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Abstract Barrier-crossing processes in nature are often non-Markovian and typically occur over an asym-
metric double-well free-energy landscape. However, most theories and numerical studies on barrier-crossing
rates assume symmetric free-energy profiles. Here, we use a one-dimensional generalized Langevin equation
(GLE) to investigate non-Markovian reaction kinetics in asymmetric double-well potentials. We derive a
general formula, confirmed by extensive simulations, that accurately predicts mean first-passage times from
well to barrier top in an asymmetric double-well potential with arbitrary memory time and reaction coor-
dinate mass. We extend our formalism to non-equilibrium non-Markovian systems, confirming its broad
applicability to equilibrium and non-equilibrium systems in biology, chemistry, and physics.

1 Introduction

The description of barrier-crossing phenomena has a
long history in the physics and chemistry communi-
ties. Dating back to the works of Arrhenius [1], it
has long been known that the barrier-crossing reac-
tion rate scales as κe−βU0 , where β = 1/(kBT ) is the
inverse thermal energy, U0 is the height of the energy
barrier characterizing the free-energy landscape, and
κ is a prefactor that depends not only on the free-
energy profile, as in transition-state theory [2,3], but
also on the dissipative coupling to the environment.
Kramers calculated the prefactor κ using Markovian
theory [4], where environmental dissipation is described
by a time-independent friction coefficient γ, imply-
ing infinitely fast environmental relaxation dynamics.
Kramers derived an explicit formula for the barrier-
crossing rate in the high- and low-friction limits. The
regime between these asymptotic limits, known as
the Kramers turnover regime, was later described by
Mel’nikov and Meshkov [5]. However, most environ-
ments do not display instantaneous relaxation. The
influence of finite environmental relaxation times on
reaction coordinate dynamics was described by Zwanzig
[6] and Mori [7], who used projection techniques to
show that the dynamics of a low-dimensional observ-
able in a general many-body system is described by
the generalized Langevin equation (GLE) with a time-
dependent friction memory kernel Γ(t), representing
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dynamic coupling to the dissipative environment [8].
Grote and Hynes (GH) derived a self-consistent equa-
tion for barrier-crossing rates in systems with short
memory times in the medium- to high-friction regime
[9], and Pollak, Grabert, and Hänggi subsequently con-
structed a theory suitable for arbitrary time-dependent
memory kernels, also applicable for long memory times
[10,11].

Many barrier-crossing rate theories represent the
free-energy landscape as an inverted parabola. How-
ever, in many scenarios, relaxation in the potential
wells is also important, and the free-energy landscape
is more realistically modeled as a double-well poten-
tial, relevant, for example, to chemical reactions and
protein folding [12–19]. Symmetric double-well free-
energy profiles are typically assumed. In Fig. 1, we
show the free-energy profile of the fast-folding de novo
protein α3D, calculated from all-atom MD simulation
trajectories in an explicit-water solvent, originally pub-
lished by Lindorff-Larsen et al. [20]. The free-energy
profile is calculated along the one-dimensional reac-
tion coordinate, the fraction of native contacts, Q
[21,22], according to U(Q) = −kBT log[ρ(Q)], where
ρ(Q) is the probability density for the Q reaction coor-
dinate [23]. α3D is a two-state folder, exhibiting distinct
folded and unfolded states with a pronounced separat-
ing barrier, such that the protein folds and unfolds by
traversing the energy barrier between the two states.
While the barrier region can be well represented as an
inverted parabola, the free-energy landscape, includ-
ing the wells, is strongly asymmetric. In this article,
we investigate non-Markovian barrier-crossing dynam-
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Fig. 1 Free-energy profile for the fraction of native con-
tacts reaction coordinate, Q, for the fast-folding de novo pro-
tein α3D, extracted from extensive molecular dynamics sim-
ulations originally published by Lindorff-Larsen et al. [20].
The free-energy profile for Q, taken from Dalton et al. [23],
is given by U(Q) = −kBT log[ρ(Q)], where ρ(Q) is the prob-
ability density for the reaction coordinate. The unfolded Qu,
barrier top Qb, and folded Qf reaction coordinate values are
indicated. The free-energy profile parameters are the barrier
heights Uf = U(Qb) − U(Qf ), Uu = U(Qb) − U(Qu), and
the barrier widths Lf = Qf − Qb, Lu = Qb − Qu. For α3D,
βUf = 3.2, βUu = 1.7, Lf = 0.08, and Lu = 0.15 [23]

ics in asymmetric double-well potentials, as presented
in Fig. 1 [24,25]. Using extensive non-Markovian simu-
lations, we parameterize an asymptotic formula describ-
ing the time required to reach the barrier top from a
potential well in the presence of exponentially decaying
memory. This formula is based on the observation that
even in strongly non-Markovian systems, the dynamics
in the two wells of an asymmetric double-well potential
are decoupled, meaning the shape of one potential well
does not influence the time needed to reach the barrier
top starting from the other well. In the final section,
we investigate barrier-crossing kinetics in asymmetric
double-well potentials for non-equilibrium systems.

2 Model

As shown previously, protein folding, molecular con-
formational transitions, such as dihedral isomerization,
and many other dynamic processes are strongly non-
Markovian processes [23,26–31]. In fact, the dynamics
of fast-folding proteins are well described by a theory
that explicitly accounts for multi-exponential memory
[23,28,30]. To model memory-dependent friction effects
on barrier-crossing dynamics in an asymmetric double-
well potential, we simulate the generalized Langevin
equation (GLE) in the linear-friction approximation
[6,7,32,33] in the potential U(x),

mẍ(t) = −
∫ t

0

Γ(t−t′)ẋ(t′)dt′−∇U
(
x(t)

)
+FR(t), (1)

where m is the effective mass, assumed not to depend
on the reaction coordinate, Γ(t) is the friction mem-
ory kernel, and FR(t) denotes the random force, which

approximately satisfies the relation [34,35]

〈FR(t)FR(t′)〉 = β−1Γ(t − t′), (2)

with β = 1/kBT the inverse thermal energy. For
simplicity, in the simulations we choose a single-
exponential memory kernel

Γ(t) =
γ

τ
e− |t|

τ , (3)

where τ is the memory time and γ =
∫ ∞
0

dtΓ(t) is the
friction coefficient. For the potential U(x), we use the
specific asymmetric double-well potential

U(x) =

⎧⎪⎪⎨
⎪⎪⎩

UL

[(
x

LL

)2

− 1
]2

if x ≤ 0

UR

[(
x

LR

)2

− 1
]2

+ (UL − UR) if x > 0,

(4)
where LL and LR are the distances from the left and
right minima to the barrier top, characterizing the well
widths, respectively, and UL and UR are the barrier
heights viewed from the left and right wells, respec-
tively, see Fig. 2(a). In Appendix A, we demonstrate
that the free-energy profile of the α3D protein, shown
in Fig. 1, is well approximated by Eq. (4). The poten-
tial is designed such that the potential itself and its first
derivative are continuous, while its second derivative is
discontinuous at the barrier top, which, however, does
not perturb the reaction coordinate dynamics. We note
that our results pertain to this specific choice of poten-
tial but should become universally valid for large barrier
heights, since in this limit barrier-crossing dynamics are
expected to only depend on the barrier heights UL and
UR and the effective well widths LL and LR [36]. Two
additional characteristic timescales are the inertial time
τm = m/γ and the diffusion time τD = βL2

Lγ, where
the width of the left well LL is chosen as the character-
istic length scale.

