p(xy; ) TIN, t—6, (1% 1 DI, 1. However,
the marginal distribution at time ¢, was obtained from the joint
distribution pP(xy, x5; t;, t,) does not match the statistics without the
measurement at time ¢, i.e., leppr"i'(xl,xz;tl,tz);tp(xz;tz). This
invokes the so-called measurement problem that the wave-function
collapse induced by the measurement cannot be explained as a direct

consequence of the Schrodinger equation®* 2, Consequently, the joint
distribution of projective measurement outcomes becomes unsuitable
for providing a complete description of quantum dynamics.

To address such a problem, one can introduce an alternative two-
time joint distribution,

POxy, X581, 6) =THN o, (0, T M, ]

2
=Tr[(My, o Ntlﬁtz oMy )Pl @

where M, (p) = pll,. We note that p(x;, xXp; &, &) is well-normalized,
> x5, P X238, 85) =1, and correctly indicates the marginal distribu-
tion, 37, p(xy, Xy;ty, £) = p(X3; £5). However, p(a, x2; &, t;) can have
complex values, i.e., being a QPD, and can be understood as the KD
distribution*’ of the two different measurement operators I, and
N, IIH,Z(HXZ)“. Such a distribution has been recently rediscovered to
provide a useful mathematical formalism to explore the concept of work
and the fluctuation theorems in quantum thermodynamics®***-,
The QPD based on the KD distribution was also generalized to
multiple-time points****, In this paper, we define N-time QPD as

p(xlrxzr XNty 'tN)

©)
=Tr [(MXN ONtN—l‘)tN O+~ OMXZ ON!]*Q ¢} Mxl)(ptl)].

When the quantum state at each time point commutes with the mea-
surement operator, i.e., [p,,, I,]= 0 for all ¢;, the distribution coincides
with the classical joint distribution obtained from sequential projective
measurements. Consequently, nonclassical values, i.e., negative or non-
real values in the QPD, capture the coherence of the system state within
the measurement basis by witnessing the non-commutativity between
the state and the measurement operator (see, e.g., refs. 11-13,59 for
more detailed analysis). Throughout the manuscript, we will also use
the simplified notation p(xy, X2, -+ , Xn) =p(X1, X, -+ , XN by, b, -+, EN)
when the time sequence is trivial from the context.

An important property of the N-time QPD is that it correctly
reproduces marginal distributions, satisfying

Zp(xp XN EPX X X e X) )
Xk

foranyk=1,2,--- ,N,wherep(--- ,x_;, X417, ) =Tr[(---0 My, ©
Nt © My, 0--)(P)] is a joint QPD without performing a
measurement M, at time &. This is known as the Kolmogorov con-
sistency condition in classical probability theory®. In other words, the
N-time QPD incorporates all the information from the k-time QPDs
PG, X, -, X5 8,8, -, 8,) for any sub-time sequences with
1<ij<i)< - <[ N. In particular, the marginal distribution of the
QPD at a single time ¢;, p(x;), becomes real and non-negative, correctly
indicating the probability distribution of the measurement outcome x;
at time ¢;.

We also note that the N-time QPD cannot simply be expressed as a
product of two-time QPDs, since it does not obey the Markov chain
property®, ie., p(xq, » Xp) # pOcaixn-1) pOe)pa)  with
POxIx;_y) = P53, We highlight that the quantum channel N, ., |
for each time interval is Markovian, hence the non-Markovianity arises
from the effect of M, .

Snapshotting quantum dynamics

The primary challenge in dealing with QPDs is that experimental
reconstruction is not straightforward due to the presence of negative
or non-real values. For the N-time QPD defined in Eq. (3), this stems
from the fact that M, (p,)=p, [, at each time, ¢ is a non-physical
process that does not yield a Hermitian matrix. Our key observation to
overcome this issue is that M, can be alternatively expressed as a
weighted sum of K,,,(p) = K,,,0K}, = p*(m)pX,, which can be interpreted
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Fig. 1| Schematic procedure for snapshotting quantum dynamics. Various types
of information on quantum dynamics are obtained simultaneously through clas-
sical post-processing of the intermediate measurement outcomes. These include

my = [0) my = |1)

. . M j—
correlation functions p (X1, X2,X3, e, Xy)
Tlmg-ordereq t4 -
correlation functions
— C(tl,tz, ""tN) m; =|0) my =|1)
ty -
Out-of-time ordered T _—Il) ’
> correlation functions Rl L LA Marainal
C (ty, ..., ty, t1) « Margina
. | distributions
...... = TR
>l C (t1, ., by, tyy eoes tieg1 ) ma < 0 ms=11)
...... tN é
C (ty, ., tz,t1) - .

the multi-time quasi-probability distribution (QPD) with the correct marginal
probabilities at the respective time points, as well as both time-ordered and out-of-

time-ordered correlation functions.

as the result of a generalized measurement with outcome m°®. The
probability of the outcome is given by p*(m) = Tr[K,(0)] = Tr[oK} K ],
and the state after the measurement becomes p},
surement operators compose a set of Kraus operators {Km} satisfy-

ing >, KiK=1.

