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Abstract

Principal component analysis (PCA) is indispensable for processing high-throughput omics datasets, as it
can extract meaningful biological variability while minimizing the influence of noise. However, the suitability of
PCA is contingent on appropriate normalization and transformation of count data, and accurate selection of the
number of principal components; improper choices can result in the loss of biological information or corruption of
the signal due to excessive noise. Typical approaches to these challenges rely on heuristics that lack theoretical
foundations. In this work, we present Biwhitened PCA (BiPCA), a theoretically grounded framework for rank
estimation and data denoising across a wide range of omics modalities. BiPCA overcomes a fundamental difficulty
with handling count noise in omics data by adaptively rescaling the rows and columns — a rigorous procedure that
standardizes the noise variances across both dimensions. Through simulations and analysis of over 100 datasets
spanning seven omics modalities, we demonstrate that BiPCA reliably recovers the data rank and enhances the
biological interpretability of count data. In particular, BIPCA enhances marker gene expression, preserves cell
neighborhoods, and mitigates batch effects. Our results establish BiPCA as a robust and versatile framework for
high-throughput count data analysis.

1 Introduction

The discrete nature of biomolecules has driven the widespread use of count data in modern biology. Various experi-
mental methods are based on counting unique entities such as RNA transcripts, open chromatin regions, or proteins
in order to characterize biological phenomena and processes across different scales, from single cells to tissues, and
entire organisms [I}, 2| Bl [4]. High-throughput sequencing and imaging technologies are now regularly applied to
diverse modalities to produce vast, high-dimensional count datasets at an unprecedented rate [5l 6] [7, [8, [9] [10].
However, while these datasets are readily collected, their analysis is often complicated by technical biases, noise, and
inherent measurement variability associated with discrete counts [8] [11], [12] [13]. These obstacles necessitate robust
data preprocessing and normalization methods.

Standard pipelines for preprocessing count data typically begin with quality-control filtering, proceed with
modality-specific heuristic normalizations, and often conclude with principal component analysis (PCA) employed for
dimensionality reduction and denoising [14} [15]. However, downstream analysis can be highly sensitive to the choice
of normalization techniques and the rank used in the PCA step [16]. For example, for single-cell RNA sequencing,
differences in preprocessing can strongly affect interpretations of the same experiment and may result in the omission
of true biological signals or false discoveries due to noise [17, [18, [19, 20, 21]. At the same time, many preprocessing
procedures often lack rigorous justifications and there has been disagreement about the most appropriate statistical
models and estimation procedures [22] 23] [24] [25] [26] 27, 28] 29]. Furthermore, the rank selection for the subsequent
PCA step is often not principled, instead relying on manual selection or subjective preference.

On a different front, several methods for the analysis of single-cell RNA sequencing data have been recently
proposed based on random matrix theory [30} [31] [32] [33] [34]. Random matrix theory can describe the results of
applying PCA to a purely random matrix, and shows that under the assumption of uniform noise, PCA eigenvalues
follow the Marchenko-Pastur (MP) distribution [35]. However, these results are not directly applicable to count data.
The aforementioned methods try to transform the data into standard Gaussians and then use the MP distribution to
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separate signal from the noise. These transformations are heavily based on heuristics and do not provide a guarantee
of optimal fit and signal preservation. Furthermore, many count modalities exhibit varying dispersions, which could
significantly skew the assumed normality. It is not clear how these methods can be generalized to these distributions.

To address these issues, we developed an adaptive two-step pipeline for preprocessing non-negative count data,
biwhitened principal component analysis (BiPCA). Like PCA, BiPCA assumes that without the noise, the data would
be constrained to a low-dimensional subspace. In contrast to standard PCA, BiPCA first finds an optimal rescaling
of the rows and columns of the data termed biwhitening [36]. This rescaling makes the noise homoscedastic and
analytically tractable, revealing the rank of the underlying signal. After biwhitening, BiPCA recovers the low-rank
signals by removing the transformed noise with optimal denoising techniques [37] 38, 39, [40]. BiPCA is supported
by mathematical theory, bridging the gap between previous results in random matrix theory and matrix denoising.
Importantly, the pipeline is both verifiable, emitting a goodness-of-fit metric for assessing suitability to a given
dataset, and adaptable, alleviating the need to select hyperparameters.

We demonstrate that BiPCA can robustly and effectively estimate the true data dimensionality through simu-
lations and apply it to 123 real datasets from 40 data sources across seven disparate modalities: single cell/nucleus
RNA sequencing (scRNA-seq), single cell/nucleus ATAC sequencing (scATAC-seq), spatial transcriptomics, single
cell/nucleus methylomics, calcium imaging, single nucleotide polymorphisms (SNPs), and chromatin conformation
capture (Hi-C). We demonstrate the importance of choosing the correct rank for downstream single-cell analyses
and highlight BiPCA’s ability to reveal the underlying structures in a range of datasets. In addition, we show that
BiPCA can greatly improve biological signals compared to other methods, including enhancing marker gene expres-
sions, preserving cell neighborhoods, and mitigating batch effects. BiPCA is available as an open-source Python
package at https://github.com/KlugerLab/bipcal

2 Results

2.1 Overview of Biwhitened Principal Component Analysis

We propose a general, hyperparameter-free, and verifiable pipeline for preprocessing non-negative matrices sampled
from a wide range of distributions. Our approach combines our recent method for normalizing random noise matrices
[36] with state-of-the-art techniques for recovering low-rank signals from observations contaminated by homoscedastic
noise [40]. We couple these techniques to construct a two-step pipeline that recovers a low-rank matrix of latent
means from data contaminated by heteroscedastic noise; our pipeline is illustrated in [Fig. Th.

We model the observed entries of an m x n data matri Y as the sum of a low-rank (rank r <« m) mean matrix
Xi; = E[Y;;] and a centered noise matrix &, that is,

Y =X +6€,

where E[&;;] = 0. This formulation covers a range of count distributions, e.g., Y;; ~ Poisson(X;;) where Y;; is
sampled from a Poisson distribution with latent mean X;;. The goal of BiPCA is to denoise Y by estimating the
latent means matrix X.

BiPCA extends PCA and singular value shrinkage to the heteroscedastic regime. When a low-rank
data matrix Y is contaminated by homoscedastic noise, i.e. Var[&;;] = o2 for all entries, the empirical spectral
density of the noise covariance n=*€ET can be explained by the Marchenko-Pastur (MP) distribution [35]. In this
regime, the spectrum of the data covariance n='YYT can be easily split into signal and noise components [36]. As
shown in the right side of , the signal components of the data (i.e., those contributed the signal matrix X)
will correspond to the leading r eigenvalues of the data covariance n~'YY” which are larger than the upper edge
of the MP distribution (3, = o%(1 + \ﬁ)Q, where v = m/n), while the density of the noise components (i.e., those
contributed by &) will agree with the MP distribution. Equivalently, one can perform this operation directly on the
singular value decomposition (SVD) of Y by considering the singular values of n='Y larger than \/ﬁj .

Using the estimated rank, PCA provides a low-dimensional representation of the data while the closely related
truncated SVD provides the closest low-rank approximation to Y. Moreover, the quality of this low-rank approxi-
mation as an estimator of X can be further improved by suitably shrinking the singular values of Y [40].

Unfortunately, homoscedasticity is a restrictive requirement for experimental data. For instance, count distribu-
tions are common models for biological datasets. Even relatively simple count distributions, such as independent
but non-identical Poissons generate data contaminated by heteroscedastic noise [36]. As a result, their spectrum can

1For this exposition, we assume m < n; we can always transpose the data in practice.
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Figure 1: Overview of BiPCA. a: BiPCA consists of two steps: biwhitening and denoising. BiIPCA assumes the
input count data is the sum of a low-rank matrix of data means and a centered noise matrix (left). Biwhitening
(middle) normalizes the rows and columns of the input with whitening factors. Biwhitening ensures that the spectral
components of the data attributable to noise converge to the Marchenko-Pastur (MP) distribution. Denoising (right)
attenuates the effects of noise on the data by removing components with eigenvalues below 5, (red dashed line in the
top panel), or equivalently, removing singular values below \/E (red dashed line in the bottom panel), and shrinking
the singular values above \/E . b: Biwhitening is effective for a variety of biological modalities and technologies.
Each panel shows that the biwhitened empirical spectral distribution of the data (blue histogram) closely follows the
theoretical MP distribution (red dashed curve). The title in each panel indicates the data modality (top) as well as
the specific dataset (bottom). 3, and S_ are the upper and lower edge of each MP distribution. The first panel is
zoomed in around [, to highlight the separation of signal components from noise.

not be directly modeled by the MP distribution, as shown in for a range of modalities. The key idea of our
approach is to first transform the data such that it satisfies the same spectral properties as homoscedastic noise.
We use biwhitening, an algorithm we recently proposed [36]. Biwhitening normalizes the data using row and
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column whitening factors & and v,
Y = D(@)YD(®) = D(a)(X + E)D(®) = X + &,

where X and € are biwhitened signal and noise matrices, and D(@) and D(?) are diagonal matrices of & and ©. The
whitening factors @ and © are named so because they are selected to ensure that the average variance is 1 in each
row and column of the noise matrix &, i.e.,

SyEE]-n ma ye[E]-

When normalized in this manner, the spectrum of g converges to the MP distribution [36]. Because non-zero diagonal
scaling preserves the rank of the original unscaled matrix, we can estimate the rank of X using the spectrum of X ,
which will be given by the singular values of the biwhitened data matrix Y that are not explained by the MP
distribution [36].

