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Dynamical coupling with high-quality factor resonators is essential in a wide variety of hybrid
quantum systems such as circuit quantum electrodynamics and opto/electromechanical
systems. Nuclear spins in solids have a long relaxation time and thus have the potential to be
implemented into quantum memories and sensors. However, state manipulation of nuclear
spins requires high-magnetic fields, which is incompatible with state-of-the-art quantum
hybrid systems based on superconducting microwave resonators. Here we investigate an
electromechanical resonator whose electrically tunable phonon state imparts a dynamically
oscillating strain field to the nuclear spin ensemble located within it. As a consequence of the
dynamical strain, we observe both nuclear magnetic resonance (NMR) frequency shifts and
NMR sidebands generated by the electromechanical phonons. This prototype system
potentially opens up quantum state engineering for nuclear spins, such as coherent coupling
between sound and nuclei, and mechanical cooling of solid-state nuclei.
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ynamical coupling to a high-quality factor (high-Q)

resonator, i.e., an interaction with a rapidly oscillating

degree of freedom in a resonator, is essential to imple-
menting a wide variety of quantum hybrid devices. For instance,
in circuit quantum electrodynamics (QED), which implements
dynamical coupling between a superconducting microwave
resonator and an artificial atom; quantum non-demolition mea-
surements of the two-level system via the resonator’s frequency
shifts have been developed!?. On the other hand the parametric
coupling between photons and phonons (phonons and phonons)
in opto-mechanics® (in coupled mechanical systems) have been
used to measure the position of the mechanical resonator below
the standard quantum limit%. The resultant sidebands generated
on the photonic (phononic) resonance have also been harnessed
for sideband cooling the thermal phonons down to the quantum
ground state when pumping the red sideband®~7, and to generate
an inter-resonator quantum entanglement$-12,

Nuclear spins in solids have long relaxation times because of
their weak interaction with the surrounding environment, and
thus are expected to be utilized for various applications such as
quantum information processing!3>~1> and quantum magnetic
sensors!'®. Consequently incorporating the abovementioned con-
cept of coupling a resonator to nuclear spins has the potential to
open another class of manipulation and detection methods for the
nuclear spins. The concept of circuit QED has already been
implemented with electron spins using a superconducting
microwave resonator!’-20, In contrast, a similar approach based
on superconducting resonator (necessary for their high-Q) is
difficult for nuclear spins, because the nuclear magnetic reso-
nance (NMR) used to detect and manipulate their states requires
high-magnetic fields of a few Tesla. To address this, a natural
alternative would be to couple the nuclei to an electromechanical
resonator that is compatible with high-magnetic fields, but
despite this promise, an experimental demonstration of such a
hybrid system remains unexplored.

In the first step towards such a resonator-based hybrid system
with a nuclear spin ensemble, we have developed an electro-
mechanical system that imparts dynamical strain to nuclear spins
naturally located within it. In this realization, the nuclear spins
interact with the fundamental mode of the resonator at 1.7 MHz
via mechanical strain in the quadrupole interaction?!?2. The
NMR of the local nuclei in the resonator can be selectively
detected by resistively detected NMR method using the integer
quantum Hall effect through a nano-fabricated transport channel
at the clamping point of the resonator!®. The quadrupole inter-
action of nuclear spins in solids is important and has a long
history in standard NMR and nuclear acoustic resonance
experiments?®. We note however that most of the work reported
so far has focused on static strain?!2224-37 or weak oscillating
strain induced by ultrasound applied to bulk specimens®. In
contrast, here we achieve larger strain regime of 1073 at 1.7 MHz
with the aid of a high-Q mechanical resonator that can enhance
the mechanical displacement (which induces strain) by a factor of
Q. As a consequence of this resonator-enhanced dynamical strain
effect, we observe both red and blue sidebands on the NMR
which correspond to nuclear spin transitions assisted by the
absorption and emission of electromechanical phonons. More-
over, frequency shifts in the NMR are also observed, which scaled
with the strain from the mechanical motion thus enabling the
nuclear spin states to be mechanically manipulated.

