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Abstract
By analogy with spin waves in ferromagnetic systems, the polarization (or dipole) wave is the electric counterpart that remains elusive. 
Here, we discover that the helielectricity, i.e. a polarization field with helicoidal helices that corresponds to a quasi-layered chiral nematic 
environment, causes a spontaneous formation of large-scale polarization waves in the form of the sinusoidal function. Both experimental 
and theoretical analyses reveal that the polarization ordering over a threshold polarization strength violates the inherent periodicity of 
the polarization helices, thus penalizing the compression energy. It drives a second-order structural transition to a periodically 
modulated polarization wave state. The roles of chirality and confinement condition are discussed.
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Introduction
Ferromagnetic is a state having spontaneous magnetization, 
whose orientation can be changed by a magnetic field (1). 

Likewise, the ferroelectrics possess spontaneous polarization, 

which can be switched by an electric field (2). In magnetic sys-

tems, diverse topological structures characterized by modulated 

magnetization fields exhibit exotic quantum and ferroic proper-

ties (3–6). Especially, in recent decades, the magnetic and spin top-

ologies have been intensively explored, like spin waves (7–9) and 

solitons (e.g. skyrmions (10, 11), merons (12, 13), and vortices 

(14–16)). On the other hand, the existence of the electric counter-

parts, i.e. polarization topology, and the understanding of their 

properties remain unclear and challenging. The strained ferro-

electrics made by ceramics and alloys were the only available po-

lar candidates for observing polarization structures in crystal 

forms (17–20). Very recently, the discovery of the emerging soft 

matter systems, including liquid crystal (LC) and some unique 

polymer ferroelectrics (21–30), offers us unprecedented physical 
platforms with external field sensitivity and reconfigurability for 
investigating potential polarization topologies and the mecha-
nisms for the manipulation and control of their dynamics.

In ferromagnetics, the competition of the Dzyaloshinskii– 
Moriya interactions (DMI) and Heisenberg exchange is dominant 
in determining the spin textures (31, 32). On the one hand, the 
DMI provides a helical order for the magnetic moments in ferro-
magnetics, whose description shares a mathematical similarity 
to the twist elastic energy term in LCs (31, 33). This analogy has 
been recently explored in the traditional chiral but apolar LCs, 
leading to numerous analogs of spin topology (33, 34). For ex-
ample, Nych et al. (35) reported the baby skyrmion in the blue 
phases as an apolar version of the normal skyrmion under the 
confinement, which corresponds to an excitation of the topologic-
al solitary wave embedded in a uniform far-field background. On 
the other hand, the Heisenberg exchange interaction in ferromag-
nets is expressed as the magnetization gradient energy ((∇M)2) 
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(31), penalizing the distortion of the ferromagnetic order. Yet, this 
effect is absent in the traditional apolar LCs because the 
head-to-tail symmetry preserves. In the emerging ferroelectric 
LCs, the head-to-tail symmetry is broken, leading to spontaneous 
polarization. Especially in the case of the chiral and polar LCs 
(dubbed the helielectrics), despite the material composition and 
the essential interactions being distinct to ferromagnetics, the en-
ergetic scenario becomes similar. While the Hamiltonian of DMI 
corresponds to the twist elastic energy of the helielectrics (36, 
37), the Hamiltonian of the Heisenberg exchange interaction re-
sembles the polarization gradient energy in LCs ((∇P)2) that has 
not been explored so far. By this analogy, we anticipate various 
unprecedented polarization topologies exhibiting similar polar 
fields to those in ferromagnetics. Here, we report on a large-scale 
assembly of the sinusoidal polarization solitary wave in the emer-
ging helielectric nematic (HN*) state. In contrast to the external 
field–assisted instant generation of orientational waves in apolar 
systems (e.g. the so-called Helfrich–Hurault instability in trad-
itional chiral and layered LCs and 2D inorganics colloids (38– 
42)), the discovered polarization wave is not due to the structural 
instability but forms spontaneously as a new ground state, which 
results in periodic polarization arrays. Using confocal second- 
harmonic generation microscopy (C-SHGM) imaging, we visualize 
the polarization field. A minimal mean-field analysis reveals that 
the spontaneous formation of the periodic polarization waves 
(PPWs) corresponds to a second-order transition from a uniform 
helical state upon increasing the polarization strength of the 
system.