Once the data has been transformed to this homoscedastic-like regime, the second step of BiPCA is to estimate
its biwhitened signal matrix X using low-rank approximation. We use singular value shrinkage, which constructs an

estimate X from the spectrum of Y, o B
X =UD(g(3))V",

where Y = U D(é)XN/T is the singular value decomposition of Y and g is an optimal shrinke The shrinkage
function ¢ is derived to optimally estimate an underlying signal matrix according to a prescribed loss function.
Practically speaking, shrinkage by g removes singular values associated with homoscedastic noise, while attenuating
signal singular values according to the amount of noise in their corresponding singular vectors. In this work we
consider the Frobenius shrinker gz, which minimizes the Frobenius loss || X — X ||r [37], though our package contains
implementations of other shrinkers proposed by [40].

After performing biwhitening and singular values shrinkage, BiPCA produces a denoised low-rank matrix that
we subsequently demonstrate is well-suited for downstream analysis. However, further postprocessing steps may be
required depending on the particular goals of the application. For a more in-depth discussion, we direct the reader
to the Methods section.

Biwhitening is applicable to a multitude of data distributions. In [36], we showed that the correct whitening
factors & and © can be learned by solving

1 Ui ~2%7 ~2 1 - 2T ~2
- z;ul Var[Y;;]07 = 1, and . Z:lui Var[Y;;]05 = 1, (1)
= j=

using Sinkhorn matrix scaling [41], where \E[Y] is an unbiased variance estimator, i.e., E [@[Y;j]} = Var[Y;;].

Conveniently, unbiased variance estimates can be computed directly from the data for a large family of distribu-
tions. In particular, if the data Y;; are sampled from a distribution that admits a quadratic relationship between its
variance and mean, namely

Var[Yi;] = a + bXy; + cX7;, (2)
it has a quadratic variance function (QVF) [42]. Distributions of QVFs with ¢ # —1 admit the unbiased variance
estimator
a+bY; + cY @)
1+e¢ '

We refer to the distributional parameters a, b, and ¢ as the intercept, linear, and quadratic coefficients. Distributions
with this property include the normal, log-normal, Poisson, generalized Poisson, gamma, binomial with n > 2,
negative binomial, beta, beta-binomial, and infinitely-many other families of distributions [36].

Var[v;;] =

BiPCA is an adaptive algorithm. While it is reasonable to assume that count datasets may be generated by
a QVF, the underlying parameters a, b, and ¢ are typically unknown. To address this, we developed a data-driven
strategy to learn quadratic variance coefficients. First, we note that for a given data matrix Y, its whitening factors &
and v are solely determined by a, b, and ¢ (Equation (1)|and [Equation (3)). Thus we can parameterize the biwhitened
spectrum of a given matrix by its QVF parameters. Furthermore, since the empirical spectral distribution (ESD) of

2¢(3) is the vector formed by evaluating the scalar function g : R — R on every element of the vector 3.


https://doi.org/10.1101/2025.02.03.636129
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2025.02.03.636129; this version posted February 7, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

Zheng2017
10X2021PBMC

Buenrostro2018 |

10X2022PBMCATAC {
Asp2019
Maynard2021
scRNA-seq [l
1 2

—6—-4—-2 0 2 4 6 —6—-4—-20 2 4 6 SCATAC-seq

true b (logy) true ¢ (logsy) spatial ™ 7 (logyg)
transcriptomics

o
o
o
Q

estimated 7

u
1
1.0 1.5 -3 0

b

3
)

¢ (logy

e f g
° (-
° y b=1 ° °
1 I ° °
107 3 1 ° o °o
© o o 1 ° ° °,
3 ] ) ® 1 0o © 100 o ° éﬁ. 100 ° o o ©
< ] °d.. Seurat/Scanpy o P ° . J Seurat/Scanpy
T 100 o ® ) default: 50 ° o 1 defautt: 50 ° °
S 100 o 50 d—m e e g 2 ———— -—————- 50 f————m g ————————————.
2 3 oo © %O @ Y ..W..o « ] o 9 e o
2 E | ¢ T ° } T .
B 1 . °e g 30 g e © g 30 P ° @
K] 1 e £ ° ﬁ @ £ 1 ° Seoo
3 ® = o ® 5 ° ®e
101 o [ [ d ¢ ° °
T E %, ° 4 ° ° ® ® o .
3 J © scRNA-seq I 1071 o8 o © ®e 107 e oo ° ®e
g 1 © scATACseq 1 o0 e o
£ - - H ° ° ° o o
4 -4 @ spatial transcriptomics ° °
® o2 J eHcC ! ° ° °
10 1
© Calciumimaging H ° o
® SingleCellMethylomics 1 ° °
0+ ®
T T t T T T — T T T T
0 05 1 15 2 103 104 10° 103 104 10°
estimated linear variance b # observations # features

Figure 2: Analysis of BiPCA parameter estimates. a-c: BiPCA correctly estimates data ranks r (a), linear variance
coefficients b (b), and quadratic coefficients ¢ (c¢) in simulations. Ground-truth parameters are shown on the x-axis;
BiPCA estimates are provided on the y-axis. d: Box plot visualization of estimates 7, 5, and ¢ (x-axis) across 6
subsampled datasets (y-axis) grouped by modality (scRNA-seq, scATAC-seq, and spatial transcriptomics). Each
dataset is resampled 10 times with 75% of the rows from the original data. e: Visualization of estimated quadratic
variance coefficients b (x-axis) and ¢ (y-axis) across surveyed datasets. Each dataset is colored by the corresponding
modality. f-g: Relationship between the estimated rank 7 (y-axis) with respect to the number of observations (x-axis
in f) and the number of features (x-axis in g). Datasets are colored by the corresponding modality.

appropriately biwhitened data converges to the MP distribution, goodness-of-fit for a particular choice of parameters
can be measured by using a distributional distance between the normalized data’s ESD and MP law.

Our approach is to minimize the Kolmogorov-Smirnov (KS) distance between the biwhitened ESD and the MP
distribution over the domain of @ = 0, b > 0, and ¢ > 0. This limits our search space to non-negative count
distributions we expect to encounter in real data (besides binomial, which may be specified by the user). In contrast
to other works, which estimate mean-variance relationships in data using the empirical mean and variance of each
feature 28], our optimization does not assume that the data signal is constant across observations. Our pipeline
employs an efficient polynomial approximation-based routine to form estimates b and ¢ in a fixed number of iterations,
which we describe in our methods.

BiPCA is suitable for numerous biological modalities and technologies. To demonstrate the versatility of
our adaptive algorithm across contemporary biological modalities, we tested our approach on a compendium of 123
publicly available biological datasets. This repository included seven modalities: scRNA-seq, scATAC-seq, spatial
transcriptomics, single cell/nucleus methylomics, calcium imaging, SNPs, and Hi-C. When available, we included
datasets sourced from multiple technologies (each with its own capture procedures) for many modalities. |Fig. 1b
demonstrates the MP fits obtained using KS goodness-of-fit optimization on a subset of these real-world datasets.

2.2 Analysis of BiPCA parameter estimates
2.2.1 BiPCA correctly estimates variance parameters and rank in simulations.

To assess the performance of our variance parameter estimation algorithm in a controlled setting, we applied our
procedure to simulated data of prescribed rank and QVF parameters. compares ground truth ranks to
BiPCA rank estimates # in 5000 x 5000 matrices with Poisson-sampled entries. It is evident that BiPCA robustly
recovers the ground truth ranks in all cases. We refer the reader to the supplement section [5.4.1] for more details and
discussions of rank estimation accuracy in more challenging regimes.
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We performed a similar experiment to verify BiPCA’s ability to estimate QVF parameters. [Fig. 2b and [Fig. 2c
compare the ground truth linear and quadratic variance coefficients of simulated 5000 x 5000 rank-1 negative binomial
matrices to BIPCA estimates of these parameters. BiPCA provided accurate estimates (y-axis) of the ground-truth
QVF coefficients (z-axis) in this simulation, though its ability to estimate ¢ became saturated for ¢ > 4.

2.2.2 BiPCA reveals the rank and distributional parameters of many biological data modalities.

After demonstrating that BiPCA accurately estimates data rank and QVF parameters in controlled simulations, we
next aimed to evaluate our algorithm’s parameter estimates across our collection of test datasets.

BiPCA reproducibly estimates the rank and distributional parameters in real data. Reproducible
parameter estimation is vital for real-world analysis. Here, we studied whether the parameter estimates from BiPCA
are consistent with respect to the number of observations in a dataset. We generated distributions of BiPCA
parameter estimates obtained from 10 random subsets with 75% of the observations from six real datasets across three
modalities (scRNA-seq, scATAC-seq, and spatial transcriptomics). [Fig. 2d demonstrates that these distributions
exhibit low variance, indicating that BiPCA is robust to variation in data sampling.

Biological datasets exhibit a range of generating distributions. After validating that BiPCA’s estimates
were consistent across subsets of the same data, we further examined inter-experiment variances of the parameter
estimates. We plot the b and ¢ estimates across a range of datasets colored by modalities in [Fig. 2p. Furthermore,
we concentrate on scRNA-seq, spatial transcriptomics, and scATAC-seq, the three most abundant modalities in the
compendium, to explore the variations across different protocols within each modality, as shown in [Fig. S2h-c.

We observed that the estimated linear variance coeflicient of most scRNA-seq and spatial transcriptomic datasets
was approximately b=1 , —b)7 whereas the estimated quadratic variance coefficient ¢ exhibited a
range of positive values, though most were less than 1. Together, this suggests that the variance estimates from
BiPCA on these modalities fall under negative binomial distributions (b = 1 and ¢ > 0). On the other hand, most
of the 10x datasets we analyzed had similar parameter estimates ); however, we did find that Smart-seq
datasets exhibited a broad range of linear variance and higher quadratic variance in comparison to 10x.

