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This article considers the government, opinion leaders, and Internet users

to be a system for correcting false information, and it considers the

problem of correcting false information that arises in the aftermath of

major emergencies. We use optimal control theory and differential game

theory to construct differential game models of decentralized decision-

making, centralized decision-making, and subsidized decision-making. The

solutions to these models and their numerical simulations show that the

government, opinion leaders, and Internet users exercise cost-subsidized

decision-making instead of decentralized decision-making. The equilibrium

strategies, local optimal benefits, and overall optimal benefits of the system

achieve Pareto improvement. Given the goal of maximizing the benefits to the

system under centralized decision-making, the equilibrium results are Pareto-

optimal. The research here provides a theoretical basis for dealing with the

mechanism of correcting false information arising from major emergencies,

and our conclusions provide methodological support for the government to

effectively deal with such scenarios.

KEYWORDS

differential game, false information classification system, major emergencies, optimal
control, opinion leaders

Introduction

With rapid advances in Internet technologies, users from different parts of the world
can obtain a variety of information related to major emergencies arising anywhere on
the globe. However, due to the contingency and seriousness of major emergencies (Li
et al., 2022), the government cannot immediately grasp the entire situation to quickly

Frontiers in Psychology 01 frontiersin.org

https://www.frontiersin.org/journals/psychology
https://www.frontiersin.org/journals/psychology#editorial-board
https://www.frontiersin.org/journals/psychology#editorial-board
https://doi.org/10.3389/fpsyg.2022.991337
http://crossmark.crossref.org/dialog/?doi=10.3389/fpsyg.2022.991337&domain=pdf&date_stamp=2022-11-02
https://doi.org/10.3389/fpsyg.2022.991337
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/articles/10.3389/fpsyg.2022.991337/full
https://www.frontiersin.org/journals/psychology
https://www.frontiersin.org/


fpsyg-13-991337 November 2, 2022 Time: 14:41 # 2

Li et al. 10.3389/fpsyg.2022.991337

conduct the corresponding investigations after an emergency
and provide the requisite information to the public. This leads
to a period in which accurate information regarding a major
emergency is unavailable on social media platforms soon after
it occurs. During this period, Internet users with nefarious
purposes can spread false information related to the emergency.
If such information gains traction on the Internet and is
widely disseminated, this can make it difficult for the relevant
government departments to deal with the emergency, and can
also threaten social stability. It is thus important to mitigate
the public impact of the propagation of false information in
the aftermath of major emergencies by constructing a system to
correct such information.

A number of researchers have investigated the adverse
effects of major emergencies. Hong et al. (2022) used complex
networks to study the transmission of panic among Internet
users after major emergencies. McElroy et al. (2020) claimed
that major emergencies have a serious mental health impact
on the public, and Akalu et al. (2021) claimed that such
emergencies affect people physically as well as psychologically.
Liu (2022) has argued that the release of correct information
by opinion leaders can reduce panic among Internet users
after major emergencies. Some scholars have also examined
the interaction between actors after major emergencies. Wu
et al. (2019) used the “Guangdong Maoming PX incident” in
2014 as an example to discuss the informational interaction
between the government and the public in its aftermath. Cao
et al. (2019) studied the influence of different types of extreme
preference groups on the decision-making behavior of the public
after the occurrence of emergencies. By taking the COVID-19
pandemic as an example, Xu et al. (2021) investigated behaviors
related to pandemic prevention and control by the government,
private enterprises, and the public based on the evolutionary
game model. Din et al. (2022) also considered COVID-19 to
examine the behavior of various actors in the food supply chain.
Kang et al. (2022) studied helpful behaviors in this context
between e-commerce platforms and their affiliated enterprises
to assess the benefits of different rescue strategies after major
emergencies.

Some scholars have studied the role of opinion leaders
(Aleahmad et al., 2016; Bamakan et al., 2019; Jain and Katarya,
2019) in the context of the dissemination and correction
of false information. This article defines opinion leaders
as people who can influence and shape the opinions of
others through their own words and actions. Hosseini and
Zandvakili (2022) claimed that the degree of public trust
in opinion leaders determines whether false information can
spread. Yu et al. (2021) studied the dissemination of false
information by constructing a model for it and proposed
that the convenience of online networks enables the quick
propagation of false information. Ozturk et al. (2015) argued
that the emergence of social networking platforms has greatly
enhanced users’ access to information but has also promoted

the spread of false information. Bouanan et al. (2016) claimed
that people’s decision-making behaviors are influenced by the
information released by other individuals with whom they
interact. Guess et al. (2019) argued that false information
can change the behavior of the public to a certain extent,
and Pal and Banerjee (2021) concluded that the content of
false information is more attractive to Internet users than
real information. Buchanan and Benson (2019) believe that
both opinion leaders and ordinary Internet users can help
spread false information, but the false information spread
by the former has a wider range of influence. Bordia et al.
(2005) claimed that credible opinion leaders can clarify false
information by releasing correct information, and Vosoughi
et al. (2018) suggested that it has a stronger capability of
transmission and range of radiation than real information
such that it can attract the attention of Internet users.
Liao and Wang (2021) argued that the timely release of
the latest reports on major emergencies to correct false
information can greatly reduce its adverse effects. Agarwal
et al. (2022) claimed that the government and opinion leaders
should use social networking platforms to release correct
information in a timely manner to reduce the impact of false
information.

Researchers initially combined game theory with optimal
control theory (Zhang et al., 2011) to study the problem
of optimal control in the context of war (Perelman et al.,
2011) and proposed differential game theory. With continued
developments in differential game theory, it is now used
as a theoretical tool for analyzing decision-making behavior
(Fibich et al., 2003; Garcia-Meza, 2021). Biancardi et al.
(2022) studied public water regulation and its use by water
authorities and farmers in different decision-making situations.
Prasad and Sethi (2004) used the differential game model to
study the optimal investment in advertising, and Machowska
et al. (2022) applied differential game theory to study the
intentions of advertisers. Shchelchkov (2022) used differential
game theory to study the problem of tracking and escaping
among individuals. The differential game, as used in preceding
studies, can be defined as an optimal control process in
which different subjects interact with one another. Few
studies have used differential game theory to examine the
correction of false information after major emergencies. In
this article, the authors regard the government, opinion
leaders, and Internet users as a system in the aftermath
of major emergencies, and they investigate the correction
of false information by using optimal control theory and
differential game theory. The following steps are employed
in differential game theory. (1) We confirm the dynamic
equation that relates the cost of the behavior of each
subject in terms of effort with the total amount of real
information. (2) We clarify the decision-making problems
faced by each subject in different decision-making situations.
(3) In light of the decision-making problem, we provide
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the optimal equilibrium strategy, the optimal benefit, the
optimal trajectory of the total amount of real information,
and the optimal benefits of the system to correct false
information. (4) The equilibrium results are theoretically
examined.

We take the government, opinion leaders, and Internet
users as the objects of research to reduce the adverse public
impact of false information spread in the aftermath of
major emergencies based on differential game theory and
optimal control theory.

First, we construct differential game models under
decentralized decision-making, centralized decision-making,
and cost-subsidized decision-making. Second, we solve the
models to obtain their equilibrium results under different
decision-making scenarios. Finally, we compare and analyze
these results, and conduct numerical simulations on MATLAB
2017b to verify the theoretical analysis. The research here
provides a theoretical basis for dealing with the mechanism
of correcting false information after major emergencies.
Our conclusions provide methodological support for the
government to deal with such scenarios.

Problem description and basic
assumptions

Problem description

To avoid panic among online users due to the dissemination
of false information in the aftermath of major emergencies,
we construct a system to correct such information that is
composed of the government (G), opinion leaders (L), and
Internet users (U). When a major emergency occurs, opinion
leaders can choose to release the correct information, obtained
through investigations and evidence collection, to Internet
users on social platforms. Online users are eager for correct
information. By paying attention to and disseminating correct
information released by opinion leaders, a greater number of
Internet users can participate in discussions of this information
to widen access to it. The government can publish the correct
information and can incentivize its propagation by opinion
leaders and Internet users by establishing appropriate reward
mechanisms for them.

Model assumptions

Assumption 1: The respective efforts by the government,
opinion leaders, and Internet users at time t can be, respectively,
represented as follows:EG (t), EL (t), andEU (t).

Assumption 2: The costs to the government, opinion leaders,
and Internet users are related to their own efforts, and constitute

a convex function. The costs of efforts by the three entities at
time t are as follows:

CG (t) =
1
2
µGE2

G (t)

CL (t) =
1
2
µLE2

L (t)

CU (t) =
1
2
µU E2

U (t)

(1)

whereCG (t), CL (t), and CU (t) are the costs of efforts by the
government, opinion leaders, and Internet users at time t,
respectively, andµG > 0, µL > 0, and µU > 0 are the respective
coefficients of the costs of their effort.