)&(m

K = KnPKy The mea-
p

More explicitly, we aim to prove the following expression,

My(p)= Z VimKm(0),

©)
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Fig. 2 | Quantum circuit for ancilla-assisted measurement. a Ancilla-assisted

measurement for realizing Kraus operators. By performing z-, y- and x-basis mea-
surements on the ancilla, the system state is updated depending on the measure-
ment outcome. b The quantum circuit to obtain the QPD p(x, --- , xy) for a qubit

0)-{ A

|0>{H%V] p(m)

system. N, .. describes the dynamics of the system from ¢y to ¢y. The ancilla-
assisted measurement is performed at each time ¢; with the outcome m;. The system
state is updated to pfv (my, --- , my) when the measurement outcomes read (my, -+ ,
myy), which happens with probability p*(m;, --- , my).

with complex-valued coefficients y,,,. The complex coefficients can be
implemented via classical post-processing by weighting the measure-
ment outcomes differently, which will be discussed in more detail. For
example, the projection onto the computational basis of a qubit
system, 1, = |x) (x| with x=0, 1, can be decomposed into

[ =P —2ZpZ+4Npll, — i(—1)SpS™ +i(-1)*S"pS

- 6
pr, 1 (6)

where $=10)(0| +i|1)(1| is the phase gate. We further note that any
Kraus operators can be realized by ancilla-assisted measurements®.
For the qubit case in Eq. (6), the CNOT gate between the system
and the ancilla followed by the ancilla measurement in the x-, y-, and

z-bases leads to the set of Kraus operators, {K,}=
M M, st s
{7‘1 7‘— AL 7—, T (see Flg 2(a)).

This observation can be further generalized to any d-dimensional
quantum system as follows:

Theorem 1. For any set of projectors {I'lx})‘f;}) acting on a d-dimensional
quantum state p, one can always construct a set of Kraus operators
{K,} from ancilla-assisted measurement and find coefficients yyn,
satisfying Eq. (5). The Kraus operators are determined by the infor-
mationally complete measurement on a d-dimensional ancilla state
after its interaction with the system.

The proof of Theorem 1 with more details can be found in
Methods.

Now, we introduce a protocol for snapshotting quantum dynam-
ics via intermediate measurements. As an illustrative example, we show
that the two-time QPD p(xy, x; t;, t;) can be obtained by ancilla-assisted
measurements at times ¢; and ¢, as follows. At time ¢;, we interact the
state p,, with the ancilla and measure the ancilla state. For the ancilla

ml(pll
pE (my)
probability p; (ml) Tr[Kp, (p¢,)]- Subsequently, the system evolves to
p,Z (m)=N tﬁtz(ptl(ml)) from time ¢; to t,. We then perform the sec-
ond measurement at time ¢,. When the outcome is m,, the system state
Koy (P, (1)
P, (mylmy)
p’é (my|my) :Tr[IC,,,z(p’fz (my))] for a given first measurement outcome
my. The joint probability of the sequential measurement outcome
(my, my) becomes p*(my, my) =pf(my)py, (My|my) =Tr[(KCp, o Ny ¢ 0
Km)(©,)]- We note that this joint probability is a classical probability
distribution that can be obtained directly from the outcome statistics.

state’s outcome m, the system state is updated to pf (my)= with

is updated to p’fz(ml,mz): with conditional probability

We emphasize that the QPD p(x;, x») and the classical joint
distribution p*(m;, m,) are linked through Eq. (5) in the form of
PO, X2) =3 szxlmIszmzp K(m;, m,). Therefore once the prob-
ability distribution p*(my, m,) is obtained from the measurement
outcomes, p(x;, x) can be reconstructed via classical post-
processing by the weighted sum of these probabilities.

As shown in Fig. 2(b), it is straightforward to repeat this protocol
for multiple time points, which leads to the following expression of the
N-time QPD:

N N
p(xlf e rxN) = Z pk(mlf e rmN) |:H Vx[m,»:| =E |:H yximi:| ’
my, -, my i=1 i=1

@)

where E[] denotes averaging over all possible sequential measure-
ment outcomes (m;, --- , my), which can be understood as the observed
trajectories of the quantum dynamics following the distribu-
tion pt(my, -, my) =Ty o Ny ot 0+ 0 Nty © K )0
We note that the number of observed trajectories to be collected
to reconstruct quantum statistics p(xy, --- , Xy) is greater than that for
classical statistics p*(m,, --- , my) with the same precision. More pre-
cisely, the number of trajectories My, to estimate p(xy, --- , xy) for each
time point within a fixed precision € with probability 1 — § scales as

ax [V
traj = P n(2/6) from Hoeffding’s inequality®’. Our protocol

can also be applled to local projectors of multi-qubit systems with the
same sampling overhead. We also provide a systematic algorithm to
find the optimal coefficient y,,, to reconstruct the joint probability
with the minimum number of measurement outcomes (see
“Methods”).