In Fig. 2, we show trajectories for different memory
times, barrier heights, and potential widths to illus-
trate the influence of the parameters τ , UL, UR, LL,
and LR on the dynamics of the reaction coordinate
x(t). In Fig. 2(b), we fix the memory time τ and
the potential widths LL and LR and vary the bar-
rier heights. We observe that for increased right bar-
rier height, with βUR = 5 and βUL = 3, the system
spends more time in the right well than in the left well;
in the symmetric case, βUR = 3 and βUL = 3, the
time spent in each well is the same. In Fig. 2(c), we
vary the ratio of the left and right potential widths.
In Fig. 2(d), we show a trajectory for a long mem-
ory time, τ/τD = 1.0, and all other parameters the
same as the red curve in Fig. 2(c). We observe fre-
quent state recrossings, reminiscent of inertial dynam-
ics, which are typical for strongly non-Markovian sys-
tems [37]. Overall, Fig. 2(b)-(d) illustrates how barrier
heights, potential widths, and memory time affect non-
Markovian system dynamics in asymmetric double-well
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Fig. 2 (a) The asymmetric double-well potential defined
in Eq. (4) depends on four parameters: the distances from
the left and right minima to the barrier top, LL and LR,
respectively, and the barrier heights in the left and right
wells, UL and UR. Trajectories for systems with different
parameters are shown in (b), (c), and (d). Identical colors

represent trajectories with identical parameters. For all tra-
jectories, we choose βUL = 3 and τm/τD = 0.01. In (b), the
memory time is set to τ/τD = 0.01 and LR/LL = 1.5, for
βUR = 3 and βUR = 5. In (c), βUR = 5 and τ/τD = 0.01,
for LR/LL = 0.5 and LR/LL = 1.5. In (d), βUR = 5,
LR/LL = 0.5 for a long memory time τ/τD = 1

potentials, demonstrating that all of these parameters
influence the barrier-crossing dynamics.

3 Results

3.1 Well-to-well and well-to-barrier-top transition
times for symmetric double-well potentials

We first treat symmetric potentials, for which UL =
UR = U0 and LL = LR, and compare well-to-
well and well-to-barrier-top transition times. Recently,
asymptotic formulas for predicting transition times in
non-Markovian systems, accounting for particle mass,
amplitude, and the memory time of the friction kernel
in symmetric double-well potentials, have been derived
[38–41]. These formulas are constructed from the high-
and low-friction limits of the Markovian Kramers pre-
diction for the well-to-well mean first-passage time
(MFPT) [4], which can be combined into an interpo-
lating crossover formula according to

τMFP = eβU0

(
d1

mL
eff

βU0γL
eff

+ d2
γH
eff

K
+ 4

√
2
m

K

)
. (5)

Here, the first term corresponds to the low-friction iner-
tial limit, the second term to the high-friction over-
damped limit, and the third heuristic crossover term
accounts for the Kramers turnover regime. Accord-
ing to Kramers’ theory [4], the constants d1 and d2

are given by d1 = 3π/(8
√

2) and d2 = 2
√

2π, where
K = U ′′(L) = 8U0/L2 is the curvature of the potential
U(x) at the well minimum. For a Markovian system, the
effective mass meff and effective friction γeff are given
by their bare values. For general non-Markovian sys-
tems, meff and γeff account for non-Markovian effects
and are determined from the two-point positional auto-
correlation functions derived from the GLE in Eq. (1),
as discussed in detail in Appendix B (see also [38–41]).
By inserting the low-friction effective expressions γL

eff

and mL
eff into the inertial contribution and the high-

friction expression γH
eff into the high-friction contribu-

tion in Eq. (5), we can rearrange and fit the numerical

constants to simulation data to achieve

τMFP = eβU0

[
1

βU0

3π

8
√

2

(
m

γ
+

2Kτ2

3γ

)

+
2
√

2πγ

K

1
1 + KβU0τ/(4γ)

+ 4
√

2
m

K

]
.

(6)

When comparing with the formulas proposed by Lavac-
chi et al. [41] and by Kappler et al. [39], the most
significant difference is in the term that describes the
memory-induced speed-up, i.e., the τ -dependent term
in the denominator of the second term in Eq. (6). While
in [39], this term is linear in the barrier height U0,
and in [41], it is independent of U0, in Eq. (6), this
term exhibits a quadratic dependence on U0 (keeping in
mind that K is proportional to U0). These differences
have the most pronounced effect for memory-induced
speed-up effects in the small mass regime, which in
fact is the most relevant regime for protein folding [23].
In Appendix C, we compare Eq. (6) and the formu-
las presented in [39] and [41] with simulation data,
showing that Eq. (6) is most accurate for predicting
MFPTs in symmetric double-well potentials across a
range of memory times, particle masses, and barrier
heights.

In Fig. 3(a), we show well-to-well MFPTs for simula-
tions of Eq. (1) in a symmetric double well as a function
of the rescaled memory time τ/τD for a fixed barrier
height βUL = 3 and two different inertial times. For the
calculation of τMFP , we take the mean of all passage
times between crossing the minimum of one free-energy
and reaching the minimum of the other well for the first
time, which is the so-called mean all-to-first-passage
time [37]. The prediction by Eq. (6) agrees well with
the simulation results for both τm, accurately capturing
the memory-induced speed-up regime for intermediate
memory time. In Appendix D, we compare the simu-
lation results to GH theory, which is known to break
down for long memory times [38,42]. There, we explore
the limits of GH theory and discuss deviations from
simulation results for intermediate and long memory
times. We also calculate MFPTs for transitions from
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Fig. 3 Comparison between well-to-well and well-to-
barrier-top MFPTs for a symmetric double-well potential
with barrier height βU0 = 3. (a) Well-to-well MFPTs from
simulations (τMFP , circles), plotted as a function of the
rescaled memory time τ/τD, agree well with the predic-
tions of Eq. (6) (solid lines). Triangles represent simulation
results for the well-to-barrier-top MFPTs τR

