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Study of the effect of higher‑order 
dispersions on photoionisation 
induced by ultrafast laser pulses 
applying a classical theoretical 
method
István Márton1* & László Sarkadi2

We investigated the effect of higher order dispersion on ultrafast photoionisation with Classical 
Trajectory Monte Carlo (CTMC) method for hydrogen and krypton atoms. In our calculations we used 
linearly polarised ultrashort 7 fs laser pulses, 6.5× 10

14

W/cm2 intensity, and a central wavelength of 
800 nm. Our results show that electrons with the highest kinetic energies are obtained with transform 
limited (TL) pulses. The shaping of the pulses with negative second- third- or fourth- order dispersion 
results in higher ionisation yield and electron energies compared to pulses shaped with positive 
dispersion values. We have also investigated how the Carrier Envelope Phase (CEP) dependence of the 
ionisation is infuenced by dispersion. We calculated the left-right asymmetry as a function of energy 
and CEP for sodium atoms employing pulses of 4.5 fs, 800 nm central wavelength, and 4× 10

12

W/cm2 
intensity. We found that the left-right asymmetry is more pronounced for pulses shaped with positive 
Group Delay Dispersion (GDD). It was also found that shaping a pulse with increasing amounts of GDD 
in absolute value blurs the CEP dependence, which is attributed to the increasing number of optical 
cycles.

Dispersion plays an important role in ultrafast optics1. The chirped pulse amplification2 technique is based on 
the proper control of dispersion that made possible the generation of ultrafast laser pulses with petawatt peak 
power3. Dispersion also has fundamental effect in chemical processes4. Numerous studies show the second-order 
dispersion, also called Group Delay Dispersion (GDD) dependence on photoelectron spectra5,6 or photoionisation 
yield7 from molecules. Reusch et al.7 demonstrated a higher photoelectron yield from hydrocarbon molecules 
with negatively chirped pulses. Another group investigated the photodissociation process of the H+

2  molecule 
as a function of GDD8 and Third Order Dispersion (TOD)9. The investigations indicated that dissociation of 
the molecule was more probable with pulses shaped with positive GDD and negative TOD compared to pulses 
with negative GDD and positive TOD. Second- and third-order dispersions were also used to distinguish the 
isomers of complex organic molecules10,11. Theoretical investigations predicted that the spectra and angular 
distribution of Above-Threshold Ionisation (ATI) by ultrashort laser pulses are influenced by the chirp parameter 
of the ultrashort pulse12 for Na atom. Theoretical and experimental investigations show the influence of the 
chirp parameter on the photoelectron spectra from sodium13 and potassium atoms14. It was verified that the 
photocurrent from planar surfaces induced by a few-cycle pulse depends on the Carrier Envelope Phase (CEP)15. 
The CEP dependence is manifested by an asymmetry along the polarization axis of the incoming pulse for both 
nanoparticles16 and atoms17,18. Namely, the number of electrons emitted with negative and positive momentum 
are not the same, known as left-right asymmetry. Recently it was verified for sodium atoms both experimentally 
and theoretically that this asymmetry is influenced by the chirp of the pulse19.

In this work, we carried out calculations to simulate the interactions between ultrashort laser pulse and atom. 
We carried out the simulation using the classical trajectory Monte Carlo (CTMC) method. We determined 
the effect of the GDD, TOD and Fourth Order Dispersion (FOD) on the photoelectron spectra and ionisation 
probabilities arising from the interactions. We performed calculations for hydrogen and krypton atoms at 
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intensity of 6.5× 1014 W/cm2 , 7 fs intensity FWHM, and 800 nm central wavelength. The laser pulse was 
linearly polarised along the z axis. We have also investigated how the left-right asymmetry of the photoionisation 
as a function of CEP and kinetic energy is influenced by the shaping of the ultrashort laser pulse with GDD. 
To investigate this effect we carried out calculations for Na atoms and used ultrashort pulses with intensity 
of 4× 1012 W/cm2 , 4.5 fs FWHM, 800 nm central wavelength. We considered a linearly polarised pulse. 
This work was inspired by the results carried out by Wollenhaupt et al.14, Krug et al.13 and Zille et al.19. In the 
first two papers, the photoionised electron spectra were studied theoretically and experimentally induced by 
laser pulses having shaped with different GDDs. It should be noted, however, that in these papers the time-
dependent Schrödinger equation was solved for three states for potassium and five states for sodium. In the 
work of Zille et al.19 the left-right asymmetry was investigated for the ATI both experimentally and theoretically. 
The calculations incorporated quantum effects, therefore, we did not expect perfect correspondence with our 
calculations and the results of Zille et al. However, we intended to grasp and qualitatively understand the basic 
effects of the dispersion on the electron spectra and also its influence on CEP dependence of the photoemission. 
The usefulness of calculations based on classical approach is demonstrated, for example by Hack et al.20. In the 
aforementioned study the ionization of hydrogen atom was investigated with quantum approaches and found 
that the ionized electrons can be described with classical trajectories calculated with initial conditions obtained 
from the quantum description of the system.