Assumption 3: The total amount of real information on
the social networking platform is affected by the efforts of the
government, opinion leaders, and Internet users. Considering
the time lag of information, some real information has not been
widely disseminated at a given time and thus cannot be used to
correct false information. Therefore, we assume that the process
of change in the total amount of real information on the social
platform over time is:{

Ṙ (t) = αGEG (t)+ αLEL (t)+ αU EU (t)− δR (t)
R (0) = R0 ≥ 0

(2)

In the above, R(t) is the total amount of real information at
time t, andαG > 0, αL > 0, and αU > 0 are the impacts of efforts
by the government, opinion leaders, and Internet users on the
amount of real information. δ > 0is the coefficient of the natural
dissipation of real information.

Assumption 4: The government, opinion leaders, and
Internet users all benefit from the traffic generated by social
networking platforms. For the government, the greater the
flow of information, the more people involved in the relevant
discussions, the more quickly the public’s unease dissipates, and
the more stable society is as a consequence. The volume of traffic
on the platform is related to the initial traffic, the total amount
of real information on the platform, and the effort made by each
subject in the “game.” For the convenience of calculation, we
assume that the traffic on the social networking platform is a
linear function:

F (t) = f + γ [λR (t)+ βGEG (t)+ βLEL (t)+ βU EU (t)] (3)

where f > 0 is the initial flow of information, 0 < γ ≤ 1 is the
degree of concern for major emergencies, λ > 0 is the coefficient
of influence of the amount of real information on its flow, and
βG > 0, βL > 0, and βU > 0 are the coefficients of influence
of efforts by the government, opinion leaders, and Internet
users on the traffic.

Opinion leaders can benefit from traffic on the platform as
well as directly from Internet users, such as by making a positive
impression on them.

Assumption 5: To simplify the model, we assume that
the government, opinion leaders, and Internet users have the
same discount rate ρ,ρ > 0. The three entities use complete
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information over infinite time to maximize their own interests
based on their strategic choices.

Based on assumptions 1–5, the objective functions of the
government, opinion leaders, and Internet users are:

JG =

∫
∞

0
e−ρt [πGF (t)− CG (t)] dt (4)

JL =

∫
∞

0
e−ρt [ωEU (t)+ πLF (t)− CL (t)] dt (5)

JU =

∫
∞

0
e−ρt [πU F (t)− CU (t)] dt (6)

where ωEU (t) is the income obtained by opinion leaders from
Internet users, ω is the direct unit benefit to the opinion
leader, πGF (t), πLF (t), and πU F (t) are revenues generated
from traffic on social networking platforms by the government,
opinion leaders, and Internet users, respectively, and πG, πL,
and πU are their respective marginal flow gains.

The above parameters are all constants that are independent
of time. We thus omit time t in the subsequent derivations
in this article.

Model construction and solution

Decentralized decision-making

In the case of decentralized decision-making, each decision-
making subject of the system to correct false information makes
rational decisions to maximize its own interests. To distinguish
among different modes of decision-making, N is used to
represent a decentralized decision. According to Equations 4–6,
the decision-making problems for the three entities in the case
of decentralized decision-making are:

max
EG

JN
G =

∫
∞

0
e−ρt

{
πGf + πGγ

[
λR+ βGEG+

βLEL + βU EU

]
−

1
2
µGE2

G

}
dt (7)

max
EL

JN
L =

∫
∞

0
e−ρt

{
ωEU + πLf + πLγ

[
λR+ βGEG+

βLEL + βU EU

]
−

1
2
µLE2

L

}
dt (8)

max
EU

JN
U =

∫
∞

0
e−ρt

{
πU f + πUγ

[
λR+ βGEG+ (9)

βLEL + βU EU

]
−

1
2
µU E2

U

}
dt

Theorem 1: The equilibrium results of the government,
opinion leaders, and Internet users in the case of decentralized
decision-making are as follows:

(1) The optimal equilibrium strategies for the government,
opinion leaders, and Internet users are:

EN∗
G =

πGγ [αGλ+ βG (δ+ ρ)]
µG (δ+ ρ)

(10)

EN∗
L =

πLγ [αLλ+ βL (δ+ ρ)]
µL (δ+ ρ)

(11)

EN∗
U =

πUγ [αUλ+ βU (δ+ ρ)]
µU (δ+ ρ)

(12)

(2) The optimal trajectory of the total amount of real
information is:

RN∗
=
(
R0 − RN

S
)

e−δt
+ RN

S

RN
S =

αGπGγ [αGλ+ βG (δ+ ρ)]
δµG (δ+ ρ)

+
αLπLγ [λαL + (δ+ ρ) βL]

δµL (δ+ ρ)

+
αUπUγ [λαU + (δ+ ρ) βU ]

δµU (δ+ ρ)

(13)

RS
N is the steady-state value of the total amount of real

information under decentralized decision-making.
(3) The optimal benefits for the government, opinion

leaders, and Internet users are:

VN∗
G (R) =

λπGγ

δ+ ρ
RN

S +
πGf
ρ
+

πGγ2πU [λαU + (δ+ ρ)βU ]2

ρ(δ+ ρ)2µU
+

[λπGγαG + πGγ(δ+ ρ)βG]2

2ρ(δ+ ρ)2µG
+

πGγ2πL [λαL + (δ+ ρ)βL]2

ρ(δ+ ρ)2µL
(14)

VN∗
L (R) =

λπLγ

δ+ ρ
RN

S +
πLγ

2πU [λαU + (δ+ ρ)βU ]2

ρ(δ+ ρ)2µU
+

πLγ
2πG [λαG + (δ+ ρ)βG]2

ρ(δ+ ρ)2µG
+

γ2π2
L [λαL + (δ+ ρ)βL]2

2ρ(δ+ ρ)2µL
+

γπUω [λαU + (δ+ ρ)βU ]
ρ(δ+ ρ)µU

+
πLf
ρ

(15)

VN∗
U (R) =

λπUγ

δ+ ρ
RN

S +
πU f
ρ
+

π2
Uγ2 [λαU + (δ+ ρ)βU ]2

2ρ(δ+ ρ)2µU
+

πUγ2πL [λαL + (δ+ ρ)βL]2

ρ(δ+ ρ)2µL
+

πUγ2πG [λαG + (δ+ ρ)βG]2

ρ(δ+ ρ)2µG
(16)
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(4) The optimal benefit of the system to correct false
information is:

VN∗ (R) = VN∗
G (R)+ VN∗

L (R)+ VN∗
U (R)

=
λγ (πG + πL + πU)

δ+ ρ
RN

S +

γ2πL [πL + 2 (πU + πG)] [λαL + (δ+ ρ)βL]2

2ρ(δ+ ρ)2µL
+

γ2πU [πU + 2 (πG + πL)] [λαU + (δ+ ρ)βU ]2

2ρ(δ+ ρ)2µU
+

γπUω [λαU + (δ+ ρ)βU ]
ρ(δ+ ρ)µU

+

γ2πG [πG + 2 (πL + πU)] [λαG + (δ+ ρ)βG]2

2ρ(δ+ ρ)2µG
+

f (πG + πL + πU)

ρ
(17)

Verification 1: Given the relevant knowledge of optimal control
theory in combination with Equations 7–9, the functions of
the optimal benefits of the government, opinion leaders, and
Internet users satisfy the HJB equation (Hamilton–Jacobi–
Bellman equation):

ρVN
G (R) = max

EG

{
πGf + πGγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
µGE2

G + VN′
G [αGEG + αLEL + αU EU − δR]

}
(18)

ρVN
L (R) = max

EL

{
ωEU + πLf + πLγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
µLE2

L + VN′
L [αGEG + αLEL + αU EU − δR]

}
(19)

ρVN
U (R) = max

EU

{
πU f + πUγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
µU E2

U + VN′
U [αGEG + αLEL + αU EU − δR]

}
(20)

The maximum first-order condition can be obtained by solving
for EG on the right side of Equation 18, EL on the right side of
Equation 19, and EU on the right side of Equation 20:

EN
G =

πGγβG + αGVN′
G

µG
(21)

EN
L =

πLγβL + αLVN′
L

µL
(22)

EN
U =

πUγβU + αU VN′
U

µU
(23)

The obtained Equations 21–23 can be used in Equations 18–20
to obtain the following:

ρVN
G (R)

