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ABSTRACT

Eddy current shielding by a Faraday cage is an effective way to shield alternating-current magnetic fields in scientific instrumentation. In a
strong static magnetic field, however, the eddy current in the conductive shield is subject to the Lorentz force, which causes the shield to
vibrate. In addition to mechanical issues (e.g., acoustic noise), such vibration induces motional eddy current in the shield that can dominate
the original, electromagnetic eddy current to undermine the conductor’s shielding capability. In this work, we investigate a method to
control motional eddy current by making cut-out patterns in the conductor that follow the electromagnetic eddy current image. This effec-
tively limits the surface current of the plate to a single mode and prevents the proliferation of uncontrolled motion-induced surface currents
that disrupts eddy current shielding. After developing a comprehensive theory of magneto-mechanical interaction in a conductive plate, the
proposed method was tested on a flat-geometry testbed experiment inside a 3 T magnetic resonance imaging (MRI) magnet. It was found
that the magnetic field generated by the motional eddy current was much more localized in space and frequency for a patterned-copper
shield compared to a solid copper. The magnetic field of the patterned shield could be accurately predicted from the impedance measure-
ment in the magnet. Implications of our results for improved shielding of gradient fields in high-field MRI are discussed.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0210709

I. INTRODUCTION

Eddy current shielding of time-varying magnetic fields by
conductive plates and shells is widely used in scientific instru-
ments as well as everyday electrical devices. The shielding is
based on the fact that at sufficiently high frequencies, all conduc-
tors develop eddy current to counteract applied magnetic flux
changes, effectively preventing time-varying magnetic fields from
entering their interior. When a conductive shield is placed inside
a strong static magnetic field, as in a modern high-field magnetic
resonance imaging (MRI) scanner, the eddy current is subject to
Lorentz force, leading to the vibration of the shield. The moving
conductor now experiences two kinds of time-varying magnetic
fluxes in its frame of reference: (i) the original, externally applied
AC magnetic field and (ii) the changing flux as it cuts through
the flux lines of the static magnetic field.1 The latter flux induces
its own eddy current, sometimes called motional eddy current.2

Depending on the static field and the vibration amplitude, the

motional eddy current can dominate the original, electromagnetic
eddy current. In this case, the conductor can no longer provide
shielding because the field generated by the motional eddy
current can be very different in shape and larger in magnitude
than the applied field.

The failure of eddy current shielding in a strong static
magnetic field has long been noted in MRI engineering as the time-
varying fields generated by the gradient coils in the bore of a cylin-
drical magnet were found to heat the superconducting coils despite
multiple conductive shells in between them.3–6 The heating cannot
easily be explained without motional eddy current. It should be
noted that most modern MRI gradient coils employ self-shielded
design where each field-generating (primary) coil unit is paired
with a shielding coil on the outside of and connected in series with
the primary coil.7 This greatly reduces the field reaching the
magnet, but the residual “leakage” field can still be substantial, on
the order of several milliTesla. This is sufficient to heat the
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superconducting magnet absent some degree of passive shielding
provided by conductive cylinders in the cryostat.

Given the importance of thermal protection of superconduct-
ing coils, much effort has been directed to reducing the motional
eddy current, through gradient design,3 additional passive shield-
ing,8 warm bore engineering,9,10 and magnet reinforcement.11

While promising, most structural methods face an important chal-
lenge, that is, limited space between the driving (gradient) coils
and the protected structure (magnet). In high-field compact MRI
scanners,12 in particular, any radial space between the gradient and
magnet coils comes at a steep cost in terms of manufacturing, per-
formance, and energy consumption/efficiency.13

The purpose of this paper is to investigate a new method to
reduce and control the motional eddy current, not through purely
structural intervention, but by limiting eddy current modes in the
conductor through cut-out patterns. The pattern is defined by the
ideal eddy current in the high-frequency limit in the absence of
vibration. By allowing such eddy current to flow in the conductor,
while blocking all other modes orthogonal to this mode, the con-
ductor can support non-motional eddy current that is necessary for
shielding,14 while being less prone to unwanted eddy current in the
presence of vibration. We first present a comprehensive theory of
magneto-mechanical coupling in inductively driven motion of a
conductive plate in a static field. We then demonstrate the pro-
posed method in a flat-geometry testbed experiment at 3 T, using a
flat copper plate as a model for a passive shield placed between a
gradient coil and an MRI magnet.

II. THEORY

We consider a thin conductive plate with surface conductivity
σs (Fig. 1) that is horizontally placed on the zx plane, and whose
vibration consists of vertical (y-directional) displacement u(z, x) that
is time-dependent. A static magnetic field B0 is applied in the z direc-
tion. Surface eddy current induced in the conductor is characterized
by a stream function T(z, x), which is related15 to the surface current
~j(z, x) by ( jz , jx) ¼ (@T/@x,� @T/@z) ¼ ∇� (Tŷ). Choice of a
horizontal zx plane is motivated by the typical coordinate system
of a horizontal-bore MRI magnet. The conductive plate is subject
to time-varying magnetic field Bapp(z, x) ŷ cosωt, which induces

eddy current. If the eddy current completely nulls Bapp on the
surface of the plate, the plate functions as a perfect shield. This
will be the case if the plate superconducts, or if the frequency is
infinitely high, provided there is no vibration. We will call such
an eddy current an eddy image current, whose stream function is
denoted as Teddyi [Fig. 2(a)]. At a finite frequency and finite σs,
the eddy current will deviate from Teddyi. As long as B0 ¼ 0,
however, a plate made of a good conductor (e.g., copper or alumi-
num) with mm-range thickness and tens of cm-range lateral
dimensions will still provide good shielding of magnetic fields
above a few hundred Hz; the eddy current will be substantially
similar to Teddyi in spatial shape. Such a frequency range is impor-
tant for the thermal protection of MRI magnets.

In the presence of strong B0, on the other hand, the surface
current can drastically differ from Teddyi, dominated by motional
eddy current. This results in passive shielding failure; in fact, a con-
ductive plate can amplify the applied field. In MRI, this phenome-
non has been linked to excessive helium boil-off in the magnet
cryostat induced by switched gradient fields.1–3,16 The goal of this
section is to develop a physical theory to calculate the total eddy
current in response to the applied field Bapp that includes the
motional eddy current. We will primarily work in the frequency
domain at angular frequency ω ¼ 2πf .

A. Magneto-mechanical coupled equations for a
conductive plate in a static magnetic field

Detailed derivation of the coupled equations, namely, the equa-
tion of motion and the circuit equation, is given in Appendix A.
Below we describe the equations and discuss their properties.
We will use script-font characters A, B, . . . to denote the linear
operators acting on scalar fields defined in the zx plane. The
equation of motion of the plate under the influence of the Lorentz
force can be written as the following:

Au ¼ BT , (1)

where

A ; �FM � ρmω
2 (2)

is a mechanical force operator acting on u(z, x) that includes the
plate’s restoring and damping forces (both captured in FM) as
well as the inertia term. Here, ρm is the surface mass density in
(kg/m2) and the operator FM is given, for a thin elastic plate, by17

FMu ¼ �D∇4u� iωλu, (3)

where D and λ are the bending stiffness and damping coefficient,
respectively. The operator B represents the Lorentz force per unit
area acting on T and is given by (see Appendix A)

B ; B0
@

@z
: (4)

The circuit equation that governs the evolution of the surface
current, in the presence of motional electromotive force (EMF) and

FIG. 1. Definition of the coordinate system and variables. A static magnetic
field ~B0 ¼ B0 ẑ is applied parallel to a conductive plate in the zx plane whose
vibration is characterized by the vertical displacement u(z, x)ŷ. The eddy
current stream function and the corresponding surface current density are
denoted by T and ~j, respectively.
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the applied field, can be written as follows:

CT þDu ¼ �iωBapp, (5)

where

C ; �σ�1
s ∇2 þ iωK* (6)

is the impedance operator and

D ; �iωB0
@

@z
(7)

is the motional EMF operator. In Eq. (6), the symbol K* indicates
convolution with a dipolar field kernel, which converts surface
dipole density (T) into a normal magnetic field on the surface.
The two terms of the operator C correspond to the resistance
operator R and iω times self-inductance operator L, which can be
defined as

R ; �σ�1
s ∇2, (8)

L ; K*: (9)

Such designation can be justified from the energy dissipation
and self-inductance expressions of a stream function shown in

Ref. 18 (also see Sec. II B 2). Being related to measurable, positive
quantities, both R and L are positive definite.