Results

Electromechanical resonator and resistively detected NMR. A
50-um-long doubly clamped electromechanical resonator shown in
Fig. la was fabricated from a GaAs/AlGaAs heterowafer using

sacrificial layer etching (see Methods and Supplementary Fig. 1).
Figure 1b details the motional piezovoltage V4 measured at dif-
ferent actuation voltages V,, showing a resonance peak which
corresponds to the fundamental flexural mode340 with frequency
wp/2r=1716 MHz and quality factor Q=5x10% With
increasing V,, the mechanical amplitude is deformed into a
sawtooth-shape reflecting the emergence of a nonlinearity in the
underlying harmonic potential*!. This nonlinear feature is further
enhanced in the strong driving regime, where the normal and shear
strains can become as high as e, ~1x 1073 and £~ 2 X 1073,
respectively (see below and Supplementary Note 1).

This GaAs-based resonator hosts three isotopes 7°As, °°Ga,
and 71Ga, all of which are quadrupole nuclei having spin I = 3/2.
Among them 7°As has the largest quadrupole moment and the
strongest coupling to strain and therefore the effects generated
from electromechanical strain are most favorable for this element.
The fundamental flexural mode of this resonator creates strain
that is magnified at the clamping points (see Supplementary
Fig. 2) and thus detection of NMR for the strain-modified nuclei
is made at this location. To this end, a resistively detected NMR
method is adopted that uses breakdown of the integer quantum
Hall effect (see Methods). Figure 1d shows the NMR measured
from the 7>As nuclei at the clamping point, which is unstrained as
the mechanical vibration is not activated and the peak frequency
wo measured at different external field B, shows a linear
dependence (see Fig. le). The corresponding gyromagnetic ratio
y/2r=7.3 MHz T~ extracted from a linear fit confirms that the
observed peak originates from the NMR of 7>As nuclei.

Sideband NMR assisted by electromechanical phonons. When
the electromechanical resonator is driven, it can periodically
modulate the quadrupole term associated with the nuclear spins
via the motion induced strain. As a consequence of this
off-resonant parametric modulation, nuclear spins can form
phonon-dressed states, which emerge as sideband NMR peaks as
schematically depicted in Fig. 2a. A red (blue) transition can be
induced with the absorption (emission) of phonons from (into)
the mechanics via the quadrupole interaction and hence the
additional NMR peak appears at wo—(+)wy;. Figure 2b-d (2e)
show the observation (simulation) of red and blue sideband NMR
peaks for the nuclei under the driven electromechanical oscilla-
tion with V, =40 mV (point 5 in Fig. 3a). The strongest sideband
NMR peaks are observed with 7>As whilst the weakest with 71Ga,
which reflects the magnitude of the quadrupole interaction
between the nuclear spins and mechanical strain. We note that
the apparently narrower NMR peak of 71Ga is due to the limited
signal-to-noise ratio for this nuclear species, which is rela-
tively scarce and has a weaker quadrupole interaction.

To better understand the observed sideband NMR peaks, the
spectra were numerically simulated using a model Hamiltonian
that included an oscillating quadrupole interaction associated
with the driven mechanical motion:

H = Hy + Hy(t) + cos(wgpt) Hyg. (1)
Here the first term describes the Zeeman effect, H, = —hw,l,,

where wo/2m = yB, with y being the gyromagnetic ratio of the
relevant nucleus, I, is the z-component of the Pauli spin operator
I, and h the reduced Planck constant. For a nucleus with spin I =
3/2, four spin states |m) are Zeeman split to form equally spaced
energy levels separated by hw,. The effect of strain-mediated
dynamical coupling from a driven mechanical resonator on
nuclear spins is captured by the dynamic quadrupole interaction
described by the second term H(t) = x(t)], which is propor-
tional to the time-dependent mechanical displacement x(t). Here
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Fig. 1 Experimental setup. a False-color scanning electron microscope image of the device (scale bar, 10 pum). A GaAs-based doubly clamped
electromechanical resonator is suspended from the substrate. Two Schottky gate electrodes are defined on the left clamping point in order to
piezoelectrically actuate and detect the mechanical motion. b Frequency response of the mechanical resonator with different actuation voltage V, plotted
as a function of actuation frequency w./2z with wpn/27 =1.716 MHz. The right axis shows the calibrated mechanical amplitude x; at the center of the
beam. ¢ A schematic of the device structure at the clamping point, where the maximum strain can be induced from the fundamental flexural mode of this
resonator. A static magnetic field By is applied perpendicular to the 2DEG, while a transverse magnetic field B, is irradiated to the nuclei underneath the
antena gate to which an RF current Igr with a frequency wgr is also applied. d A plot of Alsy (=lsq — lo with I being the offset current) at Bo=3.1T
measured as a function of wgr without mechanical actuation. e A plot of the NMR peak frequency as a function of By, showing linear By-dependence, from