Results
To obtain the HN* state, we employed several ferroelectric nemat-
ic (NF) LCs, RM734 (21) and A2, as the host material and added dif-
ferent chiral dopants, e.g. R811 and S1 (36) (Materials and methods 
and Scheme S1). The HN* materials are then introduced into 
homemade LC cells under the syn-parallel rubbing condition. 
This leads to the same polarization direction on the top and bot-
tom surfaces in the polar phases. The tested LC mixtures have a 
fixed phase sequence during the cooling process, i.e. from the iso-
tropic liquid (Iso) to the traditional apolar chiral nematic (N*) and 
then to the HN* state. The ensemble-averaged molecular orienta-
tion, the so-called director n, in the apolar nematic and N* phases 
is head-to-tail equivalent (Fig. 1A and B). The inversion symmetry 
is broken in the NF and HN* states where the polarization order 
emerges (Fig. 1C and D). In the N* state (Fig. 1B), the helical pitch 
(PN∗ = 2πK22/K′22) is purely determined by the elastic competition 
between the twist elasticity term (K22[n · ∇ × n]2) and the magni-
tude of the chirality (K′22[n · ∇ × n]) (38). On the other hand, in 
the HN* state (Fig. 1D), the local ferroelectric order tends to pre-
vent the polarization field from distortions, mainly attributed to 
the effect of the gradient term in the free energy function (36, 
43). This consequence permits the helielectric pitch (PHN∗ ) to pro-
duce the self-dilation so that the pitch length is longer in the HN* 
state than that in the N* state, even under the same elastic condi-
tions. Since the helical pitch of the HN* state cannot be fully ex-
tended in the LC cell due to the space constraint imposed by the 
strong surface polarization anchoring, then a question arises: 
what kind of polar structure will develop at the equilibrium?

Figure 2A–F summarizes three representative examples of 
micrograph textures of HN* materials under polarizing light mi-
croscopy (PLM). In the N* state, due to the strong planar surface 
anchoring, the helical axis of the director is uniformly along the 
surface normal. This results in uniform Grandjean textures 

(Fig. 2A and B). With decreasing temperature to the HN* state, 
the nucleation and the subsequent full coverage of a 2D grid-like 
pattern spontaneously occurs (Fig. 2C–F). The grid size increases 
with increasing the pitch length of the sample, which is also sup-
ported by our theoretical calculations (Fig. S1). Importantly, 
though similar apolar analogs can be observed in apolar LC sys-
tems through field-driven Helfrich–Hurault mechanisms (39, 
44), they arise as a result of transient instability and have consid-
erable differences from the current situation as discussed below. 
Next, to analyze the 3D polarization structures of the grid-like pat-
tern, we combined fluorescence confocal polarization microscopy 
(FCPM) that probes the orientational field (Fig. S2) and C-SHGM 
(Fig. S3), which visualizes the spatial distribution of polarization. 
By fully reconstructing the 3D polarization structures, we clarify 
that the development of the grid-like pattern is a dynamic process, 
where each grid corresponds to a topological soliton protected by 
a pair of disclinations as discussed below, and these localized 
waves assemble a global 2D-confined undulated polarization 
wave composed of polar helices. Hereafter, we name it the PPW 
(Fig. 2G–N). The doubled periodicity of the bright-dark layers in 
the 2D and 3D C-SHGM images corresponds to a quasi-layer com-
posed of a full pitch of the polarization helices. Figure 2I–N shows 
the transitional process from the uniform state to the PPW state. 
While, at the early stage of the formation of PPW, the polarization 
structure is in a sinusoidal form (Fig. 2J), it gradually develops into 
more asymmetric structures as the temperature decreases 
(Fig. 2K; Fig. S4). As seen in the xz plane, the quasi-layers of PPW 
bend with larger amplitudes away from the surfaces (Fig. 2J and 
K). Particularly, at the late stage of the PPW formation, PPW devi-
ates from a pure sinusoidal form, which exhibits a pair of disclina-
tions with nonsingular cores, λ+1/2 and λ−1/2 (Fig. S5) (39), arranging 
periodically on the top and bottom surfaces (Fig. S6). Besides, the 
tilting of the quasi-layers relies on the chirality of systems: left- 
and right-handed dislocation forms in left- and right-handed sys-
tems by doping with different types of chiral dopants (Figs. S5 and 
S7). Combined with the xy cross-sectional image of C-SHGM near 
the middle of the LC cell (Fig. 2I–N), one can directly see that the 
grid-like pattern is regularly packed at the equilibrium and ac-
companies a periodic undulation of the polar helices.