Unless otherwise stated, we used the Hartree atomic units for our calculations and in our article.

Calculations
The theory of dispersion.  It is well known that the dispersion means the dependence of the phase velocity 
on the frequency1,21–24. When an ultrashort laser pulse is propagating through a dispersive material it acquires 
spectral phase φ(ω) resulting in the modification of the shape and frequency distribution of the pulse. In order to 
describe the dispersion we need to consider an ultrafast laser pulse polarized along the z axis in time domain as

where ω0 is the central or carrier frequency, f(t) is the envelope of the electric field and ϕCEP is the CEP of the 
laser pulse, respectively. In the case of our calculations we considered the pulse as transform limited (TL), and 
Gaussian shape was assumed for the temporal intensity envelope. Therefore, the envelope of the electric field 
can be described by the expression

where the E0 is the amplitude and τ0 is the intensity FWHM of the pulse. The pulse in frequency domain can be 
obtained as the Fourier transform of the pulse in time domain

When an ultrashort laser pulse is propagating in a dispersive medium, the dispersion can be described by the 
spectral phase φ(ω) = β(ω)L , where β(ω) is the propagation constant and L is the thickness of the dispersive 
medium. After propagation the laser pulse can be written in the form

where both the propagation constant and the spectral phase can be written in a Taylor series

where the n-th derivative means the n-th order dispersion described in units of fsn . Here the 0-th order means 
the change of the CEP phase of an ultrashort pulse during its propagation in dispersive medium. As we took into 
account the CEP of the incoming laser pulse we did not consider its change in medium. The first derivative is the 
Group Delay (GD) which is the group velocity showing how fast the laser pulse propagates in a given medium. 
As we performed our calculations with laser pulses already left the dispersive medium and interacts with atoms 
in vacuum, we obviously did not consider the GD in our calculations. The GDD leads to temporal broadening 
of the pulse and the variation of frequency as a function of time. This variation is called the chirp of the laser 
pulse, and GDD causes linear chirp. The shaping of an ultrashort laser pulse with TOD entails the appearance 
of pre- or post-pulses depending on the sign of the TOD. This means that the temporal profile of a pulse shaped 
with TOD is temporally asymmetric. The FOD modifies the temporal profile of the pulse and also broadens it. It 
also modifies the temporal variation of the frequency, although it is not linear in nature. In this article we report 
our calculations performed with GDD, TOD and FOD defined by the expressions below:
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This means that in Eq. (4) the function φ(ω) was calculated applying the approximations φ(2) = GDD (ω − ω0)
2 , 

φ(3) = TOD (ω − ω0)
3 , and φ(4) = FOD (ω − ω0)

4 . The complex output pulse in time domain can be obtained 
with the inverse Fourier transformation of Ẽout,z(ω)

In order to represent an ultrashort pulse in time and frequency domain, and to visualize the dispersion as 
well, we need to use Wigner function25–28. The latter function was originally introduced by Wigner to represent 
the quantum states in phase space29. The representation was later proved to be useful in signal analysis30,31 and 
for ultrashort light pulses as well32,33. The Wigner function W(t,ω) in the latter case is expressed as

where Ẽ(ω) and E(t) are the z component of the complex electric field in the frequency and time domain, 
respectively. The temporal intensity envelope and the Wigner representation of ultrashort pulses shaped with 
GDD, TOD and FOD with the corresponding TL pulses are depicted in Fig. 1.

