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ABSTRACT: When particles are constructed in thin systems
between two parallel flat walls, structures that are not observed in
bulk systems are created and the created structures change,
depending on the width between the walls. In this study, the
structures formed by particles constructed in thin systems were
investigated through performing isothermal−isobaric Monte Carlo
simulations, where the interaction between the particles is given by
the hard-core square shoulder potential. By controlling the width of
the shoulder-like repulsive interaction and the system width,
several novel structures such as the connection of rhombuses and
the square lattice of the (100) face of the body-centered cubic
lattice were created.

■ INTRODUCTION
Understanding the types of structures that form when particles
are confined in a small space is important because structures
that are not observed in bulk systems, such as square ice,1 are
created in small systems. For example, structures such as
achiral packing phases and helical structures are created when
particles are confined in cylindrical systems,2,3 depending on
the particle density and ratio of the radius of the cylindrical
systems to the particle size. The difference in the structures
affects the macroscopic mechanical, electrical, or optical
properties of the materials.4

When particles are placed in a thin space between two
parallel walls,5−23 structures such as the face-centered cubic
(FCC) structure, hexagonal close-packed structure, buckling
structure, and prism phase are created, depending on the width
between the walls, particle density, or pressure. In addition to
the system size, system shape,24−29 and particle shape,26,30,31

the structures created in such small systems also depend on the
interaction between particles.15,18,21,32−35 The way in which
structures are created in narrow systems has been investigated
with consideration of many cases.
Recently, two-dimensional structures created by particles

interacting with a hard-core square shoulder (HCSS)
potential36−44 has been investigated as structures created by
a simple interaction potential. This potential is considered to
be a potential simplified for systems such as microgel particles
with a higher cross-link density,45,46 rigid colloidal particles
covered with a soft polymeric layer,47−50 and block copolymer
micelles consisting of a core of hydrophobic blocks surrounded
by a shell of hydrophilic blocks.51 Although the HCSS
interaction potential is very simple, the formation of various
structures depends on the pressure or particle density. When

particles interacting with the HCSS potential are placed in a
small container, they may create novel structures that have not
been observed to date.52

By conducting isothermal−isobaric simulations, this study
investigated structures created by particles interacting with the
HCSS potential in thin systems between two parallel walls.
Particularly, the types of the created structures and the
dependence of the structures on the pressure, system, system
width, and repulsive interaction width were investigated. The
rest of this paper is structured as follows: first, the model used
in the simulations is introduced. Then, the simulation results
are presented and briefly discussed. Typical snapshots are
shown, and by introducing some order parameters, average
number of interacting particles, the radial distribution function,
and the local rotational order are calculated. Finally, the
simulation results are summarized.

■ METHODS
Potential. In the isothermal−isobaric Monte Carlo

simulations conducted in this study, the HCSS potential36−44

was used because it can create various two-dimensional
structures even though it is a very simple procedure. The
HCSS potential between the ith and jth particles, whose
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centers are located at ri and rj, respectively, is expressed as
follows:
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where rij = |ri −rj| is the distance between the center of the two
particles and σ represents the diameter; ϵ and δ −σ are the
strength and width of the shoulder-like repulsion, respectively.
Simulations are conducted for several δ values with a ϵ /kBT.
Initial Condition. Initially, the particles were randomly

placed in a thin cuboidal system between two walls. The
system volume is given by Lx Ly Lz, where Lx, Ly, and Lz are the
system sizes in the x-, y-, and z-directions, respectively. The
two walls were located at z = 0 and z = Lz. The wall positions
were fixed, and Lx and Ly were changed during the simulations.
Period boundary conditions were used in the x- and y-
directions. The repulsion from the wall also affects the particle
behaviors.22 In this study, it was assumed that the particles are
affected by repulsion from the walls when the distance between
the walls and the particles is less than δ /2. The strength of the
repulsive interaction energy is given by ϵ and is similar to the

repulsion between particles: the distance between the center of
particles and wall cannot be smaller than σ/2
Isothermal−isobaric Monte Carlo simulations were con-