1. General properties of the coupled equations

Equations (1) and (5) constitute inhomogeneous coupled
equations for u and T, with a source term being proportional to
Bapp. Both u and T, therefore, scale linearly with Bapp. The two
operators that are responsible for magneto-mechanical coupling, B
and D, are both proportional to the static field B0. In the absence
of B0, u and T are decoupled. The frequency dependence appears
in the mechanical force operator (A) for damping and inertia, as
well as in C and D for self- and motion-induced EMF. If the con-
ductor thickness is larger than the skin depth δ(ω) ¼ 1/

ffiffiffiffiffiffiffiffiffiffiffiffi
πμ0σf

p
,

the effective surface conductivity becomes frequency dependent:
σs ¼ σs(ω) � σδ(ω). Finally, if mechanical damping is ignored in
Eq. (3), A is real and no phase shift is involved in the equation of
motion [Eq. (1)]. This compares with Eq. (5) where all operators
are imaginary except for R in C. The two terms that single out,
namely mechanical damping and electrical resistance, are associ-
ated with energy dissipation.

2. Magnetic damping and stiffening

Magnetic damping and stiffening refer to apparent increase in
mechanical damping and stiffness of a conductive object when
driven mechanically in the presence of a static magnetic field.

FIG. 2. Eddy image current and its
discretization. (a) In the high-frequency
limit, the eddy current in a conductive
plate (gray horizontal bar) prevents the
penetration of an applied magnetic field
generated by a driving coil (black-
outlined horizontal bar). Such eddy
current, whose stream function is
denoted as Teddyi , is analogous to the
DC screening current in a supercon-
ducting plate. (b) Illustration of Teddyi
and corresponding surface current
map. (c) In the proposed passive
shield, Teddyi is discretized into a
closed-loop coil with current i0. The
black lines indicate cutouts on the con-
ductor and the current flows from the
red dot in the middle (P1) to the blue
dot at the bottom (arrow, P2). The two
dots are shunted by a copper bridge
(not shown) to close the loop and
cancel the turn-to-turn radial current.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 136, 024504 (2024); doi: 10.1063/5.0210709 136, 024504-3

© Author(s) 2024

https://pubs.aip.org/aip/jap


While this is not the main topic of this paper, our coupled equa-
tions naturally predict the existence of such phenomena. Since the
analysis lends support to the validity of our equations, the discus-
sion of magnetic damping/stiffening is presented in Appendix B.

3. Motional impedance

The circuit equation analog of magnetic damping/stiffening is
motional impedance (resistance/inductance). This is obtained by
the following formal solution of the coupled equations for T. We
solve Eq. (1) for u and substitute this into Eq. (5) to eliminate u.
The result is

T ¼ (C þDA�1B)�1
(�iωBapp): (10)

The magneto-mechanical term DA�1B is proportional to B2
0.

We observe that to the extent C represents the impedance of T, the
effect of B0 is to add DA�1B to the impedance. We will, therefore,
call this a motional impedance operator ZM :

DA�1B ¼ ZM , (11)

ZM ; �iωB0
@

@z

��FM � ρmω
2
��1

B0
@

@z

� �

¼ �iωB2
0
@

@z

��FM � ρmω
2
��1 @

@z
: (12)

This expression, while being formal, can give us considerable
insight into the phenomenon of magneto-mechanical resonance.
Let us call the (i times) imaginary part of ZM as iωLM , where LM

is motional inductance, a real operator. The operator iωLM adds to
the (i times) inductive part of C, which is iωK*. As shown in the
following subsection, while the conventional inductance operator
K* is positive definite, LM is not, and its sign (of the eigenvalues)
generally depends on ω. It is then possible that the motion-altered
inductance of the plate (K*þLM) ceases to be positive and under-
goes zero crossing at a certain frequency for certain current eigen-
modes. This is analogous to the cancelation of inductive impedance
by a capacitor in an LC circuit. We can, therefore, call this phe-
nomenon magneto-mechanical resonance. At the resonance, the
total eddy current in the conductive plate inside a static field can
be much larger than at zero field. Below, we will examine this more
closely using plane wave eigenmodes of an infinitely large plate.

4. Special case: magneto-mechanical resonance
of an infinite plate

Using Eqs. (8), (9), and (11), we rewrite Eq. (10) as

T ¼ (Rþ iωLþ ZM)
�1(�iωBapp): (13)

In a special case where the plate is infinitely large, the opera-
tors R, L, and ZM are simultaneously diagonalized by the plane
wave eigenfunctions labeled by the wavevector ~k ¼ (kz , kx).
The corresponding eigenvalues are

R :� σ�1
s ∇2 ¼ σ�1

s k2 � 0, (14)

L : K* ¼ μ0
2

k � 0 , (15)

ZM : iωB2
0
@

@z
�D∇4 � iωλþ ρmω

2
� ��1 @

@z
¼ iωB2

0k
2
z

Dk4 � ρmω2 þ iωλ
:

(16)

See Appendix A for Eq. (15). We used Eq. (3) for FM in
Eq. (16). At mechanical resonance where Dk4 ¼ ρmω

2, Eq. (16)
avoids singularity by the damping term iωλ in the denominator.
This situation is similar to the mechanical resonance of a
damped, simple harmonic oscillator.

Combining Eqs. (13)–(16), we can write T in the spatial
Fourier domain as

T(~k) ¼ �iω

σ�1
s k2 þ iω

μ0
2
kþ B20k

2
z

Dk4 � ρmω
2 þ iωλ

� �Bapp(~k) (Infinite plate)
,

(17)

where all independent variables are real.
As we increase ω from zero, we observe that for each spatial

mode ~k , we encounter two resonances. First is the mechanical
resonance where the real part of the denominator of ZM van-
ishes, at Dk4 ¼ ρmω

2. This is the frequency, to be called ωmech, at
which the plate would undergo the maximum displacement in
response to pure mechanical excitation, absent Lorentz force.
The second, magneto-mechanical resonance occurs when the
real part of ZM becomes negative and cancels the conventional
inductance (μ0/2)k. It can happen when Dk4 , ρmω

2, that is, past
the mechanical resonance (ω . ωmech) where the motion and
force are out of phase. The importance of mechanical phase
reversal in the context of magneto-mechanical resonance is illus-
trated in Fig. 3.

Below, we summarize a few properties of magneto-mechanical
resonance of an infinite conducting plate.

(i) The magneto-mechanical resonance frequency ωmm satisfies
ωmm . ωmech.