Our method shares an advantage with sequential weak
measurements**’°, requiring a short interaction time between the
system and the ancilla. However, the main difference lies in the ability
of our protocol to completely cancel out the measurement effect
through classical post-processing without approximating the system
state in the weakly interacting regime. The resource requirement of
the proposed protocol can be compared to other schemes for
obtaining the KD distribution, while explicit comparisons between
these protocols are challenging due to their different natures (see also
refs. 53,54 for an overview). Compared to the two-point measurement-
based scheme®®, which requires the measurement of multiple mea-
surement distributions to infer the KD distribution, our protocol only
requires a single measurement distribution p*(m;, m,). The main dif-
ference compared to the weak measurement-based schemes™*? is that
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our protocol does not need to implement a weak coupling between the
system and the ancilla to ensure that the system is undisturbed. While
the schemes®** entailing strong measurements for two-time points
share a similar structure with our protocol, our protocol provides a
straightforward multi-time generalization. Another scheme based on
characteristic function estimation** requires classical post-processing
of the inverse Fourier transform, while our protocol has a relatively
simple post-processing with pre-determined coefficients y, . The
interference-based scheme®” requires overlapping measurement and
tomography of a quantum state on some occasions, both of which are
not required in our scheme. A recently proposed quantum circuit
model based on the block-encoding® could have a lower sampling cost
than our protocol, but its application is limited to unitary dynamics
and requires the implementation of the inverse unitary channel.

Taking into account the physical constraints, our protocol has a
short time of system-ancilla coherence during a measurement process
at each time, which has an advantage over interferometric schemes***’
that require a long time of system-ancilla coherence throughout the
entire protocol. While applying measurements in sequential times
could also be a challenging task, it has been realized on various phy-
sical platforms®#>¢*°_We also note that such intermediate measure-
ment has been an active research area, as being an essential technique
for quantum information processing, such as syndrome detection for
quantum error correction®.

In the following section, we discuss that the classical post-
processing of the sequential measurement outcomes leads to a unique
feature of our approach, which allows the simultaneous extraction of
exponentially many correlation functions.

Extraction of multi-time correlation functions

While the N-time QPD provides valuable information about the mar-
ginal distribution at each time, its utility can even go beyond that. We
demonstrate that correlation functions with different time orderings
can be obtained simultaneously from the N-time QPD. The quantum
correlation function of an observable A throughout unitary quantum
dynamics given by U, ., is defined as

Cty, - ty) = (A(ty) - - Aty)) = Trlp, ALy - - AlEw)), (8
where A(¢;) = U:Wr,.AUth is an observable in the Heisenberg picture.
If the time sequence is given in increasing order, i.e., ;< t, < --- < ty, the
correlation function is called time-ordered, otherwise, it is called out-
of-time-ordered.

Using the eigenvalue decomposition of the observable,
A=Y,a,l,, the time-ordered correlation function can be expressed in
terms of the QPD as

Cty, - ty)= Z Ay, - Ay, Py, -, Xy). ©)
ey

Furthermore, as the N-time QPD contains any k-time QPD with k<N, all
lower-order correlation functions can also be obtained from
plxy, -+, xn). For example, one can simultaneously obtain a complete
set of time-ordered correlation functions {C(t;)), C(t,), C(t3)},
{C(t;, t5), C(t5, t5), C(Ly, t3)}, and C(&, &, t3) from the three-time QPD
plxy, X3, X3).

More surprisingly, the snapshotting method can be utilized to

obtain a family of out-of-time-ordered quantum correlation functions,
summarized by the following observation.
Observation 1. All correlation functions C(¢,, ... o by - )
with <o < - <pp<pyand py> g > -+ > ey > py for some p;< N can
be simultaneously deduced from the distribution of observed trajec-
tories pX(my, --- ,my).

This can be shown by expressing the correlation function as
Cllyy -+ by - by ) =THA(L, ) Al )P, ALy,) - Alty,)),  with
two monotonically increasing sub-time sequences ¢, <t, <--- <t
andt, <t, <---<t, .Thecorrelation functionisthen expressedin
terms of pX(my, --- ,m,) by noting that pA, Ap,, and Ap A can be
simultaneously decomposed as a linear sum of K, (p,,) at each time ¢;
(see “Methods” for detailed discussions). We highlight that our
approach allows a systematic protocol to obtain both time-ordered
and out-of-time-ordered correlation functions from a single set of
measurement data p*(my, --- , my), without changing the setting for
each correlation function. For example, in the three-time case, one can
additionally access the out-of-time-ordered correlation functions
Ct;, b, t), C(ty, 65, ), and C(t, 3, ;). The number of correlation
functions that can be obtained from the N-time distribution
pf(my, ---,my) scales exponentially as =2", since there are two
choices for A(t;) to be placed either on the left or on the right sides of
the quantum state p, at each time ¢;. The out-of-time-ordered QPDs
can also be obtained in the same way by taking A(¢;) =, (¢;).