=

(
λπGγ− δVN′

G

)
R+ πGf −

(αGVN′
G + βGπGγ)2

2µG

+VN′
G


αG(αGVN′

G + βGπGγ)

µG
+

αL(αLVN′
L + βLπLγ)

µL

+
αU(αU VN′

U + βUπUγ)

µU



+πGγ


βG(αGVN′

G + βGπGγ)

µG
+

βL(αLVN′
L + βLπLγ)

µL

+
βU(αU VN′

U + βUπUγ)

µU


(24)

ρVN
L (R) =

(
λπLγ− δVN′

L

)
R−

(
αLVN′

L + βLπLγ
)2

2µL
+

ω
(
αU VN′

U + βUπUγ
)

µU
+ πLf + VN′

LαG

(
αGVN′

G + βGπGγ
)

µG
+

αL

(
αLVN′

L + βLπLγ
)

µL
+

αU

(
αU VN′

U + βUπUγ
)

µU

+

πLγ

βG

(
αGVN′

G + βGπGγ
)

µG
+

βL

(
αLVN′

L + βLπLγ
)

µL
+

βU

(
αU VN′

U + βUπUγ
)

µU

 (25)

ρVN
U

(
R
)
=

(
λπUγ− δVN′

U

)
R+ πU f−

(
αU VN′

U + βUπUγ
)2

2µU

+VN′
U


αG

(
αGVN′

G +βGπGγ

)
µG

+

αL

(
αLVN′

L +βLπLγ

)
µL

+

αU

(
αU VN′

U +βUπUγ

)
µU

+

πUγ


βG

(
αGVN′

G +βGπGγ

)
µG

+

βL

(
αLVN′

L +βLπLγ

)
µL

+

βU

(
αU VN′

U +βUπUγ

)
µU

 (26)
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By observing the structural characteristics of Equations 24–
26, the analytical formulae for VN

G (R) and VN
L (R) on R can be

set as follows:
VN

G (R) = a1R+ a2 (27)

VN
L (R) = b1R+ b2 (28)

VN
U (R) = c1R+ c2 (29)

where a1, a2, b1, b2, c1, and c2 are constants, Further,

VN′
G (R) = a1 (30)

VN′
L (R) = b1 (31)

VN′
U (R) = c1 (32)

We then use the method of undetermined coefficients to import
Equations 27–32 into Equations 24–26 to obtain the values of a1,
a2, b1, b2, c1, and c2:

a1 =
λπGγ

δ+ ρ
(33)

a2 =
πGf
ρ
+

πGγ2πU [λαU + (δ+ ρ)βU ]2

ρ(δ+ ρ)2µU
+

[λπGγαG + πGγ(δ+ ρ)βG]2

2ρ(δ+ ρ)2µG
+

πGγ2πL [λαL + (δ+ ρ)βL]2

ρ(δ+ ρ)2µL
(34)

b1 =
λπLγ

δ+ ρ
(35)

b2 =
πLf
ρ
+

πLγ
2πU [λαU + (δ+ ρ)βU ]2

ρ(δ+ ρ)2µU
+

πLγ
2πG [λαG + (δ+ ρ)βG]2

ρ(δ+ ρ)2µG
+

γ2π2
L [λαL + (δ+ ρ)βL]2

2ρ(δ+ ρ)2µL
+

γπUω [λαU + (δ+ ρ)βU ]
ρ(δ+ ρ)µU

(36)

c1 =
λπUγ

δ+ ρ
(37)

c2 =
πU f
ρ
+

[λπUγαU + πUγ(δ+ ρ)βU ]2

2ρ(δ+ ρ)2µU
+

πUγ2πL [λαL + (δ+ ρ)βL]2

ρ(δ+ ρ)2µL
+

πUγ2πG [λαG + (δ+ ρ)βG]2

ρ(δ+ ρ)2µG
(38)

By substituting the values of a1, b1, and c1 into Equations
21–23, the optimal equilibrium strategies of the government,
opinion leaders, and Internet users can be obtained from

Equations 10–12. The optimal equilibrium strategy for the
three entities can then be used to obtain the optimal trajectory
and steady-state value of the total amount of real information
(Equation 13). By using the values of a1, a2, b1, b2, c1, and c2 in
Equations 27–29, we can also obtain the optimal benefits for the
government, opinion leaders, and Internet users in Equations
14–16, as well as the optimal benefits of the system to correct
false information (Equation 17). Theorem 1 is thus proven.

Deduction 1
Theorem 1 shows that the government, opinion leaders,

and Internet users make decentralized decisions. The optimal
equilibrium strategy of each (i.e., their own efforts) is not
affected by the other actors. An entity’s degree of effort is
related only to its own parameters. The optimal trajectory of the
total amount of real information is determined by these efforts.
The steady-state value of the total amount of real information
is positively correlated with the optimal benefits to the three
entities and the entire system from correcting false information.
This means that the greater the degree of effort, the greater
the steady-state value of the total amount of real information,
and the greater the benefits obtained by the entity itself and the
entire system. The specific relationships of impact are shown in
Table 1.

Centralized decision-making

Unlike in the case of decentralized decision-making,
the government, opinion leaders, and Internet users
jointly determine their optimal matching efforts, with the
goal of maximizing the benefits to the entire system, to
correct false information when making strategic choices
according to centralized decision-making. To distinguish
among the different modes of decision-making, C is used to
represent a decentralized decision. In the case of centralized
decision-making, the decision problem for the three entities can
be then represented as:

max
EG,EL,EU

JC
S =

∫
∞

0
e−ρt



ωEU −
1
2
µGE2

G −
1
2
µLE2

L −
1
2
µU E2

U

+ (πG + πL + πU )

[
f + γ

(
λR+

βGEG + βLEL + βU EU

)]


dt

(39)

Theorem 2: In the case of centralized decision-making, the
equilibrium results of the government, opinion leaders, and
Internet users are as follows:

(1) The optimal equilibrium strategies for the government,
opinion leaders, and Internet users are:

EC∗
G =

γ [βG (δ+ ρ)+ αGλ] (πG + πL + πU)

µG (δ+ ρ)
(40)
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EC∗
L =

γ [βL (δ+ ρ)+ αLλ] (πG + πL + πU)

µL (δ+ ρ)
(41)

EC∗
U =

ω (δ+ ρ)+ γ [βU (δ+ ρ)+ αUλ] (πG + πL + πU)

µU (δ+ ρ)
(42)

(2) The optimal trajectory of the total amount of real

information is:

RC∗
=
(
R0 − RC

S
)

e−δt
+ RC

S

RC
S =

αGγ [βG (δ+ ρ)+ αGλ] (πG + πL + πU )

δµG (δ+ ρ)

+
αLγ [βL (δ+ ρ)+ αLλ] (πG + πL + πU )

δµL (δ+ ρ)

+
αUω (δ+ ρ)+ αUγ [βU (δ+ ρ)+ αUλ] (πG + πL + πU )

δµU (δ+ ρ)
(43)

RS
C is the steady-state value of the total amount of real

information under centralized decision-making.
(3) The optimal benefit for the system to correct false

information is:

VC∗ (R) =
λγ (πG + πL + πU)

δ+ ρ
RC

S+

γ2 (πG+πL+πU)
2 [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

γ2 (πG+πL+πU)
2 [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 µL
+

f (πG+πL+πU)

ρ
+

γ2 (πG+πL+πU)
2 ([λαU + (δ+ ρ) βU ]2)

2ρ (δ+ ρ)2 µU

+
ω2

2ρµU
+
(πG+πL+πU) γλωαU

ρ (δ+ ρ)µU
+

γωβU (πG+πL+πU)

ρµU
(44)

Verification 2: Based on the knowledge of optimal control
theory in combination with Equation 39, we see that the optimal
utility function of the system to correct false information
satisfies the HJB equation, namely,

ρVC
S (R) =

max
EG,EL,EU


ωEU −

1
2
µGE2

G −
1
2
µLE2

L −
1
2
µU E2

U

+ (πG + πL + πU )
[
f + γ (λR+ βGEG + βLEL + βU EU )

]
+VC′

S [αGEG + αLEL + αU EU − δR]


(45)

The maximum first-order conditions are used to solve for
EG, EL, and EU on the right-hand side of Equation 45:

EC
G =

γβG (πG + πL + πU)+ αGVC′
S

µG
(46)

EC
L =

γβL (πG + πL + πU)+ αLVC′
S

µL
(47)

EC
U =

ω+ γβU (πG + πL + πU)+ αU VC′
S

µU
(48)

By using Equations 46–48 into Equation 45, we get:

ρVC
S (R) =

[
λγ (πG + πL + πU)− δVC′

S

]
R

+

ω
[
ω+ αU VC′

S + βUγ (πG + πL + πU)
]

µU

+VC′
S



αG

[
αGVC′

S +βUγ(πG+πL+πU )
]

µG

+
αL

[
αLVC′

S +βLγ(πG+πL+πU )
]

µL

+
αU

[
ω+αU VC′

S +βUγ(πG+πL+πU )
]

µU


+ (πG + πL + πU)

f + γ



βG

[
αGVC′

S +βGγ(πG+πL+πU )
]

µG

+
βL

[
αLVC′

S +βLγ(πG+πL+πU )
]

µL

+
βU

[
ω+αU VC′

S +βUγ(πG+πL+πU )
]

µU




−

[
αGVC′

S + βGγ (πG + πL + πU)
]2

2µG

−

[
αLVC′

S + βLγ (πG + πL + πU)
]2

2µL

−

[
ω+ αU VC′

S + βUγ (πG + πL + πU)
]2

2µU
(49)

By observing the structural characteristics of Equation 49,
the analytical formula for R can be set as:

VC
S (R) = d1R+ d2 (50)

TABLE 1 The influence of the parameters on the optimal equilibrium strategies for the government, opinion leaders, and Internet users in
decentralized decision-making.