(ii) ωmm is a function of wavevector~k.
(iii) At the resonance, the reactive (inductive) part of the total

impedance of the current mode vanishes.
(iv) If the zero-field impedance of the mode is dominated by the

reactive term (i.e., μ0ωk/2 � σ�1
s k2), magneto-mechanical res-

onance at non-zero static field can greatly increase the eddy
current response T/Bapp by nulling such a term. Because of fre-
quency dependence in other terms of Eq. (17), the exact
maximum of jT/Bappj may not occur at ω ¼ ωmm.

5. Relationship with eddy image current

From the definition of ZM (Eq. 12), it can be recognized that
as ω ! 1, ZM ! 0, and Eq. (13) becomes

lim
ω!1T ¼ lim

ω!1 (Rþ iωL)�1(�iωBapp) ¼ �L�1Bapp: (18)

This is the stream function of the eddy image current,
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previously called Teddyi. That is,

Bapp ¼ �LTeddyi: (19)

Physically, this means that at high enough frequencies where
mechanical motion cannot keep up with the electromagnetic drive,
and when inductive impedance dominates resistance, the induced
eddy current completely nulls the applied normal magnetic field.
We can now express T in terms of Teddyi in Eq. (13),

T ¼ (Rþ iωLþ ZM)
�1(iωL) Teddyi, (20)

while Eq. (17), for an infinite plate, becomes

T(~k) ¼ iω(μ0/2)k

σ�1
s k2 þ iω

μ0
2
kþ B20k

2
z

Dk4 � ρmω
2 þ iωλ

� �Teddyi(~k): (Infinite plate)
:

(21)

Equation (21) shows that, at each frequency and wavevector,
the mode amplitude of the shield current differs from an ideal
eddy current by a multiplicative factor. The magnitude of this
factor can be much larger than unity near ω ¼ ωmm.

B. Magneto-mechanical coupled equations for a shield
plate patterned into an eddy image loop

Let us assume that we freeze the eddy image current Teddyi in
space [Fig. 2(b)] and discretize it by cutting lines along its con-
tours: {Teddyi ¼ cn} where cn (n ¼ 1, 2, . . .) is a set of currents that
divide Teddyi into Nturns � 1 equidistant levels [Fig. 2(c)]. Following
the standard practice of surface coil design,19 we assume that adja-
cent contours are connected in series and a return path is provided
from the last to the first contour so that all the contour lines are
traversed in one stroke between the input (P1) and output (P2) ter-
minals. If we now apply a current i0 from P1 to P2 that corresponds
to the contour spacing, i0 ¼ c2 � c1, such current will approximate
the continuous surface current defined by Teddyi. The patterned
passive shield proposed in this work consists of a closed loop
formed by short-circuiting P1 and P2. When acted on by a time-

dependent magnetic field from a driving coil, an induced current
I(t) in the loop will tend to shield the space opposite to the driving
coil from such magnetic field. The goal of this section is to calcu-
late I(t) in the presence of magneto-mechanical coupling.

1. Current and motional degrees of freedom of the pat-
terned conductor

Let us define a dimensionless static function,

~Teddyi(z, x) ; Teddyi(z, x)/i0: (22)

This can be viewed as a continuous (smoothed) version of the
“number-of-turns” function N(z, x) of the discretized surface
current described above. N(z, x) is defined by counting (integrat-
ing) the number of contour lines (turns) in a direction-sensitive
way; that is, by adding +1 if the current in the turn crosses the inte-
gration path from the left to the right, and �1 if in the other direc-
tion, as one moves from the edge of the plate to the point (z, x). If
the patterned passive shield carries a current I(t) (or I(ω) in the
frequency domain), the corresponding stream function is

T(z, x; t orω) ¼ I(t orω)N(z, x) � I(t orω)~Teddyi(z, x): (23)

In the limit Nturns ! 1 and i0 ! 0, N(z, x) converges to
~Teddyi. In what follows, we will assume such a limit (i.e., ignore dis-
cretization error) and use N and ~Teddyi interchangeably.

Importantly, all the surface current degrees of freedom of the
conductive plate are now condensed into a single time- or
frequency-dependent variable I. Note that the magnitude of ~Teddyi

depends on i0 from Eq. (22), which was somewhat arbitrarily deter-
mined during the discretization of the eddy image current. This is
not a problem because the final stream function T appears as a
product of I and ~Teddyi, with opposite i0 dependences.

We will assume that the surface current discretization does not
affect the shield plate’s mechanical properties. This is realistic if the
conductor of the shield plate is backed by a stiff, insulating substrate,
which dominates the plate’s mechanical response. The motional

FIG. 3. Illustration of motional inductance and onset of magneto-mechanical resonance. (a) At low frequencies (ω � ωmech), the Lorentz force fL acting on an oscillating
current I(ω) tilts the plate towards and away from ~B0 in phase with the current. When the current is positive, the tilt of the normal vector n̂ is toward~B0. Such tilt results in
positive (locally upward) flux of~B0 threading the loop, making motional inductance positive. (b) At high frequencies (ω � ωmech), the Lorentz force and angular tilt of n̂ are
180° out of phase; when the current is positive, the tilt is still away from~B0 trying to catch up. In this case,~B0 threads the current in the negative direction, or locally down-
wards, and the motional inductance is negative. If the negative motional inductance cancels the positive self-inductance, the loop is at magneto-mechanical resonance.
Then, the current induced by an applied oscillating magnetic field (not shown) is impeded only by the resistance of the loop. kH denotes the spring constant.
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degrees of freedom of the patterned-shield plate still consist of the
displacement field u(z, x; ω).

2. Equation of motion and circuit equation

The equation of motion for the patterned shield is obtained by
substituting Eq. (23) in Eq. (1). The frequency domain equation reads

(�FM � ρmω
2)u ¼ B0I(ω)

@~Teddyi

@z
, (24)

where the Lorentz force term is now time-space separated and con-
tains a single unknown I(ω).

The circuit equation that governs I, coupled to u, is obtained
from Eq. (5) by (i) replacing T with I~Teddyi and (ii) multiplying the
resulting equation with ~Teddyi and integrating over the plane. The
left- and right-hand sides of the resulting equation are, respectively,

lhs ¼ �σ�1
s

ð
~Teddyi∇2~Teddyid

2~r þ iω
ð
~TeddyiK*~Teddyid

2~r
n o

I(ω)

� iωB0

ð
~Teddyi

@u
@z

d2~r, (25)

rhs ¼ �iω
Ð
~TeddyiBappd2~r: (26)

The two integrals in the parenthesis of Eq. (25) and the integral in
Eq. (26) all produce a scalar constant.

Specifically, we can identify the following: First,

�σ�1
s

Ð
~Teddyi∇2~Teddyid2~r ¼ R (27)

is the conventional DC resistance of the loop where I flows.
Second, ð

~TeddyiK*~Teddyid2~r ¼ L (28)

is the conventional self-inductance of the same loop. Finally,

ð
~TeddyiBappd2~r ¼ Φapp (29)

is the flux coupled to the loop by the applied field Bapp.
Equations (27)–(29) are further explained in Appendix C.