ducted for systems with a particle number N of 1024. The
repulsion strength ϵ was set to 5kBT, where kB is the
Boltzmann constant and T is temperature. The particle density
ρ is given by 4π (σ/2)3N/(3LxLyLz). Initially, the particles
were put in systems with ρ = 0.15. In these simulations, a
change in the system volume was attempted after translation
trials had been performed once for all the particles. During the
change in the system volume, Lz was kept constant, while Lx
and Ly were changed equally according to the pressure P. The
trial sets of the volume change and the translation of the
particle positions were carried out 107 times. To prevent the
acceptance ratio of these trials from being too small, the
maximum of translation value was tuned every 10 trials and the
accept ratio of the trials was kept close to 0.5 during the
simulations.

■ RESULTS AND DISCUSSION
Simulations were conducted with different Lz and P for several
σ, and the types of structures were investigated. Initially, δ was
set to 2.0σ because previous studies39,41−44,52 have observed
various structures when large δ was used. The dependence of

Figure 1. Snapshots viewed from the z-direction. δ is set to 2 σ, and Lz/σ and Pσ3/kBT are (a) 1 and 25, (b) 1.2 and 5, (c) 1.9 and 10, (d) 1.6 and
20, (e) 1.4 and 25, and f) 1.9 and 30. The particles in z ≥ Lz/2 and z < Lz/2 are indicated by red and white spheres, respectively.
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structures on Pσ3/kBT and Lz/σ was investigated for Pσ3/kBT =
5, 10, ··· , 25, 30 and Lz/σ = 1, 1.1, ··· , 1.9, 2. In these cases, the
effect of shoulder repulsion on the formation of structures was
neglected because the simulations were conducted for δ = 2.0σ.
Snapshots for Typical Structures. Figure 1 shows

snapshots of the typical structures observed in the simulations.
The interacting particles are connected by lines in Figure 2,
where the particles in z ≥ Lz/2 and z < Lz/2 are indicated as
small red and white spheres, respectively. When two particles
are z ≥ Lz/2, the particles are connected by red lines; when
both particles are in z < Lz/2 are connected by white lines, the
particles are connected by while lines; and when two particles
are in different regions, the particles are connected by blue
lines.
The structures and interactions between particles in Figure

2a,b are simple, but those in other cases are complicated. To
show these structures more clearly, the interactions in Figure
2c−f are shown schematically in Figure 3i, ii, and iv. In
addition to the schematic figure viewed from the z-direction,
the interactions viewed from the horizontal direction are
illustrated in Figure 3i because the lines overlap and the
interactions are illegible in Figure 2c. Hereafter, each structure
shown in Figure 2 will be described in detail.
Single-Layer Hexagonal Structure. For Lz/σ = 1 and Pσ3/

kBT = 25 (Figure 1a), two-dimensional structures were created
because the system width was as small as the particle diameter.
Owing to the high pressure, a hexagonal structure, that is the
(111) face of the FCC structure, was created but several voids
existed. Because the lattice space is larger than σ, the hexagonal

structure is a middle-density hexagonal lattice.43 For a
structure without voids, the number of interacting particles
per particle, (NB), is six, and the interaction energy per particle
for creation of the structure is 3ϵ.
String-Like Structures. For Lz/σ = 1.2 and Pσ3/kBT = 5

(Figure 1b), a string-like structure is created. Because Lz is
sufficiently small, the structure is a single-layer structure even
though the z-coordinates of the particles in the structure
fluctuate. As shown in Figure 2b, NB is two and the interaction
energy per particle for creation of the structure is ϵ. Because
the pressure is lower than that in Figure 1a, NB is smaller than
that in Figure 1a. Thus, a structure with less repulsive
interaction energy was created. In this string-like structure, the
particles in z ≥ Lz/2 and z < Lz/2 appeared at random because
the structure became compact when the particle positions
deviated in the z-direction.
When both Lz/σ and Pσ3/kBT increased, the particle