γ π G π L π U λ α G α L α U β G β L β U µ G µ L µ U

EG
N +1 +1 0 0 +1 +1 0 0 +1 0 0 −1 0 0

EL
N +1 0 +1 0 +1 0 +1 0 0 +1 0 0 −1 0

EU
N +1 0 0 +1 +1 0 0 +1 0 0 +1 0 0 −1

+1 for positive impact,−1 for negative impact, and 0 for no impact.
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where d1 and d2 are constants. Further,

VC′
S (R) = d1 (51)

By using the method of undetermined coefficients, Equations 50,
51 are imported into Equation 49 to obtain the values of d1 and
d2:

d1 =
λγ (πG + πL + πU)

δ+ ρ
(52)

d2 =
γ2 (πG+πL+πU)

2 [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

γ2 (πG+πL+πU)
2 [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 µL
+

γ2 (πG+πL+πU)
2 ([λαU + (δ+ ρ) βU ]2)

2ρ (δ+ ρ)2 µU
+

(πG+πL+πU) γλωαU

ρ (δ+ ρ)µU
+

γωβU (πG+πL+πU)

ρµU
+

f (πG+πL+πU)

ρ
+

ω2

2ρµU
(53)

By substituting the value of d1 into Equations 46–
48, the optimal equilibrium strategies of the government,
opinion leaders, and Internet users can be obtained from
Equations 40–42. The optimal equilibrium strategies of the
three entities can be used to obtain the optimal trajectory
and steady-state value of the total amount of real information
(Equation 43). We can then obtain the optimal benefits of
the system to correct false information (Equation 44) by
using the values of d1 and d2 in Equation 50. Theorem
2 is thus proven.

Deduction 2
Theorem 2 shows that the optimal equilibrium strategies

(i.e., their own efforts) of the government, opinion leaders,
and Internet users are also affected by other actors in the
case of centralized decision-making. The degree of effort by
an entity is not only related to its own parameters but also
to the marginal flow of the income of the other actors. The
optimal trajectory of the total amount of real information
is determined by their efforts, and its steady-state value is
positively correlated with the optimal benefit of the entire
system to correct false information. This means that the greater
the effort invested is, the greater the steady-state value of the
total amount of real information, and the greater the benefits
of the system. The specific relationships of impact are shown in
Table 2.

Cost-subsidized decision-making

The government can provide subsidies and incentives
to opinion leaders and Internet users, respectively, to

help correct false information online in the aftermath
of major emergencies to improve their willingness to
participate. We represent such incentives provided by the
government by the corresponding cost-related subsidies.
This scenario of subsidized decision-making constitutes
a Stackelberg master–slave game, with the government as
the leader, and the opinion leaders and Internet users as
followers. The process of subsidized decision-making is
divided into two stages. First, the government provides
certain cost subsidies εL and εU to opinion leaders and
Internet users, respectively. Second, the opinion leaders
and Internet users choose the extent of effort to invest in
spreading the correct information in light of the government’s
subsidies. To distinguish among different modes of decision,
S is used to represent a decision based on the given
subsidy. According to Equations 4–6, the decision-making
problems for the three entities in the case of cost-subsidized
decision-making are:

max
EG,εL,εU

JS
G =

∫
∞

0
e−ρt

{
πGf + πGγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
µGE2

G −
1
2
εLµLE2

L −
1
2
εUµU E2

U

}
dt

(54)

max
EL

JS
L =

∫
∞

0
e−ρt

{
ωEU + πLf + πLγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
(1− εL)µLE2

L

}
dt

(55)

max
EU

JS
U =

∫
∞

0
e−ρt

{
πU f + πUγ

[
λR+ βGEG + βLEL

+βU EU

]
−

1
2
(1− εU)µU E2

U

}
dt (56)

Theorem 3: In the case of decentralized decision-making,
the equilibrium results of the government, opinion leaders, and
Internet users are as follows:

(1) The ratios of the government’s cost-related subsidies to
opinion leaders and Internet users are:

ε∗L =


2πG − πL

2πG + πL
, 2πG > πL

0, 2πG < πL

(57)

ε∗U =


2πG − πU

2πG + πU
, 2πG > πU

0, 2πG < πU

(58)

(2) The optimal equilibrium strategies for the government,
opinion leaders, and Internet users are:

ES∗
G =

πGγ [βG (δ+ ρ)+ αGλ]
µG (δ+ ρ)

(59)

ES∗
L =

πLγ [βL (δ+ ρ)+ αLλ]
(δ+ ρ)µL (1− εL)

=
γ (2πG + πL) [βL (δ+ ρ)+ αLλ]

2µL (δ+ ρ)

(60)
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TABLE 2 The effects of the parameters on the optimal equilibrium strategies of the government, opinion leaders, and Internet users in centralized
decision-making.

γ π G π L π U λ α G α L α U β G β L β U µ G µ L µ U ω

EG
N +1 +1 +1 +1 +1 +1 0 0 +1 0 0 −1 0 0 0

EL
N +1 +1 +1 +1 +1 0 +1 0 0 +1 0 0 −1 0 0

EU
N +1 +1 +1 +1 +1 0 0 +1 0 0 +1 0 0 −1 +1

+1 for positive impact,−1 for negative impact, and 0 for no impact.

ES∗
U =

πUγ [βU (δ+ ρ)+ αUλ]
µU (1− εU) (δ+ ρ)

=
γ (2πG + πU) [βU (δ+ ρ)+ αUλ]

2µU (δ+ ρ)

(61)

(3) The optimal trajectory of the total amount of real
information is:

RS∗
=
(
R0 − RS

S
)

e−δt
+ RS

S

RS
S =

αGπGγ [βG (δ+ ρ)+ αGλ]
δµG (δ+ ρ)

+
αLπLγ [βL (δ+ ρ)+ αLλ]

δ (δ+ ρ)µL (1− εL)

+
αUπUγ [βU (δ+ ρ)+ αUλ]

δµU (1− εU) (δ+ ρ)

=
αGπGγ [βG (δ+ ρ)+ αGλ]

δµG (δ+ ρ)

+
αLγ (2πG + πL) [βL (δ+ ρ)+ αLλ]

2δµL (δ+ ρ)

+
αUγ (2πG + πU) [βU (δ+ ρ)+ αUλ]

2δµU (δ+ ρ)

(62)

RS
S is the value of the total amount of real information under

cost-subsidized decision-making.
(4) The optimal benefits for the government, opinion

leaders, and Internet users are:

VS∗
G (R) =

λπGγ

δ+ ρ
RS

S +
γ2π2

G [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

πGf
ρ
+

πGπUγ2 [λαU + (δ+ ρ) βU ]2

ρ (δ+ ρ)2 (1− εU)µU
+

πGπLγ
2 [λαL + (δ+ ρ) βL]2

ρ (δ+ ρ)2 (1− εL)µL

−
γ2π2

UεU [λαU + (δ+ ρ) βU ]2

2ρ (δ+ ρ)2 (1− εU)
2 µU

−
γ2π2

LεL [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 (1− εL)
2 µL

=
λπGγ

δ+ ρ
RS

S +
γ2 (πL + 2πG)

2 [λαL + (δ+ ρ) βL]2

8ρ (δ+ ρ)2 µL
+

γ2π2
G [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

f πG

ρ
+

γ2 (πU + 2πG)
2 [λαU + (δ+ ρ) βU ]2

8ρ (δ+ ρ)2 µU
(63)