MFP . The results

are shown for two rescaled masses. (b) Simulation results
for τR

MFP /τMFP as a function of rescaled memory time,
with dashed-dotted lines as guides to the eye. The hori-
zontal dashed lines indicate the limits τR

MFP /τMFP → 1
as τ/τD → ∞ and τR

MFP /τMFP = 0.5, expected when
τm/τD → 0 and τ/τD → 0 for βU0 � 1

a well minimum to the barrier top, denoted as τL
MFP

and τR
MFP for transitions from the left and right wells,

respectively, referred to as well-to-barrier-top transition
times. Distinguishing τL

MFP and τR
MFP for asymmet-

ric potentials allows us to describe the dynamics in
each well separately. For symmetric potentials and over-
damped Markovian systems, i.e., in the double limit
τ/τD → 0 and τm/τD → 0, the well-to-barrier-top tran-
sition time is exactly half of the well-to-well transition
time for sufficiently high barriers [4,43]

τL
MFP = τR

MFP = τMFP /2. (7)

We test this relation for general non-Markovian sys-
tems in Fig. 3(a). The red and black lines show pre-
dictions from Eq. (6); the filled circles represent sim-
ulation data for the well-to-well MFPT, τMFP , and
the triangles represent the well-to-barrier-top MFPT,
τR
MFP . (We exclude τL

MFP because for a symmetric
U(x), τR

MFP = τL
MFP .) In the short memory time limit,

there is a pronounced difference between τMFP and
τR
MFP , particularly for the system with smaller mass.

These differences are clearer in Fig. 3(b), which shows
the ratio τR

MFP /τMFP for two values of τm/τD as a
function of the rescaled memory time τ/τD. As the
mass decreases from τm/τD = 0.1 to τm/τD = 0.01,
we indeed see that τR

MFP /τMFP approaches 0.5 for
small memory times. The noticeable deviations from
Eq. (7) even for τm/τD = 0.01 are due to finite-
mass effects and to the fact that the potential barrier
is not infinitely high. Reaching the overdamped high-
barrier limit in simulations is difficult since small mass
and high barriers require very long simulation times
in order to equilibrate properly. τR

MFP /τMFP remains
approximately constant for small memory times but
increases sharply around τ/τD = 0.1. For larger mem-
ory times, τR

MFP /τMFP approaches unity for both val-
ues of τm/τD. This result shows that we cannot sim-
ply combine Eq. (7) with the formula for the well-to-
well MFPT Eq. (6) to predict well-to-barrier-top tran-
sition times. Instead, we must construct distinct for-

mulas for both τR
MFP and τL

MFP that are suitable for
general τ and τm in asymmetric double-well poten-
tials.

3.2 Well-to-barrier-top transition times for
asymmetric double-well potentials

In Fig. 3(b), we demonstrate that for short memory
times, τL

MFP and τR
MFP deviate from τMFP and are

expected to approach τL
MFP = τR

MFP = τMFP /2 in the
zero-mass or high-friction limit for high enough barri-
ers.

Therefore, we add a factor of 1/2 to the high friction
term proportional to γ/K in Eq.(6) but do not modify
the high-mass term. To account for barrier asymme-
try, i.e., differing barrier heights and potential widths
between the two wells, we introduce left- and right-
specific constants, UL,R and KL,R = 8UL,R/L2

L,R. This
modification to Eq. (6) yields a formula for the MFPTs
of well-to-barrier-top transitions in the left and right
wells of an asymmetric double-well potential

τL,R
MFP = eβUL,R

[
1

βUL,R

3π

8
√

2

(
m

γ
+

2KL,Rτ2

3γ

)

+
√

2πγ

KL,R

1
1+βUL,RKL,Rτ/(4γ)

+4
√

2
m

KL,R

]
. (8)

In Fig. 4, we compare Eq. (8) to simulation results as
a function of the rescaled memory time τ/τD for fixed
LL = LR, βUL = 3, and varying βUR. We observe
excellent agreement for τm/τD = 0.001 in Fig. 4(a)
and for τm/τD = 1.0 in Fig. 4(b), for both τL

MFP and
τR
MFP . In Fig. 5, we show τR

MFP /τD and τL
MFP /τD as

a function of the rescaled memory time τ/τD for fixed
βUL = 3, βUR = 5, τm/τD = 0.01, and varying LR/LL.
Asymmetric double-well potentials with unequal poten-
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Fig. 4 Well-to-barrier-top MFPTs as a function of τ/τD

for asymmetric double-well potentials with equal potential
widths LL = LR. The left well has a fixed barrier height
of βUL = 3. Results are shown for different barrier heights
of the right well: βUR = 4 (green), βUR = 5 (magenta),
and βUR = 6 (light blue). The MFPTs τR

MFP /τD from
simulations (colored symbols) are compared to predictions

of Eq. (8) (colored lines). The gray lines show τL
MFP /τD

given by Eq. (8), which are independent of βUR. Simulation
results for τL

MFP /τD are shown as colored symbols and are
found to overlap, confirming the insensitivity of τL

MFP /τD

to βUR. Results for two different masses are displayed in
(a) for τm/τD = 0.001 and in (b) for τm/τD = 1

Fig. 5 The well-to-barrier-top MFPT as a function of
the rescaled memory time τ/τD in asymmetric double-well
potentials with varying potential width ratios LR/LL. The
rescaled mass is set to τm/τD = 0.01, and the barrier heights
are set to βUL = 3 and βUR = 5. Colored lines show pre-
dictions of Eq. (8), while colored symbols denote simulation
results

tial widths LL �= LR are relevant for protein folding, as
demonstrated in Fig. 1. We see that the predictions
of Eq. (8) for τR

MFP /τD (colored lines) are in excel-
lent agreement with the simulation results (symbols).
The prediction τL

MFP /τD from Eq. (8) (gray line) is
independent of LR/LL which is confirmed by the sim-
ulations, which demonstrate that results for τL

MFP /τD

overlap for all values of LR/LL. Thus, the MFPT to
reach the barrier top from the left well τL

MFP is com-
pletely insensitive to the potential shape of the right
well, quantified by βUR and LR, from which we con-
clude that the barrier-crossing dynamics in one well is
independent of the potential parameters in the other
well, even for highly non-Markovian and highly inertial
systems. This decoupling of the barrier-crossing kinet-
ics in the two wells motivates deriving the asymptotic
expression for the well-to-barrier-top MFPT in Eq. (8)
and explains why this expression is useful for describing
transition kinetics in asymmetric potentials.

