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ABSTRACT
TheHubble parameter is one of the central parameters in modern cosmology, and describes the present
expansion rate of the universe.The values of the parameter inferred from late-time observations are
systematically higher than those inferred from early-time measurements by about 10%. To reach a robust
conclusion, independent probes with accuracy at percent levels are crucial. Gravitational waves from
compact binary coalescence events can be formulated into the standard siren approach to provide an
independent Hubble parameter measurement.The future space-borne gravitational wave observatory
network, such as the LISA-Taiji network, will be able to measure the gravitational wave signals in the
millihertz bands with unprecedented accuracy. By including several statistical and instrumental noises, we
show that, within a five-year operation time, the LISA-Taiji network is able to constrain the Hubble
parameter within 1% accuracy, and possibly beats the scatters down to 0.5% or even better.
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INTRODUCTION
The measurement of the Hubble parameter has
reached a crossroad [1]. The values obtained from
early-time observables such as the cosmic mi-
crowave background (CMB) [2] or the big bang
nucleosynthesis plus baryon acoustic oscillation [3]
are indirect, because to getH0 from those measure-
ments one has to assume a cosmological model. Al-
though these measurements are more precise com-
paredwith the late-time distance ladder [4,5], in this
way the resulting H0 is cosmological model depen-
dent. The distance ladder is a direct H0 measure-
ment. However, generally, it has more serious sys-
tematics, such as the reddening of the cepheid or
red-giant branch stars, metallicity effects, etc. [4,5].
Hence, the resulting values might be miscalibrated
due to the aforementioned astro-physical issues.
A new independent H0 measurement whose accu-
racy is better than 2% is crucial in order to judge
the current discrepancy [6,7]. Once this 2% pre-
cision level is achieved, we give priority to under-
standing the systematics, especially the unknown
ones, rather than simply to increasing the sample
volume.

With self-calibration by the theory of general
relativity, gravitational waves (GWs) from com-
pact binary coalescence (CBC) events open a com-
pletely novel observational window forH0 determi-
nation [8–12]. Depending on whether or not the
events are associated with electromagnetic (EM)
counterparts, GW events can be categorized into
bright sirens [13,14] and dark sirens [15–17]. The
former demand fairly good synergies, which are ex-
tremely challenging for high redshift CBC events;
while the latter, which do not rely on transient mea-
surements, ask for a precise sky localization to re-
duce the number of possible host galaxies. Since
the GW siren is a completely independent measure-
ment, its result will suffer from different systemat-
ics. Hence, it can shed some light on the Hubble
tension. Resolving this tension will lead to impor-
tant implications. If the result from the GW siren
is consistent with that from the early-time measure-
ments, such as the CMB, it would imply that the
current understanding of distance ladder systemat-
ics is not enough and that the concordance model
�CDM still works. On the other hand, if the re-
sult from the GW siren agrees with that from the
distance ladders, one needs to revise the �CDM
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model and there must exist some new physics be-
yond the standard model of cosmology. This is be-
cause several CMB experiments (including both
spacemission andground-based telescopes), such as
Planck [2], SPT [18] and ACT [19], are consistent
with each other. Each of these experiments has spe-
cial designs in itself. Hence, they have different sys-
tematics.

The Laser Interferometer Space Antenna
(LISA) [20], a space-borne gravitational wave
observatory, consists of three spacecrafts in an
equilateral triangle configuration. The separa-
tion distance between the spacecrafts is about
2.5 million kilometres. The LISA constellation is
in a heliocentric orbit behind the Earth by about
20◦. Taiji [21] is a gravitational wave space facility
proposed by the Chinese Academy of Sciences, with
a separation distance of 3 million kilometres in a he-
liocentric orbit ahead of the Earth by about 20◦.The
LISA-Taiji network [20,21] will be able to localize
the CBC events with unprecedented accuracy [22].
As demonstrated previously, this advantage could
help improve the Hubble constant determination.

In this article we forecast the ability of estimat-
ing the Hubble parameter by using GW siren data
from the future space-based GW observatories. Un-
like stellar-mass binary black holes detected with
LIGO/Virgo [23], for which the merger rate is ob-
servationallymeasured, there is no conclusive obser-
vational evidence for merging massive binary black
holes (MBHs). The models [24,25] adopted in this
article provide viable theoretical predictions to our
knowledge, and are also extensively studied in the
literature. The models are built by combining the
cosmological galaxy formation history with themas-
sive black hole binary (MBHB) formation dynam-
ics. Specifically, the models follow the evolution of
baryonic structures along a dark-matter merger tree
according to the extended Press-Schechter formal-
ism that is calibrated by N-body simulations. Be-
sides MBHs, the baryonic ingredients of the model
include the hot unprocessed inter-galactic medium,
the cold metal-enriched inter-stellar medium, the
stellar galactic disk, the stellar spheroid, the nuclear
gas and the nuclear star cluster. In the next section,
we highlight two of the most relevant aspects with
GWemissions, namely, black hole seedings and time
delays.