As a special case, we can obtain the OTOC throughout quantum
dynamics, which has been widely adopted as a quantifier of quantum
information scrambling throughout complex quantum dynamics®?®
and has recently been studied in the context of QPDs"**”°, The OTOC
of a quantum system under unitary dynamics U; is defined as the
absolute square of the commutator between two operators V and W,

Coroc = (W@, VOI'W(D), V(0))), (10)
where V(0) = Vand W (1) = Ul WU,. We note that the OTOC is essentially
a linear sum of four-point functions containing both time-ordered and
out-of-time-ordered correlation functions. For example, if both Vand W
are Hermitian and unitary, Coroc=21 — (MDV(O)W(1)V(0))). Even
though Coroc in Eq. (10) contains terms with reversed time ordering,
p(my, m,, m;) obtained from the three-time snapshotting method
enables us to evaluate its value described as follows (see “Methods”):

Observation 2. Cotoc can be obtained from the sequential measure-
ment outcomes (m;, m,, mz) at three time points (¢;, t,, t3) under the
unitary dynamics U, _,,, =U; and U,,_,,, = Ui as

3
Coroc=E [H VI?I‘:-OC:| , (11)

i=1
with the Kraus operator described in Theorem 1 and some complex
coefficients yoroc,

Compared to interference-based schemes for obtaining the
OTOC**7'72 our scheme offers the advantage that an ancilla state is
required to remain coherent only for a short time during each ancilla-
assisted measurement. We highlight that the time-reversal unitary is
applied only once in our scheme. This can be contrasted with other
ancilla-assisted measurement schemes*’**”>’*, which possess the same
advantage as our scheme in ancilla coherence time but require two
time-reversals. On the other hand, the stability of the protocol against
imperfect implementations of the time-reversal unitary’”>’® remains
open for quantitative comparison with an interference-based scheme
without time reversals*’*%, While a similar approach utilizing classical
post-processing of generalized measurement outcomes was
studied”>”* for a qubit system under specific conditions V?=1=W?,
our results hold for any diagonalizable operators V and W of a general
d-dimensional system. Another important difference is that our
scheme cancels the impact of the measurement at each time point via
classical post-processing, whereas in refs. 73,74, the latter measure-
ments undo the earlier measurements from the condition V2 =1=Ww?2.
We also note that both OTOC and QPD can be obtained from the same
scheme in our approach without requiring the subcircuits proposed
in ref. 74.
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Fig. 3 | Experimental reconstruction of the three-time QPD and marginal dis-
tribution by the ancilla-assisted measurement. a The system qubit’s evolution is
given by two successive rotations U, =Rx(@and U,,_,, = Ry (6%) with 6= 0.74.
Note that the measurements are performed at three time points ¢, t,, and ;. b The
normalized observed trajectories from the measurements at times ¢, t,, and t; are
represented by the 2D bar charts, where m;, m, € {|0,), |Oy>, 10}, 11,), |1y>, |1)}. The
bar charts on the left and right represent the observed trajectories of m; =|0) and
mj; = 1), respectively, which are the measurement results of time ¢;. ¢ The three-
time QPD p(xy, x,, x3) was reconstructed from the observed trajectories by classical

=t

processing. (i) The left blue bars indicate the real parts of the reconstructed three-
time QPD, and the negativity of the real QPD is verified for p(x; =0, x, =1, x3=0) (in
the blue-line box), which is —0.123(+ 0.060). (ii) The right red bars indicate the
imaginary parts of the reconstructed three-time QPD. d The marginal distributions
for times &, &, and ; under the unitary dynamics U, _,,, and U,,_,,, show the
snapshotting of the state evolution. The distributions are marginalized over all the
other time points of the QPDs. For all figures, error bars indicate standard devia-
tions (STDs).

Experimental realization

We experimentally demonstrate the proposed protocol with trapped
ions. A crucial part of the protocol is the repeated measurement (ICD)
and initialization (ICI) of the ancilla without influencing the system”®,
which are also core technologies for quantum error correction. In
trapped-ion systems, the ICD and ICI can be achieved by adopting ion
shuttling®™® or multiple types of qubits’”*-**, Here, we employ two
different species trapped in a single trap, ”'Yb* and **Ba* ions’>*>°¢,
which are used for the system qubit and the ancilla qubit, respectively.
Both trapped ions are controlled by lasers with different wavelengths
so that they can be controlled independently with minimal influence
on each other”.

In the experiment, the system qubit is encoded in the hyperfine
levels of the Sy, manifold of the "'Yb" ion, |F =0, m;=0)=10)y, and
|F =1, mg=0) = 1)y, with a splitting of 12.6428 GHz. The ancilla qubit is
encoded in Zeeman levels of the S;, manifold of the “*Ba’ ion,
Is;j=1/2)=10)p, and [s;= —1/2>:|l)Ba with an energy splitting of
16.2 MHz. Raman transitions are used to individually manipulate the
'yh* and *®Ba* ion qubits with 355 nm and 532 nm lasers, respectively.
For the entangling operations for both qubits, we simultaneously
apply the 355 nm and 532 nm laser beams with appropriately chosen
frequencies (see Supplementary Fig. 1).

As a concrete example, we reconstruct the three-time QPDs fol-
lowing the quantum circuit of Fig. 2b. The initial state of the system
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Fig. 4| The two-time QPDs obtained from the three-time QPDs. The blue and red
bars indicate the real and imaginary parts of the QPDs. a The two-time QPD p(x;, x5)
from the unitary evolution U, _,,,. b The two-time QPD p(xi, x3) from U, _, .. ¢ The
two-time QPD p(x,, x3) from U, . For all figures, the error bars indicate the STD,
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and the theoretical expectations are shown as dashed bars (see Supplementary
Note 4 for details). We note that all the results here are derived directly from the
three-time QPD, rather than from a separate experiment.

qubit ('Yb* ion) is prepared to py, = (|1, ) (1, )y, where |1, )y, = (10)y, —
[1)yy)/~/2 as described in Fig. 3a. At time &, the first ancilla-assisted
measurement is performed. Then the system evolves from ¢; to ¢, under
the unitary evolution U, _, . =Ry (6)=e"%. At time &, the second
ancilla-assisted measurement is conducted. From time ¢, to ¢, the
system evolves under the unitary evolution U, . = Ry (6%)= e %" and
at time t;, the system is directly measured (see Methods for further
details).