We can now rewrite Eqs. (25) and (26) simply as

RI þ iωLI � iωB0

Ð
~Teddyi

@u
@z

d2~r ¼ �iωΦapp: (30)

The third term on the left-hand side can be expressed in
terms of I by eliminating u through a formal solution of Eq. (24),

u ¼ �B0I(ω)(FM þ ρmω
2)�1 @

@z
~Teddyi: (31)

Substituting Eq. (31) to Eq. (30) yields

RI þ iωLI þ I
Ð
~TeddyiZM ~Teddyid2~r ¼ �iωΦapp , (32)

where ZM is the motional impedance operator, proportional to B2
0,

defined in Eq. (12). We can now define the motional impedance
parameter of the current loop ~Teddyi as

ZM ¼ ZM(ω) ;
Ð
~TeddyiZM ~Teddyid2~r: (33)

Using the imaginary part of ZM , Im(ZM) ¼ ωLM , we also
define the motional inductance of the loop as

LM ¼ LM(ω) ;
Ð
~TeddyiLM ~Teddyid2~r: (34)

This signifies the flux per 1 A in the loop that is caused by its phys-
ical displacement in the B0 field. The final solution for the current
in the presence of magneto-mechanical coupling is, from Eqs. (32)
and (33),

I ¼ I(ω) ¼ �iωΦapp

Rþ iωLþ ZM(ω)
: (35)

Magneto-mechanical resonance occurs when the imaginary
(reactive) part of ZM(ω) becomes negative and cancels the self-
inductance L. The precise line shape of I(ω) depends on the
functional form of ZM(ω), which is hard to reduce analytically in
a non-infinite plate. On the other hand, I(ω) can be determined
experimentally from the measured impedance of the loop,
Z(ω) ; Rþ iωLþ ZM(ω). To measure Z, one should break the
short between the terminals P1 and P2 and probe their voltage
difference while applying sinusoidal current at different ω. Such
measurement can be used to characterize a patterned shield
regarding its magneto-mechanical behavior.

3. Relationship with eddy image current

In the high-frequency limit, motional impedance vanishes and
Eq. (35) converges to lim

ω!1 I(ω) ¼ �Φapp/L. This limiting current

equals the ideal eddy image current in the patterned shield, which
was previously defined as i0. That is,

lim
ω!1 I(ω) ¼ �Φapp

L
¼ i0: (36)

This relation can be used to eliminate Φapp in Eq. (35),

I(ω) ¼ iωL
Rþ iωLþ ZM(ω)

i0: (37)

Multiplying both sides with ~Teddyi, we obtain the patterned-
shield’s current in terms of its stream function,

T(z, x; ω) ¼ I(ω)~Teddyi(z, x) ¼ iωL
Rþ iωLþ ZM(ω)

Teddyi(z, x):

(38)

This highlights the fact that for a patterned shield, the eddy
current solution has the same spatial shape (by design) as the ideal
eddy current but with an ω-dependent scale factor. We note that
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for a given applied field Bapp, as Nturns changes all the expectation
values R, L, ZM scale as N2

turns, the number-of-turns function
N(z, x) and ~Teddyi are proportional to Nturns, and I and i0 are
inversely proportional to Nturns.

C. Comparison between continuous and patterned
passive shields

It is interesting to compare the surface current solutions for
continuous [Eq. (20)] and patterned [Eq. (38)] shields. In the
latter, T is a scaled version of the eddy image current, where the
proportionality constant corresponds to the operator fraction in
Eq. (20) after all operators are replaced by their expectation values with
respect to the turns-number function ~Teddyi. The expectation value of
an operator O with respect to a function f (~r) is defined as,20

hOi ¼ f jOjfh i ; Ð
f *(~r)Of (~r)d2~r: (39)

R, L, ZM , and LM in Eqs. (27), (28), (33), and (34) as well as Z
defined after Eq. (35) correspond to the expectation values of
the operators R, L, ZM [Eqs. (8), (9), and (12)], and LM [after
Eq. (12)], and Z, respectively. Here, we define the total impedance
operator Z ; Rþ iωLþ ZM .

Further insights can be gained if we consider the expansion of
the stream functions in terms of the eigenfunctions of Z,

jji ¼ fj(z, x), ( j ¼ 1, 2, . . .) (40)

that satisfy

Zjji ¼ ζ jjji , (41)

where ζ j are the eigenvalues. (Index j should not be confused with
the surface current.) Now, consider the following expansion of the
eddy image current:

Teddyi ¼
P
j
ajjji: (42)

In general, both aj and jji are complex. We want to express the
stream function solutions for the continuous and patterned passive
shields using the same expansion.

First, the continuous shield solution can be written, from
Eq. (20), as

T(continuous) ¼ Z�1(iωL)Teddyi ¼ iω
P
j
Z�1jjihjjL Teddyi ¼ iω

P
j

hjjL jTeddyii
ζ j

jji, (43)

where we used the bra-ket notation for the eddy image.
Equation (43) states that each current mode of Teddyi is multiplied by
a factor proportional to 1/ζ j. Recall that Z and, therefore, its eigen-
values ζ j are ω-dependent. Equation (43) implies that if any of the ζ j
values (nearly) vanishes at mode-specific magneto-mechanical reso-
nance, the entire solution T undergoes a resonant peak. This partly
explains the complexity of magneto-mechanical resonance spectra
often encountered in conductive shells and plates.3

This situation is contrasted with that of a patterned shield.
From Eq. (38), we see that

T(patterned) ¼ iω Lh i
Zh i Teddyi: (44)

Using expansion equation (42) to rewrite the denominator,
we get

T(patterned) ¼ iω
hTeddyijL jTeddyiiP

j ζ jjajj2
X
j

ajjji: (45)

Here, the singularity of individual modes (ζ j ¼ 0) does not directly
translate into the singularity of T since the denominator is a
weighted sum of all mode eigenvalues. Zero crossing of such a sum
generally occurs much less frequently than those of individual ζ j in
aggregate. This can be understood from the fact that if individual

ζ j’s are an nth order polynomial (of ω ), their weighted sum is still
an nth order polynomial, permitting at most n zero crossings. One
can expect, therefore, that the patterned passive shield will exhibit
fewer resonance peaks than the continuous shield. Simpler reso-
nance spectra in a patterned shield were indeed observed in our
experiments described below.

III. EXPERIMENTAL METHODS

A. Leakage field frequency response function

Figure 4 shows the experimental setup. Gradient leakage field
was modeled by the magnetic field generated by a 20 cm-diameter,
10-turn circular loop coil (“driving coil”) wound from a 1mm-
diameter magnet wire. The field was sensed by a 5 cm-diameter
solenoidal pickup coil (“sensing coil”), which was mounted on a
wooden stick that could be translated horizontally (z direction)
above the driving coil. The center-to-center vertical (y direction)
distance between the pickup coil and the driving coil was 9.6 cm.
The voltage at the pickup coil provided a measure of frequency-
weighted magnetic field according to

Vpickup ¼ �iωAeff B pickup, (46)

where Aeff is the effective area of the pickup coil. The effective area
was not measured independently and was left as a common, real-
valued scale factor throughout the experiment. This was
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permissible as our interest was in relative changes in the leakage
field under different shielding configurations.

The experiment consisted of measuring the frequency response
function (FRF), defined as the ratio between Vpickup and the driving
coil current in the frequency domain, in the following four configu-
rations: (i) First, the FRF was measured at nineteen z locations
(z =−9Δz to +9Δz, with Δz = 2.54 cm) with no conductive barrier
between the two coils; (ii) second, a 1.6mm-thick solid copper plate
backed by a 9.6 mm-thick fiberglass plate, both measuring
55.9 × 55.9 cm2 in the plane, was inserted between the coils [Fig. 4
(b)]. The distance between the center of the driving coil and the top
surface of the copper plate was 8.1 cm. (iii) Third, the setup (with
copper) was moved inside the bore of a 3 T whole-body MRI
magnet. (iv) Finally, the solid copper plate was replaced by a copper
plate with a spiral pattern machined according to the simulated
eddy current image of the driving coil [Figs. 4(c) and 4(d)]. The
spiral pattern was bridged by a copper strip to make a single closed
loop that allowed current to flow in a way to mimic the eddy image.