arrangement in the string-like structure became regular and
the strings were zigzag in the vertical direction. Particles with
different z regions appeared alternately, as shown in Figure 1c.
The strings arrayed regularly to prevent particles in different
strings from interacting with each other in the structure
(Figure 2c). Here, NB is four, that is, each particle interacted
with two particles in different z regions and two particles in the
same z region, as shown in Figure 3i. Additionally, the
interaction energy per particle for creation of the structure is
2ϵ, which is larger than that in Figure 1b.
Connection of Rhombic Tetramers. When P σ3 /kBT was

sufficiently large and Lz is large to create double-layer

Figure 2. Snapshots of interactions viewed from z-direction for data used in Figure 1. δ is set to 2 σ, and Lz/σ and Pσ3/kBT are (a) 1 and 25, (b) 1.2
and 5, (c) 1.9 and 10, (d) 1.6 and 20, (e) 1.4 and 25, and (f) 1.9 and 30. The particles in z ≥ Lz/2 and z < Lz/2 are indicated by small red and
white spheres, respectively. The particles with repulsive interaction are connected with red lines when both particles are in the upper half region,
white lines when both particles are in the lower half region, and blue lines when each particles are in a different region. Circular snapshots adjacent
to Figure 2a−f are the snapshots zoomed in circular regions.
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structures, a more compact structure, such as Figure 1d, is
created. As shown in Figure 3ii, this structure consisted of the

double layers of the connection of the rhombic tetramers.
Because the interaction between the particles shown in Figure
2d is more complicated compared with those in Figure 2a−c,
to clarify the structure, the way in which the particles
interacted with each other is shown in Figure 3ii. There are
four types of particles, namely, F, G, H, and I. As shown by
angle distribution for the rhombic tetramers (Figure 3iii),
which was obtained by examining areas with many rhombic
tetramers, the dominant angles are given by 70° and 110°.
Thus, ∠FGH is 70° and ∠IFG is 110°. The distances between
neighboring particles are different for these particles, but
interacting energy per particle is the same for the particles
because the square-well repulsive potential is used in our
simulations.
Each particle interacted with four particles in the same z-

level and four particles in different z-levels. Here, NB is equal to
eight, and the interaction energy per particle for the creation of
this structure is 4NB, provided that a perfectly regular structure
without dislocations is formed. However, as shown in Figure
2d, the interaction between particles G and I was broken for

Figure 3. Schematics of typical interactions in (i) Figure 2c, (ii) Figure 2d, and (iv) Figure 2e. The particles in z ≥ Lz/2 and z < Lz/2 are indicated
by red and gray circles, respectively. Interacting particles are connected by a red line if both particles are in z ≥ Lz/2 or a gray line if both particles
are both in z < Lz/2. When the particles are in different regions, the particles are connected by a blue line. (iii) Distribution of angles for rhombic
structures observed in Figure 2d.

Figure 4. Distribution of NB obtained from snapshots shown in Figure
1.

Figure 5. ϕ6 for (Lz/σ, Pσ3/kBT) = (1, 25), (1.4, 25), and (1.9, 30),
which were used for Figure 1a,e,f, respectively. For (Lz/σ, Pσ3/kBT)=
(1.4, 25) and (1.9, 30), ϕ6 is calculated for particles in the same z-
level.

Figure 6. (a) |S(q)|/|S(0)| and (b) local 12-fold local rotational order
ϕ12 for Figure 1e.
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some rhombic tetramers because the distance between them
was longer than the distance between other particles.
Double-Layer Hexagonal Structure. When the pressure

increased further, the double-layer hexagonal structure, that is,
the (111) face of the FCC structure, was created as shown in
Figure 1f because the system became compact under high
pressure. As shown in Figures 2f and 3iv, each particle in the
structure interacted with six adjacent particles in the same z-
level, that is, three nearest adjacent particles and three second-
nearest adjacent particles in different z-levels. To create this
structure, the pressure needs to be high because NB is large,
that is, the repulsive interaction energy is large for the
structure. Additionally, the system width must be sufficiently
large. For example, for Lz/σ = 1.4 and Pσ3/kBT = 25 (Figures
1e and 2e), because Lz was not sufficiently large to create the
double-layer hexagonal lattice, the particles seem to have been
packed at random although the pressure was as high as that in
Figure 1f.
Detailed Analyses Using Order Parameters for

Determining Structures. To quantitatively confirm that
the structures expected based on the snapshots are appropriate
and to demonstrate the dependence of these structures on Lz/
σ and Pσ3/kBT, the radial distribution function, average
number of interacting particles per particle, the local rotational

order, and the structure factor were calculated. The results of
radial distribution function were given in Supporting
Information, in which it was indicated that the peaks of the
radial distribution function agreed with the snapshots (Figure
1). In the followings, the other analyses for the snapshots are
shown in Figure 1.
Average Number of Interacting Particles per Particle.