Distinct from the field-driven undulation instability in apolar 
LC systems where the undulation disappears unless an external 
field is applied (39, 44), PPW forms spontaneously under several 
conditions as discussed below. Figure 3 demonstrates the repre-
sentative PLM evolution for 5 wt% S1/RM734 mixture and spatial 
coverage of the grid-like patterns as a function of temperature 
for the long- and short-pitch helielectrics. The first incidence of 
the grid-like pattern comes upon the N*–HN* transition (Fig. 3B), 
which persists only for <1 K right upon the phase transition and 
goes into the Grandjean texture (Fig. 3C). The transient pattern ap-
pears as a result of the inhomogeneous quasi-layer (so the helices) 
formation and are not macroscopically polar (so is Not the PPW). 
Once the relevant phase transition completes and the phase 
reaches equilibrium, the pattern becomes unstable (Fig. 3D). 
Decreasing temperature to low temperatures of the HN* state re-
sults in the second time of incidence of the grid-like pattern, i.e. 
PPW (Fig. 3E). For this time, the polarization structure remains sta-
ble down to low temperatures until crystallization happens 
(Fig. 3F) and the generation rate decreases as the cooling rate de-
creases (Fig. S8). By varying the concentration of the chiral agent 
S1, we clarify that the same structural transitional behavior is ob-
served under different helielectric pitches (Fig. 3G). It is worth not-
ing that while the observed PPW is an orientational analog to the 
recently discovered atomic dipole wave found in PbTiO3/SrTiO3 
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superlattice (45) and has a similar orientation structure with spin 
waves in ferromagnetics (46), although they are distinct in the for-
mation’s origins. As discussed in detail later by a minimal model, 
in contrast to spin waves driven by the exchange interactions be-
tween local spins (47), the formation of PPW results from the com-
petition between the elasticity and polarity of the ferroelectric 
LCs. Recall that the ferroelectric ordering in the helielectrics lin-
early couples to an electric field. Applying a direct-current field 
horizontally to the system forces the PPW to be screed along the 
electric field, which leads to a manipulation of the 2D PPW to 
the 1D PPW with their stripes parallel to the electric field 
(Fig. S9). After removing the electric field, 2D PPW recovers 
(Fig. S10), confirming that PPW is the lowest energy state. The 
switchability enables the transformation of PPW to serve as a re-
configurable optical grating (Fig. S11).

In addition to the temperature conditions, the sample thick-
ness also plays a vital role in stabilizing the formation of PPW. 
Figure 4A and B demonstrates PLM textures for the N* and HN* 
states in a syn-rubbed wedge cell, where the sample thickness 
continuously increases from the left to right side. One finds that 
the Cano line divides the field of view into several areas, hereafter 
named the Cano band (Fig. 4A and B). While the two neighboring 
Cano bands in the apolar N* state differ by a half-pitch variation 
of the helices (Fig. 4A) (48, 49), the pitch variation becomes a full 
pitch in the polar HN* state (Fig. 4B). Therefore, the width of 
Cano bands in the HN* state roughly doubles compared with 
that in the N* phase (28, 36). Observing the extremely thin areas 
of the wedge cell, one notices that no PPW is formed even if the 
aforementioned temperature requirement is met (see Figs. 3 and 
4B). In this situation, while the bulk favors the PPW formation, 
the spatial confinement along the sample thickness direction sup-
presses the incidence. Only when the sample thickness is large 
enough PPW emerges in the thicker areas of each Cano band 
(Fig. 4B; areas indicated by purple bars), where both the occupa-
tion ratio of PPW in each Cano band and the wavelength of PPW 

increase with increasing the sample thickness (Fig. 4C; Fig. S12). 
It is worth noting that the threshold thickness for inducing PPW 
decreases as the helielectric pitch decreases, which is supported 
by our theoretical analyses (Section S3). It is known that the actual 
pitch length of the chiral LCs changes continuously with the thick-
ness in each Cano band due to the variation of the sample thick-
ness and fixed anchoring conditions on surfaces (28, 36). The 
same scenario applies to the HN* state. As evidenced by our theor-
etical analyses later, this consequence gives rise to a comparable 
competition between the spatial confinement (suppressing PPW) 
and polar interactions (favoring PPW), thus leading to the coexist-
ence of PPW and undeformed helices, especially in the middle 
range of the sample thicknesses. Furthermore, when PPW arises, 
the Cano lines change their morphology from a straight line to a 
wavy curve (Fig. 4D; Fig. S13). This phenomenon would be attrib-
uted to the periodic directional variation of polarizations in PPW, 
which causes the corresponding periodic modulation of the Cano 
lines. So far, we reveal two essential characteristics for the induc-
tion of PPW: (i) PPW appears only at the low temperatures of the 
polar HN* state; and (ii) PPW is suppressed when the confinement 
condition is inappropriate.