VS∗
L (R) =

λπLγ

δ+ ρ
RS

S +
γωπU [λαU + (δ+ ρ) βU ]

ρ (δ+ ρ) (1− εU)µU
+

γ2πGπL [λαG + (δ+ ρ) βG]2

ρµG (δ+ ρ)2
+

γ2πUπL [λαU + (δ+ ρ) βU ]2

ρ (1− εU)µU (δ+ ρ)2
+

πLf
ρ
+

γ2π2
L [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 (1− εL)µL
=

λπLγ

δ+ ρ
RS

S +
γ2πGπL [λαG + (δ+ ρ) βG]2

ρ (δ+ ρ)2 µG
+

f πL

ρ
+

γ2πL (2πG + πL) [λαL + (δ+ ρ) βL]2

4ρ (δ+ ρ)2 µL
+

ωγ (2πG + πU) [λαU + (δ+ ρ) βU ]
2ρ (δ+ ρ)µU

+

γ2πL (2πG + πU) [λαU + (δ+ ρ) βU ]2

2ρ (δ+ ρ)2 µU
(64)

VS∗
U (R) =

λπUγ

δ+ ρ
RS

S +
γ2π2

U [λαU + (δ+ ρ) βU ]2

2ρ (1− εU)µU (δ+ ρ)2
+

γ2πGπU [λαG + (δ+ ρ) βG]2

µGρ (δ+ ρ)2
+

γ2πLπU [λαL + (δ+ ρ) βL]2

ρ (1− εL)µL (δ+ ρ)2
+

f πU

ρ
=

λπUγ

δ+ ρ
RS

S+

γ2πGπU [λαG + (δ+ ρ) βG]2

ρ (δ+ ρ)2 µG
+

πU f
ρ
+

γ2πU (2πG + πL) [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 µL
+

γ2πU (2πG + πU) [λαU + (δ+ ρ) βU ]2

4ρ (δ+ ρ)2 µU
(65)
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(5) The optimal benefit of the system to correct false
information is:

VS∗ (R) = VS∗
G (R)+ VS∗

L (R)+ VS∗
U

(R) =
λγ (πG + πL + πU)

δ+ ρ
RS

S +
γ2π2

G [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

f (πG + πL + πU)

ρ
+

γ2πG (πU + πL) [λαG + (δ+ ρ) βG]2

ρµG (δ+ ρ)2
−

γ2π2
UεU [λαU + (δ+ ρ) βU ]2

2ρ (δ+ ρ)2 (1− εU)
2 µU

+

γ2πL (2πG + 2πU + πL) [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 (1− εL)µL
−

γ2π2
LεL [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 (1− εL)
2 µL

+
γωπU [λαU + (δ+ ρ) βU ]

ρ (δ+ ρ) (1− εU)µU
+

γ2πU (2πG + 2πL + πU) [λαU + (δ+ ρ) βU ]2

2ρ (δ+ ρ)2 (1− εU)µU
=

λγ (πG + πL + πU)

δ+ ρ
RS

S+

γ2πG (πG + 2πL + 2πU) [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

γ2 (2πG + πL) (2πG + 3πL + 4πU) [λαL + (δ+ ρ) βL]2

8ρ (δ+ ρ)2 µL
+

γ2 (2πG + πU) (2πG + 4πL + 3πU) [λαU + (δ+ ρ) βU ]2

8ρ (δ+ ρ)2 µU
+

ωγ (2πG + πU) [λαU + (δ+ ρ) βU ]
2ρ (δ+ ρ)µU

+
f (πG + πL + πU)

ρ
(66)

Verification 3: Based on the knowledge of optimal control
theory, we used backward induction. The problem of the
optimal control of opinion leaders and Internet users is first
studied. The HJB equations of the optimal benefit functions of
opinion leaders and Internet users are:

ρVS
L (R) =

max
EL

ωEU + πLf + πLγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
(1− εL)µLE2

L + VS′
L [αGEG + αLEL + αU EU − δR]


(67)

ρVS
U (R) =

max
EU

{
πU f + πUγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
(1− εU)µU E2

U + VS′
U [αGEG + αLEL + αU EU − δR]

}
(68)

The maximum first-order condition can be obtained by
solving for EL on the right side of Equation 67 and EU on the
right side of Equation 68:

ES
L =

πLγβL + αLVS′
L

µL (1− εL)
(69)

ES
U =

πUγβU + αU VS′
U

µU (1− εU)
(70)

The problem of optimal control of the government is then
analyzed. The HJB equation of the government’s optimal benefit
function is:

ρVS
G (R) = max

EG,εL,εU


πGf + πGγ [λR+ βGEG + βLEL + βU EU ]

−
1
2
µGE2

G −
1
2
εLµLE2

L −
1
2
εUµU E2

U

+VS′
G [αGEG + αLEL + αU EU − δR]


(71)

The maximum first-order condition can be obtained by
solving for EG on the right side of Equation 71:

ES
G =

πGγβG + αGVS′
G

µG
(72)

Bringing Equations 69, 70 into Equation 71 yields:

ρVS
G (R) = max

EG,εL,εU



πGf −
1
2
µGE2

G −
1
2
εLµL

[
πLγβL + αLVS′

L
µL (1− εL)

]2

+πGγ


λR+

βL

(
πLγβL + αLVS′

L

)
µL (1− εL)

+

βU

(
πUγβU + αU VS′

U

)
µU (1− εU )

+ βGEG


−

1
2
εUµU

[
πUγβU + αU VS′

U
µU (1− εU )

]2

+VS′
G


αGEG +

αL

(
πLγβL + αLVS′

L

)
µL (1− εL)

+

αU

(
πUγβU + αU VS′

U

)
µU (1− εU )

− δR




(73)

The maximum first-order conditions are obtained by solving
for εL and εU on the right side of Equation 73:

εL =


2
(
αLVS′

G + γβLπG

)
−

(
γβLπL + αLVS′

L

)
2
(
αLVS′

G + γβLπG

)
+

(
γβLπL + αLVS′

L

) ,BL > CL

0,BL < CL
(74)

BL = 2
(
αLVS′

G + γβLπG

)
,CL = γβLπL + αLVS′

L .

εU =


2
(
αU VS′

G + γβUπG

)
−

(
γβUπU + αU VS′

U

)
2
(
αU VS′

G + γβUπG

)
+

(
γβUπU + αU VS′

U

) ,BU > CU

0,BU < CU
(75)

BU = 2
(
αU VS′

G + γβUπU

)
,CU = γβUπU + αU VS′

U .
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Equations 69, 70, and 72 are used in Equations 67, 68, and
71 to obtain the following:

ρVS
L (R) =

(
λπLγ− δVS′

L

)
R+

ω
(
αU VS′

U + βUπUγ
)

µU (1− εU)

+VS′
L



αL

(
αLVS′

L + βLπLγ
)

µL (1− εL)

+

αU

(
αU VS′

U + βUπUγ
)

µU (1− εU)

+

αG

(
αGVS′

G + βGπGγ
)

µG


+ πLf

+πLγ



βG

(
αGVS′

G + βGπGγ
)

µG

+

βL

(
αLVS′

L + βLπLγ
)

µL (1− εL)

+

βU

(
αU VS′

U + βUπUγ
)

µU (1− εU)


+

εLµL

(
αLVS′

L + βLπLγ
)2

2µ2
L (1− εL)

2 −

µL

(
αLVS′

L + βLπLγ
)2

2µ2
L (1− εL)

2

(76)

ρVS
U (R) =

(
λπUγ− δVS′

U

)
R+ πU f−

µU

(
αU VS′

U + βUπUγ
)2

2µ2
U (1− εU)

2 +

εUµU

(
αU VS′

U + βUπUγ
)2

2µ2
U (1− εU)

2 +

πUγ


βG

(
αGVS′

G + βGπGγ
)

µG
+

βL

(
αLVS′

L + βLπLγ
)

µL (1− εL)

+

βU

(
αU VS′

U + βUπUγ
)

µU (1− εU)

+

VS′
U


αL

(
αLVS′

L + βLπLγ
)

µL (1− εL)
+

αU

(
αU VS′

U + βUπUγ
)

µU (1− εU)

+

αG

(
αGVS′

G + βGπGγ
)

µG

 (77)

ρVS
G (R) =

(
λπGγ− δVS′

G

)
R+ πGf −

(
αGVS′

G + βGπGγ
)2

2µG
+

VS′
G


αL

(
αLVS′

L + βLπLγ
)

µL (1− εL)
+

αU

(
αU VS′

U + βUπUγ
)