First, the average number of interacting particles per particle
NB was calculated.
The distribution of NB normalized by N is shown in Figure

4. Because the dominant NB is six (Figure 1a), two (Figure
1b), four (Figure 1c), eight (Figure 1d,e), and approximately
12 (Figure 1d), NB agrees with the value expected based on
Figure 3. Structures with large NB were created under high
pressure because the repulsive interaction increased with NB.
Local Rotational Order. Second, the local rotational order

ϕ̅m was calculated. The definition of ϕ̅m(i) is given by

N
i

N n i
m1

( )
1 1

( )
exp(i )

i i j
ijm m

B
= =

(2)

In eq 2, ϕm(i) represents the m-fold local orientational order
for the ith particle; nB(i) is the number of interaction particles
for the ith particle; and θij is the angle between the x-axis and
vector rj −ri.
A single-layer hexagonal structure was created when Lz was

sufficiently small for the system to be considered as a two-
dimensional system, such as Figure 1a, or sufficiently large for
the system to make a double-layer hexagonal lattice, such as
Figure 1f. Therefore, ϕ6 was investigated as the local rotational
order for high-pressure systems. Figure 5 shows how ϕ6 is
distributed in Figure 1a,e,f. For (Lz/σ, Pσ3/kBT) = (1.4, 25),
and (1.9, 30), ϕ6 was examined for particles in the same z-level,
because the two layers in the structure appeared to be
equivalent. Particles with a large ϕ6 are dominant for (Lz/σ,
Pσ3/kBT) = (1, 25), and (1.9, 30), which means that a
hexagonal structure was created in the systems. For (Lz/σ,
Pσ3/kBT) = (1.4, 25), particles with large ϕ6 hardly appear,
which agrees with the expectation based on the snapshot
Figure 1e.
Structure Factor. In a previous study on a two-dimensional

system with large δ,44 a dodecagonal quasicrystal was created
with a pressure higher than the pressure under which the
medium-density hexagonal structure was created. Therefore,
the structure shown in Figure 1e may be a quasicrystal.
Although the system is thin with a finite z width, the
differences in the z-coordinate among the particles are small
and the structure is considered to resemble a two-dimensional
system. Hence, to assess whether the structure is a quasicrystal,
the structure factor was calculated and is defined as follows:

S q q r r
N

i( )
1

exp(2 ( ))
i j

i j= ·
(3)

where q = (qx, qy, 0) is the vector parallel to the xy-plane and ri
is the position of the i-th particle.
Figure 6a shows |S(q)|/|S(0)|. Because this structure has

several sharp peaks but does not have 12-fold rotational
symmetry, the structure is not a dodecagonal quasicrystal
structure. For this case, the 12-fold local rotational symmetry
ϕ12 was also examined (Figure 6b). Particles with large ϕ12
were hardly created. Based on the structure factor and

Figure 7. (a) Dependence of typical structure on P σ3/kBT and Lz/σ
for (a) δ = 2.0, (b) δ = 1.6, and (c) δ = 1.3, where solid circle: one-
layer hexagonal structure; solid triangle: single-layered string-like
structure; solid inverted triangle: double-layer string-like structure;
open square: connection of rhombuses; open triangle: honeycomb
structure; solid square: double-layer rectangular lattice; open circle:
double-layer hexagonal lattice; solid pentagon: low-density single-
layer hexagonal structure; solid diamond: single-layer square
structure; open square: double-layered square lattice; and cross:
disordered (unclassified) structure.
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rotational symmetry, the structure shown in Figure 1e does not
exhibit dodecagonal quasicrystal characteristics.
Phase Diagrams. Phase Diagrams for δ = 2 σ. After the