Discussion
To understand the physical mechanism of the PPW formation in 
the HN* state, we established a minimal model that corresponds 
to an extended Frank–Oseen formulism under the single-elastic 
constant approximation. Let us assume that the polarization P = 
(Px, Py, Pz) is parallel to the local director, i.e. P = P0n, and that 
the helielectrics start to deviate from a uniform z-orientated po-
larization helix, n0 = cos(qz)x + sin(qz)y, to the PPW state. q is 
the wavenumber of the polarization helix (the inverse of the hel-
ical pitch PHN∗ = 2π/q). To consider the quasi-layer nature of the 
polarization helices, we introduce the layer displacement as u = 
Asin(tz)cos(kx)cos(ky) satisfying the experimentally observed 

Fig. 1. Schematics of orientational fields for N A), N* B), NF C), and HN* D) states. A) The cylinders represent the head-to-tail equivalent n director in the 
apolar nematic. B) The N* state with a quasi-layered helical structure is formed after the introduction of chirality into the apolar nematic. The quasi-layer 
distance corresponds to a half pitch of the helix. C) The cones represent the polarizations in the NF state. D) The HN* state is formed after the introduction 
of chirality in the polar nematic, where the helielectric pitch PHN∗ is elongated due to the competition between the chiral and polar orders. In contrast to 
the N* state, the quasi-layer distance herein corresponds to a full pitch of the helix.
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conditions upon the onset of PPW (50), which leads to the de-
formed polarization field as follows:

n = [cos(qz) + uqsin(qz)]x + [sin(qz) − uqcos(qz)]y

+
∂u
∂x

cos(qz) +
∂u
∂y

sin(qz)
 

z (1) 

A, t, and k are the amplitude of displacement, the wavenumber of 
the displacement along the z direction, and the wavenumber of 

the displacement in the xy plane, respectively (Fig. 5A). Then, 
the extended Frank–Oseen free energy functional with minimal 
terms is described as follows:

fbulk=
K
2

∂2u
∂x2 +

∂2u
∂y2

 2

+
B
2

∂u
∂z

−
1
2

∂u
∂x

 2

−
1
2

∂u
∂y

 2
 2

+
τ1

2
P2 +

τ2

2
P4 +

h
2

(∇P)2 , (2) 

Fig. 2. PLM and C-SHGM images of PPW in the HN* state. A–F) PLM texture evolution of 5, 30, and 50 wt% S1/RM734 mixtures during cooling. Uniform 
Grandjean texture of 5 wt% S1/RM734 at 135°C A) and 30 wt% S1/RM734 at 120°C B). PPW in 5 wt% S1/RM734 at 75°C C), in 30 wt% S1/RM734 at 40°C D), 
and in 50 wt% S1/RM734 at 30°C F). E) Expanded view of PPW in 5 wt% S1/RM734 at 75°C. The periodicity of PPW in E), D), and F) is 15.5, 2.0, and 1.5 µm, 
respectively. The cell thicknesses are 50 µm for 5 wt% S1/RM734 and 5 µm for 30 and 50 wt% S1/RM734 mixtures. All the cells are rubbed syn-parallelly in 
the horizontal direction. G, H) The 3D reconstructed polarization structures from the pseudo layer to PPW. I–N) C-SHGM images of PPW in 1 wt% R811/A2 
mixture. The xz I, K) and xy (L–M) cross-sections of PPW are visualized by a linear polarization (the yellow double arrow). The temperatures are 80°C, 70°C, 
and 50°C from left to right, respectively. The helical pitches for 5 wt% S1/RM734, 30 wt% S1/RM734, 50 wt% S1/RM734, and 1 wt% R811/A2 mixtures are 
5.6, 0.8, 0.4, and 4.8 µm, respectively. The cell thicknesses are 50 µm for 5 wt% S1/RM734 and 5 µm for 30 and 50 wt% S1/RM734 mixtures.
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fsurf =
1
2

W0
∂u
∂x

 2

+
∂u
∂y

 2
 

. (3) 

The first two bulk terms describe the elastic and compression 
free energies, where K and B are the elastic coefficients with a re-
lationship of B = Kq2

0 under the single-elastic constant approxima-
tion (39). We assume that compression energy arises simply due to 
the layer displacement, not affected by the polarity of the system. 
The third and fourth bulk terms are the Landau energy, which ac-
counts for the stability of a polar phase. τ1 = α(T − T0) is the scaled 
temperature with respect to the critical temperature T0 for the 
apolar–polar LC transition, i.e. the N*–HN* transition. τ2 is a phe-
nomenological coefficient for the higher-order terms (P4) in 
Landau energy. The Landau coefficients can describe the equilib-
rium polarization strength of the system as −τ1/2τ2 = P2

0. The last 
bulk term is the polarization gradient energy with a coefficient 
h > 0. It penalizes the spatial variation of the polarization field 

due to (∇P)2 =


i,j
(∂iPj)