Surprisingly, most scATAC-seq datasets we studied exhibited larger linear variance coefficients than a standard
negative binomial ) The mean b of these datasets was 1.797. Closer inspection revealed that the datasets with
large linear variances were all generated using 10x scATAC-seq protocols (10x Chromium V1 and 10x Multiome).
These protocols use read counts from paired-end reads as count values. It has been shown that paired-end read
counting double counts ATAC data, leading to variance almost twice as large as the mean [13]. One proposed
alternative is to compute fragment counts by rounding all uneven counts to the next highest even number and
halving the resulting read counts [13]. When reanalyzed using this fragment counting procedure, the mean estimated
linear variance coefficient of 10x ATAC datasets was b = 0.971. Despite the differences in terms of count distributions,
we found no substantial differences in terms of the estimated rank between the two counting strategies (Fig. S2d).
We also analyzed data collected using the protocol of the original scATAC-seq work [43], which used fragment counts
as count values in their pipeline. Interestingly, the linear variance coefficient estimate for this data was b= 0.979,
which closely matched the parameters we estimated after applying fragment counting to 10x data. In summary, we
find that the paired-end read counting strategy used by 10x protocols may induce extra linear variance, but when
fragment counting is used, BiPCA estimates that scATAC-seq data is closer to a negative binomial distribution.

Next, we surveyed the estimated data rank across our repository. We evaluated the estimated rank with respect
to the throughput (the number of observations) and the number of features. As shown in and g, the rank
varies dramatically between datasets. As expected, rank is positively correlated with the number of observations
and features both within each modality and across modalities. This indicates that signal complexity grows when
improving throughput and coverage in general. In addition, we observe rank patterns that are specific to different
modalities. For instance, spatial transcriptomics exhibited lower estimated ranks across datasets, likely due to
intrinsic cell or gene throughput limitations across spatial technologies. On the other hand, some datasets have
higher rank estimates, indicating more complex signal structures. Notably, BiPCA estimated that 52.8% of the
scRNA-seq datasets we considered have a higher rank than 50, which is the default number of principal components
to use when performing PCA using Seurat [44] and Scanpy [45] on scRNA-seq data. In We explore the
impact of improper rank selection for data analysis and highlight the importance of using the correct rank.
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2.3 BiPCA enhances downstream single cell analyses

In the ensuing results, we demonstrate BiPCA’s improvement of single cell analyses in comparison to other ap-
proaches. For scRNA-seq datasets, we compared BiPCA with five methods: log-normalization (loglp), log-normalization
with gene-wise standardization (loglp+z), Pearson residuals (Pearson) [28], Sanity [29], and ALRA [46]. In scATAC-
seq datasets, we compared BiPCA with three normalization methods: log-normalization (loglp), log-normalization
peak-wise standardization (loglp+z), and Term Frequency - Inverse Document Frequency (TF-IDF) [47].

2.3.1 Proper rank estimation is critical for exploratory analysis of single cell data.

Dimensionality reduction using 50 principal components (PCs) has become the de facto standard for single cell and
spatial transcriptomic data analysis; it is the default rank used by Scanpy [45] and Seurat [44]. Alternatively, one
can use scree plots to select rank based on cumulative variance, but this approach does not differentiate between
variance from the signal and variance from the noise. BiPCA, in contrast, reveals the true rank of the data by
providing a spectrum that can be easily partitioned into signal and noise using the MP law. In this section, we show
that proper rank selection is crucial, as improper choices can bias and degrade exploratory data analysis. We focus
on two situations: first, when the rank is overestimated and second, when the rank is underestimated.

Rank overestimation masks structure in data with low signal-to-noise ratio (SNR). Inlow SNR settings,
the magnitude of the leading r eigenvalues of the data covariance are small; when one selects too high of a rank, they
consequently retain noise components whose total magnitude is close to the magnitude of the retained signal. This
noise can obscure one’s ability to recognize structure in the data, such as the clustered Poisson simulation shown in
—b. This simulation is composed of five clusters (in analogy to single cell data composed of multiple cell types),
with each cluster drawn from a single linear independent signal component (see Methods for details). If one were to
only analyze the t-SNE visualization of the rank 50 approximation of this data ) in the absence of our ground
truth labeling, they might conclude that there is no cluster structure. On the other hand, t-SNE visualization of its
rank five approximation @b) reveals the data’s underlying structure: five separate clusters.

We used this simulation to analyze the minimum SNR required to recover the underlying cluster geometry of
the data using rank 30 approximation, rank 50 approximation, and BiPCA. As shown in [Fig. 3¢, BiPCA achieves
superior silhouette scores compared to other approximations across SNRs from one to ~ 20. Notably, the gap in
performance between BiPCA and fixed approximation methods is greatest for low SNRs, and as the SNR exceeds
10, BiPCA’s silhouette plateaus close to optimality (one) when SNR is large. In addition, at each SNR we studied,
BiPCA successfully recovered the correct rank (five). This experiment demonstrates that over-estimation of the rank
in low SNR settings can obscure data geometry. BiPCA, which is effective even in low SNR regimes, avoids this
situation by adapting to the data.

The perils of rank overestimation are not exclusive to toy examples. In [Fig. 3{-f, we focus on one field of
view (FOV) from a human frontal cortex CosMx Spatial Molecular Imager (SMI) dataset [48]. BiPCA estimated
b=1.179 and ¢ = 0.264 for this data, and the recovered rank was eight. [Fig. 3d-f compares the t-SNE visualizations
of loglp+z with 50 PCs, loglp+z with 30 PCs, and BiPCA with eight PCs. As shown in [Fig. 3{d-f, different cell
types are mixed together when using an excessive number of PCs (e.g., 50 and 30, with silhouette score of 0.03 and
0.129, respectively). However, they form clear cluster structures when the correct number of PCs is used (rank eight,
with silhouette score of 0.336).

Rank underestimation ignores fine structures in scRNA-seq data. When data rank is underestimated,
weaker signal components are excluded from downstream analysis. These components represent orthogonal sources
of variation that can capture fine structures in the data. These structures may arise from biologically relevant
phenomena such as rare cell types or minor perturbations in cell state. To illustrate this, we analyzed the entire
Zheng2017PBMC' dataset [49], which is composed of 10 cell types of purified peripheral blood mononuclear cells
(PBMCs). The estimated rank and QVF parameters of this data were 7 = 82, b=1.049 and ¢ = 0.272. Analyzing
this data using BiPCA revealed a subset of CD19+ B cells that uniquely express TCL1B (Fig. S3a). TCL1B
expression is enriched in naive B cells [50]. Critically, TCL1B+ B cells were indistinguishable when one considered
rank 50 and/or loglp preprocessing of the data ) However, they formed a distinct and separable cluster in
the BiPCA denoised data after including all 82 signal components. To confirm this separation is captured by trailing
signal components, we inspected the values of the normalized data’s singular vectors over the B cells )
Several trailing singular vectors (e.g., No. 72 and 76), clearly distinguished TCL1B+ B cells from other B cells. This
was further confirmed by the large energy of these singular vectors within the TCL1B+ B cells in comparison to all

B cells (Fig. 3h, bottom).
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Figure 3: Proper rank estimation is critical for downstream analyses. a-b: t-SNE visualization of a simulated rank
five data using rank 50 approximation (a) and rank five approximation (b). Cells are colored by the ground truth
cluster labels. ¢: Comparison of silhouette scores between rank 30 approximation / rank 50 approximation / BIiPCA
rank approximation across different SNR regimes on the simulated data. d-f: t-SNE visualization of the cosMx
human frontal cortex data (one FOV) using rank 50 approximation from loglp (d) and loglp+z (e), and rank eight
approximation from BiPCA (f). g: t-SNE visualizations of Zheng2017 PBMC data using different normalization
methods and different number of signal components for low rank approximation. Top left: loglp+z normalization
with rank 50 approximation. Top right: loglp+z normalization with rank 82 approximation. Bottom left: zoom-in
visualization of the B cells from the top left embeddings of loglp+z. Bottom right: zoom-in visualization of the B
cells from the top right embeddings of BiPCA. Cells are colored by the cell type labels, and red arrows highlight
the TCL1B+ B cell population. h: Top: heatmap visualization of the signal components (singular vectors) across B
cells for the Zheng2017 PBMC data. The columns are singular vectors ordered by singular values, and the rows are
B cells group by B cell labels. Bottom: Relative energy of the TCL1B+ B cells within all B cells for each singular
vector. The singular vectors with the largest relative energy are indexed at: 72, 73, and 76.
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To further demonstrate that BiPCA can identify novel cell populations in complex systems, we applied BiPCA to
the RNA modality of one 10x Multiome human prefrontal cortex sample from the SCORCH consortium [51]. BiPCA
estimated the rank of this data as # = 76. We identified a subset of Oligodendrocyte precursor cells (OPCs) with
unique SEMA3E expression (labeled as SEMA3E+ OPCs). These SEMA3E+ OPCs have signals strongly enriched
in component No. 55 and 56 as shown in [Fig. S4a, which would be ignored by standard pipelines that use only 50
components. Besides SEMAS3E, this group of SEMA3E+ OPCs also shows other unique marker expression profiles
@b) We repeated this experiment for two other samples in this cohort and found that weak signal components
were critical for recovering this subpopulation —f ) across samples.

2.3.2 BiPCA enhances biological signals in single cell data.

Our next objective was to evaluate the quality of biological signals extracted by BiPCA.

BiPCA enhances marker gene coherence in scRINA-seq. Marker genes are often employed in scRNA-seq for
supervised cell annotation because they are typically well-characterized and reproducible indicators of phenotype.
To evaluate whether BiPCA is effective for extracting biological signals, we assessed the coherence of normalized
marker gene expression with the cell types they are known to identify. This experiment required two external sources
of ground truth: a set of ground truth cell type labels (ideally identified without scRNA-seq), and a set of canonical
mappings between genes and the cell types they mark. For the former, we compiled an experimental dataset,
Zheng2017-markers, composed of the flow-sorted populations of CD4+4 T cells, CD8+ T cells, CD19+ B cells, and
CD56+ natural killer (NK) cells from the Zheng2017 dataset [49]. For the latter, we extracted a set of 101 marker
gene annotations using the Human Protein Atlas (HPA) [50]. We used Zheng2017-markers and these curated marker
genes to quantitatively evaluate how well each marker gene separated its annotated cell type following transformation
with loglp, loglp+z, Pearson, Sanity, ALRA, and BiPCA. BiPCA estimated that the QVF parameters of this dataset
were 7 = 62, b = 1.062, and ¢ = 0.081.