which a gyromagnetic ratio of 7.3 MHz T~ for As’> is determined

the quadrupole operator jQ is

Jo=A,[3 — I(I+1)]/3+iA, [ — 7], (2)
where A; and A, are the quadrupole coupling constants at the
clamping point and I, and I_ are the spin ladder operators (see
Supplementary Note 1). The NMR transition triggered by
absorbing a photon wgy irradiated by the antenna gate is
described by the third term with Hyp = —yhB_I,, where I is the
x-component of the Pauli spin operator and B, is the
corresponding transverse magnetic field. Equation (1) can
simulate the magnetization (I,) driven by RF irradiation and
its amplitude reflects the NMR response of the nuclei under the
presence of an oscillating strain field.

Figure 2e shows the numerical simulation extracted from this
framework within the rotating-wave approximation of both the
main and sideband NMR spectra associated with °Ga nuclei (see
Methods). The simulation not only reproduces the sideband
NMR peaks but also the ratio of the signal amplitude between the
main peak and the sidebands as observed in the experiments.
However the simulated sidebands are narrower than the main
NMR peak and this feature is not seen in the experimental

spectrum as this is acquired from an ensemble average (in
contrast to the simulation) that is inhomogeneously broadened by
the spatial distribution of the conduction electrons and the strain.
This agreement with the theory confirms that the observed
sideband peaks in Fig. 2b-d are indeed associated with nuclear
spin transitions aided by electromechanical phonons via the
quadrupole coupling.

Dispersive shifts induced by a driven mechanical resonator.
From the overall similarity between our system and a circuit QED
device embedded with an electromechanical resonator*?, one can
predict frequency shifts in the NMR caused by a driven
mechanical resonator. This feature resembles the ac-Stark shift in
a circuit QED system>*3 but now the driven mechanical motion
that is off-resonant with the qubit transition frequency is treated
as Floquet perturbation resulting in an energy shift, that was
dubbed as the mechanical/phonon ac-Stark shift#2.

In order to investigate this effect in the present system, the
NMR spectra of 7>As nuclei were measured under the influence of
intense AC electromechanical strain as shown in Fig. 3b. The
bottom spectrum shows the NMR at zero mechanical
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Fig. 2 NMR sidebands induced by electromechanical phonons. a A red
(blue) sideband NMR peak can be induced with the absorption (emission)
of an electromechanical phonons. b-d The main and red/blue sideband
NMR spectra with relevant isotopes, 7°As, ©°Ga, and 7'Ga from top to
bottom, respectively. Each panel shows Alg4 as function of wgr with wresy =
wo—(+)onm, Where wo(7°As)/2r = 22.63 MHz, wo(°9Ga)/ 2z = 31.79 MHz,
and wo("1Ga)/2x = 40.39 MHz at By =3.1T when the resonator is driven
with V,=40mV at point 5 in Fig. 3a. The solid lines in the sideband NMR
spectra show Gaussian fits of the data. e The simulated NMR spectra for
69Ga using the rotating-wave approximation, which are normalized by the
amplitude of the main NMR peak (see Methods)

displacement with a doublet peak structure as indicated by the
solid circle (main peak) and open square (sub peak). However
this figure also reveals that as the mechanical displacement is
increased the main peak undergoes a blue shift whereas the sub
peak remains fixed. To elucidate the underlaying physics of these
observations, the NMR spectra are simulated using the same
model Hamiltonian in Eq. (1) that describes nuclear spins under
the influence of a rapidly oscillating quadrupole interaction
arising from the driven electromechanical motion (see Methods)
and are shown in Fig. 3c. The simulated NMR spectra (generated
using the same parameters as in Fig. 2e but now with a variable
displacement x(f)) reproduce the observed frequency shift, i.e.,
blue shift of the main peak (solid circle) and no shift of the sub
peak (open square), again confirming that the experimental

observations can be accommodated by the oscillating quadrupole
Hamiltonian. To further quantify the simulated spectra, the
experimental NMR frequencies of the main- and sub-peaks
extracted from the measured NMR spectra are collated as a
function of the physical displacement of the fundamental flexural
mode x;. The resultant plot in Fig. 3d shows that the
experimental frequency shift agrees with the simulated frequency
shift.