2 (i, j ∈ x, y, z) and has the same form as 

the Heisenberg exchange interactions (or magnetization gradient 
energy) in ferromagnetic materials (31, 51), i.e. J(∇M)2. In addition, 
the LC cell surfaces (z = 0, d) are considered to impose a uniform 
planar alignment along the x direction, corresponding to the 

rubbing-induced polarization anchoring in the experiments. The 
surface anchoring strength is controlled by W0. fsurf is the surface 
free energy. W0 is the magnitude of the planar surface anchoring 
(i.e. anchoring of layers parallel to the substrates). It is worth not-
ing, according to our calculation, that the flexoelectricity and 
space charge effects are not essential for inducing PPW, which 
just slightly modify the structural feature of PPW (Fig. S14 and 
Section S4). Therefore, for simplicity of the following analysis, 
we do not include these effects. By the course-grained method 
(38, 39, 50), the average free energy over a full PPW periodicity is 
calculated as follows:

f̅ =
∫d0 ∫

2π
k
0 ∫

2π
k
0 fbulk dxdydz

∫d0 ∫
2π
k
0 ∫

2π
k
0 dxdydz

+
∫
2π
k
0 ∫

2π
k
0 fsurf dxdy

∫
2π
k
0 ∫

2π
k
0 dxdy

=
1
4

W0A2k2 sin2 dt + C1t2 + C2t sin(2td) + C3
sin(2td)

t
+ C4, (4) 

C1 =
1
16

A2[B + hP0
2(k2 + q2)], (5) 

C2 =
C1

2d
, (6) 

C3 =
A2{5A2Bk4cos(2dt) − 20A2Bk4 − ϱ}

2, 048d
, (7) 

C4 =
15A4Bk4 + 512P2

0(hq2 + τ1 + τ2P2
0) + ϱA2

1,024
, (8) 

ϱ = 64[2k4(2K + hP2
0) + hP2

0q4 + 3hk2P2
0q2] . (9) 

Under the strong planar anchoring on the surfaces, we set the 
sample thickness d to be the integer times of the helical pitch of 
HN* (d = N · 2π/q) if the top and bottom surface polarizations align 
in the same direction (i.e. syn-parallel rubbing condition). N is the 
number of the full pitch of HN*. Therefore, the lowest mode of the 
modulation of the layer displacement along the z direction, t, is re-
lated to the thickness of the cell, i.e. t = π/d (Fig. 5A). We minimize 

the free energy with respect to k2 and obtain the equilibrium 
wavenumber of the modulation in the xy plane, k0 = 2π/Λ (Eq. 
10). By inserting k0 into Eq. (4), the minimal average free energy 
can be obtained.

∂ f̅
∂k2 |k=k0

= 0⇒ k4
0 =

1, 024P4
0(hπ2 + 3hd2q2)

2

d4(15A2B + 256K + 128hP0
2)2

, (10) 

f̅ =
βA4 + δA2 − κA2 + 64P2

0(2K + hP2
0)(hq2 + τ1 + τ2P2

0)
15A2B + 128(2K + hP2

0)
, (11) 

β =
15B[Bπ2 + hP2

0q2(π2 + d2q2)]
16d2 , (12) 

δ =
32KBπ2 + BP2

0[h(16π2 + 15d2q2) + 15d2(τ1 + τ2P2
0)]

2d2 , (13) 

κ =
hP2

0[hP0
2(π2 − d2q2)

2 − 16d2Kq2(π2 + d2q2)]
d4 . (14) 

Let us first discuss when one finds PPW spontaneously forms in 
a z-orientated HN* helix with a fixed thickness, d being a con-
stant. This corresponds to the temperature requirement for 
achieving PPW as observed in Fig. 3. Recalling the spontaneous 
formation of PPW is only achieved at low temperatures of the 
HN* state (Fig. 3G), we investigate how the polarity and elasti-
city affect the stability of PPW. If PPW arises spontaneously, 
then the deformation amplitude A becomes a nonzero real 
number at the free energy minimum (Eq. 11). Minimizing the 

Fig. 3. Evolution from the uniform helical state to PPW upon cooling 
process. A–F) PLM images upon cooling in 5 wt% S1/RM734 mixture from 
the N* to HN* state. The temperatures are 150°C A), 125°C B), 124°C C), 
110°C D), 75°C E), and 30°C F), respectively. G) The temperature 
dependence of the occupation ratio of PPW for 5, 30, and 50 wt% S1/ 
RM734. The cell thicknesses are 50 µm for 5 wt% S1/RM734 and 5 µm for 
30 and 50 wt% S1/RM734 mixtures. The cooling rate for the observations 
is fixed to be 5 K/min.
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free energy (Eq. 11) with respect to A leads to the solution of the 
equilibrium amplitude A0:

∂ f̅
∂A

= 0⇒A0
2 =

32(2K + hP2
0)

15B

��
2
√

hP0
2(π2 + 3d2q2)

d
�������������������������������������������
(2K + hP0

2)[Bπ2 + hP0
2q2(π2 + q2d2)]

 − 4

 

.