µU (1− εU)

+

αG

(
αGVS′

G + βGπGγ
)

µG

+ πGγ


βG

(
αGVS′

G + βGπGγ
)

µG
+

βU

(
αU VS′

U + βUπUγ
)

µU (1− εU)

+

βL

(
αLVS′

L + βLπLγ
)

µL (1− εL)



−

εL

(
αLVS′

L + βLπLγ
)2

2µL (1− εL)
2 −

εU

(
αU VS′

U + βUπUγ
)2

2µU (1− εU)
2 (78)

By observing the structural characteristics of Equations 76–
78, the analytical formulae for VS

G (R) and VS
L (R) on R can be

given as follows:

VS
G (R) = i1R+ i2 (79)

VS
L (R) = j1R+ j2 (80)

VS
U (R) = k1R+ k2 (81)

where i1, i2, j1, j2, k1, and k2 are constants. Furthermore,

VS′
G (R) = i1 (82)

VS′
G (R) = i1 (83)

VS′
U (R) = k1 (84)

By using the method of undetermined coefficients, Equations
79–84 are used in Equations 76–78 to obtain the values of i1,
i2, j1, j2, k1, and k2:

i1 =
λπGγ

δ+ ρ
(85)

i2 =
γ2π2

G [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

πGf
ρ
+

πGπUγ2 [λαU + (δ+ ρ) βU ]2

ρ (δ+ ρ)2 (1− εU)µU
+

πGπLγ
2 [λαL + (δ+ ρ) βL]2

ρ (δ+ ρ)2 (1− εL)µL

−
γ2π2

UεU [λαU + (δ+ ρ) βU ]2

2ρ (δ+ ρ)2 (1− εU)
2 µU

−
γ2π2

LεL [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 (1− εL)
2 µL

(86)

j1 =
λπLγ

δ+ ρ
(87)

j2 =
γωπU [λαU + (δ+ ρ) βU ]

ρ (δ+ ρ) (1− εU)µU
+

γ2πGπL [λαG + (δ+ ρ) βG]2

ρµG (δ+ ρ)2
+

γ2πUπL [λαU + (δ+ ρ) βU ]2

ρ (1− εU)µU (δ+ ρ)2

+
πLf
ρ
+

γ2π2
L [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 (1− εL)µL
(88)

k1 =
λπUγ

δ+ ρ
(89)
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k2 =
γ2π2

U [λαU + (δ+ ρ) βU ]2

2ρ (1− εU)µU (δ+ ρ)2
+

γ2πGπU [λαG + (δ+ ρ) βG]2

µGρ (δ+ ρ)2
+

γ2πLπU [λαL + (δ+ ρ) βL]2

ρ (1− εL)µL (δ+ ρ)2
+

f πU

ρ
(90)

By substituting the values of i1, j1, and k1 into Equations
74, 75, the ratios of the cost-related subsidies provided by
the government to opinion leaders and Internet users can be
obtained from Equations 57, 58. The values of i2, j2, and k2 in
the case of 2πG > πL and 2πG > πU can then be obtained by
using Equations 57, 58 in Equations 86, 88, and 90:

i2 =
γ2 (πL + 2πG)

2 [λαL + (δ+ ρ) βL]2

8ρ (δ+ ρ)2 µL
+

γ2π2
G [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

f πG

ρ
+

γ2 (πU + 2πG)
2 [λαU + (δ+ ρ) βU ]2

8ρ (δ+ ρ)2 µU
(91)

j2 =
γ2πGπL [λαG + (δ+ ρ) βG]2

ρ (δ+ ρ)2 µG
+

f πL

ρ
+

γ2πL (2πG + πL) [λαL + (δ+ ρ) βL]2

4ρ (δ+ ρ)2 µL
+

ωγ (2πG + πU) [λαU + (δ+ ρ) βU ]
2ρ (δ+ ρ)µU

+

γ2πL (2πG + πU) [λαU + (δ+ ρ) βU ]2

2ρ (δ+ ρ)2 µU
(92)

k2 =
γ2πGπU [λαG + (δ+ ρ) βG]2

ρ (δ+ ρ)2 µG
+

πU f
ρ
+

γ2πU (2πG + πL) [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 µL
+

γ2πU (2πG + πU) [λαU + (δ+ ρ) βU ]2

4ρ (δ+ ρ)2 µU
(93)

By substituting the values of i1, j1, k1, εL, and εU into
Equations 69, 70, and 72, the optimal equilibrium strategies
of the government, opinion leaders, and Internet users can
be obtained from Equations 59–61. These optimal equilibrium
strategies can be used in turn to obtain the optimal trajectory
and steady-state value of the total amount of real information
(Equation 62). By entering the values of i1, i2, j1, j2, k1, and k2

into Equations 79–81, we can get the optimal benefits for the
government, opinion leaders, and Internet users from Equations
63–65 as well as the optimal benefits of the system to correct false
information from Equation (66). Theorem 3 is thus proven.

Deduction 3
Theorem 3 shows that when the conditions 2πG > πL and

2πG > πU are not satisfied, the optimal equilibrium strategies
(i.e., efforts) of the government, opinion leaders, and Internet
users are not affected by one another. Consistent with the
scenario of decentralized decision-making, the degree of effort
of an entity is related only to its own relevant parameters.
When the conditions 2πG > πL and 2πG > πU are satisfied,
that is, in the case of cost-subsidized decision-making, opinion
leaders and Internet users receive a certain ratio of subsidies.
At this time, the optimal equilibrium strategy (i.e., effort) of
each entity is also affected by these government subsidies. The
optimal trajectory of the total amount of real information is then
determined by the efforts of each entity. The steady-state value
of the total amount of real information is positively correlated
with the optimal benefits for the three entities as well as the
benefit of the entire system to correct false information. This
means that the greater the effort invested, the greater the steady-
state value of the total amount of real information, and the
greater the benefits to the entity and the benefits of the system.
The specific relationships of impact are shown in Table 3.

Analysis of the model

Comparative analysis

Theorem 3 shows that in the case of cost-subsidized
decision-making, the government will provide opinion leaders

TABLE 3 The effects of the parameters on the optimal equilibrium strategies of the government, opinion leaders, and Internet users under
cost-subsidized decision-making.

γ π G π L π U λ α G α L α U β G β L β U µ G µ L µ U

EG
N +1 +1 0 0 +1 +1 0 0 +1 0 0 −1 0 0

EL
N +1 0 +1 0 +1 0 +1 0 0 +1 0 0 −1 0

EU
N +1 0 0 +1 +1 0 0 +1 0 0 +1 0 0 −1

εL 0 +1 −1 0 0 0 0 0 0 0 0 0 0 0

εU 0 +1 0 −1 0 0 0 0 0 0 0 0 0 0

+1 for positive impact,−1 for negative impact, and 0 for no impact.
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and Internet users with certain cost subsidies to satisfy2πG >

πL and 2πG > πU . Therefore, we analyze the model under the
premise of2πG > πL and 2πG > πU . We compared the optimal
equilibrium strategy of each actor, the steady-state value of the
total amount of real information, the optimal benefits to each
actor, and the optimal benefits of the entire system to correct
false information under different decision-making scenarios.
The following inferences were made:

Deduction 1
When 2πG > πL and 2πG > πU are satisfied, the order

of optimal strategies for the government under scenarios of
decentralized, centralized, and subsidized decision-making is

EN∗
L <ES∗

L <EC∗
L

, that for opinion leaders under the scenarios
of decentralized, centralized, and subsidized decision-making
isEN∗

L <ES∗
L <EC∗

L
, and that for Internet users isEN∗

U <ES∗
U <EC∗

U
.

Verification 4
We also compared the optimal equilibrium strategies of

the government (Equations 10, 40, and 59), opinion leaders
(Equations 11, 41, and 60), and netizens (Equations 12, 42, and
61): EN∗

G − ES∗
G =0

EC∗
G − EN∗

G =
γπG [λαG + βG (δ+ ρ)]

µG (δ+ ρ)
> 0

(94)
ES∗

L − EN∗
L =

γ (2πG − πL) [βL (δ+ ρ)+ αLλ]
2µL (δ+ ρ)

> 0

EC∗
L − ES∗

L =
γ (πL + 2πU) [βL (δ+ ρ)+ αLλ]

2µL (δ+ ρ)
> 0

(95)


ES∗

U − EN∗
U =

γ (2πG − πU) [βU (δ+ ρ)+ αUλ]
2µU (δ+ ρ)

> 0

EC∗
U − ES∗

U

=
2ω (δ+ ρ)+ γ [βU (δ+ ρ)+ αUλ] (2πL + πU)

2µU (δ+ ρ)
> 0

(96)
Because all the parameters in Equations (94), (95), and (96) are
non-negative,EN∗

G =ES∗
G < EC∗

G , EN∗
L < ES∗

L < EC∗
L , and EN∗

U <

ES∗
U < EC∗

U . This verifies deduction 1.
Deduction 1 shows that when the government’s marginal

flow revenue exceeded the respective marginal flow revenues of
opinion leaders and Internet users by two times, their optimal
efforts were Pareto-optimal in the case of centralized decision-
making. Unlike in the case of decentralized decision-making, the
opinion leaders and Internet users received cost subsidies from
the government in the case of cost-subsidized decision-making
such that their optimal efforts achieved Pareto improvement.
The optimal effort by the government was the same in the cases
of both decentralized and cost-subsidized decision-making.

