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Solid state–like high harmonic generation from cluster
molecules with rotational periodicities
Yigeng Peng1, Tong Wu1, Guanglu Yuan1, Lihan Chi1, Shicheng Jiang1,2,
Konstantin Dorfman2,3,4,5*, Chao Yu1*, Ruifeng Lu1,6*

High harmonic generation (HHG) from solid-state crystals in strong laser fields has been understood by the band
structure of the solids, which is based on the periodic boundary condition (PBC) due to translational invariance.
For the systems with PBC due to rotational invariance, an analogous Bloch theorem can be applied. Considering
a ring-type cluster of cyclo[18]carbon as an example, we develop a quasi-band model and predict the solid
state–like HHG in this system. Under the irradiation of linearly polarized laser field, cyclo[18]carbon exhibits
solid state–like HHG originated from intraband oscillations and interband transitions, which, in turn, is promis-
ing to optically detect the symmetry and geometry of molecular or material structures. Our results based on the
Liouville–von Neumann equations are well reproduced by the time-dependent density functional theory calcu-
lations and are foundational in providing a connection linking the HHG physics of gases and solids.
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INTRODUCTION
In the past decades, the high harmonic generation (HHG) of
gaseous media with the interaction of a driving strong laser has
been extensively studied for its potential applications in optical
technology, such as attosecond pulse generation and spectral char-
acterization of structural or electronic dynamics (1). In the mean-
time, the “ionization-acceleration-recombination” three-step model
(2) has been widely recognized. Limited by the density of gaseous
targets, the harmonic conversion efficiency is dissatisfactory for
widespread usage. Because of the high density of atoms in solids,
efficient high harmonics from crystalline bulk and two-dimensional
materials have been observed in recent years (3, 4). In this emerging
field, many interesting phenomena have been reported, including
intraband Bloch oscillation (3), interband interference (5),
atomic-like HHG (6, 7), and even-order harmonics due to symme-
try breaking of crystal structure (8, 9). On the other hand, the cutoff
energy of solid-state HHG is limited by materials’ damage thresh-
olds under the irradiation of a strong laser beam. A molecular
cluster that is normally composed of several (up to tens of thou-
sands) atoms could be regarded as the intermediate system
between the atom and the solid material that has both atomic and
solid-state characteristics. The HHG properties of noble gas clusters
are found to be special, e.g., the higher cutoff energy and the lower
decay rate when the cluster size gets larger (10) and the nonqua-
dratic law of HHG yield in terms of the atomic density (11).
However, all previous HHG studies in molecular clusters are
based on the three-step model, which are similar to atomic

systems: An electron is first ionized and accelerated by the laser
field, then returns and recombines with the mother cation when
the electric field changes sign, and finally emits high-energy
photons. In comparison with atoms, the enhancement of HHG
from clusters is due to the fact that the delocalized electronic
wave function leads to larger polarizability and higher recollision
probability.

Here, we use the symmetric properties of the molecular crystals
to define periodic boundary conditions (PBCs) that make the
cluster description similar to that of a solid-state crystal. By consid-
ering the physical analogy between crystals with translational PBC
and ring-type systems with rotational PBC, in this work, we propose
a solid state–like HHG mechanism of ring-type cluster cyclo[18]-
carbon in the framework of a generalized Bloch theorem with rota-
tional PBC.

For solid crystals, electron delocalization in lattice structure can
be described by the PBC due to the translational invariance. As
shown in Fig. 1, another kind of PBC can be obtained from the ro-
tational invariance. For ring-type systems of N-fold rotational sym-
metry, similar to the translational invariance in ordered solids, their
eigenfunctions satisfy a generalized Bloch theorem (12–14), which
is suggested as