In order to decipher the mechanisms underlying the observed
frequency shift, the model Hamiltonian is further analyzed. In the
absence of a quadrupole interaction between nuclei and
mechanics, the bare nuclei with I=3/2 shows degenerate
Zeemann split states that are equally spaced by hwy as shown
in Fig. 4. Next the quadrupole interaction is treated using Floquet
perturbation theory (see Methods), which notably indicates that
the dynamic (oscillating) component of the perturbation term has
no contribution at the first order while it has a non-zero value at
higher order. Consequently the first-order energy shift § can
simply be induced by static mechanical strain. The analytical
expression of § (see Methods for the derivation) indicates that its
sign is positive (negative) for |m = +1/2) (]£3/2)), which in
turn lifts degeneracy as depicted in Fig. 4 and is experimentally
observed as split NMR peaks even in the absence of ac strain in
the lowest plot in Fig. 3b. Indeed, such NMR peak structure is
commonly observed in GaAs heterostructures’ and is due to
residual static strain that is incorporated during crystal growth
and nano fabrication. Similarly, the sign of the second-order
energy shift y is positive (negative) for |—1/2) and |-3/2) (|1/2)
and |3/2)) and the dynamical electromechanical strain only blue
shifts the resonant transition |1/2) < —|1/2), whereas the other
transitions remain unchanged as shown in Fig. 4. This is in
contrast to the case with static strain where the transition
13/2) < [1/2) (|—-3/2) < |—1/2)) is blue (red) shifted while the
|1/2) <> |—1/2) transition remains unchanged. Consequently in
the NMR spectra shown in Fig. 3b, d, the blue shifting main peak
corresponds to the transition |1/2) «<» |—1/2) stemming from
non-adiabatic dynamical strain originating from electromecha-
nical phonons, whilst the sub peak (open square) corresponds to
the |—3/2) <> |—1/2) transition which arises from the residual
static strain given by —20.

Discussion

The NMR spectra of 7°As, ®Ga, and 7!Ga nuclei under the
influence of intense periodic lattice strain induced by the large
displacements of a strongly-driven doubly clamped electro-
mechanical resonator were investigated. The resultant resistively
detected NMR showed sideband peaks, which indicated the
parametric coupling between nuclei and mechanics with the
nuclear spin transitions assisted by electromechanical phonons.
In addition, NMR frequency shifts were also observed that
stemmed from non-adiabatic dynamics that scaled with the
mechanical displacements. The agreement with theoretical
modeling in both experiments confirms that our system faithfully
implements dynamical coupling between a nuclear spin ensemble
and an electromechanical resonator via mechanical strain.

In the present system, frequency shifts in the mechanical
resonance from the NMR have yet to be observed, which indi-
cates that the strain-mediated coupling observed in this system
corresponds to a weak coupling regime. For more advanced
dynamic effects such as coherent state transfer between a nuclear
spin ensemble and electromechanical phonons and electro-
mechanical detection of the NMR requires stronger coupling
between nuclei and mechanics. In case of an ensemble, the
effective coupling can be scaled with /N, N due to collective
effects**4>, where Nys is the number of nuclear spins equally
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Fig. 3 NMR frequency shift induced by a driven electromechanical strain. a A plot of the mechanical amplitude x; with stronger actuation: V, =40 mV.
b NMR spectra for 7>As nuclei at B, = 3.1 T under intense mechanical oscillations as a function of wge with wo/27 = 22.606 MHz. From bottom to top, the
spectra are measured at (w, — wnm)/27=—0.3, 1.0, 6.3, 10.8, and 13.0 kHz with a fixed actuation V, =40 mV as indicated by the colored open circles in
a. ¢ The numerical simulation of the NMR spectra which shows the normalized oscillation amplitude of (/,) for x; =0, 0.5, 0.75, 0.9, 1.1 pm from bottom to
top, respectively. d A plot of the measured NMR peak frequency as a function of x;, where the open square (solid circle) symbol corresponds to the left
(center) peak in b determined from the Lorenz fit to the spectra. The error bars correspond to the peak width determined from the fitting. The solid lines

