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The supercurrent that establishes between two superconductors connected through a normal N mesoscopic
link is carried by quasiparticule states localized within the link, the “Andreev bound states (ABS)”. Whereas
the dc properties of this supercurrent in SNS junctions are now well understood, its dynamical properties are
still an unresolved issue. In this letter we probe this dynamics by inductively coupling an NS ring to a
multimode superconducting resonator, thereby implementing both a phase bias and current detection at
high frequency. Whereas at very low temperatures we essentially measure the phase derivative of the
supercurrent, at higher temperature we find a surprisingly strong frequency dependence in the current
response of the ring: the ABS do not follow adiabatically the phase modulation. This experiment also
illustrates a new tool to probe the fundamental time scales of phase coherent systems that are decoupled
from macroscopic normal contacts and thermal baths.

dissipationless current is known to flow through a thin (subnanometer) insulating barrier between two

superconductors S with a superconducting phase difference, the well-known Josephson effect.! This

supercurrent may also flow through a long (micrometer) non-superconducting metal wire at low tem-
peratures, a spectacular consequence of the quantum phase coherence throughout the normal metal. The way the
supercurrent responds to a dc phase difference, the current-phase relation,” was only recently measured with a
Hall probe.’ It reflects the phase dependence of the ABS,* entangled electron-hole states which form in the normal
metal as a consequence of the superconducting mirror-like boundary conditions. Discrete phase dependent ABS
were recently detected in a carbon nanotube between S electrodes®. In a diffusive SNS junction, with N longer than
the superconducting coherence length, the ABS spectrum is a quasi-continuum of levels with a small energy gap
Eg*” independent of A. This minigap depends solely on the wire length L and the diffusion constant D, via the
Thouless energy E;, = fi/tp, where 1,=L?/D is the diffusion time through the N wire. E, is fully modulated by the
phase difference ¢ between the superconducting order parameters on both sides: it is maximal at p= 0 with
E,(0) ~3.1Eq, and goes linearly to zero at =, as recently measured by scanning tunneling spectroscopy.® The
phase dependent Josephson current I)(¢) at equilibrium sums the contributions of each ABS of energy ¢, via
i, = 2¢% the current carried by level n with occupation factor p,:

=7 0p
L(p)=Y_ pulen(9))in(0)- (1)

Its amplitude (the critical current I.) is 11GyEy/e at T = 0 where Gy is the normal state conductance of the
normal wire and is thus independent of A, the superconducting gap of the electrodes. I, decreases roughly
exponentially with an increasing temperature on the scale of E,. The phase dependence of I; is non-sinusoidal
at low temperatures, but turns sinusoidal at T > E,.>’ This behavior presents striking analogies with persistent
current of purely normal rings.®

Whereas the dc properties of the proximity effect (PE) at equilibrium in long SNS junctions are well understood
theoretically and experimentally, its dynamics is a more complicated and yet unresolved issue. In particular the ac
current response to a time dependent phase which affects both ABS energy levels and their populations still needs
to be determined. At least two relaxation times should play a role, one related to the relaxation of the populations
following a change of the energy levels, another related to the dynamics of the Andreev levels and possibly also a
contribution due to the generation of quasiparticles. Which of the electron-electron, electron-phonon, diffusion
or dephasing times are relevant in these processes? Experimentally, there are many ways in which to impose an

| 1:3 | DOI: 10.1038/srep00003 1



Figure 1| Left: Principle of the experiment, the ac current in the resonator (double meander line) induces a flux modulation through the NS ring. The
complex susceptibility of the ring modifies the resonator impedance. Right: Electron micrograph of the NS rings inserted in the niobium resonator,
(meander line structure below). The S part large ring is attached to the resonator whereas the small one is not. This difference only affects the calculation of

the inductive coupling between the ring and the resonator.

out of equilibrium situation. Because of the Josephson relation link-
ing voltage to the time derivative of the phase, a voltage bias across
the junction causes a time dependent phase and the I(V) curve is a
probe of the dynamics of the PE. Irradiating the junction with an RF
field, which produces Shapiro steps in the I(V), is another. Both the
critical current in current biased experiments™'' and the complete dc
Josephson current vs phase relation® have been shown to be very
sensitive to RF excitation at frequencies of the order of or larger than
1/tp. In addition, the electron-phonon scattering rate has also been
shown to set the frequency scale for the hysteresis in current biased
experiments''.