The initial state and the time evolutions are chosen to illustrate
how measurements can influence the subsequent dynamics of a
quantum system and how the dynamics without the measurement
effects can be reconstructed by our protocol discussed in the theory
section. In particular, since the unitary evolution from time £ to ¢, is
a rotation around the x-axis, the system state remains the same if
no measurement is performed at time ¢;. However, when a measure-
ment is made on the z-basis, the state collapses to |0) or |1) and then
rotates under the evolution U, _,, . From time ¢, to &, the unitary
evolution rotates the system qubit around the y-axis with angle &,
which leads to non-trivial behaviors of the QPDs and correlation
functions beyond sinusoidal functions of 6. The three-time QPD is then
expressed as

p(x11x2rx3)
=Tr {Utzaﬁ Utmot,Pr Ty, U

tL—t,

n, U nxa]

tH—t;
. 202
= (L) (x,1€9/2% 1y ) (x| €612 x5

<x3 |e—i(92/2)Ye—i(6/2)X|1x>’

12)

where p, =py, =(IL;)(1|)y, and M, = x)(x| with x € {0, 1} is an eigen-
projector of Z.

Figure 3 shows the experimental results for the above procedure.
The distribution of observed trajectories from three-time measure-
ments, p*(m,;, m,, m;), for the case of 8=0.74m is shown in Fig. 3b. At
times ; and ¢,, we have the measurement results in the x-, y- and z-basis
and only the z-basis measurement results for time ¢;. As shown in the
circuit of Fig. 2(b), x-, y- and z-basis measurements of the ancilla yield
six measurement outcomes, m; € {|0,), [1,), |Oy>, |1y>, 10y, |1)}. We
post-select the data with only dark state outcomes to avoid heating of
the vibrational modes (see Supplementary Fig. 6 for further details).
We repeat each measurement configuration 100 times, for a total of
3600 measurements.

From the distribution of observed trajectories in Fig. 3b, the three-
time QPDs p(x3, X, X3) are reconstructed as shown in Fig. 3c. The quasi-
probability of p(x; =0, x, =0, x3=0), as an example, is obtained directly
from the relation of Eq. (7), X, m, m,Yom,Yom,Vom,P" (My, My, m3),
where yo,,, can be calculated from Eq. (6). In our actual reconstruction,
we perform an optimization procedure to obtain a proper y,,,, for all

experimental data (see “Methods”). Some data points in Fig. 3¢ deviate
from the theoretical expectations by more than one standard deviation.
This is because several observed trajectories shown in Fig. 3b deviate
from the ideal values. However, these deviations are mainly due to
technical imperfections rather than fundamental problems. We discuss
experimental limitations related to fluctuations of experimental control
parameters in the last section before the discussion section of the paper
(see Supplementary Note 3 for further details). Despite these deviations,
our experimental results reveal the essential features of the QPDs, which
are different from classical probability distributions. Classically, the joint
probabilities at multiple time points can only have positive values.
However, as shown in Fig. 3¢, the negative value for p(x; = 0,x,=1,x3=0)
and the imaginary values are observed for most cases.

The three-time QPDs enable us to evaluate the correct probability
distribution of the system state during its unitary evolution. By taking
the marginals of the QPDs, we recover the probability distribution at
each point in time, which is not influenced by the previous measure-
ments. As shown in Fig. 3d, the measurement results at times &, ¢, and
t; are consistent with those distributions where no measurements
were performed before. The clear difference with and without pre-
vious measurements can be seen in the probability distribution at time
t;. If projective measurements were performed at time ¢ or ¢,, the
distribution of the measurement results at time ¢; should be 0.5 for
each basis, which is not the case, as shown in Fig. 3d.

We can obtain any combination of two-time QPDs from the three-
time QPDs and observe nonclassical features as shown in Fig. 4. The
two-time QPDs are straightforwardly obtained from the three-time
QPD by taking its marginals, p(x;,x;)= Do, P(X1, X2, X3),
PO, X3) =37, P01, Xy, X3), and pxy, X3) =3, p(xy,X,,X3). We note
that it is not always possible to do the reverse, that is, the recon-
struction of the three-time QPDs from two-time QPDs, even with all
possible combinations. Some data points in Fig. 4 deviate from the
ideal values by more than their standard deviations. Despite these
deviations, we observe imaginary and negative values in two-time
QPDs, as shown in Fig. 4, which indicate the coherence of the state with
respect to the measurement basis' >’