ψJðθþ θ0Þ ¼ ψJðθÞ � e
iJθ0 ð1Þ

where θ0 = 2π/N represents the rotation angle that makes the system
rotational invariant. J should be an integer according to the boun-
dary condition: ψJ(θ + 2π) = ψJ(θ) and ψJ = ψJ+N, which means that
only N independent values of J are available. Equation 1 enables the
electron delocalization in ring-type systems. Analogous to crystal-
line solids, the physical quantity J here can be regarded as some
kind of angular momentum because of the rotational invariability
by certain angles, which is similar to the crystal momentum of
solids due to the translational invariability by certain vectors. Mean-
while,N can be regarded as a reciprocal lattice vector, and the region
of J values comprises the effective Brillouin zone (quasi-reciprocal
space). Then, a quasi–energy band structure can be obtained by
combining the eigen-energies of all J, as shown in Fig. 2A.
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The cyclo[18]carbon is an all-carbon atomic ring composed of
18 carbon atoms. Since the earliest study in the 1960s by Hoffmann
(15), its physical properties have been intensively explored includ-
ing geometric structure (16) and electron correlations (17). Recent-
ly, a breakthrough in synthesis and characterization of
cyclo[18]carbon has been achieved by Kaiser et al. (18, 19), which
stimulated great interest because of the unique properties and po-
tential applications of this cluster. Two kinds of geometric struc-
tures of cyclo[18]carbon have been taken into account in
theoretical study: (i) A cumulenic structure with C─C bonds of
equal length has a D18h symmetry, and (ii) a polyynic structure
with alternating triple and single bonds shows a D9h symmetry.
On the basis of the experimental findings (18, 19) and the theoret-
ical corroboration of the higher stability of the polyynic structure
(20, 21), we focused on the polyynic structure (i.e., N = 9), and
the integer values of J are from −4 to 4.

RESULTS
Because polyynic cyclo[18]carbon (D9h) is noncentrosymmetric,
albeit spatial symmetry axis exists, a linearly polarized driving
laser would lead to generation of both odd and even harmonics,
which is dependent on the polarization direction of the incident
light. In this work, we consider the lasers polarized linearly in the
ring plane and use the following laser parameters: a wavelength of
1600 nm, a peak intensity of 1.0 × 1013 W/cm2, and a full width at
half maximum of 45 fs. When the polarization of incident light is
parallel to the symmetry axis of the target (Fig. 3A), the polarization
directions of both odd and even harmonics are parallel to that of the
incident laser. As shown in Fig. 3B, when the laser polarization is
perpendicular to the symmetry axis, the polarization of the odd har-
monics is parallel to that of the incident laser, while the polarization
of the even ones is perpendicular to that of the driving laser. In con-
trast, cumulenic cyclo[18]carbon (D18h) is central inversion sym-
metric, and only odd-order harmonics with their polarization

Fig. 1. Schematic of the generalized Bloch theorem for the systems. (A) For the systems with translational PBC, the eigenfunctions obey the Bloch theorem with the
translational invariance, and a highly nonlinear optical effect such as HHG (in purple) could be induced under the irradiation of an intense laser (in red), which can be
simulated by solving semiconductor Bloch equations based on the band theory of solid. (B) For the systems with rotational PBC, the eigenfunctions follow a similar Bloch
theorem with the rotational invariance, and high-order harmonics (in purple) could be emitted with interaction of an intense laser (in red), which can be studied by a
quasi-band model proposed in this work.

Fig. 2. The quasienergy band structure and TDMs of polyynic cyclo[18]carbon in the framework of a generalized Bloch theoremwith rotational invariance. (A)
The quasi–energy band structure with the interband transitions (I and III; solid arrows) and the intraband oscillations (II; hollow arrows) responsible for solid-like HHG. (B)
The intraband and (C) interband TDM values. Here, the absolute values of (B) intraband TDMs for quasi-CB1 (the values for quasi-VB1 are almost the same as quasi-CB1)
and (C) interband TDMs between quasi-VB1 and quasi-CB1 are shown. More data are available in the Supplementary Materials.
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parallel to the incident laser can be emitted, regardless whether the
linearly polarized driving laser is parallel or perpendicular to the
symmetry axis of cumulenic structure, as illustrated in Fig. 3 (C
and D).