(15) 

It is clear that the magnitude of the polarization of the system, 

P0, plays a critical role in stabilizing PPW. A0
2 < 0 when P0 is 

zero or small; therefore, no real value of A0 exists, which corre-
sponds to the apolar N* state. Under this circumstance, PPW is 
absent, consistent with the experimental observation that no 
spontaneous modulated N* structures have been observed so 
far. With increasing the polarization P0 over a certain threshold 
PH, PPW becomes energetically favorable with a finite amplitude 
of the modulation (A0 ≠ 0). By solving PH based on the condition 

A0
2 > 0, we find the analytical solution:

PH
2 =

4d ζ +
��������������������������

ζ2 + π2BK(π2 − d2q2)2
 

h(π2 − d2q2)2 , (16) 

ζ = d[Bπ2 + 2Kq2(π2 + d2q2)] . (17) 

Over PH, the amplitude A0 in the PPW increases with the in-
crease of polarization (Fig. 5B; Eq. 15). To visualize how the po-
larization strength modifies the free energy landscape, we show 
the free energy curves as a function of the modulation ampli-
tude A (Fig. 5A), obtained by numerically calculating Eq. (11). 
At low P0 values (P0 ≤ PH), there is a single minimum at A0 = 0, 
corresponding to an undeformed HN* helix. At P0 > PH, two non-
zero minima appear at A0 ≠ 0. Note that there is no energy bar-
rier between the states with A0 = 0 and A0 ≠ 0 upon the 
spontaneous transition to the PPW state, suggesting the struc-
tural transition is second-order like. Indeed, in the experiments 
under a fixed sample thickness, we observe the PPW formation 
accompanied by a pretransitional orientational fluctuation. The 

modulated structure of PPW gradually appears without a coex-
istence with the uniform regions. To compare the real situation 
with the theoretical prediction, we measure the spontaneous 
polarization of the polar LCs as a function of temperature 
(Fig. 5B; Fig. S15). The spontaneous polarization increases with 
decreasing temperature after going into the HN* state due to 
the higher polar order. In our numerical calculation, we fixed 

the parameters [K, q, d, τ1, τ2, and h] to be [10−6 dyn, 1.12 µm−1, 

30 µm, −6 × 10−7 J·m3/C2, 1.875 × 10−4 J·m7/C4, and 10−5 J·m3/C2], 
whose condition of the helical pitch corresponds to the ground 
state pitch of the 5 wt% S1/RM734 mixture. We change the po-
larization strength P0 at each temperature according to the ex-
perimental values for the numerical analyses. The calculated 
equilibrium amplitudes of PPW at each temperature are plotted 
in Fig. 5B. The experimental and predicted temperature ranges 
of PPW by the theory are well consistent. Meanwhile, we also 
find that the increase of the nematic elasticity with decreasing 
temperature would destabilize PPW (Fig. S16 and Section S2). 
Therefore, we conclude that the spontaneous formation of 
PPW in the HN* state should be attributed mainly to the large- 
enough polarization in the polar LCs at low temperatures.

Now, let us move to the second discussion on the stability 
of PPW in confinement (Figs. 4A–C and 6A). Figure 6A depicts 
the geometry and HN* helical arrangement in a Cano band 
that contains N numbers of full helielectric pitches in the 
wedge cell. Due to the sample thickness gradient, the helielec-
tric pitch (2π/q) varies with thickness in the range of 
2π(N − 1)/q0 to 2πN/q0, where q0 is the equilibrium helielectric 
pitch in the bulk. To implement this scenario in our analysis, 
we now treat the sample thickness d as a variable, so that q 
becomes a variable as d = N · 2π/q. By this scheme, we can ad-
dress whether PPW arises under confinement conditions with 
variable sample thicknesses in a particular Cano band. To 
simplify the calculation, we ignore the quartic term of 
Landau energy (43) in Eq. (11), which has a minor effect in 

Fig. 4. PLM images of the 1 wt% R811/A2 mixture in a wedge cell. A) The N* state at 130°C. B) The HN* state at 30°C. The wedge angle of the cell is 
tanθ = 0.006. C) The relationships between the occupation ratio of the PPW in each Cano band and the sample thickness under different LC mixtures 
conditions are plotted. The dashed lines are the linear fittings. The corresponding doping ratios of R811 in A2 for the samples are 0.5 (red circles), 1.0 
(orange squares), 1.5 (blue upward triangles), 2.0 (cyan rhombi), and 30 wt% (green downward triangles), respectively. D) A PLM image of a wavy Cano line 
separating two Cano bands with PPW fully developed (1 wt% R811/A2 mixture).
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affecting the stability of PPW, and obtain the equilibrium 
amplitude A0 of PPW as

A0
2 =

16
�����������

2K + hP2
0



15B

��
2
√

P2
0q h + 12hN2 +

4τ1N2

q2











N

�����������������������������������

B + P2
0q2 h + 4hN2 +

4τ1N2

q2

  − 8
�����������

2K + hP2
0



⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(18) 