The classical trajectory monte carlo method.  For our calculations we used the CTMC method 
originally introduced by Abrines and Percival to simulate ion collisions with H atoms34. Later CTMC was 
generalised for multielectron atoms35, and was proved to be a useful method to describe ion-atom collisions36–40. 
Although numerous works dealing with soft-Coulomb potential41–48, as it was pointed out by Sarkadi49 the 
screened potential50 is in better agreement with the results obtained by quantum mechanical calculations. In the 
present work the applied screened potential for the electron-core interaction was chosen as

where fscr(r) is written as

Here Z means the nuclear charge of the target, N is the number of electrons in the target atom51. The η and ξ are 
parameters determined by Garvey et al.50 using the technique that minimizes the total energy of the atom52. The 
η and ξ vales are 4.418 and 1.351 for Kr, and 2.85 and 1.712 for Na respectively. The CTMC considers the atom 
as an object consisting of an electron and the atomic nucleus with the rest of the electrons, i.e. it is a one-active 
electron approach. For the simulation of ion-atom collisions the whole process is a three-body problem where 
the classical Newtons equations are solved under different initial conditions according to the prescription given 
in Ref.35. The CTMC was later developed to be able to simulate the atomic interactions with ultrashort pulses53–64. 
In our calculations we treated the process as a two-body problem in the outer electric field of the ultrashort 
pulse and the equations of motions were solved with the Runge-Kutta Dormand-Prince method65. Therefore the 
equations of motion for the electron and the target are

where me and mt are the mass, re , rt are the position and Ze and Zt are the charge of the electron and target 
respectively. Ee(t) and Et(t) are the electric field at the position of the electron and the target, and
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The CEP of the few cycle laser pulses may influence the properties of the electron spectra15–17. We employed 
a laser pulse of 7 fs FWHM. The effect of CEP on the calculated electron spectrum is clearly seen in Fig. 2: the 
CEP influences the calculated electron spectrum. As we intended to investigate the effect of the n-th order 
dispersion on electron spectra, we averaged the results of the calculations over CEP. To do this, we determined the 
waveform of the electric field for 120 different CEP angles ranging from 0 ◦ to 357◦ with a step of 3 ◦ in between 
them for each dispersion parameters. We calculated 24000 and 120000 trajectories for krypton and for hydrogen, 
respectively, for the different CEP values, and we summed up the results of the trajectories. For the study of the 
effect of the dispersion on the left-right asymmetry of the photoelectron spectra for sodium we performed our 
calculations with 60 different CEP values ranging from 0 ◦ to 354◦ with a step of 6 ◦ in between them. For a given 
CEP value we calculated 1.2 million trajectories, and we performed our calculations for five different GDD values.

Figure 1.   The effect of GDD, TOD and FOD on an ultrashort pulse of 7 fs FWHM and a carrier frequency of 
800 nm. On the left side the intensity as a function of time is depicted. The curves denote the shape of the pulses. 
The red lines show the TL pulses and the blue curves denote pulses shaped with 10 fs2 GDD (a), 90 fs3 TOD (c), 
and 500 fs4 FOD (e). In the right column the corresponding Wigner distributions are plotted for 10 fs2 GDD (b), 
90 fs3 TOD (d) and 500 fs4 FOD (f).
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Results
In order to quantitatively characterize the effect caused by the n-th order dispersion (D) in the electron spectra 
we introduced the asymmetry parameter as