In order to minimize the mechanical transmission of vibration
between the driving coil and the copper plates, the horizontal plastic
rods that held the driving coil [Fig. 4(a)] were mounted on alumi-
num crossbars at both end flanges of the magnet via a 4 mm-thick,
soft foam-backed double sticky tape (similar to part #7626A274,
McMaster-Carr, Elmhurst, IL, USA). Accelerometer measurements
confirmed that this mounting was more effective in vibration isola-
tion than conventional bolt mounting with rubber paddings.

The eddy image pattern was calculated based on the dimensions
of the driving coil and the coil-shield distance in COMSOL (COMSOL
Multiphysics, Burlington, MA, USA) and discretized in MATLAB
(MathWorks, Natick, MA, USA) into a spiral pattern with
Nturns ¼ 25. The pattern was machined on a 1.6 mm-thick copper
blank plate with 1mm cut width. A 9.6mm-thick fiberglass plate

backed the copper. The narrowest conductor path was 4.4 mm wide.
Nturns was decided considering the trade-off between the fidelity of
stream function representation (which favors large Nturns) and
mechanical integrity and manufacturability (favoring less turns).

All FRF measurements were carried out with LMS SCADAS
Mobile (Siemens PLM Software, Plano, TX, USA) multi-channel
data acquisition system (software module: Spectral Testing 11B) with
integrated signal generator. A pseudo-white noise voltage signal with
10 kHz bandwidth and 3.125Hz resolution was fed into an audio
amplifier (Crown Audio, Los Angeles, CA, USA), and its output was
applied to the driving coil via a 0.1Ω current-sensing resistor. The
pickup coil voltage and the voltage of the resistor were recorded by
the data acquisition system, and FRF was computed real-time.

B. Impedance spectrum and prediction of FRF

The complex impedance spectrum Z(ω) of the spiral pattern
was measured in the fourth configuration above, with the copper
strip electrically open. A dynamic signal analyzer (35670A,
Keysight, Santa Rosa, CA, USA) measured the impedance in the
frequency range 5 Hz≤ f≤ 10 005 Hz at 1601 logarithmically
sampled frequency points. The data were processed in MATLAB to
calculate the theoretical leakage field spectrum of the patterned-
copper shield as explained below.

The magnetic field at a given pickup coil location Bpickup con-
sists of two parts: magnetic field from the driving coil current
Idr(ω) and that of the shield current Ish(ω). That is,

Bpickup(z, x; ω) ¼ bdr(z, x)Idr(ω)þ bsh(z, x)Ish(ω) , (47)

where the static functions bdr and bsh denote magnetic fields for
unit current in the driving coil and the shield pattern, respectively.

FIG. 4. Experimental setup. (a) Driving
(yellow arrow) and sensing (white
arrow) coils. (b) Solid copper plate
placed between the driving (hidden
below the plate) and sensing (white
arrow) coils. (c) Patterned copper
during impedance measurement. The
two ends of the spiral pattern were
shorted during the FRF measurements.
(d) Setup in a whole-body 3 T magnet
with sensing coil indicated by the white
arrow. The copper plate was mounted
on an aluminum frame fixed against
the magnet end flanges, while the
sensing coil was hanging from a
wooden pole supported from the floor
of the room.
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At high frequencies, Bpickup approaches zero by the design of the
patterned shield,

lim
ω!1 (bdrIdr þ bshIsh) ¼ 0: (48)

We can, therefore, rewrite Eq. (46) as

Vpickup(ω) ¼ �iωAeff bshIdr(ω)
Ish(ω)
Idr(ω)

þ bdr
bsh

� �

¼ �iωAeff bshIdr(ω)
Ish(ω)
Idr(ω)

� lim
ω!1

Ish(ω)
Idr(ω)

� �
, (49)

where the last equality comes from Eq. (48).

Note that the FRF experiment measures the ratio
Vpickup(ω)/Idr(ω). In Eq. (49), the most non-trivial term is Ish/Idr ,
the shield current normalized by the driving current. This term is
proportional to I(ω)/Φapp calculated in Eq. (35) and can be esti-
mated by replacing the denominator of the right-hand side of
Eq. (35) with the measured impedance Z(ω). Combining this with
Eq. (49), we obtain

FRF ;
Vpickup(ω)

Idr(ω)
¼ (real constant)� ω� ω

Z(ω)
� lim

ω!1
ω

Z(ω)

� �
:

(50)

The last (limit) term can be estimated from the high-frequency
asymptote of the measured Z(ω).

FIG. 5. Frequency response functions for unshielded baseline setup (a) and setup with solid copper plate between the driving and sensing coils (b) outside the magnet.
Each box contains a current-to-voltage FRF spectrum on the axis defined at the top left corner. Nineteen FRFs obtained at different z locations of the sensing coil are pre-
sented. Note fourfold larger vertical scale in (a). Solid copper outside the magnet provides nearly perfect shielding.
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IV. RESULTS

A. Frequency response function of the leakage field

Figure 5 shows the measured FRF at frequencies up to 3 kHz
in the first two configurations (with and without copper plate outside
the magnet). The unshielded FRF [Fig. 5(a)] is linear in frequency as
expected from Eq. (46). This simply means that there is no frequency-
dependent magnetic field in the system without a metallic shield in
place. The z-dependence originates from the static (Biot–Savart law)
magnetic field profile of the driving coil. Figure 5(b) demonstrates
near complete shielding of the driving field by solid copper. Note that
the vertical scale is magnified fourfold in Fig. 5(b).

Figure 6 shows the measured FRF at 3 T with solid and pat-
terned passive copper shields. Comparing Fig. 6(a) with Fig. 5(b),
we find dramatic degradation of shielding performance as the
copper plate is placed inside a strong static field. This is manifested
by many leakage field peaks in the FRF of Fig. 6(a), which are
caused by magneto-mechanical interaction. Importantly, the FRF
spectral shapes are different at different z positions, which indicates
multiple surface current modes involved. As expected, the
magneto-mechanical response peaks subside in the high-frequency
limit, above about 2 kHz.

Figure 6(b) contains the main result of the experimental part
of this study. It shows that the patterning of the copper passive

FIG. 6. Frequency response functions for solid (a) and patterned (b) copper shields inside a 3 T magnet. Compared to Fig. 5(b), shielding is severely disrupted at 3 T with
numerous magneto-mechanical resonance peaks appearing as a result of motional eddy current. Patterned shield makes the leakage field peaks more localized in space
and frequency than solid copper.
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shield drastically changes the spatial and spectral profile of the
magnetic field that goes through the shield. In particular, the pat-
terned shield shows substantially reduced leakage field magnitudes
in peripheral regions (|z/Δz| > 4) and at high frequencies
(f > 1 kHz). Although the leakage field was higher near z = 0 and
f < 1 kHz, Fig. 6 reveals that the patterned-copper FRF is more
localized in space and frequency, and exhibits more consistent
spectral shapes across z. This reflects the fact that the leakage field
primarily originates from a single current mode defined by the
pattern. Slight changes in the spectral patterns near the edge
(|z/Δz| > 7) of the plate are likely caused by localized eddy current
in the relatively wide copper traces in the peripheral regions. The
spectral and spatial localization of the leakage field can also be

appreciated in Fig. 7, where the root-mean-square (RMS) of FRF as
a function of z is plotted for different frequency bands. The RMS
leakage field greatly increased as the solid copper shield moved into
the 3 T magnet [black vs red curves in Figs. 7(a) and 7(b)], which was
then significantly reduced at peripheral z positions (|z| > 10 cm) by
patterning (blue curves). At high frequencies [1–3 kHz, Fig. 7(b)], pat-
terning reduced or held constant the RMS FRF at most z locations
[Fig. 7(b)].