When q is large, corresponding to a small helielectric pitch for 
the HN* state, PPW is absent because of A0

2 < 0. When q is below to 

a critical value qc as

qc
2

=
4N2η 4Bη + ϖ − 2

�����������������������������������
2η(2B2η + 64τ1

2KP0
2N4 + Bϖ)

 

hP2
0[h2P0

4(1 − 4N2)2 − 2KhP2
0(112N4 + 40N2 − 1) − 128K2(4N4 + N2)]

,

(19) 

η = 2K + hP0
2, (20) 

ϖ = τ1P0
2[32N2K + h(4N4 − 1)P0

2], (21) 

A0
2 > 0, i.e. PPW (A0 ≠ 0), becomes favorable and develops 

spontaneously from the undeformed HN* helix (A0 = 0). These re-
sults mean that if the helielectric pitch is strongly compressed, 
PPW is unstable and forms only in the region of a Cano band where 
the sample thickness is larger than the critical thickness 
dc = 2πN/qc. Notably, qc decreases for distinct Cano bands with 
smaller values of N (Fig. S17). Too small values of N, corresponding 
to extreme-thin sample thicknesses results in qc ≤ q0, thereby 

Fig. 5. The role of polarization on the stability of PPW. A) The average free 
energy as a function of the modulation amplitude for the systems with 
different polarization is plotted in different colors. Their polarization 
strengths for the numerical calculations are set to be 0 (black), 2 (purple), 
4 (red), 6 (green), and 8 µC/cm2 (blue). Here, we set the elastic constant 
K = 10−6 dyn, cell thickness d = 30 µm and helielectric pitch 
PHN∗ = 5.6 µm, respectively. τ1, τ2, and h are set to be −6 × 10−7 J·m3/C2, 
1.875 × 10−4 J·m7/C4, and 10−5 J·m3/C2, respectively. The inset shows a 2D 
model of the inset structure of PPW formed in the LC cell under a fixed 
thickness. Λ represents the wavelength of PPW. B) The scattered points 
connected by a dashed line are the experimentally measured polarization 
as a function of temperature. The black solid line is the numerical 
calculation results on the equilibrium amplitude of PPW as a function of 
the polarization strength of the system, where the experimentally 
measured polarization data as a function of temperature is used. The 
other parameters used for the numerical calculation are the same as 
those in A). According to the numerical solutions, the threshold 
polarization for generating PPW is about 4.06 µC/cm2. This predicts the 
temperature range of the PPW state is about 89°C, in line with the 
experimental observation (Fig. 3B, top).

Fig. 6. The role of the confinement condition on the stability of PPW. A) 
Schematics of a Cano band formed by HN* LCs in a wedge cell. B) The 
numerical calculation results on the amplitude of PPW as a function of 
the thickness in the Cano band under different polarization strengths 
(5.0 µC/cm2 for the top and 5.5 µC/cm2 for the bottom figures). We set the 
equilibrium pitch length to be 5.6 µm and the thickness of the Cano band 
in the range of 50 to 56 µm with N = 10. τ1 and h are set to be 
−6 × 10−7 J·m3/C2 and 6 × 10−7 J·m3/C2, respectively. The inset shows the 
relationship between the thickness and the occupation ratio of PPW in 
each Cano band. The red scattered points are the experimentally 
measured occupation ratio as a function of the sample thickness for 
0.5 wt% R811/A2 mixture. The helical pitch for this sample is 11 µm. The 
numerical calculation result fitted by Eq. (22) is plotted by the solid line. In 
our fitting, we set the equilibrium pitch length to be 11 µm, the elasticity 
coefficient K = 10−6 dyn and the polarization strength P0 = 4.5 µC/cm2. τ1 

and h are set to be −2.5 × 10−7 J·m3/C2 and 6 × 10−6 J·m3/C2, respectively.
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PPW does not appear in the corresponding Cano bands because dc 

is equal to or is larger than the maximum thickness 2πN/q0 of the 
Cano band (Fig. 6A). In the Cano bands with intermediate sample 
thicknesses, the condition q0 ≤ qc ≤ Nq0/(N − 1) is satisfied, lead-
ing to the appearance of PPW in thicker areas of a Cano band. Once 
the sample thickness is too thick, so qc ≤ q0, Cano bands are then 
fully covered by PPW. As direct visualizations of how PPW covers 
Cano bands at the intermediate sample thickness conditions, we 
plot numerical calculation results on the spatial distribution of 
the amplitude of PPW in a Cano band with moderate sample thick-
nesses (50 < d < 56 µm, q0 = 5.6 µm; Fig. 6B). As seen from the ana-
lytical solutions, the numerical results also confirm that PPW 
develops only in the thicker region of the Cano band. The ampli-
tude of PPW increases with the sample thickness. Increasing the 
polarization strength of the system results in the larger spatial oc-
cupation of PPW, ρ. Furthermore, according to the geometry con-
ditions of the confinement as depicted in Fig. 6A, we obtain the 
quantitative relationship between d and ρ (Fig. 4C) as

tan θ =
2πN

1
q0

−
1
qc

 

(Lρ)
⇒ ρ =

1
L tan θ

2πN
q0

−
2πN
qc

 
. (22) 

θ is the angle of the wedge cell. L represents the width of each 
Cano band. The inset of Fig. 6B demonstrates the good prediction 
of ρ as a function of d in a long-pitch helielectric (0.5 wt% R811/A2 
mixture), in line with the experimental results.