where N(D) is the number of photoelectrons at a given value of dispersion. In Fig. 3 the calculated electron 
spectra with the corresponding electron yield and asymmetry parameters are plotted. Both the electron spectra 
and the electron yield are summed for all the calculated CEP value. The asymmetry parameters clearly show 
the effect of the dispersion on the number of the electrons. Although this asymmetry is present in GDD, TOD, 
and FOD as well, it is slightly less pronounced for TOD. According to the electron spectra depicted in Fig. 3 
the electron yield decreases with increasing absolute value of GDD, TOD, and FOD as well. This feature can be 
attributed to the fact that the intensity of the pulse shaped with GDD, TOD or FOD is always smaller than the 
TL one as it can be seen in Fig. 1. This smaller amplitude will result in smaller electron yields and cutoff energies. 
For photoelectron spectra induced with linearly polarised laser pulse, the cutoff energy is approximately 2Up , 
where Up is the ponderomotive potential66. The ponderomotive potential is expressed as67 Up = e2E20/4mω2 , 
where ω is the angular frequency of the incoming light, me and e mean the mass and electric charge of the 
electron, respectively, and E0 is the amplitude of the electric field. The electron spectra induced with negative 
GDD or FOD have bigger cutoff values compared to those induced with the same amount of GDD or FOD in 
absolute value but having positive sign. Interestingly this effect is not relevant or at least can not be seen for 
TOD. In order to better understand the physical origin of these dispersion dependent effects, in Fig. 4 we have 
plotted the distribution of electrons as a function of ionisation time and kinetic energy for hydrogen and for 
krypton as well for various values of GDD, TOD, and FOD. The incident intensity can also be seen in the figure. 
We can conclude that most electrons are ionised after the moment of time when the incident intensities are 
maximal. This feature can be attributed to the fact that in the classical picture the incident laser pulse modifies 
the energy of the bound electron, and in case of ionization the electron accumulates energy gradually as it can 
be seen in Fig. 5a. At moderately low intensities most electrons can gain enough energy to be ionised after the 
moment of time when the incident intensity is maximal. Consequently the incident electric field has a different 
angular frequency and thereby ponderomotive potential at the time of ionisation, depending on the sign of the 
chirp when the pulse is shaped with GDD and FOD. According to the form of the ponderomotive potential (see 
above), the ionisation is more probable when the pulse is down chirped, namely when the incident frequency 
decreases with time. This leads to higher ionisation rates and electron energies for down chirped pulses, and 
the effect is more pronounced for pulses shaped with the higher GDD and FOD in absolute value but having 
opposite sign. These observations are completely in agreement with the results presented in Fig. 3. The dispersion 
dependent effect is also present for TOD, although it is not pronounced as much as it is for pulses shaped with 
GDD and FOD. To understand this better, we need to consider the Wigner function of the pulse shaped with 
TOD in Fig. 1d and compare them with those corresponding to pulses shaped with GDD and FOD in Fig. 1b 
and f. As far as GDD and FOD are concerned we can observe monotonity of frequency as a function of time 
in sharp contrast to the TOD where both the low and high frequency parts are delayed with the same amount 
of time. The above arguments can be tested performing calculations at higher intensities. When the intensity 
is high enough we can not state that most electrons are ionized after the moment when the incident intensity 
is maximal. The frequency and ponderomotive potential at the time of ionisation are random in nature, and 
not or much less depend on the chirp if we consider the whole ensemble. In Fig. 6 the results of calculations 
carried out for hydrogen at 1015W/cm2 intensity are displayed. We can observe from Fig. 6c–e that most of the 
ionisation does not occur after the moment when the incident intensity is maximal. As it can be seen in Fig. 6a 
and b, the asymmetric nature of the photoionisation process is still present, but the effect is much less pronounced 
compared to the results obtained at lower intensities: The change of the asymmetry parameter is smaller by more 
than one order of magnitude. We must pay attention to the peculiar structure of the ionisation time - energy 

(17)A(D) =
N(D)− N(−D)

N(D)+ N(−D)

Figure 2.   Photoelectron spectra (a) and momentum distributions (b) at ϕCEP = 0 and π/2 . In the inset (c) the 
time dependence of the electric field strength at ϕCEP = 0 and π/2 is depicted.
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distributions of the electron emission from hydrogen atom depicted in Fig. 4a–i. The vast majority of electrons 
belong to three visibly distinguishable groups, namely, electrons with the highest kinetic energies, the electrons 
with moderately high energies and low-energy electrons ionised with some delay. This third groups of electrons 

Figure 3.   Photoelectron spectra for hydrogen calculated with different GDD (a), TOD (c) and FOD (e). The 
corresponding number of electron counts and asymmetry parameters defined by Eq. (17) can be seen on the 
right column with error bars. Panels (g and h) refer for krypton and only for GDD. On the left column we have 
marked 2Up where Up means the ponderomotive potential at 6.5× 10