B. Impedance spectrum vs FRF

The spectral shape of the patterned-shield leakage field could be
well predicted from the impedance measurement as shown in Fig. 8.

FIG. 7. Root-mean-square of the measured pickup-coil FRF over 0–3 (a) and 1–3 kHz (b) as a function of z. Large difference between solid copper shields in (red) and
out of (black) the magnet highlights leakage field amplification [arrow in (a)] due to motional eddy current. Patterned-copper shield in the magnet (blue) makes the leakage
field more concentrated in frequency and space [arrows in (b)] compared to solid copper.

FIG. 8. Measured (a) and calculated (b) pickup coil voltage FRF spectra for the patterned-copper shield. Measurement was taken with the sensing loop at z = 0.
Calculation is based on the impedance of the copper spiral pattern open-circuited and measured in the magnet. Major motional eddy current peaks are well reproduced in
the calculated spectrum [arrows in (b)].
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The real and imaginary parts of the leakage field FRF in Fig. 6(b), at
z = 0, are reproduced in Fig. 8(a). All major magneto-mechanical reso-
nance peaks observed in the data are well reproduced in the spectrum
shown in Fig. 8(b), which was calculated from the measured complex
impedance spectrum. This validates (i) that the observed leakage field
profiles in Fig. 6(b) are indeed produced by the current in the
cut-out pattern and (ii) that for the patterned loop shield, the
magneto-mechanical resonance spectrum can be accurately pre-
dicted by impedance measurement of the loop at the same static
field. The latter fact significantly simplifies the test of a patterned
passive shield as impedance can be easily measured at the termi-
nals of the loop without setting up inductive driving and sensing
coils around the shield.

V. SUMMARY AND DISCUSSION

In this work, we developed and analyzed magneto-mechanical
coupled equations for a conductive plate in a static magnetic field.
We found that coupling between motional and electrical degrees of
freedom originates from the Lorentz force acting on moving
charges. In the coordinate system chosen, such force is responsible
for both the vertical (y-directional) mechanical force acting on
x-directional current and the x-directional electromotive force
acting on the vertically vibrating conductor. These effects manifest
themselves as magnetic damping and stiffening in the mechanical
response of the plate, and motional inductance and impedance in
its electrical response. Our equations showed that, interestingly,
magnetic damping is caused by electrical resistance, and the real
part of the motional impedance comes from mechanical damping.
This is reasonable based on energy conservation; if there is extra
damping when an object undergoes forced motion, the dissi-
pated energy has to go somewhere, such as electrical resistive
heating. All response coefficients (such as impedance and
damping coefficient) that result from magneto-mechanical cou-
pling are proportional to B2

0.
It is interesting and non-trivial that magnetic stiffening is

always positive while motional inductance can take both signs.
We found that a negative motional inductance can act as a pseudo-
capacitance to cancel the electrical inductance of a current mode,
leading to the resonant amplification of the electrical response of
the system. In the case of an infinitely large plate, we found that
such magneto-mechanical resonance occurs past a mechanical res-
onance frequency where the system’s mechanical response under-
goes phase reversal. We conjecture that similar behavior will be
observed for finite-sized plates as long as the plate’s dimensions are
larger than the length scales of the relevant current modes.

While our analysis was strictly based on a flat conductive
plate, it is plausible to expect that most qualitative conclusions and
insights gained will continue to hold in other geometries, such as a
cylindrical one, which is most relevant in common MRI scanners.
This is because the derivation of the main coupled equations
detailed in Appendix A was drawn from general principles of
Newton’s and Maxwell’s equations, and did not rely in a funda-
mental way on geometry-specific features and properties. In addi-
tion, qualitative observations such as quadratic dependence of
magnetic damping on B0 and magneto-mechanical resonance agree
with previous, anecdotal reports and analyses based on simpler

systems and equations.16,21,22 To our knowledge, our work is the
first to formulate the magneto-mechanical coupling problem on a
distributed current as opposed to a lumped-element circuit.
Extending the present work to a cylindrical passive shield as well as
a finite-sized plate with realistic boundary conditions is left for
future investigation.

From Fig. 6, we find that the patterned shield provides shield-
ing efficiency comparable to the continuous conductive plate in the
high-frequency limit past magneto-mechanical resonances (above
∼2 kHz). This validates the idea that high-frequency shielding is
provided by one specific current mode, namely, the eddy image
current, and, therefore, cutting such a pattern into the continuous
plate preserves the plate’s shielding capability above certain fre-
quency thresholds.

The main idea of the proposed method is to preserve the
desired, shielding eddy current while minimizing vibration-induced
eddy currents in the presence of a strong static field. This strategy
is most effective when the two eddy currents are orthogonal in
shape. While orthogonality is not expected in general, our results
still show that patterned passive shield fundamentally changes the
spatial/spectral footprint of the motional eddy current and can sig-
nificantly reduce the leakage field in certain frequency bands and
spatial regions. Larger leakage field peaks at certain frequencies
may be reduced through structural reinforcements that target spe-
cific vibration modes. It should be noted that such measures as well
as the cut-out patterns themselves depend on the driving (gradient)
coil. This implies that in MRI with three gradient coils, three sepa-
rate shielding layers are needed for coil specific shielding. In many
cases, transverse (X and Y) gradient fields are stronger inducers of
magnet heating than the longitudinal (Z) one, so two shields may
suffice to address practical heating issues.

We emphasize that a reduction in the motional eddy
current by means of cutting slits and patterns needs to be done
judiciously to preserve the desired, shielding eddy currents. One
method, different from ours, to do so would be to make cuts
(slits) along the eddy image paths while not arranging the
remaining conductor into a single loop. Such cuts, while indeed
reducing the orthogonal eddy currents, will still allow multiple
undesirable modes of surface currents to flow in response to
motional EMF. Our method aimed to impose the most stringent
blocking of unwanted currents by admitting only one current
mode defined by the eddy image.

Motional eddy current can also occur in other metallic com-
ponents in MRI such as gradient coils themselves and the cryostat.
Eddy current (motional or not) in copper conductors of the gradi-
ent coil can be reduced by dividing the current-carrying wires into
multiple longitudinal segments23 or building the coil out of the Litz
wire.24 The cryostat and the metallic thermal shield can, in princi-
ple, benefit from our proposed method to selectively suppress
motional eddy current. In practice, however, the requirement of
separate cutting patterns for different gradient axes makes its
implementation difficult on existing magnet structures. A multi-
layer, add-on passive shield assembly appears to be the best candi-
date for the application of the proposed method.

This work has several limitations. First, the closed-form solu-
tions [Eqs. (17) and (21)] were derived for an infinitely large plate
and not applicable to a practical shield. For a finite-sized plate, the
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operator solutions [Eqs. (13) and (20)] need to be numerically
solved under specific boundary conditions. While this can be
readily done with today’s computing hardware, our initial survey
indicated that the results are sensitive to the mechanical boundary
condition applied to the copper plate. For the numerical solution
to be useful, the boundary condition should be matched by the
experimental setup. Our initial intention in setting up the shield in
Fig. 4 was to realize a well-defined, clamped boundary condition
for the copper plates, but subsequent vibration measurements indi-
cated that this was not achieved as the aluminum frame was subject
to significant vibration. Because of this difficulty, we decided not to
pursue numerical analysis in this paper. We tried to highlight
general conclusions that do not rely on the infinite plate assump-
tion. For example, the positive definiteness of the inductance opera-
tor and possibility of negative motional inductance are valid at the
operator level without an infinite size assumption. Furthermore, no
such assumption was used in Secs. II B and II C on patterned con-
ductive shield.