Following previous arguments [39,40], we general-
ize Eq. (8) to multi-exponential memory with multiple
memory time scales. In this case, the memory kernel
takes the form

Γ(t) =
N∑

i=1

γi

τi
e
− |t|

τi , (9)

where γ =
∑

γi, and the random force is given by
FR(t) =

∑
fRi

(t) with components that satisfy

〈fRi
(t)fRj

(t′)〉 = kBT
γi

τi
e−|t−t′|/(τi)δi,j . (10)

To obtain a formula for the MFPT to the barrier
top for multi-exponential memory kernel, we decom-
pose Eq. (8) into two contributions, the overdamped
contribution

τL,R
ODi

= eβUL,R

[√
2πγi

KL,R

1

1+ βUL,RKL,Rτi

4γi

+2
√

2
m

KL,R

]
,

(11)

and the energy-diffusion contribution

τL,R
EDi

= eβUL,R

[
1

βUL,R

3π

8
√
2

(
m

γi
+

2KL,Rτ2
i

3γi

)
+2

√
2

m

KL,R

]
.

(12)

The well-to-barrier-top MFPT for a multi-exponential
kernel is then given by adding the sum of the over-
damped contributions and the inverse of the sum of the
reciprocals of the energy-diffusion contributions accord-
ing to [39,40]

τL,R
MFP =

N∑
i=1

τL,R
ODi

+

(
N∑

i=1

1/τL,R
EDi

)−1

. (13)
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Obviously, for a single-component exponential memory
with N = 1, we recover the original formula Eq. (8).

3.3 Non-equilibrium transition times

So far, we have considered reaction times of equi-
librium non-Markovian systems. Non-equilibrium sys-
tems are pervasive in biology, with numerous examples
of non-equilibrium reaction kinetics [44–51]. Following
recent results for the barrier-crossing dynamics of non-
equilibrium systems in symmetric double-well poten-
tials [41], we extend our current analysis of transition
times in asymmetric potentials to non-equilibrium sys-
tems. We consider the GLE

mẍ(t) = −
∫ t

0

ΓV (t − t′)ẋ(t′)dt′ − ∇U(x(t)) + FR(t)

(14)
with a random-force autocorrelation function given by

〈FR(t)FR(t′)〉 = β−1ΓR(t − t′), (15)

which does not necessarily satisfy the relation Eq. (2)
but is characterized more generally by ΓV (t) �= ΓR(t).
We note that the equality ΓV (t) = ΓR(t) also breaks
down for more complicated GLEs that involve a position-
dependent mass or a nonlinear friction kernel even
for equilibrium systems [34,35,52] and that the GLE
derived by projection from a time-dependent Hamilto-
nian, which can be viewed as the first-principle descrip-
tion of a non-equilibrium system, is much more com-
plicated than the GLE in Eq. (14) [53]. Nevertheless,
Eqs. (14) and (15) for ΓV (t) �= ΓR(t) have been estab-
lished as a standard heuristic model to describe non-
equilibrium systems [48,54–57]. Indeed, for ΓV (t) �=
ΓR(t) the distribution of the reaction coordinate follow-
ing from the GLE in Eq. (14) will not be given by the
equilibrium Boltzmann distribution ρeq(x) ∼ e−βU(x),
which is the signature of a non-equilibrium system [58].
For simplicity, we assume the friction kernel and the
random-force autocorrelation function to be given by
exponential functions

ΓV (t) =
γ

τV
e
− |t|

τV ,

ΓR(t) =
γ

τR
e
− |t|

τR .
(16)

In equilibrium, τV = τR, while for a decay time of the
random-force autocorrelation function τR differing from
the decay time of the memory kernel τV , we have a
non-equilibrium system. Note that we choose the inte-
grals over the friction kernel and the random-force auto-
correlation function to be equal to γ. This does not
restrict the generality of our model, since the factor β
in Eq. (15) (which represents the inverse thermal energy
for equilibrium systems) can be chosen arbitrarily. As
shown previously [41] and derived in Appendix E, for

Fig. 6 Non-equilibrium well-to-barrier-top MFPT as a
function of the timescale ratio τR/τV for various potential
width ratios LR/LL. The barrier heights are βUL = 3 and
βUR = 4, and the rescaled mass is τm/τD = 0.1. Sym-
bols denote simulation results as indicated in the legend.
The gray line depicts τL

MFP /τD, and the other colored lines
show τR

MFP /τD predicted by Eq. (17) for the various poten-
tial width ratios

the specific non-equilibrium model defined by exponen-
tial kernels as given in Eq. (16), the inverse tempera-
ture β in Eq. (8) is replaced by βNEQ = βτ2

R/τ2
V and

the well-to-barrier-top mean first passage for the non-
equilibrium system is in harmonic approximation given
by

τL,R
MFP = eβNEQUL,R

[
1

βNEQUL,R

3π

8
√

2(
m

γ
+

2KL,Rτ2
V

3γ

)

+
√

2πγ

KL,R

1
1 + βNEQUL,RKL,RτV /(4γ)

+4
√

2
m

KL,R

]
.

In Fig. 6, we show τR
MFP /τD and τL

MFP /τD as a func-
tion of τR/τV for fixed UR, UL, and LL, for differ-
ent values of LR/LL, noting that equilibrium is recov-
ered for τR/τV = 1. We see that τMFP increases as
τR/τV increases, and that the simulation data agree
well with Eq. (17) for τR/τV not too different from
unity. The dependence of the transition times on the
non-equilibrium effective temperature βNEQ = βτ2

R/τ2
V

dominates in Eq. (17), and the dependence on the
potential width ratio LR/LL is rather minor. There-
fore, the three lines in Fig. 6 are rather similar. In
conclusion, Eq. (17) describes the transition time for
a non-equilibrium system in an asymmetric double-well
potential rather well; the main effect of non-equilibrium
is to introduce an effective temperature that is pro-
portional to the square of the ratio of the exponential
memory-friction and random-force decay times, which
is a result specific to our non-equilibrium exponential
kernel model.
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4 Conclusion