We first focus on four prominent marker genes, CD40, NCAM1, CD4, and CD8A. CD40 is a well-characterized B
cell marker, while the protein products of NCAMI1 (synonymous with CD56), CD4, and CD8A were used during the
flow sorting that generated our reference dataset; thus, we expected that these RNA markers should be effective one-
dimensional linear classifiers for their targeted cell type. Instead, we found that normalization with loglp, loglp—+z,
Pearson, and Sanity was ineffective for separating targeted cell types from background cell types using marker genes
(Fig. 4p). For these methods, the bulk of normalized gene expression for both targeted and untargeted cell types was
concentrated near zero, and the resulting area under the receiver operating characteristic curve (AUROC) was small
(<£0.71). On the other hand, marker gene classifiers that used low rank approximation (ALRA and BiPCA) achieved
perfect classification of B cells and NK cells. Notably, while transformation with ALRA yielded good CD8+ and
CD4+ T cell classifiers (AUROC 0.92 and 0.97, respectively), BIPCA achieved perfect or near-perfect classification
of all cell types we surveyed.

We hypothesized that the properties of low-rank approximation would induce strong correlations between markers
for specific cell types, thus enhancing the signal of less prominent marker genes in BiPCA and ALRA in comparison
to the other approaches we compared. To study this, we repeated our previous one-dimensional linear classification
experiment using the list of putative markers we extracted from the HPA. [Fig. 4b-d report the classification AUROCs
for 15 T cell markers, 21 NK cell markers, and 65 B cell markers respectively. In general, ALRA and BiPCA
outperformed other methods at this task, and the distributions of AUROCs ) reflected this. However, we
note that BiPCA performed best at this task on CD4+ and CD8+ T cells with median AUROCSs exceeding ALRA,
demonstrating stronger ability to enhance marker coherence.

Induction of false correlations between cell types and gene expression is one concern for low rank approximation
of scRNA-seq [29]. In our classification experiment, false correlations would manifest as AUROCs greater than 0.5
for off-target cell types. We observed no such off-targets in T cell marker genes normalized using BiPCA. BiPCA
returned eight candidate off-targeting markers from NK cell-marking genes: PILRB, CHST2, CAPN12, and GFOD1
exhibited small positive AUROCS for B cell classification; IFITM2 was a weak marker for CD8+ T cells; and LITAF,
SRGN, and THEMIS22 were weak markers for CD4+4 T cells. Similarly, we observed six candidate off-targeting B
cell-markers: MAN2B1, TMEM154, NCF4, and CXCRb5 were weak classifiers of CD4+ T cells; while E2F5 and IRFS8
weakly encoded for NK cells. Although each marker is annotated by the HPA as enriched in either NK or B cells,
closer inspection of the HPA confirmed that elevated expression of these genes relative to other cell types has been
observed in the cell types for which we observed AUROCSs greater than 0.5. Thus, we contend that supposed false
correlations between marker gene expression and flow-sorted cell type labels after applying BiPCA are biologically
plausible.
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Figure 4: Comparison of marker gene expressions across normalization schemes using Zheng2017 dataset. a:
comparing the distribution of 4 marker genes (labeled on the rows, together with the associated cell type) across
different normalization methods (columns). Each red distribution represents the scaled expression level of the cluster
associated with the marker, and each blue distribution represents the scaled expression level from all the other
clusters. AUROC values are computed by classifying the two distributions (shown in brackets). b-d: Heatmap
visualizations of the classification AUROC values using marker genes associated with T cells (b), NK cells (c), and
B cells (d) from the Human Protein Atlas. The marker genes are shown on the rows and the cell types are shown
across columns split by normalization methods. AUROC values are computed by classifying each cell type against
others for each marker gene. e: Box plot visualization of the AUROC values for different markers associated with
each cell type (columns) across different normalization methods (rows).

BiPCA improves biologically meaningful embedding of cell neighborhoods. A foundational assumption
of single-cell biological analyses is that cell neighborhoods reflect underlying biology [62]. When this assumption
holds, cell clusters and visually separable cell groups in low-dimensional neighbor embeddings may be interpreted as
distinct phenotypes. We sought to quantify whether BiPCA preserved or improved biological information in its PCA
space relative to other normalizations by evaluating neighborhood embedding on three dataset collections: (1) CITE-
seq (RNA): the RNA modality of 14 CITE-seq datasets including Stoekius2017 [53], Stuart2019 [54], and 12 batches
from Luecken2021CITE [55], (2) Multiome (RNA): the RNA modality of 13 10x Multiome datasets (13 batches from
Luecken2021Multiome [55]), and (3) Multiome (ATAC): the ATAC modality of the same 13 10x Multiome datasets.

Many metrics for measuring embedding quality with respect to underlying biology have been proposed [56]. In
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Figure 5: Comparison of silhouette scores with respect to the cell types across 3 sets of datasets (a) CITE-seq (RNA):
the RNA modality of 14 CITE-seq datasets (b) Multiome (RNA): the RNA modality of 13 Multiome datasets (c)
Multiome (ATAC): the ATAC modality of the same 13 Multiome datasets as in b. Each experiment is repeated
10 times with 80% of the data. Within each dataset, different normalization methods are applied (colored dots)
and silhouette scores are computed on the PCA space in each method. Mean silhouette scores and the standard
deviations are plotted.

[Fig. 5| we consider the silhouette coefficient, which measures how compact and separable labeled cell types are relative
to each other in a given embedding: larger values indicate that cell types are more separable and tightly clustered in
an embedding. As shown across datasets in each modality (CITE-seq (RNA) in[Fig. 5h, Multiome (RNA) in[Fig. 5p,
and Multiome (ATAC) in @c), BiPCA consistently improved the silhouette score of ground-truth cell labels,
illustrating its superior performance to recover tight cell neighborhoods. In addition, we also computed k-nearest
neighbor (kNN) accuracy that measures the how well each method preserves the neighborhood such that the nearest
neighbors are from the same labeled cell type . BiPCA performs at par with other normalization methods
in the CITE-seq (RNA) datasets and Multiome (RNA) datasets and consistently outperforms other normalization
methods in the Multiome (ATAC) datasets. This illustrates that BiPCA preserves cell neighborhoods with respect
to labeled biology.

2.3.3 BiPCA removes sources of confounding noise in single-cell experiments.

Due to the stochastic nature of the read sampling process, single-cell data is often plagued with sampling noise that
confounds the underlying biological variance. For example, demonstrated that differences in cell sequencing
depths can dramatically affect downstream analyses. We hypothesized that these effects could be mitigated using
biwhitening. To evaluate this, we applied BiPCA to a 10x Chromium single-nucleus RNA sequencing (snRNA-seq)
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dataset from a human insular cortex sample [5I]. In this dataset, four technical replicates were sequenced from the
same sample. Dramatic library depth differences between replicates were evident in this data .

[Fig. 6a compares t-SNE visualizations produced after normalization of this dataset. We observed clear batch
effects in which regions of different clusters are dominated by one replicate. In particular, cells from replicate one
tended to embed separately from cells of the other replicates under all normalizations other than BiPCA. The
difference in replicate density was highly evident when we focused on astrocytes (Fig. 6b).

To further characterize the drivers of differential technical replicate embedding, we compared astrocytes from
replicate one to all other replicates using three metrics ) First, we examined the number of differentially
expressed genes (# DE) between replicate one and the other replicates (Fig. 6c, left). We expected # DE to be
small for technical replicates; however, we found that no normalization returned zero DE genes. On the other hand,
BiPCA returned the fewest differentially expressed genes (# DE = 2350), a two-fold improvement over the next
best methods (loglp and loglp+z, # DE = 4711). Next, we computed the Laplacian score [57] of the replicate one
indicator vector on a cell-cell graph , middle). This metric measures the smoothness of the replicate labels;
we expected that technical replicates should be well-mixed, and thus their label distribution would be high frequency
with respect to the underlying cell-cell graph structure, leading to low Laplacian scores. BiPCA performed the best
at this metric. Finally, we measured the alignment between the post-normalization subspaces spanned by replicate
one and the other replicates using the affine Grassmann distance [58, 59]. We expected that technical replicates
should in general span well-aligned subspaces if there are no significant replicate effects, and thus the corresponding
affine Grassmann distance would be small. BiPCA achieved the lowest score in this metric, indicating that the
post-normalized replicate subspaces captured similar structure. In conclusion, numerical quantification indicates
that BiPCA was effective at mitigating replicate effects introduced by sampling bias.

In addition to snRNA-seq, we also investigated BiPCA’s ability to attenuate the impact of library depth differences
in scATAC-seq analyses. While normalizations such as loglp and TF-IDF are widely adopted for scATAC-seq
preprocessing [60}[47], the effect of library depths still manifests strongly in the leading components of normalized data
[60]. We inspected the principal components of the ATAC modality of Luecken2021Multiome after applying BiPCA
for evidence of confounding library depth signals . Principal components after BIPCA were significantly
less correlated with library depth in comparison to loglp, loglp+z, and TF-IDF. Together with the results shown
in this demonstrates that BIPCA can improve downstream analyses by reducing the impact of library depth
biases on biological signals.

2.3.4 Variance stabilization and stable low-rank approximation in scRINA-seq

Finally, we sought to evaluate the effects of BIPCA on the mean-variance relationship of features in single cell data.
During these experiments, we discovered that many methods exhibit dramatic fluctuations in gene variance which
could affect reproducibility.