show the theoretical frequency shift derived from the numerical simulation
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Fig. 4 Energy diagram of the nuclei under electromechanical strain. The
energy level diagram of the nuclear spin | =3/2 under the influence of
static and dynamic mechanical strain. § (y) represents the energy level shift
induced by static (dynamic) mechanical strain. The transitions labeled with
the open square and solid circle correspond to the features in the NMR
spectra in Fig. 3b, ¢ with the same markings. The transition given by the
solid triangle, although marked in Fig. 3b, ¢, is actually not observed in both
the experiment and the simulation due to it being masked by the blue
shifting main peak

coupled to the mechanical resonator which contains Np phonons.
Indeed such collective enhancement of coupling enables quantum
entanglement to be generated between an ensemble and a reso-
nator as demonstrated with an electron spin ensemble!7-1846 To

address the future possibility of accessing the strong-coupling
regime in this platform, the coupling rate between a single 7>As
nucleus and the zero-point motion of the resonator is estimated
to be go ~ A1xzp = 0.15 mHz, where x,, = 3 fm is the amplitude of
the zero-point fluctuations in the present mechanical resonator?’.
The strong-coupling regime requires +/NpNyggp > max(Afy,
Afws), where Afyr (Afxs) is the frequency bandwidth of the
mechanical resonance (NMR peak). In the present work, Afy; =
25Hz and Afys =5 kHz, where the NMR spectrum is inhomo-
geneously broadened. However N~ 100 nuclear spins can be
obtained in a volume of ~(100 nm)?3, which is much smaller than
the electromechanical resonator, in which case the strong-
coupling regime is achievable with Np~10% phonons, where
these requirements would be accessible by simply optimizing the
design of the resonator.

Further enhancement of this parametric coupling is necessary
to achieving quantum coherent coupling, i.e., strong-coupling
with Np < 1. This objective could be attained by using strain-
engineered soft-clamped ultrahigh-Q mechanical resonators*”:48,
which can have a narrow linewidth down to mHz, and by
improving the crystal quality to suppress the inhomogeneous
broadening of the NMR spectrum as well as using quantum dots
for highly polarized nuclear spin states*®. On the other hand, a
resonator with the frequency greater than the NMR frequency
would be required for sideband cooling3-7-> of the nuclear spins
which would necessitate changing the material of the resonator
and/or making it shorter and lighter where both could be
achieved with semiconductor nanowires®!->2. For future applica-
tion to a quantum coherent hybrid system, the decoherence
induced by the unpolarized nuclear spins, which are coupled to
mechanical motion at the clamping points (but unpolarized by
the electron transport) needs to be suppressed. An optimized
device structure where the mechanically strained clamping points
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completely overlap with the nuclei polarized from the electron
transport can in principle achieve this objective. Ultimately
optical access to the sample will enable the nuclear bath in the
entire resonator to be polarized®?3, thus enabling quantum
coherent coupling between nuclei and phonons. Our observation
of dynamical coupling between an nuclear spin ensemble and
electromechanical phonons combined with these improvements
is a prototype for electromechanical resonator-nuclear spin
hybrid systems.

Methods

Sample fabrication. A doubly clamped electromechanical resonator with a length
of 50 um, width of 6 um, and a thickness of 1 um was fabricated from high-quality
modulation-doped GaAs/Aly3Gay;As heterowafer grown by molecular beam
epitaxy on an undoped GaAs [100] substrate3®40. The beam resonator was
defined along the [011] crystal axis. A single heterojunction located 90 nm

below the surface sustains a two-dimensional electron gas (2DEG) with density
n=2.7x 1011 cm™2 The main heterolayer that constitutes the beam resonator was
grown on an aluminum-rich Alj 65Gag 35As sacrificial layer to enable it to be sus-
pended from the substrate. The fine mesa structure on the clamping points was
defined by electron-beam lithography and wet-etching. The antenna gate and the
Schottky electrodes formed thereon were fabricated via electron-beam lithography
and deposited with 1 nm/25 nm of Cr/Au. The final step to suspend the beam
resonator was defined by photo lithography and wet-etched to expose the sacrificial
layer. The sacrificial layer was then selectively removed with dilute hydrogen
fluoride (10 wt%).