In contrast to these previous experiments on SNS junctions™ "'
probing the dynamics in strongly non-linear regimes, in this paper
we present a linear response experiment at high frequencies. We
probe the dynamics of ABS by inductively coupling an NS ring to
a multimode superconducting resonator, thereby implementing
both a phase bias and current detection at high frequency.
Whereas at low temperature the response is essentially non dissip-
ative and given by the flux derivative of the Josephson current a quite
different behavior is observed at large temperature compared to the
minigap. The frequency dependence of the response reveals, in addi-
tion to the dissipation-less current, a strong dissipative component,
with a Debye-type frequency dependence and relaxation time of
the order of 7p. The dc phase dependence of the high frequency
current response is very different from the dc supercurrent, and
strongly non-sinusoidal. We show that this high harmonics content
is well explained by phase dependent Andreev levels with a time-
independent population, suggesting that the energy relaxation
time is by far longer than the nanosecond time-scale probed by the
experiment.

Results

The experiment consists in inductively coupling an NS ring to a
multimode superconducting stripline resonator operating between
300 MHz and 6 GHz, see Figs. 1 and 2. Two different NS rings were
probed, differing only by the length of the S loop.

The N part of the NS ring is a mesoscopic high purity Au wire
1.5 X 0.3 um?, 50 nm thick. The estimated normal state resistance is
Ry = 1/Gy = 0.5 Q corresponding to a conductance g = 2 X 10* in
units of 2e’/h. The normal wire is patterned between the resonator
meander lines by e-beam lithography, and thermally evaporated
onto the substrate. The S part is constructed with a W nanowire
deposited using a focused ion beam. The sample is thus an ac-squid
embedded in the resonator. The dc superconducting phase difference
@ at the boundaries of the N wire is imposed by a magnetic flux @,
created by a magnetic field perpendicular to the ring plane:

p=—21D, /Dy (2)

with @y = h/2e the superconducting flux quantum. In addition, an ac
flux 6®,, cos(wt) is generated by the ac current in the resonator. At
low enough frequency the current in the NS ring should follow
adiabatically the oscillating flux, and the ac response should be
entirely in phase, given by the flux derivative of the Josephson current
OI(®,4.)/ 0D, also called the inverse kinetic inductance. But at high
frequencies the ac current 61, in the ring can have both an in-phase
and out-of-phase response to the ac flux:

OLy(®4) =% (W, @4, ) 0@, cos (wt) + %" (w, D4, ) 0@, sin (wt), (3)

where x = %' + iy, the complex susceptibility of the ring, is related
to its complex admittance Y = 1/Z by y, = iwY. The aim of the
experiment is to determine (¢) of the ring at the successive eigen-
frequencies of the resonator. It is deduced from the periodic flux
dependences of the resonance frequencies and inverse quality factors
measured with high accuracy (see methods). It is important to dis-
tinguish the internal flux ®;,,; from the applied flux ®,,, related by
@iy = By + LI} (Dy) where L, ~ 15 pH is the geometrical induct-
ance of the ring. This screening effect concerns both the ac and dc
components of the flux leading to the following relation between the
intrinsic susceptibility of the ring y and the measured one
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Figure 2 | Raw data 3/ ,,(® ) and " (P o), see Eq. (2), (thick lines)
measured on the large ring, as a function of the applied external flux and
same data corrected for the geometrical inductance as a function of
internal flux: 3 (®;,,) (triangles) and y"(®;,,) (circles), at 670 mK and 1K
and f; = 365 MHz. At 1 K y and y,, are barely distinguishable.
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Figure 3| (a)and (b) External and internal flux dependence of 3’ measured on the small ring at 50 mK and 600 MHz in comparison with theoretical
predictions assuming an adiabatic response of the ring. A quantitative agreement between theory is obtained taking I, = 110 uA which is comparable to
the expected value I, = 150 yA = 10.8 E73,/®y. There is no detectable flux dependent signal on y". (c) Comparison between the integrated signal and the

predicted current phase relation.