MODELS
We consider three different massive black hole for-
mation models with different black hole seedings
and time delays. The ‘light-seed’ scenario assumes
that the black hole seeds are the remnants of pop-
ulation III stars (PopIII) with typical initial masses

centered at 300M�, which is called the ‘PopIII’
model. In the ‘heavy-seed’ scenario (assuming a criti-
cal Toomre parameter ofQc = 3), MBHs arise from
the collapse of protogalactic disks and already have
masses around 105M� at high redshifts z = 15–20.
Depending on whether or not delays exist between
MBHs and galaxy mergers, these ‘heavy-seed’ mod-
els are referred to as ‘Q3d’ and ‘Q3nod’, respectively.

In ‘PopIII’ and ‘Q3d’ models, after the dynam-
ical friction phase, several hardening mechanisms
are included. In gas-rich environments, the nuclear
gas viscosity drags the merger of MBHB behind the
merger galaxies. The typical delay is about 10 ∼
100 Myr. In gas-poor environments, three-body in-
teractions with stars dominate the hardening pro-
cess. This brings MBHs together on a time scale
of about 5 Gyr. If a MBHB stalls at about a per-
sec separation, a MBH triple system may be formed
when a succeeding galaxy merger occurs. The typi-
cal delay is about 100Myr.Thismechanism seems to
work effectively only for heavy systems with masses
>106–107M�; otherwise, the lightest MBH may
also be ejected via the gravitational slingshotmecha-
nismbefore the triple interactions trigger themerger
of the inner binary.The details of the time delay pre-
scriptions can be found in [26]. One can view ‘Q3d’
and ‘Q3nod’ as the conservative and optimistic lim-
its of the ‘heavy-seed’ scenario.

For each of the three models, we consider two
types of mission configuration (‘the LISA-Taiji net-
work’, ‘Taiji only’) and three different observation
times (one year, three years, five years). For each
combination of the model, mission configuration
and observation time, we generate 40 sets of simula-
tions, including both the instrumental noise [27,28]
and lensing noise [29,30]. Each set of simulations
contains a few tens or a few hundreds of CBC events
according to different MBH formation models. For
each simulated CBC event, we estimate the poste-
rior probability of the luminosity distance from the
frequency-domain GW strains by using the Fisher
information matrix method, which will be briefly
mentioned in the following section.

In order to determine H0, we also need the red-
shift information from the host galaxy. To this end,
we sample galaxies uniformly in the co-moving vol-
ume with a number density of 0.02 Mpc−3, ac-
cording to the model [24]. The adopted values
of the galaxy number density are located in the
middle of the observational error bars (see Fig. 1
of [24]). We verified that, within the observa-
tional uncertainty range (2 × 10−3, 6 × 10−2), ex-
cept for the blue events, the H0 estimations from
all other event types (see the definition of the
different types of events in the subsequent con-
text) are insensitive to the number density choice,
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Figure 1. The simulated merger event rate distribution of MBHBs in redshift and chirp mass within the five-year observa-
tion time of the LISA-Taiji network and Taiji-only mission. Red diamonds (σH 0/H 0 < 0.5%), yellow stars (0.5%–1%), green
squares (1%–5%) as well as open blue circles (>5%) are the classified dark sirens according to their Hubble parameter
estimation accuracies. The filled blue circles are the unqualified dark sirens whose possible host galaxy numbers are more
than 106 due to the poor sky localization. The background gray contours are the theoretical MBHB merger event rate distri-
butions. The first row displays the results of the LISA-Taiji network, while the second row displays those for the Taiji-only
case. The first, second and third columns display the predictions from three different MBH models, namely PopIII, Q3d and
Q3nod, respectively.

due to the excellent sky localization. Then, we lo-
cate the possible host galaxies within 99% ellipsoidal
contours in the three-dimensional parameter space
spanned by the luminosity distance and observation
solid angles. For each of the host galaxy candidates,
we assume that their redshift uncertainties are negli-
gible. Finally, we present theHubble parameter esti-
mations based on these 720 sets of simulations. The
flat �CDM model with H0 = 67.74 and �M = 0.3
is taken as our fiducial cosmological model. The fol-
lowing results will not significantly rely on the fidu-
cial cosmologicalmodel, especially for the localCBC
events. Itmightbeworthnotinghere that one should
pay attention to the accuracy of the Hubble param-
eterH0 through our simulations, rather than the re-
sultingH0 value itself in this work.