Imaginary and negative values in two-time QPDs are shown in Fig. 4a,
b, and Fig. 4b, c, respectively. For the unitary evolution of the single-qubit
state, the occurrence of imaginary and negative values in two-time QPDs
can be understood from the relationship between the representation of
the quantum state and the rotation axis in the Bloch sphere when the
state contains coherence. For U, _,, , the initial quantum state is repre-
sented on the x-axis, and the rotation axis for the unitary evolution is also
aligned along the x-axis in the Bloch sphere. In this case, the QPDs reveal
imaginary values, as shown in Fig. 4a. For U, _, ., the quantum state is on
the x-axis of the Bloch sphere, but the axis of rotation is along the y-axis,
perpendicular to the state. In this case, the QPDs reveal negative values,
as shown in Fig. 4c. Fig. 4b describes the process from time ¢ to ¢, which
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Fig. 5| The results of the two- and three-time correlation functions. Here, blue
and red colors indicate the real and the imaginary parts of the correlation functions,
respectively. Experimental data and theoretical expectations are shown as dots and
solid lines, respectively. The bands indicate the STD of the experimental data.

o/ e/

a-c The two-time correlation functions reconstructed from the three-time QPDs.
d The time-ordered three-time correlation function reconstructed from the three-
time QPDs. e, f C(¢3, 5, t;) with the reversed time-ordering and C(¢,, &, t,) with an
increasing-decreasing time-ordering respectively.

includes both parallel (time ¢ to &) and perpendicular (time ¢, to ¢3)
relationships between the initial state and the rotation axis.

We also obtain quantum correlation functions from the observed
trajectories. For different values of 6, time-ordered three-time corre-
lation functions (Fig. 5d) and all combinations of two-time correlation
functions (Fig. 5¢) are deduced from the three-time QPDs. We also
reconstruct out-of-time-ordered correlation functions based on
Observation 1. We present C(t;, t,, t;) with the reversed time-ordering
and C(¢,, 3, t;) with an increasing-decreasing time-ordering in Fig. Se, f,
respectively. The solid lines are from theoretical calculations, where
their explicit forms can be found in Supplementary Note 4. Although
certain data points exhibit deviations exceeding the error bars, the
overall trends observed in the data are generally consistent with the
theoretical predictions.

The majority of the experimental deviations stem from technical
imperfections in controlling experimental parameters rather than
fundamental issues in the underlying theoretical framework. Fluctua-
tions in the parameters of the Mglmer-Sgrensen (M-S) gates are pri-
marily responsible for the observed experimental deviations. In
particular, more than 90% of the data points that deviate from theo-
retical predictions in Fig. 3b can be explained by fluctuations in the
rotation angle of the M-S gates and the relative phase between two
successive gates (see Supplementary Note 3). In the analysis, the
amounts of the fluctuations in rotation angle and relative phase are
required to be 0.03m (corresponding to 11.8% fluctuations) and 0.04r
(approximately 4.4% fluctuations), respectively. We investigate the
performance of the M-S gate using quantum process tomography, but
we highlight that this data is not used for obtaining the joint dis-
tribution. The related details and other experimental imperfections are
discussed in Supplementary Note 3.

Figure 6 indicates the fidelity F(p, Pexp) =2 s, \/P(X3)Pexp.X3)
between the theoretical distribution at time ¢; without intermediate
measurements, p(x;) =Tr[p,, I, ], and the marginal distribution of the
QPD, Peyp. (X3) = 3y, x,Pexp. (X1, X2, X3), Obtained from the experimental
data. The marginal distribution obtained experimentally at time ¢; is
closer to the ideal distribution compared to the case when inter-
mediate projective measurements are performed at times ¢ and ¢,.

1.0F

0.9
=
3
ir 0.8F

-@- P(x3)
0.7F _._ pproj.(xs)
snapshotting protocol advantage
0.6l . . . . .
0.0 0.2 0.4 o/ 0.6 0.8 1.0

Fig. 6 | Fidelity between the distributions for the 2-basis measurement at time
t;. The error bars represent the standard error of the mean. Red dots refer to the
fidelity between the marginal distribution from theory (p(x3)) and the experimen-
tally obtained three-time QPD (pey, (X3) =3, 1, Pexp. (X1, X2, X3))- A fidelity of 1
refers to two distributions are equal. The blue line refers to the theoretical fidelity
between p(xs) and pP™(x3) when projective measurements are performed at times
t; and t,. The blue dots refer to the corresponding experimental result. The pink
shaded area indicates the advantage of the snapshotting protocol compared to
projective measurements.

Discussion

We have introduced a protocol named snapshotting to extract quan-
tum statistics at multiple times from ancilla-assisted measurements
and demonstrated it experimentally using the "'Yb*-*®Ba* trapped-ion
system. The key features of our approach are that the measurement
effect can be entirely canceled out through classical post-processing of
the ancilla measurement outcomes and that the measurement requires
only a short-time system-ancilla interaction at each immediate time
point. By snapshotting quantum dynamics, the QPD at multiple time
points and various types of quantum correlation functions can be
simultaneously obtained from a single distribution of observed
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ancilla qubit with fluorescence detection (DET). b The CNOT gate consists of an M-S

gate and four single-qubit rotations. The M-S gate can be described as

exp(—if X ® X), where X is the Pauli operator. The single-qubit rotation is defined
cos(d) —ie~ sin()

asR©,¢)= ( —ie sin®) cos(d)
performed by direct measurement in basis my < {|0), [1)} on the system qubit.