Figure 4 | Phase dependence of ' and " for different temperatures 0.55,
0.67 and 1 K all greater than the minigap and 2 different frequencies
f=365MHz and 1500MHz. The amplitude of the Josephson currents
calculated are I;(0.67K) = 18 pA and Ij(1 K) = 6 pA. Circles: fit with
%5 (9, T)/(14iwt), see expressions (5) and (6) calculated from Usadel
equation® at temperatures corresponding to kzT = 5, 6 and 8 Eyy, giving the
best agreement with experimental data. The amplitude of the theoretical
curves has been rescaled by a factor 0.3. All the curves have been arbitrarily
shifted along the vertical axis.

Xom

= + LgXm )
These differences between ¥,,,(®..) and x(®;,) are undetectable
when L, is small compared to the kinetic inductance (see Fig. 2 data
on the large ring at 1 K). This is not the case at lower temperatures
when the parameter f = 2nL,I(T)/®, is of the order of unity or
larger. This is why we have investigated different size of rings with
normal junctions of identical sizes (see Fig. 1), the small ring (L, =
2.5 pH) is such that f = 0.5 down to 50 mK. The large loop (L, ~ 15
pH) is more adapted to the investigation of higher temperature data
since hysteresis, corresponding to f = 1, occurs below 600 mK. We
nevertheless exploited the low temperature data on this large loop to
determine the Thouless energy of the N wire which is one of the key
parameters. I.(T) is first deduced from the temperature dependence
of the hysteresis amplitude ®(T) = 2L I.(T). Ey, is then obtained
from the expression of I.(T) oc (kT /Eny)* *exp (—/2nkpT/Em),
calculated from Ref."*. We find E7, =90+ 10 mK ~ A /80.

Below we discuss the phase dependence of y(¢) with ¢ deduced
from ®;,,, through Eq. (2) and replacing @, by ®;,.. Fig. 3 and Fig.4
present x'(¢) and y"(p) for different temperatures and resonator
eigenmodes. Each curve is the average of 30 to 100 magnetic field
scans. At alow temperature compared to the minigap the response is
essentially non-dissipative with no oscillations detectable in x"(®).
%' (@) is practically the flux derivative of the Josephson current, see
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Figure 5 | Frequency dependence of dy’ and dy" for two different
temperatures above the minigap. Continuous lines: fits according to
Debye relaxation laws with t = 0.6 ns. Inset: frequency dependence of the
ratio 0y"/dy for several temperatures. The linear dependence in 2nf

confirms the validity of the Debye relaxation fits. Circles: T =1 K, crosses:
T=0.67 K.

Fig. 3. A very different behavior is found at temperatures larger than
T = 0.5 K as shown in Fig. 4. The first surprise is the observation,
beside the non-dissipative response y', of a larger flux dependent
dissipative response y", over the entire frequency range investigated
(365 MHz to 3 GHz). In addition, %'(¢p) is not a pure cosine even
though the dc Josephson current is sinusoidal at these temperatures,
implying that y'(¢) is not simply y;(¢) = (2n/®y)0L(p)/0p. We
define the quantities dy' and Jy" as the flux dependent parts of y'
and y". The frequency dependence of these quantities are plotted in
Fig. 5 for different temperatures above the minigap. We find that
0y,(w) follows a simple Debye-type dependence, dy(w) = 0%(0)/(1 +
iwt), with: 9y(0), of the order of y; as expected for the w = 0 limit,
and the relaxation time 7 equal to 0.6 = 0.2 ns, roughly 7 times 7p.
When expressed in terms of admittance like in the theoretical work
in* 0Y(w) = oy (w)/iw, our findings suggest that the flux dependent
part of ROY (w) exhibits an effective Drude like frequency depend-
ence which is independent of frequency at w<1/t. We find no
significant temperature dependence of 7 between 0.5 and 1 K.
However our low temperature results indicate that this Debye-type
relaxation mechanism does not describe the dynamics below the
Thouless energy.