14
W/cm2 intensity.
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display a periodic, oscillating structure that cannot be explained with the wavelength of the incident pulse as 
the period of oscillations are typically lower than 1 fs meanwhile the period of a pulse with a central wavelength 

Figure 4.   Contour plots of the normalized photoelectron distributions as a function of ionisation time and 
kinetic energy. The temporal envelope of the intensity of the laser pulse is depicted with a white line. The vertical 
dashed white line shows the moment of time when the intensity is maximal. Photoelectron distributions for 
hydrogen calculated with different GDD (a–c), TOD (d–f) and FOD (g–i). Photoelectron distributions for 
krypton calculated with different GDD (j–l).
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of 800 nm is 2.67 fs. One might attribute this feature to the incompleteness of our calculations, namely the 
relatively small number of different CEP values with which we performed our calculations. To check this, we 
carried out calculations with TL pulses at the same wavelength, intensity, and pulse width but the CEP values 
were random numbers. We found that the results were exactly the same what we obtained with calculations with 
120 fixed CEP values. We call the attention to the difference of the ionisation probabilities observed between the 
hydrogen and krypton atoms. The ionisation was significantly more probable for krypton than for hydrogen in 
spite of the fact that the outer electron of the krypton atom is slightly more bounded than that of the hydrogen. 
This effect can probably be attributed to the difference of their atomic potentials defined by Eqs. (12), (13). and 
depicted in Fig. 5b.

Figure 5.   Electron energy and incident electric field of the ultrashort laser pulse as a function of time (a). The 
applied laser intensity is 6.5× 10

14
W/cm2 . The time of ionisation is the moment when the energy of electron 

reaches 0 eV at the first time. Atomic potentials of hydrogen and krypton atoms (b) defined in Eqs. (12)-(13).

Figure 6.   Calculated photoelectron spectra for hydrogen at 1015W/cm2 intensity with different values of GDD 
(a) and the corresponding electron yield and asymmetry parameter (b) defined by Eq. (17). Contour plots of the 
square root of the normalized photoelectron distributions as a function of ionisation time and kinetic energy 
with -10 fs2 (c), 0 fs2 (d) and 10 fs2 (e) GDD. The temporal envelope of the intensity of the laser pulse is depicted 
with a white line. The vertical dashed white line shows the moment of time when the intensity is maximal.
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In the followings, we discuss how the GDD influences the left-right asymmetry of the electron spectrum as a 
function of kinetic energy and CEP. In order to quantitatively describe the left-right asymmetry of photoelectron 
spectrum we introduce the asymmetry parameter as

where N+ and N− mean the number of electrons having positive and negative momentum along the polarization 
axis respectively. The calculated A(E,ϕCEP) asymmetry maps are plotted in Fig. 7 for sodium atoms. The applied 
laser intensity was 4× 1012W/cm2 . We performed the calculations for the TL case and for pulses shaped 
with ±5 fs2 and ± 10 fs2 respectively. The FWHM of the TL pulse was 4.5 fs, meanwhile the FWHM of the 
pulses shaped with ±5 fs2 and ± 10 fs2 GDD were 5.45 fs and 7.62 fs respectively. Kübel et al.68 studied the 
A(E,ϕCEP) asymmetry map for the ATI process for caesium atoms experimentally and theoretically as well. 
Zhou et al.18 carried out a similar investigation for xenon atoms. The asymmetry maps obtained by the latter 
authors can be found in Fig. 2a–c in Ref.18. They made their experiment at 1.1× 1014W/cm2 intensity, 780 nm 
central wavelength, and 5 fs pulse width. Although they performed their studies with parameters differing 
from those of the present investigations, especially as far as the applied laser intensity and studied element are 
concerned, we can observe a similarity between their and our results. We also note that their asymmetry maps 
cover a considerably higher electron energy range compared to ours. However, we did not expect a perfect 
correspondence between their studies and ours due to the different theoretical approaches. We can conclude from 
Fig. 7 that with increasing GDD in absolute value the effect of CEP on the photoelectron spectrum decreases. This 
phenomenon can be attributed to the broadening of the pulse as a result of the shaping. This broadening results in 
the increased number of the optical cycles. As the number of optical cycles increases the CEP dependent effects 
will be less and less pronounced. The CEP dependence of the electron spectra induced with pulses shaped with 
positive GDD is more pronounced compared to those spectra induced with pulses shaped with the same amount 
of GDD in absolute value but having negative sign. This phenomenon can be attributed to the difference of the 
time interval, namely the time window when the electrons are ionised. We can easily observe from Fig. 8 and 
especially from Fig. 8g–k that the time window increases with the increasing GDD, but it is considerably shorter 
for electron spectra obtained by pulses shaped with positive GDD compared to the case when it is obtained with 
the same amount of GDD in absolute value but with negative sign. This explains the phenomenon why the most 
pronounced CEP dependence can be observed with electron spectra induced with TL pulse, and why the CEP 