). ¢ The final time measurement can be

trajectories. We highlight that this method is applicable to any quan-
tum system and dynamics, serving as a valuable experimental tool for
exploring the quantum statistics of both open and closed quantum
systems.

The potential applications of the proposed protocol include
exploring quantum dynamics in many-body physics. In principle, when
considering local observables, the number of samples required to
reconstruct QPDs and correlation functions does not scale with the
size of the system or the number of qubits. This property is promising
for obtaining various critical quantities based on correlation functions,
such as OTOC, in quantum many-body systems>?°. As the KD dis-
tribution itself has recently been recognized as an essential tool for
investigating information scrambling and quantum
thermodynamics*****7, its direct reconstruction from experimental
data will shed light on experimentally testing the nonclassical phe-
nomena arising from quantum dynamics.

Methods

Proof of Theorem 1

Let us consider a slightly more general scenario such that the opera-
tors A= Zﬁ;b a,|x)(x| and B= Z,‘f;}, b, |x)({x| diagonal in the same
basis {|x) }jf;}) are acting on the left and right sides of a d-dimensional
quantum state, respectively, given as

EgaP)=BpA=") V(B AKy(p), 1)

where ICm(p)=KmpKI,,. We note that A and B are not required to be
Hermitian. Theorem 1 in the main text to obtain the QPD
plxy, X, , Xy) is a special case with A=TIl, =x)(x|, B=1,
and Yy =V (1, Thy).

We then construct a set of Kraus operators {K,,} to satisfy the
condition in Eq. (13):

Proposition 1. For the operators A=Y a,|x)(x| and B=Y", b, |x)(x|
diagonal in the same basis {|x)}, there always exists y,,(B, A) satisfying
Eq. (13) for a set of Kraus operators {K,,} with

d-1
Kn= Y (12220 ) e, 14)

x=0

where {|¢,,)(¢,,|} is a set of informationally complete projectors and
satisfies 3,10 ) (Pl = 1.

Proof. For the diagonal operators A=Y, a,Ill, and B=}),b, I, let us
rewrite Eq. (13) as

Ep,4(p)= BpA

(250 )e( S5

d-1

> abyn,prl,
x,y=0

d-1

>

x,y=0

as)
d-1

< Z ax,by,lx’><y’|> I),pl,

"y =0

Yy
-1
Yy

(x|0(B, A)ly)TL,pTT,,
0

X,

where we define O(B,A):Zi’ylzoaxby|x)<y|. We note that any

operator O can be expressed in terms of the informationally complete
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projectors {|, (@I} as 0=3",.c¢,) (@l with some complex
coefficients c$,. This leads to an alternative expression

0B,A=>" NP, ) (Pl (16)

By substituting this form into Eq. (15), we obtain

‘SB,A(p)
d-1
=3 > B X @)l

m x,y=0
(Pmly E - Ky
(g
x=0
= Zym(B.A)KmpK A

=Y VB AKP),

a7

where we take K, = Z
tion K} K,,=1 and deﬁne ym(B A= aco(B A,

To complete the proof of Theorem 1, we show that these Kraus
operators can be realized by the ancilla-assisted measurements. To this
end, we introduce a d-dimensional ancilla state, initially prepared in
|0)g. After applying the CSUM gate, a generalized CNOT gate,
Ucsum = Z)‘f"yl:dx,x @ y)(x,y| followed by the ancilla measurement
with respect to the set of informationally complete projectors
{Ipm){Pml}, the Kraus operators for each measurement outcome
become

d-1
Kn=3" <(¢m |X>> M, = (@mUcsuml0)r . (18)

x=0 \/E \/a

For a d-dimensional system, a set of informationally complete projectors
{|¢m){Pml} has at least d” elements. For example, the measurement set
discussed in the main text, {|¢,)}={|0),[1),|0,),[L,),10,),[1,)} has 6
elements, which is more than @” = 4, thus being overcomplete. However,
this measurement set is easier to realize in experiments since all the
projectors are the eigenvalues of the Pauli matrices.

Theorem 1 can be extended to local operators A and B of a multi-
qudit system. This can be achieved by replacing I, with
1®--®1®0M,®1®---® 1, where the projection is only applied to
the target qudit. Consequently, K;,, only acts on the target qubit while
maintaining the same form as in Eq. (18), ensuring that the corre-
sponding ancilla-assisted measurement requires only the interaction
between the ancilla state and the target qudit. Since the coefficient
Ym(B, A) for the local operators A and B remains the same as in the
single-qudit case, the protocol does not scale with the size of the
system as long as A and B act on a single-qudit.

We also note that there can be various choices of weight vectors
Ym(B, A) that satisfy Eq. (13) for a given set of Kraus operators {K,,}.
In this case, the optimal choice would be to minimize |y(B, A)|max :
=max,,{|y(B,A)|} as the number of samples to collect for a fixed
precision scale with |p(B,A)2,, from Hoeffding’s inequality®*
More precisely, the optimization problem can be formalized as
follows:

By vectorizing the density matrix p in Eq. (13), we note that Eq. (21) is
equivalent to the condltlon that Eq. (13) holds for any p.