Discussion

We now discuss possible explanations of this linear-response data at
temperatures larger than the minigap. One cause of dissipation is the
relaxation of the populations of Andreev levels which was invoked to
explain non-equilibrium effects in voltage biased configurations such
as fractional Shapiro steps.' This relaxation is characterized by the
inelastic time t;, which is the shortest of the electron-electron and
electron-phonon scattering times. At temperatures larger than the
minigap, it yields a frequency dependent contribution proportional
to the sum over the spectrum of the square of the single level current.
Note the similarity between this relaxation mechanism and the finite
temperature persistent current relaxation mechanism in Aharonov
Bohm mesoscopic N rings discussed in Ref.'*"'®. The susceptibility is
hence

Oin .\ OpuOey 1
Xin(w) = Z n [pn% +ln((/)) asn %m}

L (p) iwt ®
J in

g 14wty
where the non-adiabatic contribution F(p,T)=—>_, [zfl (;1: J can

Yan”

%1(0)

Figure 6 | Top: schematic representation of the phase dependent minigap
closing linearly at ¢ = n. Bottom: dotted line, adiabatic low frequency
response)o(®P) of an NS ring 0Iy/0® at kgT = 8Er, Continuous line: non-
adiabatic contribution obtained when the frequency is large compared to the
inverse relaxation time of the populations. F(¢,T)'**' was calculated using
Usadel equations® in the limit kg T>>Er,, F(p,T) ~ (2 V272GNEm, / ekg T)
(—n+mod (n+ ¢,27) —sgn (sin (¢)) sin? (p/2/7) sin (¢). Bold line: total
response calculated, ¥in(¢) = %o(p) — F(p,T), for kgT = 8Er;, and wry, =
100, reproducing experimental results as shown on Fig. 4.

be written in the continuous spectrum limit in terms of the spectral
current J(¢) and the density p(¢) of the the Andreev levels as:
F(p,T)=[J*(p.e)/[ksTp(e))]de. This function exhibits a sharp
anomaly at ¢ = = related to the closing of the minigap and when
WTin>1 this anomaly contributes substantially to x(¢), reproducing
our experimental findings at temperatures larger than the minigap
(see Figs. 4 and 6). In the temperature range of the experiment, T =
1 K, 7, should be the electron-electron scattering time***. Given the
S boundaries t;, is probably of the order or even longer than its value
in a finite length quasi 1D wire, itself much longer than the phase
coherence time of an infinite wire or of the same wire connected to
normal reservoirs. Since in the experiment T<gEr,/kp~1000K,
Tin(T) ~gh/kgT ~100 ns at 1 K, much longer that the nanosecond
time scales investigated. Thus already at MHz frequencies Andreev
level populations do not relax and are effectively frozen at their dc

values. Equation 5 leads to =%y (p,T)=> 4 [pn %j} and
%in =F(p)/wty, in this limit.

Whereas the above model describes the measured phase depend-
ence %' (@) quite well (Fig. 4) for the large temperature data, it pre-
dicts a frequency independent amplitude in the investigated
frequency range, which is not what is observed experimentally.
Moreover the predicted " is more than two orders of magnitude
smaller than the experimental values and has a predominant = peri-
odic component (due to the squared spectral current in the non-
adiabatic contribution) which contrasts with the 2 measured peri-
odicity. The experimental Debye relaxation of Fig. 5 must therefore
be due to a second, different relaxation time © much shorter than t;,,.
It is indeed expected that as the driving frequencies become of the
order of the inverse diffusion time, the Andreev levels cannot follow
the phase oscillations. The relevance of the diffusion time for super-
conductivity in a disordered superconductor in the vicinity of T, was
already discussed long ago”?. The authors found an effective
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Ginzburg-Landau time in a finite wire tg; = (n°/4)tp. This justifies
to fit the experimental results at w>>1/1;, with

x (w0, T) =15 (9, T) /(1 +iwr). (6)

We show in Fig. 4 that the phase dependence of %’ and " are well
reproduced by Eq. (6) with 7 = 0.6 ns and y;? (¢), the infinite fre-
quency limit of (5). We use a single rescaling factor 0.3 for all data,
attributed to errors in the estimation of the mutual inductance
between the ring and the resonator. Recent work® on the finite
frequency response of a SINIS junction where the N mesoscopic wire
is isolated from the electrodes by an insulating barrier lead to a
frequency dependent response with a characteristic time propor-
tional to 1 and similar flux dependences for ' and ", as observed
here. These results refer to the situation of temperature above the
minigap, since its value is strongly suppressed by tunnel barriers. On
the other hand, the computation of the high frequency impedance of
a SNS junction with highly transmitting N/S interfaces recently per-
formed in*' emphasizes the excitation of quasiparticles above the
minigap as another dissipation mechanism. These results agree with
our low temperature data and high temperature data at moderate
frequency but the Debye-type frequency dependence relaxation is
not reproduced. Thus it seems plausible that the unexpected dissipa-
tion mechanism we found is related with diffusion of thermally
excited (above the minigap) quasiparticles across the N part of the
structure.