Biwhitening stabilizes gene variance with respect to gene mean. [Fig. S8a plots the relationship between
gene mean and gene variance in the raw UMI counts of a 33092 cell x 11055 gene reference dataset, 10X2016PBMC
(also referred to as pbmc33k by [27]). The evident heteroscedasticity in this dataset is prototypical of scRNA-seq
experiments. The aim of variance stabilization (through, e.g., the loglp transform, Pearson residuals, or other
methods) is to control for heteroscedasticity in the data; intuitively, one seeks a transformation in which the variance
of a gene is proportional to its biological variability, rather than its abundance.

We applied loglp transform, Sanity, Pearson residuals, and BiPCA to 10X2016PBMC. BiPCA’s estimated pa-
rameters were 7 = 49, b= 1.152, and ¢ = 0.592. —e show the transformed gene-wise variances as a function
of the gene’s original mean using the loglp transform, Sanity, Pearson residuals, and biwhitening (before denoising)
to the original data. In each of these transformations, no low rank approximation was performed. We note that of
the four transformations, biwhitening and Pearson residuals perform the best at removing the relationship between
the mean and transformed variance. Between these two transformations, Pearson residuals exhibits a much broader
range of variance (approximately two orders of magnitude) than biwhitening. The authors of Pearson residuals claim
that this residual variance reflects underlying biology [27]. Large ranges in transformed variances can be a useful
property for feature selection [28]. However, we note that it has been shown that highly variable gene selection is
not essential for achieving state of the art performance in cell type classification [28] [46]. On the other hand, the
transformed gene variances after biwhitening are supported on a much narrower range (approximately one order of
magnitude). This finding is evidence of the heteroscedastic normalization inherent to biwhitening.

BiPCA, standardized loglp, and Pearson residuals preserve variances in lowly-expressed genes. Next
we compared transformed gene variances in 10X2016PBMC using pipelines that perform low rank approximation on

12


https://doi.org/10.1101/2025.02.03.636129
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2025.02.03.636129; this version posted February 7, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

loglp+z Pearson

® Replicate 1 @ Replicate 2 @ Replicate 3 @ Replicate 4

loglp+z Pearson

Sanity ALRA

loglp
loglp+z
Pearson

loglp
loglp+z
Pearson
Sanity
ALRA
BiPCA

Sanity
ALRA
BiPCA

0 5000 10000 15000 20000 0.0 0.2 0.4 0.6 0 5 10 15 20
# DE

Laplacian score Affine Grassmann distance
better worse better worse better worse

Figure 6: BiPCA mitigates batch effect across technical replicates of a 10x Chromium single-nucleus RNA se-
quencing (snRNA-seq) dataset from a human post-mortem insular cortex sample. a: t-SNE visualization of different
methods on the whole dataset. Cells are colored by the replicate ids. b: Zoom-in t-SNE visualization of the astro-
cyte sub-population. Cells are categorized and colored as replicate 1 and other replicates. c¢: Comparison of the
performance of batch effect correction between different methods measured by 3 different metrics. Left: number of
differentially expressed genes (# DE), middle: Laplacian score, right: affine Grassmann distance. x-axis shows the
values of each metric and y-axis shows different methods. In all metrics, smaller values represent better performance,
while larger values represent worse performance.
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the data. These pipelines were rank 50 approximation of the raw data, loglp, loglp+z, Pearson, and Sanity @ -
f), along with rank 73 approximation of ALRA ) and rank 49 approximation of BiPCA (after denoising)
(Fig. S9g). Rank 50 approximations were performed as 50 is the default rank in Scanpy [45] and Seurat [44], whereas
the rank estimated by ALRA and BiPCA are 73 and 49, separately. Of the considered transformations, only rank
50 approximation of loglp+z, Pearson residuals, and BiPCA exhibited large transformed variances in genes with low
numbers of observed counts, demonstrating their ability to recover proportionally large gene variances independent
of their original mean.

BiPCA recovers stable representations of gene variance. A key assumption for applying PCA to scRNA-
seq experiments is that one can robustly estimate the principal axes of variation of the latent biological system by
sampling only a subset of the cells during sequencing. Yet, theoretical works suggest that performing PCA on data
corrupted by heteroscedastic noise can lead to poor estimation of both singular values and axes of variation [61].
Given the evident heteroscedasticity of scRNA-seq data, we sought to quantify the ability of different preprocessing
methods to stably represent scRNA-seq experiments.

Since it is impossible to know the ground truth axes of variation in real data, we cannot quantify whether a
pipeline robustly estimates ground-truth principal components. On the other hand, we can quantify how stably a
pipeline applied to a subset of the data recovers similar results to the full data. This, in effect, allows us to simulate
the regime we desire, in which ground truth biology is known (in this case, the gene variances) but only a small
subset of cells are observed (as in a sequencing experiment). To that end, we applied each normalization pipeline to
subsets of 5000 cells selected uniformly at random from 10X2016PBMC. We compared the post-PCA gene variances
from each transformed subset of the data to the post-PCA gene variances computed from the transformed complete
data . We expected that normalizations with stable signal reproducibility would generate similar gene
variance distributions between the full data and its subsets; this would be indicative that the normalization retains
the relative variance between genes even in small experiments. We measured this using the spearman correlation
coefficient r;. We interpret low values in this metric to imply that uniform random cell subsampling is sufficient
to distort the relationship between biological signals under a normalization. Only BiPCA (rs = 0.92) and loglp
(rs = 0.97) achieved spearman correlations larger than 0.9. We expected such performance from loglp, as it features
no gene-wise transformations and thus expression values do not change under sub-sampling. However, we have shown
throughout this work that loglp is consistently outperformed in other aspects by normalizations that feature gene-
wise transformations. This experiment shows that those methods (besides BiPCA) are sensitive to sampling, and
may produce distorted variance relationships that are difficult to reproduce between samples of the same underlying
system. From this we conclude that BiPCA offers superior reproducibility in comparison to other normalizations.

3 Discussion

In this study, we presented BiPCA, a principled pre-processing pipeline combining normalization and dimensionality
reduction tailored to high-throughput count data. BiPCA first scales the rows and columns of the data to make
the noise approximately homoscedastic (biwhitening step), thereby revealing the underlying rank of the data (based
on random matrix theory). Then, BiPCA performs optimal shrinkage of singular values to recover the biological
signal (denoising step). BiPCA is an adaptive algorithm that can be applied to a variety of data-generating count
distributions, such as Poisson or negative binomial, by virtue of the data-driven quadratic variance estimation
procedure. Through simulations, we demonstrated the high fidelity and robustness of BiPCA for fitting diverse
data-generating processes and for rank recovery. Using a collection of 123 datasets from seven different modalities,
we showed that BiPCA is highly versatile and BiPCA representations preserve and enhance biological signals while
removing sampling noise and are useful for downstream analysis.

The optimality of BiPCA relies on several assumptions, most importantly the low-rank structure of the underlying
signal and the independent count noise observations. When the low-rank assumption is violated, it becomes difficult
to separate the signal spectrum from the noise spectrum (as given by the Marchenko-Pastur distribution) for accurate
signal recovery. However, by analyzing 123 real-world high-throughput count datasets, we showed that in practice
this assumption is often met; the highest estimated rank that we observed was 280. Though 280 is still a low rank for
the dataset with over 27000 features, it was much higher than the default number of retained principal components
(typically 50) in standard analytical pipelines [44] [45].

Another assumption behind BiPCA is that the variance of the true data-generating count distribution is a
quadratic function of the mean. We demonstrated that this framework is sufficiently flexible to model many different
data modalities; however, we also encountered datasets that were not suited for BiPCA. In such cases, our built-in
goodness-of-fit metrics highlight that the dataset does not meet our assumptions and BiPCA is not applicable. For
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example, in single-cell methylomics, the quantity of interest is the ratio of two counts, methylated sites and total
sequenced sites. While biwhitening could appropriately normalize both the methylation count matrix and the total
count matrix, applying BiPCA to the entry-wise ratio of these matrices did not yield acceptable fits to the MP
distribution. In [62], we show that it is possible to biwhiten such matrices without estimating their variance by
computing their entire singular value decomposition; this presents a future opportunity to extend our pipeline.

Quadratic mean-variance relationships encompass a broad range of count distributions such as Poisson, negative
binomal, and gamma distributions, offering greater flexibility compared to existing normalization methods, which
often rely on restrictive assumptions about the underlying distributions [22] 23] 24] 25| 26] 27 28] [29]. For scRNA-
seq data sets, BiPCA yields variance estimates close to the negative binomial distribution (13 ~ 1, Figure ) with
substantial overdispersion compared to Poisson (0.1 < é < 1). Recent work argued that the measurement noise in
scRNA-seq data is close to Poisson [28] 63, [29] with ¢ &~ 0. The BiPCA estimates may include not only measurement
noise but also some non-low-rank biological variability (biological noise). Importantly, BIPCA does not require any
assumptions on the overdispersion strength and instead fits it to the data.

Several recent works have applied random matrix theory to single-cell RNA-sequencing data analysis [30, [31]
33, 32, 34]. These methods all attempt to fit the MP law via different heuristic normalizations. However, most
datasets do not conform to the MP distribution after simple library normalization [31] or log normalization with
standardization [34]. After log-transformation, [30] fitted the aspect ratio v of the MP distribution instead of
using the actual aspect ratio of the count matrix v = m/n. Subsequent works pointed out problems with both
the log-transformation and aspect ratio fitting [32] [33], and suggested an additional single step of row and column
standardizations. [32] demonstrated that this could be used for measuring clusterability, and scLENS [33] proposed
this technique for normalization. However, the MP fits produced by these methods are often still unsatisfactory (see,
e.g., Figure S2D of |32]). Recently, [34] approached the problem by replacing the MP distribution with a random
matrix theory model specifically developed for scRNA-seq data, but their approach only works in the presence of
baseline and perturbation measurements.