RESULTS
In Fig. 1, we show one typical set of five-year sim-
ulations in the LISA-Taiji network (the first row)
as well as the Taiji-only mission (the second row).
By the time of Taiji/LISA data collection, several
H0 measurements will hopefully achieve 1% preci-
sion [6,31]. Hence, we classify all the qualified dark
siren events into four groups, namely diamond, gold,
green and blue. They correspond to Hubble param-
eters with <0.5%, 0.5%–1%, 1%–5% and >5% ac-
curacies, respectively. Firstly, one can see that in

all six panels the number of qualified events is less
than ten. This is because the nominal H0 accura-
cies are extremely challenging. Only events whose
luminosity distance uncertainties are below percent
levels can qualify. Secondly, all the qualified events
are distributed below redshift z = 2.5. This is due
to the lensing noise that will be demonstrated later.
Thirdly, the LISA-Taiji network can improve the re-
sults significantly, compared to the Taiji-only case.
The upper and lower panels of each column display
results from the same CBC realizations. Their dif-
ferences lie in the mission configuration. Taking the
Q3d column as an example, the Taiji-only mission
can capture two green events after a five-year obser-
vation. In addition to capturing another blue event at
a redshift of 2, the LISA-Taiji network is able to up-
grade the two green events in the Taiji-only mission
to gold. Last but not least, all diamond events are
distributed in the very local universe.This is also be-
cause, as long as z> 0.35, the distance uncertainties
induced by the unavoidable gravitational lensing do
notmeet theH0 accuracy request. In order to explain
this more clearly, we show the event distribution in
the cases with and without lensing noise in Fig. 2.
The two panels in the first row display the event dis-
tribution without lensing noise, with two individual
realizationsofQ3nod+network shown in the leftand
right panels. The top-left panel has a few diamond
and gold events in the redshift range z > 0.5, while

Page 3 of 11



Natl Sci Rev, 2022, Vol. 9, nwab054

Figure 2. Event distribution of dark sirens after a one-year observation of the LISA-
Taiji network with and without lensing noise. We show four mocked MBHB catalogs
with one-year LISA-Taiji network observations. The left and right columns display two
individual realizations of Q3nod+network. The top-left panel has a few diamond events
with z > 0.5; while in the top-right panel there is only one diamond at z = 0.02. The
first row displays the mocks without lensing noise. The second row displays the mocks
with lensing noise.

in the top-right panel there is one diamond event
at z = 0.02 and one gold event in the high redshift
(z = 4.86). One can see that, without considering
lensing noise, the LISA-Taiji network could detect
the qualified events all the way up to z � 8.The two
panels in the second row display the event distribu-
tion with lensing noise. Comparing with the top-left
panel, in the bottom-left panel all the original green
and blue events fail the qualifications.Only the origi-
nal threediamondevents andonegold event survive,
downgraded to green. However, the diamond in the
top-right panel still keeps its identity in the bottom-
right panel because lensing noise is negligible in the
nearby universe.

In Fig. 3, we show the averaged event numbers
for the PopIII, Q3nod as well as Q3d models over
one-year, three-year and five-year observation times,
respectively. In order to suppress the statistical er-
rors, we compute each of the average numbers over
40 sets of simulations. From the statistics of the one-
year and three-year observations, we cannot guaran-
tee capturing one diamond or gold event with 95%
confidence level. After the five-year network obser-
vation, for the Q3nod model, the averaged event
numberwithH0 accuracybetter than1%could reach
0.9 and its 95% confidence interval will up-cross
unity. We will very probably capture one gold or di-
amond event after a five-year network observation.
Comparing the shaded histogram (only diamond)
with the unshaded histogram (diamond+gold) of
Fig. 3, we can see that the possibility of capturing a

1.2

1.0

0.8

0.6

0.4

0.2

0.0

Av
er

ag
ed

 ev
en

t n
um

be
r

Observation time (yrs)
1 3 5

Poplll+net σH0 <1%
PopIII+Taiji PopIII+TaijiσH0 <1%
Q3nod+net σH0 <1%
Q3nod+Taiji Q3nod+Taiji σH0 <1%
Q3d+net σH0 <1%
Q3d+Taiji σH0 <1%

Poplll+net σH0 <0.5%
σH0 <0.5%

Q3nod+net σH0 <0.5%
σH0 <0.5%

Q3d+net σH0 <0.5%
Q3d+Taiji σH0 <0.5%

Figure 3. Averaged event number over one-year, three-year
and five-year observation times. Blue, green, purple, orange,
cyan and yellow histograms denote the averaged event
number in PopIII+network, PopIII+Taiji, Q3nod+network,
Q3nod+Taiji, Q3d+network and Q3d+Taiji, respectively. The
unshaded histograms denote the dark sirens with H0 accu-
racies better than 1%, namely diamond+gold events. The red
error bars denote the 95% confidence interval by assuming
a Poisson distribution. These error bars merely account for
the statistical errors. The shaded histograms denote the dark
sirens withH0 accuracies better than 0.5%, namely diamond
only.