From Fig. 2 (B and C) and tables S1 to S6, electrons are excited
via the transition from quasi–valence band (quasi-VB)maximum to
quasi–conduction band (quasi-CB) minimum; subsequently, the
main movement of the electrons under an external laser field
should be the intraband oscillation because of the much larger in-
traband transition dipole moment (TDM) values, and the lower-
order harmonics dominantly come from the intraband oscillation.
When the electrons transit back to the quasi-VB following the se-
lection rule, the interband emission may happen and generate a
photon with higher energy. Although the interband TDMs nearby
the diagonal squares are much smaller, the higher orders in the har-
monic spectrum are mainly originated from the interband process-
es. To verify this, we perform additional calculations by removing
such small interband TDMs nearby the diagonal squares in tables
S5 and S6. The results shown in Fig. 4 (A to C) indicate that the
harmonic intensity at high orders (>10) are obviously reduced. Fur-
thermore, we performed the time-frequency analysis of the HHG
spectra. The results corresponding to the cases in Fig. 3 (A and
C) are shown in fig. S5 (A and B, respectively). In fig. S5A, the
low-order harmonics (≤7) of polyynic cyclo[18]carbon are generat-
ed continuously in the time domain, which originate mainly from
the intraband processes. By contrast, the higher-order harmonics of
the polyynic structure are generated separately in each optical cycle,
which are the clear characteristics of interband transitions. In fig.

S5B, the time-frequency analysis indicates that merely intraband
harmonics can be generated for the cumulenic structure because
of the special quasi–energy band (fig. S3).

To justify the validation of our quasi-band model, we performed
extra calculations based on time-dependent density functional
theory (TDDFT) (22). The harmonic spectra calculated by
TDDFT calculations for polyynic and cumulenic structures are
shown in Fig. 5. Because the TDDFT result relies on the chosen
density functional and also presents fluorescent radiation that
could be mixed with low-energy harmonic emission, here we
focus on the high-order (≥13) harmonics to unambiguously eluci-
date the essential odd-even features originated from the spatial sym-
metry of the cyclo[18]carbon molecule. In Fig. 5 (A to D) for both
polyynic and cumulenic structures, TDDFT calculations well repro-
duce the main characteristics of odd- and even-order harmonics
found by the quasi-band model, which are also consistent with
that observed in other noncentrosymmetric systems of mirror axis
such as the hydrogen-deutrrium (HD) molecule (23), carbon mon-
oxide (24), and monolayer MoS2 (4, 25).

Moreover, the wavelength-dependent harmonic spectra calculat-
ed by the quasi-band model and the TDDFT method are shown in
Fig. 6. Note that the fluorescent signals can also be seen in the
TDDFT-simulated spectra. As the laser wavelength (λ) increases,
the cutoff value slightly decreases, which is different from the
HHG in atoms (Ecutoff ∝ λ2) but is closer to the characteristic of
HHG in solids where the cutoff energy is independent on λ. Also,
note that the quasi–energy bands are still discrete because of the
limited number of atoms; thus, as the wavelength increases, the

Fig. 3. Simulated harmonic spectra of polyynic and cumulenic cyclo[18]carbon. (A) For the electric field of driving laser parallel to the symmetry axis (shown as σM).
(B) For the electric field of driving laser perpendicular to the σM axis. (C) For the electric field of driving laser parallel to the σM axis. (D) For the electric field of driving laser
perpendicular to the σM axis. In (A) to (D), the driving laser is linearly polarized, and the HHG parallel to the incident laser (HHG//) and perpendicular to incident laser
(HHG⊥) are depicted. The simulation is based on the quasi-band model including π-in and π-out bands. The laser wavelength of 1600 nm and the peak intensity of
1.0 × 1013 W/cm2 are used.
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electron along the quasi–energy band in discrete J space (Fig. 2A)
becomes complex, which is different from the case of the crystal
solids where electrons oscillate following the continuous band dis-
persion in k space. In Fig. 7, the simulated harmonic spectra depen-
dent on the laser intensity (I ) by the quasi-band model and the
TDDFT method are presented. As the laser intensity increases,
the cutoff values satisfy the I1/2 relationship [as shown by the
dashed lines in Fig. 7 (A and B)], which, once again, confirms the
solid state–like HHG from the cyclo[18]carbon cluster.