(18)A(E,ϕCEP) =
N+(E,ϕCEP)− N−(E,ϕCEP)

N+(E,ϕCEP)+ N−(E,ϕCEP)

Figure 7.   Calculated maps of the asymmetry defined by Eq. (18) for Na at 4× 10
12
W/cm2 intensity with 

different values of GDD.
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Figure 8.   Contour plots of the square root of the normalized photoelectron distributions as a function of 
ionisation time and kinetic energy for different GDD and CEP values (a–f). The temporal profile of the electric 
field of the laser pulse is depicted with a white line. The energy axis is divided into an upper and lower panel 
representing electrons with positive and negative final momenta along the polarization axis. Panels (g–k) display 
contour plots of the square root of the normalized photoelectron distributions as a function of ionisation time 
and kinetic energy for different GDD values. The photoelectron distributions are CEP summed. The temporal 
envelope of the intensity of the laser pulse is depicted with a white line.
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dependence is more pronounced with electron spectra induced with ultrashort pulses shaped with positive GDD. 
In order to better understand the physical origin of the chirp dependence of the time window we need to consider 
the distribution of electrons as a function of ionization time and kinetic energy. Most electrons are ionised after 
the moment when the incident intensity is maximal, as it can be seen in Fig. 8. Positively chirped pulses has 
lower ponderomotive potential after the moment when the incident intensity is maximal compared to pulses 
with negative chirp. This explains the shorter period of time windows with positively chirped pulses comparing 
to pulses with negative chirp. In Fig. 8 the contour plots depicting the square root of the electron distributions 
can be seen as a function of time and energy. In panels Fig. 8a–f the corresponding electric field, while in panels 
Fig. 8g–k the corresponding intensity is depicted with the white line. As it can be seen in Fig. 8a–f, the ionisation 
process is determined by the temporal profile of the electric field, and the ionisation time influences the final 
energy of the electron. The later an electron is ionised, the less the final energy that it can acquire, namely the 
electrons with high kinetic energies are ionised at the beginning of the time window. We can also conclude from 
Fig. 8a–f the validity of the simpleman model66 in our calculations. According to this model the velocity of the 
electron is v = v(t0)+ e/m

∫ t
t0
E(t′)dt′ , i.e. one expects about π/2 phase difference between the kinetic energy 

and the electric field. Considering the form of the applied electric field described in Eq. (9) we can conclude that 
the simpleman model is in good agreement with our calculations.

Conclusion
In this paper, we presented results of classical calculations for the energy distributions and yield for hydrogen 
and krypton atoms using ultrafast laser pulses having shaped with different second- (GDD), third- (TOD) 
and fourth- (FOD) order dispersions. We have also studied how the CEP dependent effects and ultimately the 
left-right asymmetry of an electron spectrum are influenced in case of pulses having different GDDs. For the 
investigation of the energy distributions and yield for hydrogen and krypton, the width of the applied TL pulse 
was 7 fs while for the left-right asymmetry calculations it was 4.5 fs. The central frequency was 800 nm in both 
cases. We found that the electron yield and CEP effects depend not only on the absolute value but the sign of 
the dispersion as well. For negative GDD, TOD and FOD we obtained a higher number of electron counts. In 
the case of GDD and FOD, we also observed this asymmetry for the cutoff energies. We also found that the CEP 
effects decrease with increasing amount of GDD in absolute value. The same but more pronounced tendency 
was observed for pulses shaped with negative GDD.
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