diamond event is actually higher than that of a gold
event. Again, this is still because of lensing noise. For
the PopIII model, the averaged event number ac-
cumulated in the network after five years is about
0.58, with the 95% confidence interval in 0.36–0.86.
For theQ3dmodel, the averaged event number after
five-yearmonitoringby thenetwork is 0.25+0.20

−0.13.The
corresponding five-year numbers in the Taiji-only
mission for both the PopIII and Q3nod models are
about two-thirds of those in the LISA-Taiji network.
TheQ3devents number in a five-yearTaiji-onlymis-
sion is about half of the LISA-Taiji network case.
This implies that,with theTaiji-onlymission,we lack
confidence in capturing at least one diamond or gold
event during the five-year observation. For the green
(1% < σH0 < 5%)events, the averagednumbers af-
ter a five-year network observation are 4.05, 0.88,
0.38 in the Q3nod, PopIII and Q3d models, respec-
tively. For the blue (σH0 > 5%) events accumulated
in the five-year network observation, the numbers
are 8.00, 3.60, 1.23. The corresponding numbers of
green (blue) events for the five-year Taiji-only mis-
sion are 0.58, 0.23, 0.25 (1.73, 0.23, 0.20), respec-
tively, for the threemodels. For elaborated statistics,
we refer the reader to Table 3 of the online supple-
mentary material.

In Fig. 4, we show the detailed H0 results from
diamond and gold events within the five-year ob-
servation, which have already been shown in Fig. 1.
The event Q3nod-1181 can qualify as the dia-
mond in both the LISA-Taiji network andTaiji-only
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Figure 4. Error estimation of the Hubble parameter from the diamond and gold
events in the LISA-Taiji network and Taiji-only mission after a five-year observation
time. The vertical gray (H0 = 67.4 ± 0.5 km s−1 Mpc−1) and cyan (H0 = 74.03 ±
1.42 km s−1 Mpc−1) bands denote the present H0 results from the cosmic microwave
background (Planck [2]) and SNIa (SH0ES [4]), respectively. The fiducial value of the
Hubble parameter is H0 = 67.74. The vertical axes are labeled as ‘mission+event ID’.
Among these six events, Net+Q3nod-1181, Taiji+Q3nod-1181 and Net+PopIII-590 are
the diamond events. The rest are gold events.

mission. The former gives H0 = 67.73+0.08
−0.08, while

the latter gives H0 = 67.74+0.10
−0.10. They are both

0.1% measurements. This is because Q3nod-1181
is located only at z = 0.01. Both the LISA-Taiji
network and Taiji-only mission are able to de-
tect it with an extremely high signal-to-noise ratio
(SNR ∼ 105). To ensure that such a local event is
not a statistical fluke, we checked the redshift dis-
tribution of diamond events over 40 sets of simula-
tions under the ‘Q3nod+network+5yrs’ configura-
tion. We found that there are 5 out of 26 diamond
events whose redshift equals 0.01. Besides, there are
another three diamond events whose redshifts are
below 0.03. Such local diamond events are typical in
the ‘Q3nod’ model. As for the PopIII-590 event, the
LISA-Taiji network can detect it as a diamond event
(H0 = 67.85+0.26

−0.28, 0.4%accuracy)with SNR∼895.
However, the Taiji mission can merely detect it as a
green event (H0 = 67.81+1.08

−1.02, 1.6% accuracy) with
much lower SNR (∼564). Moreover, we can also
tell the difference between the two mission config-
urations by the sky area and the number of possi-
ble host galaxies. For PopIII-590, these two num-
bers in the LISA-Taiji network are 0.004 deg2 and
3 galaxies, while in the Taiji-only mission, they are
0.5 deg2 and 1022 galaxies. From this example, we
can clearly see that the network cannot only double
the SNR, but also significantly improve the sky lo-
calization (reduce the number of possible host galax-
ies).These two aspects could help the measurement
of the Hubble parameter by using dark sirens. Be-
sides the diamond events, there are another three
gold events, namely Q3nod-1016, Q3d-867 as well
as Q3d-859, which could only be observed by the

LISA-Taiji network. Furthermore, there are three
green and four blue events in the five-year network
observation (see the top-right panel of Fig. 1). For
detailed statistics, we refer the reader to Tables S1
and S2 of the online supplementary material. Al-
though the green and blue events are not our major
concerns, by combining these classified events, we
can further reduce theH0 error bars by at least 20%
(H0 = 66.61+1.80

−2.28 for joint green, H0 = 65.41+2.70
−3.60

for joint blue) with respect to the best individual
cases in each category (H0 = 67.08+2.28

−2.46 for the best
green, H0 = 66.31+3.42

−4.05 for the best blue). These
can be seen in Fig. S2 of the online supplementary
material.