Second, most gradient coils and, therefore, envisioned passive
shield layers are cylindrical. This further limits the utility of our
flat-geometry equations. As the system becomes cylindrical, the
most prominent change in the fundamental equations will be on
the mechanical force operator FM [Eq. (3)]. Equation of motion of
a cylindrical shell is known to be complex, especially for think-
walled cases.17 It is unlikely that a closed-form solution similar to
Eq. (17) can be obtained, and once again numerical solution will
be important. It is our conjecture that the general form of the
coupled equations (1) and (5) will be retained in non-flat geome-
tries, which will then lead to an operator solution similar to
Eq. (10) for a continuous shield and the current solution analogous
to Eq. (37) for a patterned shield. Ascertaining the predictive power
of such solutions for a realistic, cylindrical shield will be an impor-
tant milestone of our theory.

Third, our thin-plate theory ignored current flowing within
the thickness of the shield. For the copper plate used in the experi-
ment, the skin depth becomes smaller than the thickness (1.6 mm)
at about 1700 Hz. Therefore, the current can flow non-uniformly
across the plate’s thickness. In the frequency domain, the skin
effect can be approximately captured by allowing the surface con-
ductivity σs to vary with ω. At 3 kHz, this will reduce σs by about
25%. This does not affect Fig. 8(b), however, since the calculation
was based on the measured impedance. Furthermore, at frequencies
where the skin effect is important, the impedance of the eddy
current modes is expected to be dominated by the inductive term,
namely, ωL � R, based on quick, order-of-magnitude estimation.
This implies that a skin effect-induced, minor increase in resistance
will not change our main results significantly.

Finally, we found experimentally that the patterned shield
can in fact increase the leakage field near the center of the
driving coil at certain frequencies. In particular, the main reso-
nance peak at around 400 Hz is prominently increased around
z = 0 compared to the solid copper shield. One explanation is
that in a solid conductive plate, the main resonant vibration is
hindered by magnetic damping acting on concomitant, minor
eddy current loops (modes), while patterned copper, by design,
is largely devoid of such mechanism. The unwanted focal
increase in the leakage field is clearly a challenge of the proposed

method and calls for independent (perhaps structural) mitiga-
tion measures to supplement it.

Any such measure will benefit from the reliable prediction of
resonance frequencies and amplitudes. As explained above, our
theory at this stage does not directly provide such prediction. We
showed, however, that in-magnet impedance measurement of the
patterned shield accurately predicts the measured leakage field
(Fig. 8) through Eq. (50). In this regard, our theory does provide a
guide to characterize the patterned shield and empirically optimize
it to minimize leakage fields.

In conclusion, we have developed a theory of magneto-
mechanical resonance in distributed current and demonstrated
motional eddy current-modified passive shield of an AC magnetic
field through mode-limiting cutouts made on a conductive plate.
Our results can help develop methods to effectively control
motion-induced eddy current and limit leakage field amplification
in a strong static magnetic field environment. Such methods can be
useful to minimize magnet–gradient interaction in high-field MRI
scanners.
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APPENDIX A: DERIVATION OF THE COUPLED
EQUATIONS

Equation of motion

We start from the following general equation of motion gov-
erning the mechanical response of the mass element ρmdzdx
subject to forces,

ρm€u ¼ fM þ fL: (A1)

This corresponds to Newton’s equation of motion ma ¼ F applied
to vertical (y) displacement normalized to the unit area in the zx
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plane. Here, fM represents the plate’s elastic restoring force and
damping force, and fL is the Lorentz force, per area. Soedel [Eqs.
(4.4.19) and (8.1.2) of Ref. 17] lists the following expression for the
restoring and damping forces for a thin plate:

fM ¼ �D∇4u� λ _u: (A2)

The Lorentz force under static field B0ẑ applies to the surface
current flowing in the x direction and can be written as

fL ¼ ~j� B0ẑ
� � � ŷ ¼ �jxB0 ¼ � � @T

@z
B0

� �
¼ B0

@T
@z

: (A3)

Combining the above three equations, we get

ρm€u ¼ �D∇4u� λ _uþ B0
@T
@z

, (A4)

which becomes in the frequency domain, after rearranging terms,

D∇4uþ iωλu� ρmω
2u ¼ B0

@T
@z

: (A5)

This concludes the derivation of Eq. (1).

Circuit equation

Next, we consider the circuit equation governing T. We start
from Maxwell’s induction equation ∇�~E ¼ �@~B/@t. Taking a dot
product with the surface-normal vector, we have

(∇�~E) � n̂ ¼ � @B?
@t

: (A6)

For a conductive plate with thickness h and bulk conductivity
σ, the E field is related to the surface current density by
~j ¼ h~J ¼ σh~E ¼ σs~E, where σs is the surface conductivity. Further
using the expression ~j ¼ ∇� (Tn̂), we can rewrite the left-hand
side of the above equation as

(∇�~E) � n̂ ¼ σ�1
s (∇� ∇� (Tn̂)) � n̂

¼ σ�1
s (∇(∇ � (Tn̂)� ∇2(Tn̂)) � n̂ ¼ �σ�1

s ∇2T: (A7)

In the above, we used the fact that T does not vary along n̂,
which leads to the zero divergence of Tn̂ (in Cartesian coordinates)
and also that the vector Laplacian amounts to the Laplacian on
each Cartesian component. From Eqs. (A6) and (A7), we obtain
what we can call a “surface eddy current equation,”

@B?
@t

¼ σ�1
s ∇2T: (A8)

Incidentally, this equation can be shown to hold for cylindrical
and spherical surface currents as well.

The normal magnetic field B? consists of three parts: applied
field Bapp, self-induced field Bself that depends on T, and motional
field Bmotion that depends on u. That is,

B? ¼ Bapp þ Bself {T}þ Bmotion{u}: (A9)

In light of the dipole density interpretation18 of T, the self-
induced field at location (z, x) can be obtained by integrating the
dipolar field contributions of T at locations (z0, x0). Symbolically,

Bself (z, x, t) ¼
Ð Ð

K(z, x; z0, x0)T(z0, x0, t)dz0dx0 ; K*T(z, x, t),

(A10)

where we denoted by K the dipolar field kernel that links the
surface-normal dipoles to surface-normal magnetic fields.

The relationship between u and Bmotion comes from projecting
the tilted area element of the displacement field u(z, x) with gradi-
ent ∇u ¼ (@u/@z, @u/@x) along the ẑ direction. The projection
equals (details omitted)

daproj ¼ � @u
@z

dzdx: (A11)

The negative sign signifies that when u tilts down toward þẑ,
it receives positive (upward) penetration of B0 flux,
dΦmotion ¼ B0 � daproj. By dividing this flux with dzdx, we get the
motional field,

Bmotion{u} ¼ �B0
@u
@z

: (A12)

Combining Eqs. (A8)–(A10), and (A12), we finally obtain the
circuit equation,

@Bapp

@t
þ K*

@T
@t

� B0
@

@z
@u
@t

¼ σ�1
s ∇2T , (A13)

which becomes in the frequency domain, after rearranging terms,

�σ�1
s ∇2T þ iωK*T � iωB0

@u
@z

¼ �iωBapp: (A14)

This is Eq. (5). Note that no assumption of an infinite plane
was used in Eqs. (A5) and (A14).