For A= Z a |x)(x| and B= Z,‘f b, |x){x| and the measure-
ment operators descnbed in Eq. (18), the condition in Eq. (21) is
reduced to

Ty=aéf, (22)
where [Tleyd, m={(@mYXPm), [VIm=Vm and [{liya=asby. From
numerical optimization for the measurement set
{190} ), 1), |O |1 |0 |1 )} with a=3, which leads to

{Km)= ”—. %, Se. 520 Je % pr we 0btain Yy =mMax, p{[Vm(1, M1}
~ 1.775. ThIS is a more efficient decomposition than that in Eq. (6),
which yields V. = 3.

Derivation of Observation 1
From the cyclic property of the trace, the correlation function can be
rewritten as

C&y, - 'tuj' o ly) 23)
:Tr[A(t j+1) o 'A(tpk)ptoA(tyl) : A(tpj)]

Then we note that both ¢, <t Sty and¢, <t, <-.--<t, are
monotonically increasing tlme sequences which leads to the followmg
expression:

Cllyy -ty - )

=Tr{(€p,,a, O Uty 1>ty © 0 Up oty © Ep )P

whereutﬁt p)= UtﬁtpU[ﬁt and we take (B;, A;)=(1,A) when A(¢) is
applied to the right side (B,,A )=(A, 1) when A(¢;) is applied to the left
side, and (B;, A;) = (A, A) when A(¢,) is applied to both sides.

Since each £, can be expressed as a linear combination of the
actions of the Kraus operators {K,,} from Proposition 1, we obtain the
following form,

(24)

N
Cllyy, ,tﬂk)=E{11ymi(Bi,A,-)}
i

(25)
by averaging over all possible observed trajectories following the
distribution  pX(my,my, -+, my)=Tr[(KCp o U, ¢ ©
Km,) )]

We highlight that the correlation functions with different time
sequences (¢, , --- , t, ) are obtained by only replacing the coefficients
Vm,(Bi»A}), which can be easily done in classical post-processing using
the same data used to obtain p*.

ol g, ©

Obtaining Cotoc from intermediate measurements
Let us express the OTOC for the two operators W(t)=UIWU, and
(0) =Vas

Coroc = ([W(@), V(O)]'[W (), V(O)))
= (W' @V OV OW (@) - (VIOW TV O)W(T)
— W@V OW@V(0) + (VI OW @)W (T)V(0))
= TriVUIWU, pUIWTU VT = TIVUIWU,pVTUIW' U,

— THUIWU VpUIWTU VI+ TIWU, VpV UIW (26)
forgiven: A, B, {K,} 19) =Tr(Ey yr oU 0 &yt oUEy )(P)]

—TH(Ey, 1 oU T 0 &y yr oUOE )P

minimize :  [Vlmax = Max{[Vp |} (20) —TH(E, yr U 0 &y yr U Ey )(P)]
+ Tf[(gw, wollo 51/, v,

5 . T_ *

subjectto:  B®A’ = Xm: VK ® K- (21)  where we denote U(p) = U,pU} and U~\(p) = U}pU,, respectively.
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One can then construct the intermediate measurements
{Kp,} =Ky, } and {Kyy } from Proposition 1 to express £; 1, £, 1, €y, 1,
and £, + as a weighted sum of K, or Ky, , and £, ,+ as a weighted
sum of IC,”},’Z. From this, all four terms in Coroc can be obtained simul-
taneously from pX(m;, m,, my)=Tr [(IC,‘{13 oU oKy oUo K,‘i,l)(p)} .

Experimental setup

We implement the quantum circuit in Fig. 2 to reconstruct the multi-
time QPD for a qubit system. The experimental realization for the
essential parts of the circuit is shown in Fig. 7. At the beginning of the
protocol, we optically pump the system qubit to |0)y,, then prepare
the state of py, by using a single-qubit rotation performed by
applying 355 nm Raman laser beams. As depicted in Fig. 7a, the
Raman lasers have a frequency difference that matches the tran-
sition frequency of the 'Yb* ion-qubit. This frequency matching
allows the Raman lasers to drive unitary evolutions, specifically
single-qubit rotations, on the 'Yb* ion-qubit. At each time
t;, - , ty-1, we perform the ancilla-assisted measurement as illu-
strated in Fig. 2b and Fig. 7a. The measurement procedure con-
sists of initializing the ancilla qubit, applying a CNOT gate, and
detecting the ancilla qubit state, where the first and third steps
are regarded as the ICI and ICD. We perform the CNOT gate by
using the M-S gate®” and single-qubit operations shown in Fig. 7b.
The z-basis measurement of the *®Ba* ion is realized by fluores-
cence detection after shelving |0);, to the Ds;,;, manifold. The
x- and y-basis measurements are realized by rotating the axis of
the *®Ba’ ion state before the z-basis measurement. To repeat the
protocol, we take the following steps at each cycle: (i) apply the
unitary evolution to the system qubit, (ii) reset the ancilla qubit
to realize the ICI, and (iii) perform the ancilla-assisted measure-
ment. We simplify the final measurement by using a projection
measurement on the system qubit of 'Yb* ion in the basis
my, € {|0),|1)}, since no further measurements are performed
after that.

Data availability
The data that support the findings of this study are available from
Zenodo.

Code availability
The code used in data analysis is available from Zenodo.
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