We investigate non-Markovian reaction kinetics in
asymmetric double-well potentials, based on the gen-
eralized Langevin equation (GLE), and we explore how
asymmetries in barrier height and potential width, com-
bined with memory effects, influence barrier-crossing
dynamics. We first compare well-to-well transition
MFPTs and well-to-barrier-top transition MFPTs, and
we demonstrate that only for overdamped Markovian
systems with high barriers does the well-to-barrier-top
transition time approximate half of the well-to-well
transition time. We show that the reaction dynam-
ics in one well are largely independent of the other
well’s parameters, allowing us to describe the well-to-
barrier-top MFPT for each well separately. Based on
this insight, we derive a general formula for the well-to-
barrier-top MFPT using a harmonic approximation for
the two-point correlation function, which proves to be
accurate when compared with extensive GLE simula-
tions. Our expression for the MFPT is derived specifi-
cally for the potential defined in Eq. (4), but in the high-
barrier limit is expected to hold for general potentials.
We extend our analysis to non-equilibrium systems,
where the harmonic analysis of the non-equilibrium
GLE yields a closed-form MFPT expression featuring
an effective temperature, which we also validate by
comparing with extensive GLE simulations. In sum-
mary, our work provides a robust framework for pre-
dicting reaction times in non-Markovian systems with
asymmetric potentials, relevant across a range of bio-
logical, chemical, and physical systems, offering a more
comprehensive understanding of reaction kinetics in
complex environments.
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Fig. 7 Free-energy profile for the fraction of native con-
tacts reaction coordinate, Q, for the fast-folding α3D pro-
tein. The free-energy profile for Q is taken from [23] (blue
line, as in Fig. 1). The original all-atom simulation data are
from [20]. The red line shows the fitted asymmetric double-
well potential according to Eq. (A.1)

the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this arti-
cle are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statu-
tory regulation or exceeds the permitted use, you will need
to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Appendix A. Fit of asymmetric potential to
protein simulation data

In Fig. 7, we show by the blue line the free-energy profile for
the fraction of native contacts reaction coordinate Q, eval-
uated for the α3D protein, which is the same data as shown
in Fig. 1. The red line is the asymmetrically parameterized
double-well fit according to

U(Q) =

⎧
⎪⎪⎨

⎪⎪⎩

UL

[(
Q−Qb

LL

)2

− 1

]2

if Q < Qb

UR

[(
Q−Qb

LR

)2

− 1

]2

+ (UL − UR) if Q > Qb,

(A.1)
where βUL = 1.7, βUR = 3.2, LL = 0.15, LR = 0.08 and the
position of the barrier top is Qb = 0.67.

Appendix B. Derivation of the asymptotic
MFPT formula in equilibrium

Here, we derive Eq. (6) following the methods introduced in
[41]. Using the Fourier transform of the GLE in Eq. (1),
where we consider a harmonic approximation U(x) ≈
Kx2/2, we obtain

x̃(ω) =
F̃R(ω)

K − mω2 + iωΓ̃+(ω)
≡ χ̃(ω)F̃R(ω), (B.1)
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where χ̃(ω) is the Fourier-transformed response function.
We write the autocorrelation function for the position as

C(t) ≡ 〈x(t)x(0)〉 =

∫
dω

2π
eiωt

∫
dω′

2π
〈x̃(ω)x̃(ω′)〉

=

∫
dω

2π
eiωt

∫
dω′

2π
χ̃(ω)χ̃(ω′)〈F̃R(ω)F̃R(ω′)〉

= kBT

∫
dω

2π
eiωt

∫
dω′

2π
2πδ(ω + ω′)Γ̃(ω)χ̃(ω)χ̃(ω′)

= kBT

∫
dω

2π
eiωtΓ̃(ω)χ̃(ω)χ̃(−ω),

(B.2)
where we used 〈F̃R(ω)F̃R(ω′)〉 = kBT2πδ(ω+ω′)Γ̃(ω). From
this, the Fourier transform of the autocorrelation function
follows as

C̃(ω) = β−1Γ̃(ω)χ̃(ω)χ̃(−ω). (B.3)

The half-sided Fourier transform Γ̃+(ω) of the memory ker-
nel Γ(t) is given by

Γ̃+(ω) =

∫ ∞

0

dte−iωtΓ(t) =
γ

1 + iωτ
, (B.4)

and hence

Γ̃(ω) = Γ̃+(ω) + Γ̃+(−ω) =
2γ

1 + ω2τ2
. (B.5)

Inserting Γ̃(ω) and χ̃(ω) into Eq. (B.3), we obtain

C̃(ω) =
2γβ−1(1 + ω2τ2)−1

(
K − ω2

[
m − τγ

1+τ2ω2

])2

+ ω2γ2

(1+ω2τ2)2

, (B.6)

which can be rewritten in a form that corresponds to the
standard result for the memoryless (i.e., τ = 0) harmonic
oscillator in equilibrium as

C̃(ω) =
2γeffβ−1

(K − meffω2)2 + ω2γ2
eff

, (B.7)

where we defined effective friction and mass as

meff = m − c1τγeff (B.8a)

γeff =
γ

1 + c2τ2ω2
(B.8b)

and where we introduced numerical constants c1 and c2 that
account for the harmonic approximation of the potential. In
the low-friction limit, Eq. (B.7) is dominated by the pole

ω2
L = K/meff for

Kmeff

γ2
eff

> 1. (B.9)

Inserting Eqs. (B.9) and (B.8a) into Eq. (B.8b), we arrive
at

γL
eff =

γ

1 + c2τ2K

m−c1τγL
eff

,

which corresponds to the quadratic equation

γL
eff

2 − γL
eff

(
m

c1τ
+

c2

c1
τK + γ

)

+
γm

c1τ
= 0

with solutions

γL
eff =

m

2c1τ
+

c2τK

2c1
+

γ

2

±
√

(
m

2c1τ
+

c2τK

2c1
− γ

2

)2

+
c2

c1
τKγ.

In the limit τ → 0, we obtain

γL
eff =

m

2c1τ
+

c2τK

2c1
+

γ

2

± m

2c1τ

[(

1 + c2
τ2K

m
− c1τγ

m

)2

+
4c1c2τ

3Kγ

m2

]1/2

	 m

2c1τ
+

c2τK

2c1
+

γ

2

± m

2c1τ

[

1 − 2c1τγ

m
+

2c2τ
2K

m
+

c2
1τ

2γ2

m2
+

2c1c2τ
3Kγ

m2

]1/2

	 m

2c1τ
+

c2τK

2c1
+

γ

2

± m

2c1τ

(

1 − c1τγ

m
+

c2τ
2K

m
+

2c1c2τ
3Kγ

m2

)

.

In order to recover the limiting behavior γL
eff = γ for

τ → 0, we take the minus sign, which leads to

γL
eff 	 γ − γ

c2τ
2K

m
. (B.10)

In the limit τ → ∞, we obtain

γL
eff =

m

2c1τ
+

c2τK

2c1
+

γ

2

± c2τK

2c1

[(

1 +
c1γ

c2τK
+

m

c2τ2K

)2

− 4c1γm

c2
2τ

3K2

]1/2

	 m

2c1τ
+

c2τK

2c1
+

γ

2

± c2τK

2c1

[

1 +
2c1γ

c2τK
+

2m

c2τ2K
+

c2
1γ

2

c2
2τ

2K2

+
2c1γm

c2
2τ

3K2
− 4c1γm

c2
2τ

3K2

]1/2

	 m

2c1τ
+

c2τK

2c1
+

γ

2

± c2τK

2c1

[

1 +
2c1γ

c2τK
+

2m

c2τ2K
+

c2
1γ

2

c2
2τ

2K2
− 2c1γm

c2
2τ

3K2

]1/2

	 m

2c1τ
+

c2τK

2c1
+

γ

2

± c2τK

2c1

(

1 +
c1γ

c2τK
+

m

c2τ2K
− 2c1γm

c2
2τ

3K2

)

.