DISCUSSION
So far, for the gaseous atoms or molecules, HHG is usually analyzed
based on the three-step ionization-acceleration-recollision process.
The theory of solid-state HHG has made rapid progress; a similar
“excitation–acceleration (Bloch oscillation)–recombination”
process for solid HHG is based on the band theory. However, the
theory of solid HHG has not yet been fully developed. For the ma-
terial between solids and atoms, their HHG mechanism seems in-
teresting. Here, we developed a theoretical model to study the
interaction between the ultrafast strong laser and the cluster molec-
ular systems satisfying rotational PBC. Because of the similarity
with the HHG in the solid-state crystals governed by their band dis-
persions that can be theoretically simulated by solving

semiconductor Bloch equations, we denote it solid state–like
HHG in the framework of a generalized Bloch theorem. Taking cy-
clo[18]carbon as an example, we confirm its interband and intra-
band mechanisms of HHG based on quasi–energy bands. Some
pioneering studies (26, 27) have addressed the analogy between
atomic HHG and solid-state HHG clearly. A recent atomic-like
HHG study of two-dimensional materials (6) provides a more
direct comparison with the atomic systems. The solid state–like
HHG of ring-type clusters is from reverse thinking that has en-
riched the understanding of the HHG field. The theory and findings
in this work are hopefully extended to other ring-type or ball-type
molecules/clusters, nanotubes, or artificial metamaterials with rota-
tional and translational PBCs that deserve much endeavor in
the future.

MATERIALS AND METHODS
Quantum chemistry calculations for electronic structures were
carried out by the Gaussian 16 package (28), and the M06-2X func-
tional with a basis set of 6-311G++(d,p) was used. The geometry of
polyynic cyclo[18]carbon was optimized with the alternating bond
lengths of 1.226 and 1.346 Å and all 18 C─C─C angles fixed at 160°,
in good agreement with the reported values (20). The calculated gap
between the highest occupied molecular orbital (MO) and the
lowest unoccupied MO by a correction method (29) is 2.72 eV, im-
plying that the polyynic cyclo[18]carbon is a semiconductor.

As is well understood, polyynic cyclo[18]carbon consists of two
sets of 18-center delocalized π electrons (called π-in and π-out) with
18 occupied MOs and 18 unoccupied ones. To satisfy Eq. 1 perfect-
ly, we perform a linear transformation for the energy-degenerated
MOs as ψ+J ¼ ϕaJ + i ϕbJ , where ϕ

a
J and ϕbJ represent a couple of

degenerated π-in (or π-out) MOs (see fig. S1). We divide 36 π-in
and π-out MOs into four bands according to their energies and cor-
responding J values. The quasi–energy band structures are present-
ed in Fig. 2A and fig. S2. At the same J values, the occupied π-in and
π-out bands are almost degenerated in energy while notable energy
differences exist between the unoccupied ones. Here, we can regard
the occupied band as the quasi-VB and the unoccupied one as the
quasi-CB; thus, the four bands are named quasi-VB1, quasi-CB1,
quasi-VB2, and quasi-CB2, in which the π-in bands have a subscript
1 and π-out bands have a subscript2. Owing to the near equivalence
between π-in and π-out VBs, in Fig. 2, we only present the proper-
ties of the π-in bands for clarity.

On the basis of Eq. 1, the TDM between the quasi-band pair for
different J reads as

D
Q JJ0
nn0 ¼ hψnJ j r

Q
jψn0J0 i ð2Þ

which satisfies the selection rule J − J ′ = ± 1 to ensure the conser-
vation of angular momentum, and n/n′ represents the band index.
The calculated interband and intraband TDM values for π-in bands
are shown in Fig. 2 (B and C, respectively). Note that the transitions
between π-in and π-out bands are not allowed because of their dif-
ferent symmetry. The intraband TDM values nearby the diagonal
squares in Fig. 2B are close to 3.5 atomic units (a.u.), corresponding
to half of the radius of cyclo[18]carbon as
hψnJjx jψnJ+1i �

1
2π

Ð 2π
0 e
� iJθRc18cosθeiðJ+1Þθdθ ¼ Rc18

2 , where Rc18 ≈
7 a.u. This property is also valid for larger rings such as cylco[22]-
carbon, cyclo[26]carbon, etc. In Fig. 2 (B and C), solid squares at the