Deduction 2
When 2πG > πL and 2πG > πU were satisfied, the steady-

state values of the total amount of real information under the
decentralized, centralized, and cost-subsidized decision-making
scenarios wereRN

S <RS
S <RC

S
.

Verification 5
We compared these steady-state values (Equations 13, 43,

and 62) and obtained the following:

RC
S − RS

S =
αGγ [βG (δ+ ρ)+ αGλ] (πL + πU)

δµG (δ+ ρ)

+
αLγ [βL (δ+ ρ)+ αLλ] (πL + 2πU)

2δµL (δ+ ρ)

+

2αUω (δ+ ρ)+ αUγ

[βU (δ+ ρ)+ αUλ] (2πL + πU)

2δµU (δ+ ρ)

RS
S − RN

S =
αLγ (2πG − πL) [βL (δ+ ρ)+ αLλ]

2δµL (δ+ ρ)

+
αUγ (2πG − πU) [βU (δ+ ρ)+ αUλ]

2δµU (δ+ ρ)

(97)

Because all parameters in Equation 97 are non-negative,RN
S <

RS
S < RC

S . This verifies deduction 2.
Deduction 2 shows that when two times the revenue

of marginal flow of the government exceeded the respective
revenues of the marginal flow of the opinion leaders and
Internet users in all three scenarios, the steady-state value of
the total amount of real information was Pareto-optimal in the
case of centralized decision-making. Unlike in decentralized
decision-making, the steady-state value of the total amount of
real information achieved Pareto improvement in the case of
cost-subsidized decision-making.

Deduction 3
When 2πG > πL and 2πG > πU were satisfied, the order

of the optimal benefits for the government under decentralized
and subsidized decision-making wasVN∗

G (R) < VS∗
G (R), that for

opinion leaders wasVN∗
L (R) < VS∗

L (R), and that for Internet
users wasVN∗

U (R) < VS∗
U (R).

The order of the optimal benefits of the system to
correct false information under decentralized, centralized,
and subsidized decision-making was: VN∗ (R) < VS∗ (R) <
VC∗
= (R).

Verification 6
In the case of centralized decision-making, the government,

opinion leaders, and Internet users all made decisions to
maximize the benefits of the system. Therefore, we compared
only the optimal benefits of the three in the cases of
decentralized and cost-subsidized decision-making. First, we
compared the optimal benefits of the government (Equations
14, 63), opinion leaders (Equations 15, 64), and Internet users
(Equations 16, 65):

VS∗
G (R)− VN∗

G (R) =
λπGγ

δ+ ρ

(
RS

S − RN
S
)
+

γ2 (πL − 2πG)
2 [λαL + (δ+ ρ) βL]2

8ρ (δ+ ρ)2 µL
+

γ2 (πU − 2πG)
2 [λαU + (δ+ ρ) βU ]2

8ρ (δ+ ρ)2 µU
(98)
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VS∗
L (R)− VN∗

L (R) =
λπLγ

δ+ ρ

(
RS

S − RN
S
)
+

γ2πL (2πG − πL) [λαL + (δ+ ρ) βL]2

4ρ (δ+ ρ)2 µL
+

ωγ (2πG − πU) [λαU + (δ+ ρ) βU ]
2ρ (δ+ ρ)µU

+

γ2πL (2πG − πU) [λαU + (δ+ ρ) βU ]2

2ρ (δ+ ρ)2 µU
(99)

VS∗
U (R)− VN∗

U (R) =
λπUγ

δ+ ρ

(
RS

S − RN
S
)
+

γ2πU (2πG − πL) [λαL + (δ+ ρ) βL]2

2ρ (δ+ ρ)2 µL
+

γ2πU (2πG − πU) [λαU + (δ+ ρ) βU ]2

4ρ (δ+ ρ)2 µU
(100)

Deduction 2 shows that the steady-state value of the total
amount of real information under the cost-subsidized decision-
making scenario was greater than that under the decentralized
decision-making scenario. As the parameters in Equations 98–
100 are non-negative, we can getVN∗

G (R) < VS∗
G (R), VN∗

L (R) <
VS∗

L (R), and VN∗
U (R) < VS∗

U (R).
Second, we compared the optimal benefits of the system to

correct false information (Equations 17, 44, and 66). Because the
optimal benefit of the system is the sum of the optimal benefits
of each actor in the system, andVN∗

G (R) < VS∗
G (R), VN∗

L (R) <
VS∗

L (R), and VN∗
U (R) < VS∗

U (R), then the optimal benefit of the
system under the decentralized decision-making scenario must
be smaller than that under the cost-subsidized decision-making
scenario. Therefore, only the optimal benefits (Equations 44,
66) of the system under the centralized and cost-subsidized
decision-making scenarios were compared:

VC∗ (R)− VS∗ (R) =
λγ (πG + πL + πU)

δ+ ρ

(
RC

S − RS
S
)
+

γ2 (πL+πU)
2 [λαG + (δ+ ρ) βG]2

2ρ (δ+ ρ)2 µG
+

γ2 (2πG+πL)
2 [λαL + (δ+ ρ) βL]2

8ρ (δ+ ρ)2 µL
+

ω2
+ γωβU (2πL+πU)

2ρµU
+

γ2 (2πL+πU)
2 ([λαU + (δ+ ρ) βU ]2)

8ρ (δ+ ρ)2 µU
+

(2πL+πU) γλωαU

2ρ (δ+ ρ)µU
(101)

Deduction 2 shows that the steady-state value of the
total amount of real information under the cost-subsidized
decision-making scenario was smaller than that under the
centralized decision-making scenario. As all the parameters in
Equation 101 are non-negative,VN∗ (R) < VS∗ (R) < VC∗ (R).
Deduction 3 is thus proven.

Deduction 3 shows that when the revenue of the
government’s marginal flow exceeded the revenue of opinion
leaders’ and Internet users’ marginal flows in all three scenarios,
the optimal benefit of the system to correct false information
achieved Pareto optimality in the case of centralized decision-
making. Unlike in decentralized decision-making, the optimal
benefits of the system to correct false information attained
Pareto improvement in the case of cost-subsidized decision-
making. The optimal benefits for the government, opinion
leaders, and Internet users were also higher in this scenario.

Numerical simulation of equilibrium
results of the game

The above theoretical analysis shows the decisions of the
government, opinion leaders, and Internet users under different
scenarios. The optimal effort, optimal benefit of each actor, total
amount of real information, and optimal benefit of the system
to correct false information were influenced by the parameters
considered here. We used MATLAB 2017 to provide a more
intuitive, simulation-based analysis of the impacts of different
parameters on the results of the model. The results are as follows:


µG = 3,µL = 1.7,µU = 1.2, αG = 2.5,
αL = 1.8, αU = 1.3, δ = 1,
R0 = 0, f = 1, γ = 0.6, βG = 1.8, βL = 1.4, βU = 1.1,
ρ = 0.2,πG = 3,πL = 2.4,πU = 1.8,ω = 1.3,λ = 0.7

(102)
We obtained the equilibrium results of the differential game

model under the three scenarios of decentralized, centralized,
and cost-subsidized decision-making based on the results of the
above assignments (Equation 102), as shown in Table 4.

The results inTable 4 verify the correctness of the theoretical
analysis of deductions 1–3 above.

We used the results (Equation 102) to conduct simulations
to analyze the trajectory of change in the total amount of real
information, the total incomes of the three actors, and the
total income of the system to correct false information under
the different decision-making scenarios considered here. We
set R0 to zero and 35 and ran the program two times while
keeping the values of the other parameters unchanged. Figure 1
depicts the time-evolution trajectories of the total amount of
real information when the initial values were zero and 35.
The trends of the total incomes over time of the government,
opinion leaders, and Internet users are shown in Figures 2–4,
respectively. The trend of income of the system to correct false
information over time is shown in Figure 5.