DISCUSSION
The GW siren is an independent H0 measurement
procedure. Through the GW waveform, one is able
to determine the luminosity distances to the GW
sources. Once the redshifts of GW sources are
known through the bright sirens or dark sirens, one
can obtain a relation between the distance and red-
shift, through which H0 is inferred. This does not
mean that all the inferred H0 values are cosmolog-
ical model (e.g. �CDM) independent. In princi-
ple, if the Friedmann equation is used in the H0 in-
ference, the method is cosmological model depen-
dent; otherwise, it is not. One example of themodel-
independent method is the SNIa distance ladder, in
which the Hubble function or luminosity distance is
Taylor expanded in terms of the redshift. As shown
in [32], the maximum redshift of this approach can
be extended to zmax = 0.4. A similar method can
be applied to the GW sirens. In Table S1 of the on-
line supplementary material, we list all the qualified
dark sirens in Taiji. One can see that six out of seven
events are distributed below redshift 0.4. Moreover,
in Table S2 of the online supplementarymaterial, all
of the diamond and gold events in the LISA-Taiji
network are distributed below redshift 0.4. These
local events can be used to infer the H0 value via
a cosmological model-independent method. How-
ever, there are some blue and green events from red-
shifts close to or higher than 1. To utilize these data
to infer the H0 value, one has to assume a back-
ground cosmological model. However, due to the
poor quality of these data points, the resultingH0 es-
timation from these events is a marginal result.

GW cosmology, as a new exciting field, has a lot
of unknowns in both theoretical modelings and ob-
servational systematics.The results presented above
are based on a simplified model setup. There are
lots of informative phenomena that we decide to
turn a blind eye to. First, we assume that all MBHB
mergers are dark. As shown in our studies, the most
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important MBHB mergers for measuringH0 are in-
deed those in the nearby universe. For them, the
EM counterpart observation may be possible [33].
If EM counterparts can be identified, it will help
to improve the sky localization significantly. Sec-
ond, we do not consider the galaxy clustering effect.
The uniform distribution will hold on average over
sufficiently large volumes. However, in the small
localization ellipsoid, the clustering could help to re-
duce the H0 error bars [13,15,17,34,35]. The clus-
tering makes the redshift distribution more concen-
trated. Since the final H0 posterior is the sum over
all possible redshifts, the narrower the redshifts are
distributed, the faster the posterior will converge. In
addition, although the sirens (both the bright and
dark) method requires the redshift information, it
doesnot requireuniquely identifying thehost galaxy,
because the redshift is a smoothly varying quantity.
Large-scale structure predicts that fainter galaxies
follow the clustering pattern of the more luminous
galaxies. Hence, if the MBHB localization ellipsoid
is small enough, we may uniquely identify the cen-
tral bright galaxy of the cluster where the true host
faint galaxies reside. In this case, we are actually able
to upgrade the dark sirens to bright sirens. Third,
in order to avoid any theoretical bias, we do not
utilize any other galaxy properties besides the red-
shift. This is because our current understanding of
the relationship between MBHs and dwarf galaxies
is still uncertain. If we could improve our knowl-
edge on these aspects, we can aim at a particular
type of galaxy instead of all galaxies in the three-
dimensional contours. As for the redshift uncertain-
ties and thegalaxy incompleteness,wehavemeans to
mitigate these problems. Unlike stellar binary black
holes, there are fewer MBHB populations. With
the help of the space-based GW observatory net-
work, we are able to localize each of them in a small
area, such as <10 arcmin2. Instead of using pre-
existing galaxy catalogs, we could conduct deep opti-
cal and radio EM follow-ups for the limited diamond
and gold events. For (dwarf) galaxies with stellar
masses 108M� (corresponding to the central MBH
with masses 105M�) at a luminosity distance of
1500 Mpc, the K-band luminosity is about 24 mag-
nitude, which is completely visible for an up-coming
spectrograph observation, such as the Thirty Meter
Telescope [36]. Based on these arguments, we be-
lieve we present an almost risk-free science case for
the future space-borne GWmission.

METHODS
In this section, we present some essential aspects in
the methodology of estimatingH0.