Measurement setup. Supplementary Figure la shows the experimental setup. All
measurements were performed in a high-vacuum insert (<1075 Pa) in a dilution
refrigerator with a base temperature (<80 mK). Source-drain current Iq is mea-
sured in a two-terminal configuration using a source measure unit with a bias
voltage V4. In order to irradiate the RF transverse magnetic field in the NMR
measurements, a signal generator is connected to one end of the antenna gate,
while the other is grounded at low temperature so as to apply RF current Izp with
frequency wgg. The input RF power was fixed at —35 dBm throughout the mea-
surements. The transverse rf field B, is about 0.8 mT estimated from the input
power and the resistance of the antenna gate. On the other hand, variable actuation
voltage V, was applied to the upper Schottky gate electrode fabricated on the left
clamping point using a function generator while the 2DEG beneath the gate is
grounded as shown in Supplementary Fig. 1a, b. The resulting piezovoltage arising
from the motion of the beam at the lower gate was amplified by a home-made
HEMT-based cryogenic amplifier with the input load resistor of R = 1kQ fol-
lowed by a commercially available amplifier (NF SA-220F5) with a total voltage
gain of ~200 VV~L. The amplified voltage signal was then measured with a lock-in
amplifier phase-locked to the function generator. The details for this amplification
setup are also available in refs.3%40,

Resistively detected NMR. The resistively detected NMR method relies on
contact hyperfine interaction between conduction electrons and nearby nuclei,
thereby enabling current-induced dynamical nuclear polarization (DNP), as well as
resistive detection!>21>4-56_ In our device, a shallow mesa sustaining a 2DEG was
patterned onto the right clamping point. A static magnetic field By was then
applied perpendicular to the 2DEG. Supplementary Figure 1c shows the two-
terminal resistance measured as a function of By, showing the integer quantum Hall
plateaus. In the quantum Hall regime, current is carried by conduction electrons
flowing along two counter-propagating edge channels. In order to selectively
polarize nuclear spins and detect their spin states solely at the clamping point,
negative bias voltage Vy is applied to the Schottky electrode to form a narrow
constriction at the right clamping point as shown in Supplementary Fig. 1a, b.
When a large V4 is applied, a large electric field owing to a high current density at
the narrow constriction locally breaks down the quantum Hall state that entails
spin flip-flop events between hyperfine-coupled nuclei and electrons. As a con-
sequence of these spin flip-flop events, local nuclei at the clamping point can be
spin-polarized, known as DNP>*-%%, The number of nuclei in this interaction is
estimated to be ~10° or less from the effective volume of the constriction, which is
roughly 1 pm X 1 pm x 20 nm.

The hyperfine field generated by the spin-polarized nuclei modifies the
Zeeman energy of the electron and thereby alters the backscattering probability
which is manifested as a change in Iy. Supplementary Figure 1d shows the real
time evolution of I, after the abrupt application of Vig=132mV at By=3.5T
(v=3.15) with V= —0.45V to induce breakdown, which reveals a slow decrease
for the first 30 s followed by a saturation. The observed decrease in I4 can be
attributed to current-induced DNP resulting in a 20% spin polarization estimated
from the numerical simulations of the NMR spectra. Since this DNP was observed
only when V; value is large enough to completely deplete the 2DEG underlying the
electrode, it ensures that the DNP and its resistive detection are taking place solely
in the vicinity of the narrow constriction, i.e., at the clamping point. After waiting

for I,4 to saturate, wgg is slowly swept at a rate of 3 kHz min~!. In order to resolve
the fine peak structures in the NMR, (Alq)? is plotted as shown in Fig. 3b. When
wgrr matches the transition frequency of nuclear spin states, a coherent oscillation is
driven that leads to the depolarization of the nuclei. The resultant change in the
hyperfine field due to the depolarized nuclei modifies Iy that manifests itself as an
NMR peak as shown in Figs. 1d and 3b. The NMR detection via the electronic
transport measurements has a fluctuation of about 0.3 nA that originates from
charge fluctuation in the heterostructure. Because of this current fluctuation, the
signal-to-noise ratio in the NMR signal ranges from 2 to 10.