In conclusion we have measured the high frequency linear res-
ponse of NS rings. At kgT<E, the response is essentially non-
dissipative and given by the flux derivative of the Josephson current.
At kgT>>E, our results show the existence of a strong dissipative
component in addition to the expected dissipationless current.
Moreover we also observe a strong frequency variation of the flux
dependent kinetic inductance beyond adiabaticity, revealing the
existence of two different relaxation times: (i) The inelastic relaxation
time of the populations of the Andreev levels, much longer than the
experimental investigated time scales. It explains the harmonics con-
tent of the dc flux dependence of ' (®) resulting from the freezing of
those populations which do not follow the time dependent flux, (ii)
Another, much faster time scale, responsible for the observed dissip-
ative response " (®) and the high frequency decrease of ' (®) related
through a Debye-type frequency dependence. This second temper-
ature independent time scale in the ns range may be related to the
diffusion time through the N segment. On the theory side, this calls
for finding a relaxation time scale of the order of the diffusion time,
which does not naturally show up in the frequency dependent Usadel
equations in®'. We also show that the phase dependent dynamics of a
N wire between S reservoirs is fundamentally different from the
dynamics of the same N wire between normal reservoirs. These
measurements revealing the dynamics of the Andreev states could
be extended to a wide range of SNS systems where the N part may
be a semiconducting nanowire, a carbon nanotube, or a graphene
ribbon.

Methods

Resonator and measurement of the susceptibility of the ring. The resonator is made
of two parallel superconducting Nb meander lines (2 um wide, Lr = 20 cm long, and
4 um apart, see Fig. 1) on a sapphire substrate [12]. One line is weakly coupled to a RF
generator via a small on chip capacitance, adjusted to preserve the high Q of the
resonator (80 000 at 20 mK), the other one is grounded. The resonance conditions are
Ly = ", where n is an integer and 4, the electromagnetic wavelength. The
fundamental resonance frequency f; is 365 MHz. We were able to detect more than
30 harmonics. The resonator is enclosed in a gold plated stainless-steel box, shielding
it from electromagnetic noise, and cooled to mK temperature. The high Q ensures an
extreme sensitivity: L Q1 ~1070, enabling very accurate ac impedance
measurements of mesoscopic objects. This technique inspired by experiments
performed at lower frequency on short Josephson junctions*** was previously
employed in contactless measurements of purely normal (N) Aharonov Bohm rings.*?
A single NS ring gives more signal than 10* N rings, for two reasons: First, the
supercurrent in an NS ring is g times larger than the persistent current in a N ring of
the same size as the N wire. Second, the length of the S wire can be adjusted to

optimize the ring/resonator coupling. The dc flux dependent susceptibility is deduced
from the flux induced variations in the resonance frequencies and inverse quality
factors &f,(®4) and 6Q, ! () of the resonator:

of 1 M 1M

= =——kp—¥Um» 0— =kn—%"m- 7

7, Sk Km0 =T 7)

Here £=0.15 uH is the resonator inductance, the mutual inductance between the
ring and the two resonator lines was M ~ 5 pH and 0.2 pH for the large and the small
rings, respectively, and k,, accounts for the spatial dependence of the ac field
amplitude at frequency f,,.

SNS junctions using a focused ion beam. The superconducting electrodes on both
sides of the Au wire are made from W nanowires deposited using a focused Ga ion
beam (FIB) to decompose a tungstene carbonyle vapor. The superconducting
transition temperature of these W wires is 4 K, their critical current is 1 mA, and
critical field is greater than 7 T.* The superconducting gap measured by scanning
tunneling spectroscopy® is A = 0.8 meV. This technique provides a good NS
interface, thanks to the light etching concomitant to the W deposition. We have
checked that SNS junctions fabricated using this technique exhibit supercurrents and
Shapiro steps comparable to long SNS junctions made with more conventional
techniques."
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