Fisher matrix
In order to simplify the calculation, we adopt the re-
stricted post-Newtonian (PN) approximation of the
GW waveform for the non-spinning MBHB [37].
For a non-spinning MBHB at a luminosity dis-
tance dL, with component masses m1 and m2, to-
tal mass M = m1 + m2, symmetric mass ratio
η = m1m2/M2 and chirp mass Mc = η3/5M, the
frequency-domain version of the strain is given
by [22,38],

h̃( f ) = −
(
5π
24

)1/2(GMc

c 3

)(
GMc

c 2Deff

)

×
(
GMc

c 3
π f

)−7/6

e−i�( f ;Mc ,η),

(1)

whereDeff is the effective luminosity distance to the
source,

Deff = dL
[
F 2

+

(
1 + cos2ι

2

)2

+ F 2
×cos

2ι

]−1/2

(2)

with inclination angle ι. The phase � depends on
the coalescence time tc and the coalescence phase
φc [39]. In this paper, � is calculated up to the sec-
ond PN order. The response functions F+, F× de-
pend on the sky direction of source (α, δ) and the
polarization angle ψ . For a space-based GW detec-
tor such as LISA and Taiji, F+ and F× are functions
of frequency [22]. In the calculation, the response
functions of LISA and Taiji are obtained from pre-
vious work [40] with a stationary phase approxima-
tion [41].

The Fisher matrix approach is employed in this
paper to determine the uncertainty of parameter
measurements for a GW observation. For mul-
tiple detectors, the joint Fisher matrix is given
by [41,42],

i j =
(

∂i d( f )
∂λi

,
∂ j d( f )

∂λ j

)
, (3)

where

d( f ) =
[

h̃1( f )√
S1( f )

,
h̃2( f )√
S2( f )

, . . . ,
h̃ N( f )√
SN( f )

]T

(4)

and theλi denote theparameters of interest.Wecon-
sider the nine parameters of a non-spinning MBHB
(Mc, η, dL, ι, α, δ, tc, φc, ψ). Hence,  is a nine-
dimensional matrix. Here, Si(f) is the noise power
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spectral density (PSD) of the ith detector and the
h̃ i ( f ) are the frequency-domain GW strains. The
noise-weighted inner product in Equation (3) for
two functions a(t) and b(t) is defined as

(a, b) = 2
∫ fup

f low
{ã( f )b̃∗( f ) + ã∗( f )b̃( f )}d f .

(5)
The upper cutoff frequency fup is chosen as the in-
nermost stable circular orbit (ISCO) frequency fisco
in the analysis, which is given by

f isco = c 3

6
√
6πGM

. (6)

Assuming stationaryGaussiandetector noise, the
root-mean-square error of λi is given by√

〈�λ2
i 〉 =

√
(−1)i i . (7)

In our calculation, we use two Michelson-style data
channels and the joint Fisher matrix is a sum of two
Fisher matrices.

For a detected source at sky direction (α, δ), the
angular resolution is given by [41,42],

��s = 2π |sinα|
√

〈�α2〉〈�δ2〉 − 〈�α�δ〉2,
(8)

where 〈�α2〉, 〈�δ2〉 and 〈�α�δ〉 are given by the
inverse of the Fisher information matrix. The un-
certainty of dL can also be obtained according to
Equation (7).

Lensing noise
The effect of lensing magnification in a GW obser-
vation is considered in the analysis. In this paper,
we model lensing effect via a stochastic noise in the
luminosity distance. The fitting formula of the GW
luminosity distance error due to lensing is given
by [29],

σlens(z) = �dL
dL

= 0.066
[
1 − (1 + z)−0.25

0.25

]1.8

.

(9)
Hence, Equation (4) can be rewritten as

d( f ) =
[

h̃1( f )√
S1( f ) + S lens1 ( f )

,

h̃2( f )√
S2( f ) + S lens2 ( f )

, . . . ,

h̃ N( f )√
SN( f ) + S lensN ( f )

]T

, (10)

where the PSD of lensing noise for ith detector
S lensi ( f ) is given by

S lensi ( f ) = f · ∣∣h̃ lensi ( f )
∣∣2 , (11)

and h̃ lensi ( f ) is obtained from

h̃ lensi ( f ) = 1
2

[
h̃ i ( f )

1 − σlens(z)
− h̃ i ( f )

1 + σlens(z)

]

≈ σlens(z) · h̃ i ( f ). (12)

In Fig. 5, we show the lensing and instrumental sen-
sitivity curves in LISA and Taiji space missions. The
black solid and dashed curves are the instrumental
sensitivity curves for LISA and Taiji, respectively.
The colored thin curves are lensing noise of MBHB
sources. The colored thick curves are the GW sig-
nal strains.Different colors stand for different source
redshifts. One can see that, from the redshift 0.3 to
3, lensing noises dominate over instrumental noises
in the frequency range of a few 10−5 Hz to a few
millihertz. Lensing noise is the major component in
the noise budget. Here let us mention that because
we want to demonstrate the relative lensing noise
amplitude, we normalize all primary GW strain sig-
nals from different redshifts, h̃ i ( f ), with the same
amplitude. This is why all signal curves align on the
same line in Fig. 5.