Our method is different in several key ways. First, BIPCA is fully data-driven. It fits the spectrum of the data
to the MP law with the actual aspect ratio after biwhitening, which provides guaranteed convergence and fit [36].
Coupled with the optimal denoising step, our model is more rigorous and robust in removing noise and recovering
the signal. Second, our model is highly adaptable to diverse data modalities and complex variance structures, going
beyond the scRNA-seq modality. In addition, we do not impose any assumptions on the data due to clustering or
differential expression analysis.

The pipeline proposed in this work builds on the biwhitening framework we introduced in [36]. While [36] primarily
focused on the analytical aspects of biwhitening, laying its theoretical foundation and highlighting its advantages for
rank estimation, this study substantially extends the framework in several important directions. First, we develop an
efficient and scalable method for estimating data variance parameters, enabling the analysis of large data matrices.
Second, we incorporate singular value shrinkage to denoise the data and recover underlying biological signals, which
is critical for downstream analytical tasks beyond rank estimation. Third, we validate the underlying assumptions
and demonstrate the pipeline’s effectiveness using a wide range of real datasets across numerous applications.

In conclusion, we consider BiPCA a significant advancement in preprocessing pipelines for high-throughput count
data. By integrating biwhitening for normalization with optimal shrinkage for denoising, BiPCA provides a prin-
cipled, data-driven approach that is robust across various data modalities. Its flexibility in adapting to different
count distributions and its ability to preserve and enhance biological signals position BiPCA as a universal tool for
biological data analysis.

4 Acknowledgment

Y.K. discloses support for the research of this work from NIH [R0O1GM131642, UM1DA051410, R33DA047037,
U54AG076043, U54AG079759, P50CA121974 and U01DA053628]. D.K. discloses support for the research of this
work from Gemeinniitzige Hertie-Stiftung and is a member of Germany’s Excellence cluster 2064 “Machine Learning
— New Perspectives for Science” (EXC 390727645).

15


https://doi.org/10.1101/2025.02.03.636129
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2025.02.03.636129; this version posted February 7, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

5 Methods

5.1 BIiPCA
5.1.1 Marchenko-Pastur Law

We assume a low rank signal + noise model for the observed m x n data matrix Y, i.e.,
Y=X+E€,

where X;; = E[Y;;] is a low rank (rank r < m) signal matrix and £ is a centered noise matrix (E[&;;] = 0). When
the noise variables &;; are homoscedastic, i.e., &; is independent and identically distributed (i.i.d.) with variance o?
for all 7 and j, the empirical spectral density of £ can be characterized using the Marchenko-Pastur (MP) distribution
[35], or as known as the MP law. The probability density function of MP distribution is defined as:

V=B =7,

2moyT

dF, (1) = (B- <7 < Bs), (4)
where F, ,(7) is the cumulative density function for a MP distribution with aspect ratio v = m/n, noise level
o, and upper and lower supporting bounds Sy = o2(1 &+ \/'7)2 In particular, adherence to the MP by £ can be
used to partition the data Y into signal and noise components: eigenvectors from the data covariance n='YY T
with eigenvalues larger than B, belong to the signal components, whereas eigenvectors with eigenvalues smaller
than 3, belong to the noise components. Equivalently, singular values of n~'Y larger than \/,E =o(1+ /) are
attributable to the signal matrix X. whereas the singular values smaller than \/E are attributable to the noise
matrix £. Therefore, a natural approach to estimate the rank of X is to count the number of singular values that

are above /(4.

5.1.2 Biwhitening

In this work, we target data which does not satisfy the homoscedasticity requirements. An example is non-identical
Poissons, where Y;; ~ Poisson(X;;) and X;; is not identical across entries of X. In this case, it is easy to show that
Var[€;;] = X,j, hence violating the assumption of homoscedasticity. In other words, the noise matrix is heteroscedas-
tic. To tailor for heteroscedastic noise in count data, we proposed biwhitening [36], that normalizes the data such
that MP law still holds. Specifically, we normalize the rows and columns of Y using whitening factors 4 and v:

Y = D(@)YD(®) = D(a)(X + E)D(®) = X + £,

where D(@) and D(9) are diagonal matrix with & and & on the diagnol, X and & are biwhitened signal and noise
matrices. Through biwhitening, the average variance is 1 in each row and column of the biwhitened noise matrix &,
ie.,

DRIIE Y

We show in [36] that after biwhitening, the spectrum of & will surely converge to the MP distribution. & and v are
estimated through Sinkhorn-Knopp matrix scaling algorithm [36] 41]. Because non-zero diagonal scaling does not

change the rank of a matrix, we can estimate the rank of X using the spectrum of X by the singular values of the
biwhitened data matrix Y that are above /54 [36].

5.1.3 Denoising

After biwhitening, we apply singular value shrinkage to denoise the data. Specifically, we construct the denoised
signal matrix X as L _
X =UD(g(3))V7,

where Y = U D(é)vT is the singular value decomposition of Y and g is an optimal shrinke The shrinkage function
g is derived to optimally estimate an underlying signal matrix according to a prescribed loss function. Here we
consider the Frobenius shrinker g, which minimizes the Frobenius loss || X — X||r [37]. As shown in [40], the
analytical form of the optimal Frobenius shrinker is given as:

3¢(3) is the vector formed by evaluating the scalar function g : R — R on every element of the vector 3.
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S) =
- 0 s <14 A,

To apply the shrinker for a specific noise level o, we follow the convention in [40] to scale the singular values
before shrinkage and rescale it after shrinkage. Specifically, the re-scaled shrunken singular values are computed as
3 = \/nogr(3/(y/no)), which is then used to compute the final denoised signal matrix: X = UD(35)V7. Details
for estimating the noise level o using the median of the empirical singular values are provided in [40]. In[Section S1.1

we provide a similar procedure for estimating the noise level o for a given Y using a quantile of its empirical spectral
distribution.

5.1.4 Quadratic Variance Function parameter estimation

Our approach assumes that the generating distribution of the input data Y has a quadratic variance function (QVF),
Var[Yi;] = a + bX;; + cX}), (6)

where E[Y;;] = X;; is the latent mean of Y;; and a, b, and ¢ are real numbers referred to as constant, linear, and

quadratic variance coefficients, respectively. In [36], we propose a corresponding unbiased variance estimator Var[Y]

(e, E [\/fa\r[Ym]} = Var[Y;;]) since X is unknown and we show that such estimator exists when ¢ # —1:

a+bY;; + cY )

1+c

In addition, we show that one can estimate appropriate biwhitening factors @ and © for Y by applying Sinkhorn-
Knopp matrix scaling to the matrix of unbiased variance estimates [36]:

VarlY;,] =

1 U A2XT ) 1 - 2T ~2
- ZIUZ Var[Y;]05 = 1, and - Zlui Var[Y;;]07 = 1. (8)
1= ji=

When the QVF parameters are unknown, we propose a data-driven optimization procedure to learn estimates a,
l;, and ¢. Specifically, we learn parameters that minimize a distributional distance between the biwhitened data’s
empirical spectral distribution and theoretical MP. Let Y, be the biwhitened data matrix when a,, b., and c, are
used as QVF parameters. We assume that if a., b, and c, are optimal, then the empirical spectral distribution
of 8, = n~1Y, YT will closely follow the MP distribution with unit noise variance. We quantify this using the
Kolmogorov—Smirnov (KS) distance between the empirical spectrum of 3, and the MP distribution,

KSnp(3,) = sup Py, () — Fya(2)], (9)

where Iy is the empirical distribution function of ¥* and F, 1 is the cumulative distribution function for the MP

distribution with aspect ratio ¥ = m/n and noise variance 02> = 1. Crucially, [Equation (7) and [Equation (8)

demonstrate that the biwhitening factors @ and © depend on the QVF parameters. Conseiuently7 the biwhitened

data matrix Y, and its spectrum 3, are functions of ay, b, and c,. This allows [Equation (9)|to be reparameterized
in terms of these parameters:

KSmp,y (G4, by, ci) = KSMP(E*) .

If the data Y is a matrix of pure noise sampled from a distribution with QVF parameters a., b, and c,, the empirical
spectral distribution of 3, will perfectly resemble the MP distribution, and KSwp vy (as, by, ¢) will approach 0. In
real data, we expect there to be a rank-r latent signal matrix X and thus ¥ will have r eigenvalues lying above
B+. In this case, the theoretically minimum achievable KS distance is r/m. Since we assume the data is low rank,
this lower bound on KS resolution is typically low enough to have negligible effects on our ability to fit the data.
However, to address this issue one could consider other distribution distance objectives in place of the KS.

The non-negativity of variance constrains the feasible region of each QVF parameter based on the range of Y;; and
the value of the other QVF parameters. This leads us to a goodness-of-fit optimization with nonlinear constraints

(a,b,¢) = arg min  KSypy (ax, b, 2
Qs by, Cy 10
as +b.Y;; + c*Yl (10)
s.t. d >0.
1+ Cx

17


https://doi.org/10.1101/2025.02.03.636129
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2025.02.03.636129; this version posted February 7, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

In this work, we ensure that the non-negativity constraint in [Equation (10)|is met by restricting our search to a
widely applicable region: a = 0, b > 0, and ¢ > 0. This reduces the complexity of our problem, as we solve

(b,¢é) =arg min  KSwmp v (0, by, ¢s)
b C (11)
S.t. by >0,c,>0.

To solve we re-parameterize b and ¢ such that they satisfy a convex combination with coefficient ¢ up
to global scaling by o2 (see Supplementary Methods for details). We show that this reparametrization simplifies
the objective to optimization over a single parameter ¢, for which we adopted a Chebyshev polynomials optimization
procedure [64] (See Supplementary Methods @ for details). After the optimization, we obtain the QVF parameters
b and ¢, as well as the KS distance as the metric to quantify the goodness-of-fit.