Figure 1 shows that regardless of the initial value of the
total amount of real information on the social platform, it
eventually converged to the same steady-state value over time.
This shows that the steady-state value of the total amount
of real information was independent of its initial value, and
was related only to the decision-making scenario. This value
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TABLE 4 Equilibrium results of the differential game model in scenarios of decentralized, centralized, and cost-subsidized decision-making.

Decentralized decision Centralized decision Cost-subsidized decision

EG 1.8300 4.3920 1.8300

EL 1.9482 5.8447 3.4094

EU 1.5750 7.3833 3.4125

εL − − 0.4286

εU − − 0.5385

RS 10.1293 31.0988 15.1482

VG 114.3679 − 138.0880

VL 105.6938 − 156.5022

VU 76.2489 − 105.7891

VS 296.3106 556.5692 400.3792

FIGURE 1

The trajectories of the evolution of the total amount of real
information in the cases of decentralized, centralized, and
cost-subsidized decision-making when R0 = 0 and 35.

FIGURE 2

The trends of the gross revenue of the government under the
decentralized and subsidized decision-making scenarios.

was the largest in the case of centralized decision-making,
followed by cost-subsidized and decentralized decision-making.
Figures 2–4 show that regardless of whether decentralized or
subsidized decision-making was considered, the total revenues
of the government, opinion leaders, and Internet users increased
over time but did not grow further after reaching a certain value.
The total revenue of the three actors under the cost-subsidized
decision-making scenario was greater than that under the
decentralized scenario. However, the government needed to
bear the costs of additional subsidies in the former scenario.
However, because of the total amount of real information
attained by Pareto improvement, the government’s income from
social platforms also achieved Pareto improvement. Figure 5
shows that the total revenue of the system to correct false
information increased over time regardless of the decision-
making scenario considered, but did not increase after reaching
a certain value. This revenue was the largest under the
centralized decision-making scenario, followed by the cost-
subsidized and decentralized decision-making scenarios.

Sensitivity analysis of related
parameters

We conducted a sensitivity analysis of the important
parameters in our model. Diagrams of the sensitivity analysis
of only some parameters are provided below. The remaining
parameters were subjected to a sensitivity analysis ranging from
small to large according to reference values of −20, −10, +10,
and +20%. The influence of the changes in the parameter values
on the equilibrium results of the model was analyzed. The results
are shown in Table 5.

The influence of µL and βG on the total amount of real
information under decentralized decision-making, that of ω and
µG on the total amount of real information under centralized
decision-making, and the impact of µU and µG on the total
amount of real information under cost-subsidized decision-
making is shown in Figures 6–8, respectively.
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FIGURE 3

Trends of the total income of opinion leaders under the
decentralized and subsidized decision-making scenarios.

FIGURE 4

Trends of the total revenue of Internet users under the
decentralized and subsidized decision-making scenarios.

Figure 6 shows that in the case of decentralized decision-
making, the coefficient of the cost of efforts by opinion
leaders was negatively correlated with the total amount of
real information while that of the government was positively
correlated with it. Figure 7 shows that in the case of centralized
decision-making, the direct interests of opinion leaders and
Internet users had no impact on the total amount of real
information. This means that the value of ω did not influence
the amount of real information. The coefficient of the cost
of government effort was negatively correlated with the total
amount of real information in this case. Figure 8 shows
that under the cost-subsidized decision-making scenario, the
revenue of marginal flow of the government was positively
correlated with the total amount of real information, while
the coefficient of the cost of government effort was negatively
correlated with it.

The results in Table 5 show the following:

FIGURE 5

Trends of the total revenue of the system to correct false
information under the decentralized, centralized, and subsidized
decision-making scenarios.

(1) Regardless of the decision-making scenario considered,
the degree of attention accorded after the occurrence of
major emergencies, the coefficients of influence of the
government, opinion leaders, and Internet users on social
platforms, their marginal flow incomes, the coefficient of
influence of their own efforts on the total amount of real
information, and the coefficient of influence of the total
amount of real information on its flow had a positive
impact on the equilibrium results of the model.

(2) Regardless of the decision-making scenario considered,
the coefficients of the cost of effort, subsidies, and the
coefficients of the dissemination of real information of
the government, opinion leaders, and Internet users had a
negative impact on the equilibrium results of the model.

(3) Regardless of the decision-making scenario considered,
the initial traffic on social platforms had a positive
impact on the total revenue of the system to correct
misinformation. However, it had no effect on the total
amount of real information. The direct interests of opinion
leaders and Internet users had a positive impact on the total
income of the system to correct false information in any
decision-making scenario, but only in centralized decision-
making situations did they have a positive impact on the
total amount of real information and had no impact on it
in the other two decision-making scenarios considered.

Conclusion

A large amount of false information related to major
incidents appears and spreads quickly on social networking
platforms soon after their occurrence. This can cause public
panic and threaten social stability. In this context, this article
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TABLE 5 Sensitivity analysis of each parameter in the model.

Parameter RN
S VN∗

(R) RC
S VC∗

(R) RS
S VS∗

(R)

λ = (0.56→ 0.84) +1 +1 +1 +1 +1 +1

ω = (1.04→ 1.56) 0 +1 +1 +1 0 +1

γ = (0.48→ 0.72) +1 +1 +1 +1 +1 +1

f = (0.8→ 1.2) 0 +1 0 +1 0 +1

µG = (2.4→ 3.6) −1 −1 −1 −1 −1 −1

µL = (1.36→ 2.04) −1 −1 −1 −1 −1 −1

µU = (0.96→ 1.44) −1 −1 −1 −1 −1 −1

πG = (2.4→ 3.6) +1 +1 +1 +1 +1 +1

πL = (1.92→ 2.88) +1 +1 +1 +1 +1 +1

πU = (1.504→ 2.256) +1 +1 +1 +1 +1 +1

αG = (2→ 3) +1 +1 +1 +1 +1 +1

αL = (1.44→ 2.16) +1 +1 +1 +1 +1 +1

αU = (1.04→ 1.56) +1 +1 +1 +1 +1 +1

βG = (1.44→ 2.16) +1 +1 +1 +1 +1 +1

βL = (1.12→ 1.68) +1 +1 +1 +1 +1 +1

βU = (0.88→ 1.32) +1 +1 +1 +1 +1 +1

δ = (0.8→ 1.2) −1 −1 −1 −1 −1 −1

ρ = (0.16→ 0.24) −1 −1 −1 −1 −1 −1

+1 indicates positive correlation,−1 indicates negative correlation, and 0 indicates no correlation.

FIGURE 6

Effects of µL and βG on the total amount of real information under decentralized decision-making.
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FIGURE 7

The influence of ω and µG on the total amount of real information under centralized decision-making.

FIGURE 8

Impact of πG and µG on the total amount of real information under cost-subsidized decision-making.
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regarded the government, opinion leaders, and Internet users as
part of a system to correct false information. We used optimal
control theory and differential game theory to formulate a
differential game model under three decision-making scenarios:
decentralized, centralized, and cost-subsidized. By solving for
the optimal equilibrium strategy of each actor in the model
under the different decision-making situations, we obtained
their respective optimal benefits, the optimal trajectory of the
total amount of real information in the system, and the optimal
benefits of the system to correct false information. The following
conclusions were obtained:

(1) In the case of decentralized decision-making, the optimal
equilibrium strategies of the government, opinion leaders,
and Internet users, their respective optimal benefits, the
optimal trajectory of the total amount of real information,
and the optimal benefits of the system to correct false
information were the lowest. This is because all three actors
made decisions to maximize their own interests in this
case and did not consider the interests of one another.
Such decision-making situations are most likely to occur
in practice, and minimizing the adverse effects of false
information is challenging in such cases.

(2) In centralized decision-making situations, each actor
made decisions to maximize the benefit of the system.
Although this increased the cost of their own effort,
the overall system achieved global Pareto optimality.
However, opinion leaders and Internet users are bound
by their own benefits in the real world. Therefore,
centralized decision-making is only an unrepresentative
theoretical possibility.

(3) In the case of cost-subsidized decision-making, the
government provided certain subsidies to opinion leaders
and Internet users to motivate them to participate in
correcting false information. This reduced the cost of
their efforts. The equilibrium results of the model,
in this case, did not reach global Pareto optimality.
However, they attained a certain degree of Pareto
improvement compared with decentralized decision-
making. This kind of decision-making scenario is the
most valuable reference for practical use. Because the
government is responsible for maintaining social stability,
it should provide appropriate cost subsidies to opinion

leaders and Internet users in order to reduce public panic
by combating online misinformation.
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