representative structures were investigated by inspecting the
snapshots and calculating several order parameters, the
dependence of the created structures on the pressure and
system width was determined and is summarized in Figure 7a.
The distribution of the z-coordinate of the particles has two
peaks of approximately Lz > 1.6σ. However, regardless of the
system thickness, single string-like structure, such as that
shown in Figure 1a, was created when the pressure was very
low. As the pressure increased, the structure changed to a
regular hexagonal structure when Lz was small. In contrast,
when Lz was large, a structure was created by the connection of
rhombic tetramers and a double-layer string-like structure.
When the pressure increased further, a double-layer hexagonal
structure was created when Lz was large. Considering that
structures with high density are created under large pressure,
the formation of the double-layer hexagonal structure under
high pressure is reasonable.
In the simulations conducted by this study, a single-layer

hexagonal structure changed from an ordered structure to a
disorder one, which we cannot classify clearly, as the pressure
increased and Lz was small. This change is somewhat strange
because a hexagonal structure is expected to be a high-density
structure. However, an isothermal−isobaric Monte Carlo
simulation conducted by a previous study43 revealed that a
medium-density hexagonal structure changed to a high-density
hexagonal structure through the formation of a sigma-phase
structure. Accordingly, the transition from a hexagonal
structure to a disordered structure is considered to be
reasonable because the lattice distance in Figure 1a is larger
than σ. In other words, the hexagonal structure shown in
Figure 1a is a medium-density hexagonal structure.
The formation of disorder (unclassified) structure instead of

sigma phase is probably because the system width is finite.
Notably, the high-density hexagonal structure is probably

created. Regarding the double-layer hexagonal structure shown
in Figure 1f, the structure is a medium-density double-layer
hexagonal structure because the lattice constant is larger than
unity. In simulations with a higher pressure, the hexagonal
structure will change to a disordered structure. If the pressure
increases further, a high-density double-layer hexagonal
structure will be created.
Phase Diagrams for δ = 1.6 σ and 1.3 σ. In the systems

with HCSS potential, the potential width δ affects structures
created in two-dimensional cases. Thus, simulations with δ =
1.6 and δ = 1.3 were also conducted and the way in which the
dependence of the structure on P and Lz changed with δ was
investigated (Figure 8a,b). With the above-mentioned δ values,
several structures that were not observed in the system with δ
= 2.0 were formed. Figure 7b shows the dependence of the
structure for δ = 1.6, and Figure 8 shows the typical structures
observed in the system. Figure 8a shows a typical structure,
wherein the particles in z ≥ Lz/2 and z < Lz/2 appear at
random, even though the difference in the z-coordinates is
small. If the difference in the z-coordinates is ignored, the
structure can be considered as a honeycomb structure with NB
= 3 (Figure 8b). A string-like structure was not observed.
However, considering that a honeycomb structure was also
created in the two-dimensional HCSS system, a string-like
structure was created with lower pressure in this system and a
string-like structure will probably be created when the pressure
in this system is much lower. A double-layer rectangular lattice,
which is similar to the (001) face of the FCC structure, was
created in the high-pressure region when Lz was large (Figure
8c). The difference of the direction of the long side between
the upper and lower layers is 90° (Figure 8d). This structure is
similar to the buckling structure observed in previous
studies.9−11 The difference between the two structures is
attributed to the potential difference. The repulsive interaction
damps very fast with the Yukawa potential or is provided by
hard-core repulsion. In this simulation, however, the
interaction was provided by the square-well repulsion.