For an infinitely large flat surface, the operator K* is diagonal
in the Fourier domain; a plane wave dipolar density produces a
matched plane wave normal magnetic field with a wavevector-
dependent eigenvalue. The mathematical expression for the eigen-
value can be found from Ref. 15, whose Eqs. (18) and (21) list a T
basis function (2D plane wave) and the corresponding normal
magnetic field, respectively, on two different planes separated by
z � z0. In the limit of z � z0 ! 0, Ref. 15 gives the following eigen-
value:

K* $ μ0
2
k (Infinite plate) , (A15)

where μ0 is the permeability in vacuum and k ¼ j~kj is the magni-
tude of the 2D wavevector.

APPENDIX B: MAGNETIC DAMPING AND STIFFENING

Suppose our conductive plate is driven by a mechanical force
Fext instead of an applied magnetic field. The two coupled
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equations [Eqs. (1) and (5)] are modified as

Au ¼ BT þ Fext , (B1)

CT þDu ¼ 0: (B2)

Equation (B2) can be formally solved for T and substituted in
Eq. (B1) to eliminate T,

Au ¼ �BC�1Duþ Fext : (B3)

Explicitly,

(�FM � ρmω
2)u ¼ iωB2

0
@

@z
(�σ�1

s ∇2 þ iωK*)
�1 @

@z
uþ Fext :

(B4)

While this is not immediately illuminating, its significance can be
appreciated when we consider the following two cases.

Magnetic damping

If the resistive term in C dominates the inductive term, for
example, when σs ! 0 or ω ! 0, Eq. (B4) becomes

(�FM � ρmω
2)u ¼ �iωB2

0σ
�1
s

@

@z
(∇2)

�1 @

@z
uþ Fext : (B5)

We note that the magneto-mechanical term (first term on the
right-hand side) is purely imaginary or 90° shifted from the inertia
term. When transferred to the left, it adds to the mechanical
damping term iωλu contained in �FMu. We can, therefore, define
a magnetic damping operator,

G ; B2
0σ

�1
s

@

@z
(∇2)

�1 @

@z
, (B6)

and rewrite Eq. (B5) as

(�FM þ iωG� ρmω
2)u ¼ Fext , (B7)

from which the role of the damping term is clearer. Note that G is
proportional to B2

0 and is positive semi-definite; in the Fourier
domain (finite or infinite), it reduces to B2

0σ
�1
s k2z /k

2 � 0.
Physically, magnetic damping of a conductive plate results from the
bending of the plate (du/dz) cutting the flux lines of B0ẑ, triggering
Lorentz force in the form of motional EMF, which, in turn, causes
surface current to flow, which then is subject to another Lorentz
force acting on the plate in a way to suppress motion. In this
process, 90° phase shift (time derivative) occurs once between the
displacement (du/dz) and the motional EMF.

Magnetic stiffening

If the inductive term dominates C as in σs ! 1 or ω ! 1,
the magneto-mechanical term becomes real and Eq. (B4) is approx-
imated as

(�FM � ρmω
2)u ¼ B2

0
@

@z
(K*)�1 @

@z
uþ Fext : (B8)

The magneto-mechanical term is again proportional to B2
0 and

contains @u/@z corresponding to the plate’s bending in the B0

direction. This term opposes the plate’s motion in the following
sense. Let us define the first term on the right-hand side of
Eq. (B8) as �Su where

S ; �B2
0
@

@z
(K*)�1 @

@z
: (B9)

Because the inductance operator K* [Eq. (9)] is positive defi-
nite, its inverse also is. It follows that for any displacement field
u(z, x) that satisfies zero or periodic boundary condition in z, the
integral (with limits defining the boundary)Ð z2

z1
�u

@

@z
(K*)�1 @u

@z
dz ¼

Ð z2
z1

@u
@z

(K*)�1 @u
@z

dz (B10)

is non-negative. Therefore, the operator [Eq. (B9)] is positive semi-
definite and we can regard �Su as a form of restoring force as in
Hooke’s spring law F ¼ �kHx. Given this consideration, we may
call S the magnetic stiffening operator and rewrite Eq. (B8) as

(�FM þ S � ρmω
2)u ¼ Fext : (B11)

In practice, both terms in C are present, and magneto-
mechanical suppression of motion has both in-phase and
out-of-phase components (with respect to the inertia term). That
is, magnetic damping and stiffening co-exist in general, both being
proportional to B2

0.

APPENDIX C: DERIVATION OF RESISTANCE,
INDUCTANCE, AND MAGNETIC FLUX EXPRESSIONS

First, we note that if Bapp(z, x) is the normal magnetic field on
the plate where a surface coil is patterned according to the
number-of-turns function N(z, x) ¼ ~Teddyi, then

ÐÐ
~TeddyiBappdzdx

corresponds to the flux picked up by the coil. This can be under-
stood by dividing ~Teddyi into a collection of series-connected small
solenoidal loops covering the plate whose turn-counts and areas are
given by ~Teddyi(z, x) and dzdx, respectively. The total flux in the
coil is then given by the integral Eq. (29).

Now if the loop carries a current I, the self-generated
normal magnetic field is B? ¼ K*~TeddyiI by definition of the opera-
tor K*. The flux picked up by the same loop, divided by I, is then
given by the integral of Eq. (28). This is the self-inductance of
the loop.

Last, Eq. (27) can be proven as follows. At the boundary of
the shield plate, the number-of-turns function is zero by defini-
tion: ~Teddyi ¼ 0 (plate boundary). Consider a vector field
defined in the zx plane, ~V ; ~Teddyi∇~Teddyi. Since this is also
zero at the boundary, we can say

Þ
~V � n̂dl ¼ 0 where the integral

is along the boundary and n̂ is the unit normal vector at the
boundary. From the two-dimensional divergence theorem, this
integral equals Þ

~V � n̂dl ¼
ÐÐ

∇ � ~Vdzdx , (C1)
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which expands asÐÐ
∇ � ~Vdzdx ¼

ÐÐ
∇ � (~Teddyi∇~Teddyi)dzdx

¼
ÐÐ

∇~Teddyi � ∇~Teddyidzdx þ
ÐÐ

~Teddyi∇2~Teddyidzdx ¼ 0:
(C2)

Therefore, the left-hand side of Eq. (27) is

�σ�1
s

ÐÐ
~Teddyi∇2~Teddyidzdx ¼ σ�1

s

ÐÐ
∇~Teddyi � ∇~Teddyidzdx:

(C3)

The fact that this equals the coil’s resistance comes from the
following consideration. If the coil carries current I, the surface
current density vector~j(z, x) is given by

~j ¼ @~Teddyi

@x
ẑ � @~Teddyi

@z
x̂

 !
I (C4)

from the relation ~j ¼ ∇� (~TeddyiIŷ). This implies that the magni-
tude of the surface current density is related to ∇~Teddyi as

j~jj2 ¼ I2∇~Teddyi � ∇~Teddyi: (C5)

The total Joule heating of the coil equals the surface integral
of the power density, σ�1

s j~jj2, as

P ¼ σ�1
s

ÐÐ
j~jj2dzdx ¼ σ�1

s I2
ÐÐ

∇~Teddyi � ∇~Teddyidzdx: (C6)

Equating this with P ¼ I2R, we get Eq. (27).
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