Again, in order to recover the limiting behavior γL
eff = 0

for τ → ∞, we take the minus sign, which leads to

⇒ γL
eff 	 γm

τ2K
. (B.11)

Combining the two limits Eqs. (B.10)–(B.11), we arrive at
the expression

γL
eff =

γ

1 + c2τ2K
m

and (B.12)
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mL
eff = m − c1τγL

eff. (B.13)

In the high-friction limit, Eq. (B.7) is dominated by the pole

ω2
H = −K2/γ2

eff for
Kmeff

γ2
eff

< 1. (B.14)

Inserting this expression into Eq. (B.8b), we obtain

γH
eff =

γ

1 − c2τ2K2/γH
eff

2 =
γγH

eff
2

γH
eff

2 − c2τ2K2
, (B.15)

which leads to the following quadratic equation

γH
eff

2 − γγH
eff − c2τ

2K2 = 0

with solutions

γH
eff =

γ

2
±

√
γ2

4
+ c2τ2K2. (B.16)

Here, in order to recover the limiting behavior γH
eff = γ

for τ → 0 we take the plus sign, which leads to

γH
eff =

γ

2

[

1 +

(

1 +
4c2τ

2K2

γ2

)1/2
]

	 γ and

(B.17)

mH
eff = m − c1τγ. (B.18)

To avoid a negative value in Eq. (B.8a), we combine the
negative term in Eq. (B.13) with the high-friction term in
Eq. (5) to obtain the speed-up term, according to γ

K
− τ 	

γ
K

(
1

1+Kτ/γ

)
. Fitting the prediction for the MFPT with

inserted effective parameters to the simulation data, we
determine the optimal values c1 = 8(βU0)

2/3 and c2 = 2/3
[41], where the constants d1 and d2 are determined from the
asymptotic Kramers limits and are given in the main text
[4,59].

Appendix C. Comparison of different
asymptotic formulas for the MFPT with
simulations

In Fig. 8 we compare the asymptotic formula for the well-
to-well MFPT Eq. 6 with two slightly different versions pre-
sented earlier in literature. For proper comparison, we com-
pare with simulation results for well-to-well transitions in
symmetric potentials. For a single-component exponential
memory kernel, the formula presented by Kappler et al. [39]
is given by

τMFP = eβU0

[
1

βU0

(

τm + 4βU0
τ2

τD

)

+
π

2
√

2βU0

τD

1 + 10βU0τ/τD
+

2

βU0

√

βU0
τm

τD
τD

]

,

(C.1)

which is shown as dashed lines in Fig. 8. Lavacchi et al.
suggested the following form [41]

τMFP = eβU0

[
1

βU0

3π

8
√

2

(
m

γ
+

2Kτ2

3γ

)

+
2
√

2πγ

K

1

1 + 2Kτ/(βU0γ)
+ 4

√

2
m

K

]

,

(C.2)

shown as dashed-dotted lines in Fig. 8. Equation (6) is
shown as solid lines. The main difference between the three
formulas is revealed in the speed-up regime for low particle
mass and large barrier height. From Fig. 8, it is seen that
Eq. (6) describes the data slightly better than the other
formula. Equation (C.1) shows slight deviations from the
simulation data at the minimum for small mass in Fig. 8a),
while Eq. (C.2) does not describe the data well for large
barrier heights in Fig. 8b).

Appendix D. Grote-Hynes theory

The Grote–Hynes (GH) theory predicts barrier-crossing
times in the presence of frequency-dependent friction as [9]

τGH
MFP =

2πωmax

λωmin
eβU0 , (D1)

where ωmax =
√|U ′′

max|/m and ωmin =
√|U ′′

min|/m are
the frequencies at the potential maximum and minimum.
In Eq. (D1), we recognize a factor corresponding to the
transition-state theory (TST) prediction,

τTST =
2π

ωmin
eβU0 . (D2)

For a symmetric double-well potential given by Eq. (4),
i.e., for U0 = UL = UR, the frequencies are ωmax =√

4βU0/(τDτm) and ωmin =
√

8βU0/(τDτm). λ is the bar-
rier reactive frequency, which is determined by the GH equa-
tion

λ2 + λ
Γ̃(λ)

m
= ω2

max, (D3)

where Γ̃(λ) is the Laplace transform of the friction mem-
ory kernel. For a single-exponential memory kernel given by
Eq. (3), we have

Γ̃(λ) =

∫ ∞

0

Γ(t′)e−λt′
dt′ =

γ

1 + τλ
. (D4)

Inserting the Laplace transform of the single-exponential
friction memory kernel into the GH equation (D3), we
obtain a cubic polynomial, which has a real and positive
root.

In Fig. 9, we observe good agreement between GH the-
ory and the simulation data for short rescaled memory time
τ/τD. However, the GH prediction deviates from the simu-
lation results for intermediate and long memory times. To
better understand this, we study the various limits of GH
theory.

The Markov limit (τ/τD → 0) is equivalent to the

Kramers (Kr) intermediate–high-friction limit. Here Γ̃(λ) =
γ, so that Eq. (D4) simplifies to

λ = − γ

2m
±

(
γ2

4m2
+ ω2

max

)1/2

. (D5)
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Fig. 8 (a) Well-to-well MFPT as a function of τ/τD for a
symmetric double-well potential with βU0 = 3 for various
values of τm/τD. Comparison of simulation results (stars),
Eq. (6) (continuous lines), Eq. (C.1) (dashed lines) and

Eq. (C.2) (dashed-dotted lines). In (b) and (c), MFPTs
are shown for τm/τD = 0.01 and τm/τD = 0.1, respectively,
for three different barrier heights

Fig. 9 Comparison of well-to-well MFPTs for a symmet-
ric double-well potential with barrier height βU0 = 3 as a
function of the rescaled memory time τ/τD from simula-
tions (circles) with predictions of Eq. (6) (thin solid lines)
and with GH prediction of Eq. (D1) (thick lines). Results
are presented for two different rescaled masses

Taking the positive root, we obtain

τKr = ωmax

[(
γ2

4m2
+ ω2

max

)1/2

− γ

2m

]−1

τTST . (D6)