In this work, an NMR signal was observed in the magnetic field range of 3.1 <
By, <3.55 T, which corresponds to a transition from filling factor v=4to v=3
quantum Hall states as highlighted in Supplementary Fig. 1c.

Sideband NMR spectra. The NMR spectra on the red/blue sidebands shown in

Fig. 2e can in principle be obtained by calculating the time evolution via the master
equation for the Hamiltonian in Eq. (1). However, the full numerical time evolu-
tion without approximation was slow to execute due to the low transition rate of
the sideband NMR. Instead a numerical simulation of the Hamiltonian, approxi-
mated using the rotating-wave approximation, is employed. Equation (1) is eval-

uated with x(t) = x;cos(wyt) and by moving to a non-uniform rotating frame via a
unitary transformation:

Al’; sin(wyt) [312 — I(1 + 1)] /3}. (3)

Ul = exp{i

Wy

This yields a transformed Hamiltonian:

U,HUT — im0, % ~  —hwyl, — yhB,cos(wgpt)I,
LB cos{ (wy + 0y H e
A B 3 4)
— I cos{ (wy — @)t Higge
2
A
+o(3)

The second term in the right hand side describes the main NMR peak at wrr = wp,
while the third (fourth) term corresponds to the blue (red) sideband. Here Iy,
describes the transition of the nuclear spin states at the sidebands and is defined as

R R LC RIS R T
2 2/\2 2/ \2 2 2 2 2

where the first (last) two terms describe the transition between |1/2) and |3/2)
(|-1/2) and |—3/2)) states. In order to calculate the time evolution from Eq. (4) at
the red (blue) sideband, a transition to the frame rotating at frequency wgp + wy
along the z-axis is made using the transformation U, = exp{i(wRF + wM)tL} fol-
lowed by the rotating-wave approximation to get

yB.A X, i

HRed/Blue = 7h{(w[) + wM) - wRF}Iz + side» (6>

M

whose time evolution can then be easily calculated. It should be noted that, because
of the rotating-wave approximation, this simulation does not reproduce the fre-
quency shift induced by the ac strain, which is observed in Fig. 3b. Hence the main
peak in Fig. 2e shows no frequency shift and this can only be reproduced in the full
numerical simulation without the rotating-wave approximation as shown in

Fig. 3¢, d.

Numerical simulation of the NMR spectra. For the numerical simulations, the
quadrupole coupling constants A; and A, in Eq. (2) are determined from a finite
element method analysis of the strain associated with the fundamental mode (see
Supplementary Note 1). We obtain A; = 0.49 meV m~!and A, =—0.6meVm!
for 7>As, A; =0.16 meV m~! and A, = —0.14 meV m~! for ®Ga. The displace-
ment is measured at the center of the beam (see point x in Supplementary Fig. 2a)
and is decomposed into static and dynamic parts as x(f) = xo + x; cos(wyt). The
time evolution for the density matrix p of the nuclear spin is then calculated using
the von Neumann equation!37:

ihd’jT(:) = [p(r), H]. (7)