Though we consider a restricted domain, this region includes many distributions we expect to fit in practice.
For example, Poisson, Negative Binomial, and Gamma distributions each lie within the search space we consider.
Future work could consider a larger family of distributions by solving the more complex problem of
or adapting the parameter’s domain based on the range of the data. For example, the ensuing discussion can be
immediately extended to fixed and positive estimates of a when Y is non-negative, and negative values of a could be
used, provided that Y is a positive matrix and the feasible regions of b and ¢ are suitably constrained.

5.1.5 Postprocessing

After denoising, we include the following postprocessing steps to facilitate downstream analysis and interpretation.

Zero-thresholding In this work, we are interested in estimating non-negative matrices. Thus, we set all negative
elements in the denoised matrix X to 0 (thresholding). The entries of the zero-thresholded matrix X are computed
as:

— ~

Xij = HlaX(Xij, 0) (12)

Library size normalization After denoising and zero-thresholding, our postprocessing procedure includes a con-
cluding step of library size normalization to eliminate remaining cell size factors for single cell analysis, we further
include a global rescaling step to enhance interpretability.

The library normalized and globally rescaled matrix Z is computed as

CXZ'J'
> X

where c is a global scaling factor we set to the median library size of the original data.

Zij = (13)

Dimensionality reduction We perform truncated SVD using the BiPCA estimated rank 7 on the re-normalized
data Z when dimensionality reduction is computationally required.
Specifically, truncated SVD estimator Z’ is computed as:

Z' = U S; VT (14)

where U; € R™*" is the matrix with the first # left singular vectors from Z, S; is the diagonal matrix with the top 7
singular values from Z, and V; € R™*" is the matrix with first 7 right singular vectors from Z. We use the loadings
U;S; as the input to downstream analysis.

Dewhitening (optional) The biwhitening step in BiPCA offers several advantages such as stabilization of the
feature variance. However, one may wish to estimate the original matrix of latent means before biwhitening (i.e.,
in the scale of the original data) in certain applications. In this case, one can dewhiten the denoised data, i.e., by
multiplying the rows and columns of the denoised matrix by the inverse of the whitening factors:

X' =D(@) ' XD(®)". (15)
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5.2 Data repository and processing

We collected 123 published count data sets from 40 data sources, and applied BiPCA across this collection to
establish the generality of our method. The details including source of the dataset, filtering criteria are described in
The fitted parameters and the size of each dataset before and after filtering for each dataset is included
in Supplementary table 1.

For these datasets, we filter the rows and columns of the input count matrix to remove sparse observations and
features—an approach commonly adopted in many preprocessing pipelines [44] [45]. We recommend this step for
several reasons. First, random matrix theory requires that each row and column of the noise matrix exhibit at least
some variation in order to obtain the standard spectral behavior (MP law). Second, filtering helps our algorithms
converge more reliably. Specifically, the Sinkhorn algorithm used in the biwhitening step requires a minimum density
of the data for guaranteed convergence [36]. Our experiments show that mild filtering is sufficient for convergence
across different modalities.

Furthermore, filtering out sparse columns and rows benefits the estimation of QVF parameters. For certain
modalities that are highly sparse (e.g., scATAC-seq), we found that more filtering would reduce the variance of the
estimates. However, there is a trade-off, as more aggressive filtering may remove informative features. For instance,
in the experiment illustrated in [Fig. 5, we applied lighter filtering to the scATAC-seq data to preserve enough
informative features for accurate cell-type classification. Even so, we observed stable parameter estimations with
mild filtering across most datasets (see|Fig. 2d). We recommend that users carefully consider their sparsity filtering
criteria as a balance between algorithmic stability and signal extraction.

5.3 Comparison methods

For scRNA-seq datasets, we compared BiPCA with five normalization methods: log-normalization (loglp), log-
normalization with gene-wise standardization (loglp+z), Pearson residuals [2§] (implemented in Scanpy [45]), San-
ity [29] (https://github.com/jmbreda/Sanity), ALRA [46] (https://github.com/milescsmith/pyalra). For
scATAC-seq datasets, we compared BiPCA with three normalization methods: log-normalization (loglp), log-
normalization with peak-wise standardization (loglp+z), and Term Frequency - Inverse Document Frequency (TF-
IDF) (implemented in muon [47]).

In tasks that involved low-rank approximations, we selected the approximation rank using standard practices for
each method unless otherwise noted. For loglp, loglp+z, Pearson, Sanity, and TF-IDF, the rank was set to 50.
For ALRA, the rank was set based on the proposed rank estimation procedure [46]. For BiPCA, the rank was set
according to the pipeline’s estimate.

5.4 Simulations
5.4.1 Simulation of prescribed rank and QVF parameters

Simulation of Poisson-sampled matrices of prescribed rank To evaluate the accuracy of rank estimation,
we simulated 5000 x 5000 Poisson matrices with a grid of underlying ranks {1,2,4,...,2P}, where p =0,1,...,6. For
a matrix of rank r, we first sampled library size factors N; for each row using a log-normal distribution:

N; ~ LogNormal(u, 0%),

where 11 = 1og(1000) and 0% = 0.01. Using these library sizes, we generated a signal matrix U € R°°%°%" in which
each row vector was sampled from a multinomial distribution:

U; ~ Multinomial(n = Ny;p=[1/r,1/r,...,1/7]).

Next, we sampled a coefficient matrix VT e R"*5900 where each VUT was uniformly sampled at random from a
logarithmic spacing of 50007 values between 1 x 107* to 5 x 1072, The raw signal matrix is denoted as X' = UVT,
and we constructed a final ground truth signal matrix X with entrywise mean A by rescaling X':

A
X==X
X/
where X’ is the mean of X’. The simulated data matrix ¥ was then sampled according to:
Y;; ~ Poisson(X;;).

In this experiment, we set A to 20, which we found maintained a reasonable signal-to-noise ratio in the data. We
found that as rank increases for a fixed mean, the total signal in each component becomes diluted, making rank
estimation more challenging as SNR degrades. Larger A values would be more appropriate in such regimes.

19


https://github.com/jmbreda/Sanity
https://github.com/milescsmith/pyalra
https://doi.org/10.1101/2025.02.03.636129
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2025.02.03.636129; this version posted February 7, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

Simulation of rank 1 random matrices with prescribed QVF parameters To evaluate QVF parameter
estimation performance, we similarly simulated 5000 x 5000 matrices but used different ground truth b and ¢ and
fixed r = 1. The signal matrix X was generated as described above. However, the data matrix Y was generated
using a scaled negative binomial distribution:

Yy ~ NB(uij = Xij, 05 = Xij + cX3)
Y = by}

177

where i and 02 denote the mean and variance of the negative binomial distribution. When estimating parameter b,
we fixed ¢ = 1 x 1076 and varied b over {277,276 ... 26}, When estimating parameter ¢, we fixed b = 1 and varied
cover {277,276 .. 26}

5.4.2 Simulation of rank-5 data

We simulate a rank-5 count matrix with 3000 observations and 1000 features. First, we generate 5 vectors ey, ..., e5 €

R290 where ¢;(j) ~ Exp(1), from which we generate 5 linearly independent signal vectors vy, ..., v5 € R0 where
) +1 i 5 <200
5i(200 — 1) 1 j) = LU T ATT <
1 else.
Let V be the matrix of signal vectors, i.e, V = [v;vg ---v5]. The coefficients 3 € R3%90%5 are sampled from

multinomial(0.2,0.2,0.2,0.2,0.2) that indicate the ground truth cluster labels. The count matrix X is generated
from a Poisson distribution where X;; ~ Poisson((18V);;) where p is a scaling factor and Signal-to-Noise Ratio
(SNR) is defined as /p. We vary the scaling factor p = {1,2,4,..,2P} where p € {0..9} to change SNR and
compare 3 rank approximation approaches: rank-30 approximation, rank-50 approximation, BiPCA adaptive rank
approximation.

Silhouette scores are computed with respect to the ground truth cluster labels for each rank approximation
approach at each SNR regime. p = 2 is used for comparing the t-SNEs between rank-50 approximation and BiPCA
rank approximation.

5.5 Analysis of proper rank estimation
5.5.1 Data processing

Zheng2017 PBMCs From the preprocessed Zheng2017 data detailed in[Section S2; we filter out cells that have
less than 100 genes expressed and more than 10% mitochondrial genes. We also filter out genes that have less than
100 cells expressed. The filtered data includes 94,572 cells and 12,791 genes.

PFC 10x Multiome For each processed sample detailed in we run leiden clustering with resolution
= 3 using scanpy [45] on the BiPCA low rank approximated data with the number of PCs specified by BiPCA, and
annotate the Oligodendrocyte Precursor Cells (OPC) clusters using marker gene PDGFRA.

5.5.2 Identification of the cell subtypes and validation

To identify cell subtypes associated with weaker signal components, we first run leiden clustering with resolution = 3
on the BiPCA low rank approximated data with signal components that are out of the top 50. We identify a cluster
of B cells within the CD19+ B cell population in the Zheng2017 PBMC data that have unique TCL1B expression.
Therefore, we term this population TCL1B+ B cells. Similarly, we identify a cluster of OPCs within the OPCs in
the human PFC data that have unique SEMA3E expression, for which we termed SEMA3E+ OPCs.

To validate the identified cell type sub-clusters (TCL1B+ B cells and SEMA3E+ OPCs). We compute the relative
energy (RE) for each sub-cluster relative to the parent population (i.e., all B cells or all OPCs) across singular vectors
to measure how well each singular vector differentiates each sub-cluster from the whole population.

Specifically, the energy for each component i is defined as the Iy norm of the singular vector U; scaled by its
singular value S;, then normalized by the total norm.

energy; = ||U;Si[[2/[|US]|2.
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The relative energy for the cells in sub-cluster (indexed as sub) relative to the parent cell population (indexed as
parent) is defined as:

parent

RE; = energy:"’ /energy’

We performed a Mann-Whitney U test comparing each sub-cluster (e.g., TCL1B+ B cells) to the other cells in
the parent population (e.g., the other B cells) to identify marker genes associated with each sub-cluster. We select
the strongest marker genes with logFC > 1 and adjusted p-values < 0.01 (Bonferroni correction).