In the Markovian high-friction limit ( γ
m

� 1), we obtain

λ =
γ

2m

(

1 +
4m2ω2

max

γ2

)1/2

− γ

2m

	 γ

2m
+

mω2
max

γ
− γ

2m
=

mω2
max

γ
(D7)

and from that

τKr
hf =

2πγ

mωmaxωmin
eβU0 . (D8)

In the Markovian low-friction limit ( γ
m

� 1), we obtain

τKr
lf = τTST , (D9)

because λ = ωmax.
In the low-mass (m → 0) limit, the GH equation (D3)

becomes

λ
γ

(1 + τλ)m
− ω2

max = 0, (D10)

⇒ λ =
ω2

maxm/γ

1 − τω2
maxm/γ

, (D11)

so that we obtain for the barrier-crossing time

τGH
low-mass =

2π(1 − ω2
maxτm/γ)

ωminωmaxm/γ
eβU0 , (D12)

which recovers the speed-up regime for intermediate τ .
In the long-memory-time limit (τ/τD � 1), the Laplace

transform of the memory kernel is

Γ̃(λ) 	 γ

τλ
(D13)

so that

λ = ωmax

(

1 − γ

τω2
max

)1/2

(D14)

and the GH prediction becomes

τGH
long memory =

2π

ωmin

(
1 − γ

τmω2
max

)1/2
eβU0 . (D15)

In the limit τ → ∞, the barrier-crossing time becomes inde-
pendent of τ and is given by

τGH
τ→∞ =

2π
√

m
√

U ′′
min

, (D16)

which is reflected by the saturation of the GH prediction
in Fig. 9. It is observed that in the double limit τ → ∞
and m → 0, the GH barrier-crossing time prediction goes to
zero, in contrast to Eq. (6).

The simulation data and Eq. (6) in Fig. 9 exhibit a min-
imum at a finite memory time. Assuming a large barrier
height, 10βU0τ/τD � 1, and low mass, m → 0, Eq. (6)
yields

τMFP = eβU0

[
1

βU0

3π

8
√

2

2Kτ2

3γ
+

2
√

2πγ

K

1

KβU0τ/(4γ)

]

.

(D17)
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In this double limit, the memory time at the minimum,
determined by ∂τMFP /∂τ |τ=τ∗ = 0, is given by

τ∗ =
3
√

32γ

K
, (D18)

and thus is finite and goes to zero as U0 → ∞. The value of
the mean first-passage time at the minimum is

τMFP (τ∗) =
eβU0

βU0

πγ

K

3( 3
√

4)2√
2

. (D19)

Appendix E. Barrier-crossing kinetics for
non-equilibrium systems

Here we follow recent calculations for the barrier-crossing
dynamics of non-equilibrium systems in symmetric double-
well potentials [41]. For a non-equilibrium system, the
Fourier transform of the position is given by

x̃(ω) =
F̃R(ω)

K − mω2 + iωΓ̃+
V (ω)

≡ χ̃(ω)F̃R(ω), (E1)

which defines the response function χ̃(ω). The half-sided

Fourier transform Γ̃+
V (ω) of ΓV (t) is given by

Γ̃+
V (ω) =

∫ ∞

0

dte−iωtΓV (t) =
γ

1 + iωτV
, (E2)

while the Fourier transform of the symmetric random-force
correlation ΓR(t) is

Γ̃R(ω) = Γ̃+
R(ω) + Γ̃+

R(−ω) =
2γ

1 + ω2τ2
R

. (E3)

The Fourier transform of C(t) is given by C̃(ω) = β−1Γ̃R(ω)
χ̃(ω)χ̃(−ω) and reads

C̃(ω) =
2γβ−1(1 + ω2τ2

R)−1

(
K − ω2

[
m − τV γ

1+τ2
V

ω2

])2

+ ω2γ2

(1+ω2τ2
V

)2

. (E4)

We introduce effective parameters to rewrite Eq. (E4) in
the form of the standard memory-less harmonic oscillator
in equilibrium [41]

C̃(ω) =
2γeffβ−1

eff

(K − meffω2)2 + ω2γ2
eff

, (E5)

where we have introduced effective frequency-dependent
friction, mass, and temperature as

meff = m − c1τV γeff, (E6a)

γeff =
γ

1 + c2τ2
V ω2

, (E6b)

βeff =
1 + ω2τ2

R

1 + ω2τ2
V

β (E6c)

and where we introduced numerical constants c1 and c2 that
account for the harmonic approximation of the potential, as
in Appendix B. For the effective mass and the friction in
the high- and low-friction limits, we obtain the same results
as in Appendix B, where the memory time τ is replaced
by τV . For the effective temperature, we insert Eq. (B.9)

and Eq. (B.14) into Eq. (E6c) and obtain in the low- and
high-friction limits

βL
eff

β
=

τ2
R + m/K − c1τV γL

eff/K

τ2
V + m/K − c1τV γL

eff/K
, (E7)

βH
eff

β
=

τ2
R − (γH

eff/K)2

τ2
V − (γH

eff/K)2
. (E8)

In the limits τm/τV < 1, τm/τR < 1, γ/(KτV ) < 1,
γ/(KτR) < 1, which hold for the simulated systems, we
obtain

βNEQ/β = τ2
R/τ2

V ≈ βL
eff/β ≈ βH

eff/β. (E9)
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13. Joseph D Bryngelson, José Nelson Onuchic, Nicholas D
Socci, and Peter G Wolynes. Funnels, pathways, and the
energy landscape of protein folding: a synthesis. Pro-
teins: Structure, 21, (1995)

14. Joseph D. Bryngelson, Peter G. Wolynes, Intermediates
and barrier crossing in a random energy model (with
applications to protein folding). The J. Phys. Chem.
93(19), 6902–6915 (1989)

123

http://arxiv.org/abs/2410.22588


   26 Page 12 of 13 Eur. Phys. J. E           (2025) 48:26 

15. Olga K. Dudko, Gerhard Hummer, Attila Szabo, Intrin-
sic rates and activation free energies from single-
molecule pulling experiments. Phys. Rev. Lett. 96(10),
108101 (2006)

16. N.D. Socci, J.N. Onuchic, P.G. Wolynes, Diffusive
dynamics of the reaction coordinate for protein folding
funnels. The J. Chem. Phys. 104(15), 5860–5868 (1996)

17. Bruce J. Berne, Michal Borkovec, John E. Straub, Clas-
sical and modern methods in reaction rate theory. The
J. Phys. Chem. 92(13), 3711–3725 (1988)