In this article, we simulate binary coales-
cence signals d( f ) assuming a flat �CDM
cosmology with H0 = 67.74 and �M = 0.3.
The sky direction, inclination angle, coalescence
phase and polarization angle are randomly cho-
sen in the ranges α ∈ [0, π], δ ∈ [0, 2π], ι ∈
[0, π], φc ∈ [0, 2π] and ψ ∈ [0, 2π]. The coa-
lescence time of these samples is chosen to be tc
= 0, and flow in Equation (5) is randomly chosen
between 10−5 Hz and the ISCO frequency. More-
over, we adopt the noise PSD without foreground
confusion noise for LISA [20,27] and Taiji [28].
For the space-based GW mission, the confusion
noise has three main components: short-period
galactic binaries that are mostly from the white
dwarf binaries (WDBs), short-period extragalactic
binaries and compact objects (white dwarf, neutron
star, stellar black hole) captured by MBHs [20,43].
Among these components, the largest one is the
galactic WDB background generated by millions of
WDBs in the milky way. As shown in Fig. 1 of the
LISA white paper [20], in the frequency range 3 ×
10−4–3 × 10−3 Hz, the galactic WDB background
confusion noise could exceed the LISA instrumental

Page 7 of 11



Natl Sci Rev, 2022, Vol. 9, nwab054

10-12

10-13

10-14

10-15

10-16

10-17

10-18

10-19

10-20

10-21

St
ra
in

 (H
z-
1/
2
)

10-5 10-4 10-3 10-2 10-1 100

Frequency  (Hz)

Lensing
noise Signal
z = 0.3
z = 0.6
z = 0.9
z = 1.2
z = 1.5
z = 1.8
z = 2.1
z = 2.4
z = 2.7
z = 3.0
LISA

z = 0.3
z = 0.6
z = 0.9
z = 1.2
z = 1.5
z = 1.8
z = 2.1
z = 2.4
z = 2.7
z = 3.0
Taiji

Figure 5. Lensing and instrumental sensitivity curves in LISA and Taiji. The black
solid and dashed curves are the instrumental sensitivity curves for LISA and Taiji, re-
spectively. The colored thin curves are the lensing noise of MBHB sources. The col-
ored thick curves are the GW signal strains. Different colors denote different source
redshifts.

noise. It is about1 2 × 10−20–6 × 10−19 Hz−1/2.
However, from Fig. 5, one can see that the confu-
sion noise level is about 3–4 orders of magnitude
smaller than the targeted signals (the thick coloured
curves are about a few 10−16 Hz−1/2). Hence, we
argue that it is safe to neglect this component in
the PSD.

Galaxy localization
After generatingGWsignals, we need to firstly deter-
mine the CBC spatial localization volumes based on
the GW measurement uncertainties. The simulated
MBHBmergers are placed in the three-dimensional
space spanned by the GW luminosity distance and
sky direction angles, (log dL, α, δ). By marginalizing
over other six model parameters, we get the three-
dimensional covariance matrix,Cov[log dL, α, δ], of
the source location parameters.The probability den-
sity function of the source localization can bewritten
as

f (log(dL), α, δ) = C exp
{

− 1
2
�θTCov

× [log(dL), α, δ]�θ

}
.

(13)

1 The vertical axis in Fig. 1 of the LISA white paper [20] is different from
that in Fig. 5. One has to divide the former by a factor

√
f to convert it

into the latter.

Diagonalize the three-dimensional localization co-
variance matrix [44,45] to obtain

Cov′(x, y , z) = (v1, v2, v3)TCov[log(dL), α, δ]

× (v1, v2, v3)

=
⎛
⎝λ1 0 0

0 λ2 0
0 0 λ3

⎞
⎠ , (14)

where (λ1, λ2, λ3) and (v1, v2, v3) are the eigen-
values and eigenvectors of the original covariance
Cov[log (dL), α, δ]. The orthogonal coordinates
(x, y, z) are linearly related with the original coordi-
nates via the rotation⎛

⎝ x
y
z

⎞
⎠ = (v1, v2, v3)T

⎛
⎝ log(dL)

α

δ

⎞
⎠ . (15)

With the orthogonal coordinates, the probability
density function of the source location can be sim-
plified as

f (x, y , z) = C exp
{

− 1
2

[
(x − μx)2

λ1

+ (y−μy )2

λ2
+ (z−μz)2

λ3

]}
,

(16)

where (μx,μy,μz) represent the coordinates of the
simulated MBHBs and C is a normalization factor.
This is a chi-square distribution with 3 degrees of
freedom. Then we can draw an ellipsoid in (x, y, z)
space as

(x − μx)2

λ1
+ (y − μy )2

λ2
+ (z − μz)2

λ3
= χ 2

(17)

with a given confidence level that is characterized
by the value of χ 2. The volume enclosed by the
ellipsoids is proportional to the CBC localization
probability. In this work, we draw the ellipsoid
with a 99% confidence level, which corresponds to
χ 2 = 11.34 according to three-dimensional chi-
square statistics.