The temporal evolution of this first-order ordinary differential equation is
extracted using the fourth-order Runge-Kutta method with a time step of At =
107s. The upper panels in Supplementary Fig. 3a, b show the simulated temporal
evolution of (I,) = Tr{pl, } with two different mechanical displacements (a) x, =
0 and (b) x; = 1.1 pm. Both plots show the first 1.5 periods of the coherent
oscillation. From this time evolution, the normalized oscillation amplitude in <fz>
can be determined as shown in the lower panels in Supplementary Fig. 3a, b. In this
simulation, the shape of the measured NMR spectra (Fig. 3b) is reproduced by
adjusting x, and p(0) values. The experimental spectrum exhibits two features: (i)
the peak splitting in the absence of driven mechanical strain x; = 0 is ~5 kHz, and
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(ii) the prominent peak’s blue shift (solid circle) whilst the sub peak (open square)
is stationary. The former feature is reproduced with xo = —22 nm, whereas the
latter feature is reproduced by p(0) = {ps/2, p1/2> P—1/2> P32} =10.15, 0.2, 0.27,
0.36}, which is determined from a Boltzman distribution with a negative spin
temperature of —4 mK. The negative temperature indicates that the nuclear spin
state is population inverted due to the negative g-factor of the conduction electrons
in GaAs®’. Figure 3c displays the resultant normalized oscillation amplitude
extracted from the time evolution of (I,) = Tr{pI,} at different mechanical
displacements.

Floquet perturbation analysis. The quadrupole interaction experienced by

the nuclei can be described as a time-periodic perturbation that induces a level
shift and thus lifts the degeneracy of the Zeeman split energy states. To quantify this
level shift a Floquet perturbation analysis®>®! of the above Hamiltonian is employed
to derive the energy diagram in Fig. 4 by decomposing it to: H = H, + x(t)jQ with
x(t) = xo + x; cos(wpt). In this perturbative approach the first term is the bare
Hamiltonian whose eigenenergy EW is exactly solved as H,|m) = EY |m), while the
second term is treated as a periodic time-dependent perturbation that causes an
energy shift for |m). The eigenenergies E,, for the full Hamiltonian are then
expanded as a perturbative series: E,, = ES,?) + ES,P + EE,? + - - -. The striking con-
clusion from the Floquet theory is that the oscillating components (xx;) have no
contribution in the first order but a finite contribution in higher order. The first-
order energy shift is then calculated as

EE,}) = x0<m|jQ‘m>1
(m|[312 — 11 + 1) /3]m)
= x4,

= 4,

= %4,

with a positive (negative) sign for | +3/2) (| £1/2)). Here only the diagonal part
(real part) of jQ contributes to the energy shift. Similarly, the second-order energy
shift is calculated as

= g 5 (ol ol

m'#m e
Jo|m' |]|

+ 3 Chm)ifol) ©)
{mliqm) (o [Ja|m)

+X1 Z FQ —E,, +hw3

m'#m

The numerators in this equation can be evaluated as
(mlJq|m’) (m'|Jq|m) = —A (m| [I} — 12 ] m") (m'| [I}
= 12426

—I2]|m) (10)

m'm+2s

and are independent of m. In the second order, the off-diagonal part (imaginary
part) of ]'Q has a non-zero contribution. This leads to

(2) _ 643
Em =+ Tiw,
3x7A% 3x7A2
F | 2wy iy T 2yt (11)
3x3A2
+ haw,
= X

where the negative (positive) sign is for [3/2), and |1/2) (]—3/2), and |—1/2)) with
approximately: xo/x; = 0, and wy/wy = 0.

Calibration of mechanical displacement and strain. In the experiments, the
mechanical motion can be detected via the piezovoltage Vg4, from which the cor-
responding displacement x, at the center of the beam resonator (point x in Sup-
plementary Fig. 2a) is determined via x; = V/(5 x 103 V. m~!). This calibration
was derived by fitting the experimentally observed NMR frequency shift to the
simulated frequency shift as shown in Fig. 3d. The electromechanical strain can be
determined from this displacement calibration via a finite element method simu-
lation (see Supplementary Note 1). To ensure validity of this calibration, the
mechanical displacement is also quantified from the onset of nonlinearity. The
onset of nonlinearity in a doubly clamped beam resonator can be estimated ana-
lytically from x. = #,/2/0.528Q(1 — ©?) = 12 nm, where t =1 um is the thickness
of the beam and v=0.31 is the Poisson ratio of GaAs*>2. Experimentally, non-
linearity emerges at V3~ 0.2 mV as shown in Fig. 1b and in the strong driving
regime at point 5 in Fig. 3a, the mechanical amplitude is roughly 30 times larger
than this onset, and is estimated to be 30x, = 0.4 um.

Data availability. The data that support the findings of this study are available
from the corresponding author on request.
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