Fig. 4. HHG spectra of a polyynic structure calculated using the quasi-band
model with and without the nearby diagonal TDMs (nd-TDM) of interband
transitions. (A) For the laser polarization direction parallel to the symmetry axis.
(B) The HHG parallel to the incident laser (HHG//) with the laser polarization direc-
tion perpendicular to the symmetry axis. (C) The HHG perpendicular to incident
laser (HHG⊥) with the laser polarization direction perpendicular to the symmetry
axis. When the nd-TDMs (tables S5 and S6) are neglected, the intensities of the
high-order (>18) harmonics are decreased in (A) to (C). The laser wavelength of
1600 nm and the peak intensity of 1.0 × 1013 W/cm2 are used.
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Fig. 5. HHG spectra of polyynic and cumulenic structures calculated by the TDDFT method. (A) For polyynic cyclo[18]carbon with the electric field of driving laser
parallel to the symmetry axis crossing the center of two C─C bonds (shown as σM). (B) For polyynic cyclo[18]carbon with the electric field of driving laser perpendicular to
σM. (C) For cumulenic cyclo[18]carbon with the electric field of driving laser parallel to σM. (D) For cumulenic cyclo[18]carbon with the electric field of driving laser
perpendicular to σM. The odd-even harmonic features corresponding to the incident polarizations are consistent with the results simulated by the quasi-band
model. The laser wavelength of 1600 nm and the peak intensity of 1.0 × 1013 W/cm2 are used.

Fig. 6. HHG spectra of a polyynic structurewith different laser wavelengths. Thewavelength-dependent harmonic spectrum simulated by (A) the quasi-bandmodel
and (B) the TDDFT method. The peak intensity of the incident laser is fixed at 1.0 × 1013 W/cm2. The cutoff energy independent on laser wavelength in solid-state HHG is
represented by the vertical dashed lines.
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corners should be noticed, implying that the transition between
J = −4 and J = 4 is allowed because of the rotationally periodic
property.

To investigate the interaction between cyclo[18]carbon and the
external laser field, we numerically solve the time-dependent Liou-
ville–von Neumann equation

i
∂ρ
∂t
¼ ½H; ρ� �

ρd � ρd0
T1

�
ρ � ρd

T2
ð3Þ

where ρ represents the density matrix, and ρd and ρd0 are the diag-
onal term of ρ and the initial densitymatrix ρ0, respectively. T1 is the
relaxation time and T2 is the dephasing time. The Hamiltonian

matrix is H ¼ UJn þ E
Q

ðtÞ �D
Q JJ0
nn0 , where diagonal U

J
n is the quasi–

energy band as shown in Fig. 2A and fig. S2, D
Q JJ0
nn0 is the abovemen-

tioned TDM, and E
Q

ðtÞ represents the time-dependent electric field
of the driving laser. The time-dependent induced dipole

P
Q

ðtÞ ¼ Tr½ρðtÞD
Q

� can be obtained through the density matrix,
and then the HHG can be calculated from the Fourier transform

of the dipole acceleration aQðtÞ ¼ P
€Q

ðtÞ. In principle, any system
with rotational periodicity satisfying Eq. 1 (e.g., other ring-like clus-
ters, supermolecules, nanotubes, or covalent organic frameworks)
can form a quasi–energy band structure, and our model based on
Eq. 3 is adaptable to simulate solid state–like HHG.

The TDDFT calculations were performed by the Octopus code
(22) in which the time-dependent electronic current and the laser-
induced electronic density were computed by propagating the
Kohn-Sham equations in real space and real time in the adiabatic
local density approximation (30).We used the fully relativistic Hart-
wigsen, Goedecker, and Hutter pseudo-potentials (31) and chose a

parallelepiped simulation box with the size of−(d/2 + 20) Å < x < d/
2 + 20 Å, −(d/2 + 20) Å < y < d/2 + 20 Å (d is the diameter of the
cyclo[18]carbon), and −5 Å < z < 5 Å, including 15 Å of absorbing
regions on each boundary of the x and y direction. The absorbing
boundaries were treated using the complex absorbing potential
(CAP) method, and the CAP height (η) was taken as η = −0.2 a.u.
to avoid the reflection error in the spectral region of interest (32).
The real-space cell was sampled with a grid spacing of 0.3 a.u. More-
over, the electronic density pulled away from the cyclo[18]carbon
molecules was artificially absorbed by using a mask function for
>5 Å; i.e., the ionized electrons were excluded. Hence, the
TDDFT calculations in the present work do not include the
bound-continuum-bound transitions. For the moderate laser inten-
sity (1.0 × 1013 W/cm2), the ionization probability is very low
(<2 × 10−5), which justifies the above approximation.

Supplementary Materials
This PDF file includes:
Figs. S1 to S6
Tables S1 to S6
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