Then we populate the host galaxy candidates
around the targeted ellipsoids. To make sure that
the galaxy samplings can cover the targeted ellip-
soids, we sample the galaxy in the 4σ (99.99%) con-
fidence regimes.The galaxies are uniformly sampled
in the co-moving volume with a number density of
0.02 Mpc−3, according to the model [24]. In Fig. 6,
we show two examples of CBC spatial localiza-
tions in the LISA-Taiji network. The left and right
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Figure 6. Examples of CBC spatial localizations in the LISA-Taiji network. The blue nested ellipsoids are the 99% confidence regime for CBC localization.
The red points are the galaxy samplings. The left and right ellipsoids enclose 185 and 3505 galaxies, respectively.

ellipsoids enclose 185 and 3505 galaxies, respec-
tively. The background gray axes are the orthogonal
coordinates (x, y, z). The foreground black frames
are the original (log dL, α, δ) coordinates. The blue
nested ellipsoids are the 99% confidence regimes for
CBC localization.The red points are the galaxy sam-
plings. We assume that all galaxy redshifts can be
measured with negligible errors.This is a reasonable
assumption compared with the luminosity distance
errors obtained by a GW measurement. The rea-
sons are as follows. For diamond events, due to the
perfect sky localization, we are able to conduct the
spectroscopic follow-up. In this case, we safely ne-
glect the redshift uncertainty. For the other types
of event, once we consider the clustering effect, it
will help the determination of the redshift. Instead
of finding the correct host galaxy, we can search
for the brightest central galaxy in the clusters where
the true host resides. In this case, we can conduct
a photometric observation to the larger volume. As
predicted for the Vera Rubin Observatory, previ-
ously referred to as the Large Synoptic Survey Tele-
scope [46,47], in the redshift range 0 < z < 4 the
photometric redshift errors, σ z/(1 + z), must be
smaller than 0.05, with a goal of 0.02. The corre-
sponding number forWFIRST(now renamed as the
Roman Space Telescope) [48] is about 0.002.

Hubble parameter estimation
Finally, we estimate the posterior probability distri-
bution of H0 given both GW data (dGW) and EM
counterpart data (dEM). According to Bayes’ theo-
rem, the posterior of a single CBC event is

p(H0|dGW, dEM) = p(dGW, dEM|H0)p(H0)
β(H0)

,

(18)

where p(H0) represents for the prior probability of
H0 and β(H0) for the evidence. Since the two mea-
surements are independent, we treat the joint GW
and EM likelihood, p(dGW, dEM|H0), as the product
of two individual likelihoods [15,49]. We marginal-
ize over all other variables except for the luminosity
distance dL, the solid angle �̂GW of the GW source,
the true host galaxy redshift zi and its solid angle�i.
Finally, the joint likelihood forH0 can be written as

p(dGW, dEM|H0)

∝
∑
i

wi

��
p(dGW|dL , �̂GW)

× p(dEM|zi ,�i )δ(dL − dL(zi , H0))

× δ(�̂GW − �i )p0(zi ,�i )ddLd�̂GWdzi d�i ,

(19)

where the wi are the weights of each galaxy. Since
we do not use other galaxy properties besides their
redshifts, we set the weighting factor equal to unity
for all galaxies. Asmentioned before, we assume that
galaxies are uniformly distributed in the co-moving
volume. Hence, the prior, p(zi, �i), for the galaxy
redshift space distribution can be written as [49]

p0(zi ,�i ) ∝ 1
Vmax

d 2V
dzi d�

∝ 1
Vmax

χ 2(zi )
H(z)

,

(20)
where χ(z) is the co-moving distance to the galaxy.

Assuming that we precisely know the galaxy red-
shift space position (zi, �i), we can express the EM
counterpart likelihood as the product of delta func-
tions:

p(dEM|zi ,�i )∝
∏

δ(zi,obs − zi )δ(�i,obs − �i ).
(21)
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The GW likelihood, p(dGW|dL , �̂GW), can be cal-
culated according to Equation (13). Therefore, the
final posterior forH0 becomes [44]:

p(H0|dGW, dEM) ∝ p(H0)
β(H0)

∑
p(dGW|dL

×(zi , H0),�i )p0(zi ,�i ).

(22)
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