To conclude, we experimentally observed the spontaneous forma-
tion of PPW in polar and chiral LC systems. We showed both the ana-
lytical and numerical solutions based on an extended Frank–Oseen 
free energy functional for explaining the generation conditions of 
PPW. In line with the fact that the exchange and DM interactions in 
ferromagnetic materials are crucial to spin topology, our study con-
firms that, in electric systems, the coupling between the polarization 
of a system and nematic elasticity is an important driving force for 
generating unprecedented polarization topology. The results suggest 
a close link between ferroelectric and ferromagnetic topologies. Our 
work will help understand the formation of topology in the ferroelec-
tric soft matter in confined space and provide a platform for design-
ing and regulating fluidic polarization macrostructures.

Materials and methods
Materials
RM734, A2, and a side-chain–type chiral dopant S1 were synthesized 
in the laboratory. The purity of the chemicals was confirmed by NMR 
and differential scanning calorimetry (DSC) measurements. The 
commercial chiral dopants S811 and R811 were purchased from 
TCI (Shanghai) Development Co., Ltd. A room-temperature stable 
ferroelectric nematic material was prepared by mixing RM734 and 
A2 at a mass ratio of 1:1 as reported in Long et al. (52). The HN* LCs 
were obtained by doping chiral dopants into pure RM734, pure A2, 
or RM734/A2 mixture (Scheme S1). The chiral strength of R811 and 
S1 in RM734 is 14.2 and 5.5 µm−1, respectively. We notice that a slight 
doping of R811 into the polar host LCs leads to serious phase separ-
ation (i.e. over 3 wt% for R811/A2 mixture), which inhibits the forma-
tion of PPW. Therefore, to obtain PPW in shorter-pitch HN* materials 
(Fig. 2F; Fig. S18), we used S1, which has a similar molecular structure 
to RM734 and A2 (Scheme S1).

LC cell preparation
The prepared LCs were introduced into homemade LC cells with 
controlled thickness and surface conditions. A planar anchoring 

agent (KPI-3000, Shenzhen Haihao Technology Co., Ltd.) was 
coated onto the cleaned glass substrates by spin-coating under 
3,000 rpm/min. After baking at 200°C for 2 h, a unidirectional rub-
bing was conducted on each substrate. We assembled two rubbed 
substrates by aligning their rubbing direction in the same way 
and obtained a LC cell with the syn-parallel rubbing. The thick-
ness of LC cells was controlled by silica particles in the range of 
5–50 µm. The homemade syn-rubbed wedge cell was in the range 
of 0–150 µm controlled by Teflon films.

Fluorescence confocal polarizing microscopic 
measurement
FCPM observation was performed using a Zeiss LSM880 microscope. 
Bis(2,5-di-tert-butylphenyl)-3,4,9,10-perylenedicarboximide (BTBP, 
Sigma-Aldrich) was used as a fluorescent dye mixed into the LCs. 
The concentration of BTBP dye was 0.01 wt%. The Ar laser 
(λ = 488 nm) was used to excite the fluorescence of BTBP, and the 
fluorescence signal was detected by a photomultiplier tube (PMT) 
detector in a spectral range of 510–550 nm.

Confocal second harmonic generation 
microscopic measurement
A femtosecond laser (Coherent Chameleon Vision II; λ = 880 nm; 
pulse width: 140 fs) was used as the incident laser in the Zeiss 
LSM880 microscope for the C-SHGM test. The SH signals gener-
ated by the HN* samples were collected with a scanning system 
composed of a 63 × (NA = 1.4) objective. A gallium arsenide phos-
phide (GaAsP) and PMT were used for measuring the magnitude of 
the SH signal.

HL measurement
The spontaneous polarization P0 was evaluated by measuring the 
hysteresis loop (HL) curves of the HN* LCs. The HL curves were 
tested by a triangular wave method (FCE10-F, TOYO 
Corporation) using 10-µm cells sputtered with indium tin oxide 
electrodes. The alternative current electric field is supplied along 
the surface normal of the LC cells at 200 Hz under a peak voltage 
of 20 Vpp.

Supplementary material
Supplementary material is available at PNAS Nexus online.
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