18. Peter Hänggi, Peter Talkner, Michal Borkovec,
Reaction-rate theory: fifty years after Kramers. Rev.
Mod. Phys. 62(2), 251–341 (1990)

19. Robert B. Best, Gerhard Hummer, Diffusive model of
protein folding dynamics with Kramers turnover in rate.
Phys. Rev. Lett. 96(22), 228104 (2006)

20. Kresten Lindorff-Larsen, Stefano Piana, Ron O. Dror,
David E. Shaw, How fast-folding proteins fold. Science
334(6055), 517–520 (2011)

21. Eugene Shakhnovich, G. Farztdinov, Alexander M.
Gutin, Martin Karplus, Protein folding bottlenecks: a
lattice monte carlo simulation. Phys. Rev. Lett. 67,
1665–1668 (1991)

22. Robert Best, Gerhard Hummer, William Eaton. Native
contacts determine protein folding mechanisms in atom-
istic simulations. Proceedings of the National Academy
of Sciences of the United States of America, 110, (2013)

23. Benjamin A. Dalton, Cihan Ayaz, Henrik Kiefer, Anton
Klimek, Lucas Tepper, Roland R. Netz, Fast protein
folding is governed by memory-dependent friction. Pro-
ceed. National Acad. Sci. 120(31), e2220068120 (2023)

24. Benjamin Schüller, Alex Meistrenko, Hendrik van Hees,
Xu. Zhe, Carsten Greiner, Kramers’ escape rate problem
within a non-Markovian description. Annals Phys. 412,
168045 (2020)

25. Gregor Diezemann, Nonlinear response theory for
Markov processes. IV. The asymmetric double-well
potential model revisited. Phys. Rev. E 106(6), 64122
(2022)

26. Jan O. Daldrop, Julian Kappler, Florian N. Brünig,
Roland R. Netz, Butane dihedral angle dynamics
in water is dominated by internal friction. Proceed.
National Acad. Sci. 115(20), 5169–5174 (2018)

27. Tsuyoshi Yamaguchi, Molecular dynamics simulation
study on the isomerization reaction in a solvent with
slow structural relaxation. Chem. Phys. 542, 111056
(2021)

28. Cihan Ayaz, Lucas Tepper, Florian N Brünig,
Julian Kappler, Jan O Daldrop, Roland R Netz.
Non-Markovian modeling of protein folding. Pro-
ceedings of the National Academy of Sciences,
118(31):e2023856118, (2021)

29. Benjamin A. Dalton, Henrik Kiefer, Roland R. Netz,
The role of memory-dependent friction and solvent vis-
cosity in isomerization kinetics in viscogenic media. Nat.
Commun. 15(1), 3761 (2024)

30. Benjamin A. Dalton, Roland R. Netz, ph modulates fric-
tion memory effects in protein folding. Phys. Rev. Lett.
133, 188401 (2024)

31. Ohad Vilk, Ralf Metzler, Michael Assaf, Non-markovian
gene expression. Phys. Rev. Res. 6, L022026 (2024)

32. Nicolaas G. Van Kampen, Elimination of fast variables.
Phys. Rep. 124(2), 69–160 (1985)

33. Hannes Risken. The fokker-planck equation: Methods of
solution and applications. pages 63–95. Springer Berlin
Heidelberg, Berlin, Heidelberg, (1996)

34. Cihan Ayaz, Laura Scalfi, Benjamin A. Dalton, Roland
R. Netz, Generalized langevin equation with a nonlinear
potential of mean force and nonlinear memory friction
from a hybrid projection scheme. Phys. Rev. E 105,
054138 (2022)

35. Hadrien Vroylandt, On the derivation of the generalized
langevin equation and the fluctuation-dissipation theo-
rem. Europhys. Lett. 140(6), 62003 (2022)

36. Florian N. Brünig, Jan O. Daldrop, Roland R. Netz,
Pair-reaction dynamics in water: competition of mem-
ory, potential shape, and inertial effects. The J. Phys.
Chem. B 126(49), 10295–10304 (2022)

37. Qingyuan Zhou, Roland R. Netz, Benjamin A. Dalton.
Rapid state-recrossing kinetics in non-Markovian sys-
tems. arXiv:2403.06604, (2024)

38. Julian Kappler, Jan O. Daldrop, Florian N. Brünig,
Moritz D. Boehle, Roland R. Netz, Memory-induced
acceleration and slowdown of barrier crossing. The J.
Chem. Phys. 148(1), 14903 (2018)

39. Julian Kappler, Victor B. Hinrichsen, Roland R. Netz,
Non-Markovian barrier crossing with two-time-scale
memory is dominated by the faster memory component.
The European Phys. J. E 42(9), 119 (2019)

40. Laura Lavacchi, Julian Kappler, Roland R Netz. Barrier
crossing in the presence of multi-exponential memory
functions with unequal friction amplitudes and memory
times. Europhysics Letters, 131(4), (2020)

41. Laura Lavacchi, J.O. Daldrop, Roland R. Netz, Non-
Arrhenius barrier crossing dynamics of non-equilibrium
non-Markovian systems. Europhys. Lett. 139(5), 51001
(2022)

42. John E. Straub, Michal Borkovec, Bruce J. Berne, Non-
Markovian activated rate processes: comparison of cur-
rent theories with numerical simulation data. The J.
Chem. Phys. 84(3), 1788–1794 (1986)

43. Robert Zwanzig, Nonequilibrium Statistical Mechanics
(Oxford University Press, 2001)

44. Sebastian Jäger, Heiko Schmidle, Sabine H L. Klapp,
Nonequilibrium condensation and coarsening of field-
driven dipolar colloids. Phys. Rev. E 86(1), 011402
(2012)

45. Dirk Helbing, Traffic and related self-driven many-
particle systems. Rev. Mod. Phys. 73(4), 1067 (2001)

46. Étienne Fodor, M Cristina Marchetti, The statistical
physics of active matter: from self-catalytic colloids to
living cells. Phys. A: Stat. Mech. Appl. 504, 106–120
(2018)

47. Daisuke Mizuno, Catherine Tardin, Christoph F.
Schmidt, Frederik C. MacKintosh, Nonequilibrium
mechanics of active cytoskeletal networks. Science
315(5810), 370–373 (2007)

48. Roland R. Netz, Fluctuation-dissipation relation and
stationary distribution of an exactly solvable many-
particle model for active biomatter far from equilibrium.
The J. Chem. Phys. 148(18), 185101 (2018)

49. Peter Dieterich, Rainer Klages, Roland Preuss, Albrecht
Schwab, Anomalous dynamics of cell migration. Pro-
ceed. National Acad. Sci. 105(2), 459–463 (2008)

50. Bernhard G. Mitterwallner, Christoph Schreiber, Jan
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