5.6 Quantification of cell neighborhood preservation

For this task, we focus on three sets of datasets: (1) CITE-seq (RNA): The RNA modality of 14 CITE-seq datasets
including Stoekius2017 [53], Stuart2019 |54, and 12 batches from Luecken2021CITE [55], (2) Multiome (RNA): The
RNA modality of 13 10x Multiome datasets (13 batches from Luecken2021Multiome [55]), and (3) Multiome (ATAC):
The ATAC modality of the same 13 10x Multiome datasets. The processing steps of each dataset are described in
detail in

For each dataset, we first apply baseline normalization methods to the filtered count matrices, then we apply
low rank approximation from the normalized data of each method to reduce the dimensions, with r specified as in
for each method. We use the cell types as the cluster labels and compute silhouette scores on the low
dimensional space [56] [65]. For each cell 4, we first compute the mean intra-cluster distance between cell ¢ and other
cells in its cluster, defined as

| CI| Z d(,7),

JECI i#£]

a(i) =

where C7 is the set of cells of the cluster cell i is in, |Cf| is the number of cells in that cluster, and d(i,j) is the
euclidean distance between cell ¢ and j on the low dimensional space. Next, we compute the mean distance between
cell 7 and the cells from the nearest other cluster. for each cell i:

b(i) = min—— 7
(4) |CJ| > di, ),

jeCy

where J # I. The silhouette score s(7) is defined as

) = 00) —ali)_
) = (@) b))

We used the mean silhouette scores for all cells as the final metric. A method will have higher scores if it has
small intra-cluster distances and large inter-cluster distances.

In addition, we computed KNN accuracy on the low dimensional space [56] [65] to measure how well neighborhoods
were preserved. We fixed £ = 10 and predicted cell labels from the mode of their k£ nearest neighbors. Balanced
accuracy over labels is For computing both silhouette scores and KNN accuracy, we subsampled 80% of the data and
repeated each experiment 10 times. We reported the mean and standard deviations in the final results.

5.7 Marker gene analysis
5.7.1 Data processing

From the preprocessed Zheng2017 data detailed in [Section S2, we coarse-grained the cluster labels into four major
cell types: CD19+4 B cells, CD4+ T cells, CD8+ T cells, and CD56+ NK cells and removed other cell types. We
then filter out cells that have less than 100 genes expressed and more than 10% mitochondrial genes. We also filter
out genes that have less than 100 cells expressed. The filtered data includes 82,746 cells and 11,539 genes.

To comprehensively benchmark the coherence of marker gene expressions with the corresponding cell types, we
extracted a set of 101 marker gene annotations from Human Protein Atlas (HPA) [50]. First, we filtered out genes
that are not detected in blood or immune cells and genes that have low specificity, and keep only genes that are
enriched in CD19+ B cells, CD56+ NK cells, CD4+ and CD8+ T cells. We obtained in total 101 marker gene
annotations, with 65 B cell markers, 21 NK cell markers, and 15 T cell markers, respectively.
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5.7.2 Marker density and area under the receiver operating characteristic curve (AUROC)

We plotted the kernel density for CD40, CD4, CD8A, and CD56, which are canonical marker genes for CD19+ B
cells, CD4+ T cells, CD8+ T cells, and CD56+ NK cells, respectively. The expression values for each gene and
transformation pair were feature scaled into the range [0, 1]. Two gene-wise kernel density estimates were computed
over the scaled data: one over all the cells in the positive cluster (i.e., the cell type that corresponds to that gene),
and a second over all the cells in the complementary negative cluster. Density estimation was performed using the
gaussian kde function implemented by the Python package scipy. For visualization, the kernel density estimates
were evaluated over a 1000 point grid on [0, 1] and the resulting densities were independently feature scaled to produce
curves of similar height.

We compute the area under the receiver operating characteristic curve (AUROC) for each gene-transformation
pair using the roc_auc_score function from scikit-learn [65]. Specifically, roc_auc_score accepts two inputs: z, a
vector of transformed gene expression values across all cells, and y, a binary label vector indicating whether each cell
belongs to the positive or negative cluster.

5.8 Quantification of batch effects

We analyzed a 10x Chromium V3 single-nucleus RNA-seq data (Kluger20240UD) of human insular cortex (INS) from
the SCORCH consortium [51], where we identified batch effects across 4 technical replicates. The data processing
steps are detailed in @. For the processed data, we run leiden clustering using scanpy [45] on the BiPCA
low rank approximated data with the number of PCs specified by BiPCA, and annotate the Astrocytes clusters using
marker gene AQP4. We ran loglp, loglp+z, Pearson, Sanity, ALRA, and BiPCA on this data and quantified the
batch effect with three metrics: number of differentially expressed genes, Laplacian score, and Affine Grassmann
distance [58], [59] between batches.

5.8.1 Differential gene expression analysis

For each gene, we performed Mann-Whitney U test between replicate 1 and other replicates. We select differentially
expressed genes with adjusted p-values < 0.01 (Bonferroni correction).

5.8.2 Laplacian score

Let z; and z; denote the expression profile of the i_th and the j_th cell, the affinity between x; and z; in the affinity
matrix K with a Gaussian kernel is defined as:

||zi — 4>
202

); (16)

K;; = exp(—
where o2 is the kernel bandwidth of the local affinity. And graph Laplacian is defined as:
L=D%K,? (17)

where D72 is a diagonal matrix of the row sums of K. An important property of graph Laplacian is that its top
eigenvectors that correspond to large eigenvalues reflect the underlying geometry of the data, which is utilized by
Laplacian score [57] to measure the smoothness of features in the data. Specifically, the Laplacian score of feature
vector f with respect to L, is defined as fTLf =" \;(fTw;)? where L = 37" | A\ju;u! is the eigen-decomposition
of L. If feature f is low frequency, i.e., it varies slowly along the underlying structure, the corresponding Laplacian
score will be high. Otherwise it will have a low score.

To quantify how well replicate 1 mix with the other replicates in the astrocyte cluster, we define indicator vector
f € R™ where 1 indicates that cell belongs to replicate 1 and 0 otherwise. For each method, we construct the graph
Laplacian L and and compute Laplacian score S:

S = fTLf. (18)

The smaller the score metric S, the better the replicates are mixed together in the cluster for that method.
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5.8.3 Affine Grassman distance

Affine PCA Coordinates Let X € R™*" denote the normalized data matrix after each transformation. We first
compute the mean vector p € R™: p = L Z?; X ., and perform SVD on the mean-centered matrix X,:

m
X, =UxVvT,

Next, we project p onto the orthogonal complement of V,. (first r right singular vectors of V):

nl = p—= V’I‘(VI‘TM)a

and define the scaling factor v as v = . Together, {V,., u1 ,~v} characterizes the affine subspace pu+span(V,.).

1
VitllpLl?

Embedding into the Stiefel Manifold Next, we embed the affine subspace p+span(V;) into an (n+1) x (r+1)
matrix Y via

Ve oy
o7 om]

The columns of Y are orthonormal in a lifted space R**!. Hence, Y € St (7“ +1, n+ 1), where St(k,n) denotes the
Stiefel manifold of all orthonormal n x k matrices.

Principal Angles between Two Subspaces and Affine Grassmann Distance Since we want to measure the
differences between replicate 1 and cells from the other replicates, we split X into two subsets - X () (all cells from
replicate 1) and X 2) (all cells from other replicates) and then compute the affine subspace for each, respectively.
The corresponding embeddings for each subset are as follows:

vy Y
0 (D

vy — vy —

b

Vr(2) 7(2) u(f)]
0 ~2
We then compute an SVD of

YyOIy® —usw?, 5= diag(o,...,0.).

The principal angles 6; between the two affine subspaces are given by

0; = arccos(o;), i=1,...,7.

Finally, the affine grassmann distance between the two affine subspaces is computed as

d(y(l), y(2)) -

A distance of zero indicates that Y1) and Y span the same affine subspace, whereas larger values reflect greater
differences in both the orientation and the offset of these subspaces. In other words, if replicate 1 and other replicates
are mixed well, their corresponding distance will be small, indicating small batch effect between them after data
normalization.

5.9 Quantification of Mean-Variance relationships

We analyzed one human PBMC scRNA-seq dataset, 10X2016PBMC, from 10x Geomics [66]. We filter the data
(detailed in [Section S2) and then apply the aforementioned normalization methods to transform the data.

5.9.1 Mean-variance relationship after different transformations

We first examined the mean-variance relationship on the transformations that do not involve low rank approximation:
loglp, Sanity, Pearson, and Biwhitening. For each gene g, its mean expression across all cells is measured on the raw
data Y: Y, = L 3" Y;, whereas its variance across cells is computed after each transformation T Var(T(Y),) where
Var() is the empirical variance function. Next, we focused on all transformations coupled with low rank approxima-
tion: loglp, loglp+z, Pearson, ALRA, Sanity, and BiPCA, with rank r specified as described in After
low rank approximations, we followed the same procedure to compute the mean and variance and examined their
relationship.
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5.9.2 Assessing the stability of gene variances

To measure the stability of the gene variances after each transformation, we subsampled 5000 cells and re-applied each
transformation 7" to the subsampled data along with low rank approximation. For each gene g, we compare its relative
variance on the full data: Varj, = Var(T(Yf),)/ 2 (Var(T(Y™l),), to its relative variance on the subsampled data:

\7.2:;’9 = Var(T(Y*"),)/ > g(Var(T(YS“b)g). Lastly, we computed the spearman correlation coefficient r5 between

Var’ and Var’ across all genes as the final metric.
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