Figure 8. Snapshots viewed from z-direction. δ was set to 1.6 σ; Lz/σ and Pσ3/kBT are (a,b) 1.5 and 10, and (c,d) 1.7 and 35. In (a,c), the particles
in z ≥ Lz/2 and z < Lz/2 are indicated by red and white spheres, respectively. In Figure 8b,d, the particles in the z-coordinates are z ≥ Lz/2 and z <
Lz/2 and are indicated by small red and white spheres, respectively. The particles with repulsive interaction are connected with red lines when both
particles are in z ≥ Lz/2 and white lines when both particles are both in z < Lz/2. When the particles are in different regions, the particles are
connected with blue lines. Circular snapshots adjacent to Figure 8b,d are the snapshots zoomed in circular regions.
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Figure 7c shows the structure created with δ = 1.3. When the
system width was sufficiently small, a single-layer hexagonal
structure was created (Figure 9a). The structure is similar to
that in Figure 2a, but NB is different, that is, NB is six in Figure
2a and zero in Figure 9b. Therefore, the hexagonal structure in
Figure 9a is a low-density hexagonal structure. When the
pressure increased, a single-layer square lattice was created
(Figure 9c). The distance between the particles in the diagonal
positions was longer than δ even when the lattice constant
decreased by σ. Therefore, NB is four in the square lattice
(Figure 9d). As the system width increased, a double-layer
square lattice was also created (Figure 9e). In this structure,
the particles in z ≥ Lz/2 and z < Lz/2 appeared alternately and
the interaction did not occur between particles in different z-
levels because δ was low. The structure resembles the (001)
face of the body-centered cubic (BCC) structure. A structure
resembling a double-layer oblique structure was also created as
shown in Figure 9g. However, from the interaction between
particles, it is understood that the structure is actually a string-

like structure because the strings were arranged regularly under
large pressure.

■ CONCLUSIONS
This study conducted isothermal−isobaric Monte Carlo
simulations to investigate the structures formed by particles
interacting with the HCSS potential. The dependence of the
structure on the pressure, the system width, and the interaction
width is examined, and the formation of various structures was
indicated.
The formation of structures, such as single-layer and double-

layer hexagonal structures, has also been reported by previous
studies that investigated structures created in thin systems.8−14

Structures such as honeycomb structures and single string-like
structures have also been reported in core-corona systems.43

However, the double-layer string-like structure, which is the
structure created by the connection of rhombuses and has a
square lattice similar to the (001) face of BCC structure, has
not been observed in previous studies. The newly observed

Figure 9. Snapshots of interactions viewed from z-direction for data used in Figure 1. δ is set to 1.3 σ; Lz/σ and Pσ 3/kBT are (a,b) 1.1 and 25, (c,d)
1.2 and 5, (e,f) 1.9 and 10, and (g,h) 1.6 and 20. In (a), (c), (e), and (g), the particles in z ≥ Lz/2 and z < Lz/2 are indicated by red and white
spheres, respectively. In Figure 9b,d,fh, the particles in the upper half region and lower half region are indicated by small red and white spheres,
respectively. The particles with repulsive interaction are connected with red lines when both particles are in z ≥ Lz/2, white lines when both
particles are in z < Lz/2, and blue lines when the particles are in different regions. Circular snapshots adjacent to Figure 9b,d are the snapshots
zoomed in circular regions.
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structures are affected both by HCSS potential and the system
thinness.
In previous studies for the two-dimensional systems with

small δ,43,44,53 more various structures were created than our
simulations with Lz/σ = 1. One of the reason for the difference
is probably that the simulations are performed with higher
temperature than the previous studies: several structures may
be broken by thermal fluctuations. However, another
possibility is that the simulation time is not sufficient and
the system did not reach equilibrium cannot be ruled out. For
example, some structures which we termed the disordered
structures seemed to consist of the mixture of structures. If the
long simulations are performed or simulations starts with
different initial configurations, these structures may be
separated into some phases. The same is true for the formation
of quasicrystal structures. Although quasicrystal structures were
observed in HCSS systems in previous studies,41−44 these
structures were not observed in the simulations conducted in
this study. There is a possibility that the formation of quasi
structures was prevented by the finite system width Lz, but
quasicrystal structures may be created in the parameter region
with disordered structures if we perform simulations more
carefully. For example, the simulations should be performed
longer, how to change the particle positions and the system
volume should be changed, or different initial conditions
should be used to confirm whether quasicrystals are created.
Hence, the task of future work will be to carry out more careful
simulations and detailed analyses on the disordered structures.
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