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Abstract Barrier-crossing processes in nature are often non-Markovian and typically occur over an asym-
metric double-well free-energy landscape. However, most theories and numerical studies on barrier-crossing
rates assume symmetric free-energy profiles. Here, we use a one-dimensional generalized Langevin equation
(GLE) to investigate non-Markovian reaction kinetics in asymmetric double-well potentials. We derive a
general formula, confirmed by extensive simulations, that accurately predicts mean first-passage times from
well to barrier top in an asymmetric double-well potential with arbitrary memory time and reaction coor-
dinate mass. We extend our formalism to non-equilibrium non-Markovian systems, confirming its broad
applicability to equilibrium and non-equilibrium systems in biology, chemistry, and physics.

1 Introduction

The description of barrier-crossing phenomena has a
long history in the physics and chemistry communi-
ties. Dating back to the works of Arrhenius [1], it
has long been known that the barrier-crossing reac-
tion rate scales as ke U0, where 8 = 1/(kgT) is the
inverse thermal energy, Uy is the height of the energy
barrier characterizing the free-energy landscape, and
k is a prefactor that depends not only on the free-
energy profile, as in transition-state theory [2,3], but
also on the dissipative coupling to the environment.
Kramers calculated the prefactor x using Markovian
theory [4], where environmental dissipation is described
by a time-independent friction coefficient ~, imply-
ing infinitely fast environmental relaxation dynamics.
Kramers derived an explicit formula for the barrier-
crossing rate in the high- and low-friction limits. The
regime between these asymptotic limits, known as
the Kramers turnover regime, was later described by
Mel'nikov and Meshkov [5]. However, most environ-
ments do not display instantaneous relaxation. The
influence of finite environmental relaxation times on
reaction coordinate dynamics was described by Zwanzig
(6] and Mori [7], who used projection techniques to
show that the dynamics of a low-dimensional observ-
able in a general many-body system is described by
the generalized Langevin equation (GLE) with a time-
dependent friction memory kernel I'(¢), representing
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dynamic coupling to the dissipative environment [8].
Grote and Hynes (GH) derived a self-consistent equa-
tion for barrier-crossing rates in systems with short
memory times in the medium- to high-friction regime
[9], and Pollak, Grabert, and Hanggi subsequently con-
structed a theory suitable for arbitrary time-dependent
memory kernels, also applicable for long memory times
[10,11].

Many barrier-crossing rate theories represent the
free-energy landscape as an inverted parabola. How-
ever, in many scenarios, relaxation in the potential
wells is also important, and the free-energy landscape
is more realistically modeled as a double-well poten-
tial, relevant, for example, to chemical reactions and
protein folding [12-19]. Symmetric double-well free-
energy profiles are typically assumed. In Fig. 1, we
show the free-energy profile of the fast-folding de novo
protein a3D, calculated from all-atom MD simulation
trajectories in an explicit-water solvent, originally pub-
lished by Lindorfl-Larsen et al. [20]. The free-energy
profile is calculated along the one-dimensional reac-
tion coordinate, the fraction of native contacts, @
[21,22], according to U(Q) = —kpgTlog[p(Q)], where
p(Q) is the probability density for the @ reaction coor-
dinate [23]. a3D is a two-state folder, exhibiting distinct
folded and unfolded states with a pronounced separat-
ing barrier, such that the protein folds and unfolds by
traversing the energy barrier between the two states.
While the barrier region can be well represented as an
inverted parabola, the free-energy landscape, includ-
ing the wells, is strongly asymmetric. In this article,
we investigate non-Markovian barrier-crossing dynam-
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Fig. 1 Free-energy profile for the fraction of native con-
tacts reaction coordinate, @, for the fast-folding de novo pro-
tein azD, extracted from extensive molecular dynamics sim-
ulations originally published by Lindorff-Larsen et al. [20].
The free-energy profile for @, taken from Dalton et al. [23],
is given by U(Q) = —ksTlog[p(Q)], where p(Q) is the prob-
ability density for the reaction coordinate. The unfolded Q.,
barrier top Qp, and folded )y reaction coordinate values are
indicated. The free-energy profile parameters are the barrier
heights Uy = U(Qs) — U(Qy), Us = U(Qs) — U(Qu), and
the barrier widths Ly = Qf — Qp, Ly = Qp — Qu. For asD,
BU; = 3.2, pU, = 1.7, Ly = 0.08, and L, = 0.15 [23]

ics in asymmetric double-well potentials, as presented
in Fig. 1 [24,25]. Using extensive non-Markovian simu-
lations, we parameterize an asymptotic formula describ-
ing the time required to reach the barrier top from a
potential well in the presence of exponentially decaying
memory. This formula is based on the observation that
even in strongly non-Markovian systems, the dynamics
in the two wells of an asymmetric double-well potential
are decoupled, meaning the shape of one potential well
does not influence the time needed to reach the barrier
top starting from the other well. In the final section,
we investigate barrier-crossing kinetics in asymmetric
double-well potentials for non-equilibrium systems.

2 Model

As shown previously, protein folding, molecular con-
formational transitions, such as dihedral isomerization,
and many other dynamic processes are strongly non-
Markovian processes [23,26-31]. In fact, the dynamics
of fast-folding proteins are well described by a theory
that explicitly accounts for multi-exponential memory
[23,28,30]. To model memory-dependent friction effects
on barrier-crossing dynamics in an asymmetric double-
well potential, we simulate the generalized Langevin
equation (GLE) in the linear-friction approximation
[6,7,32,33] in the potential U(x),

mi(t) = —/0 T(t— )i (#)dt' — VU ((t) + Fr(t), (1)

where m is the effective mass, assumed not to depend
on the reaction coordinate, I'(¢) is the friction mem-
ory kernel, and Fg(t) denotes the random force, which
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approximately satisfies the relation [34,35]

(FrR(t)FR(t')) = B~'T(t - 1), (2)

with 8 = 1/kpT the inverse thermal energy. For
simplicity, in the simulations we choose a single-
exponential memory kernel

t|

D)= Te ", (3)

where 7 is the memory time and v = fooo dtI'(t) is the
friction coefficient. For the potential U(x), we use the
specific asymmetric double-well potential

() ]
U [(;R)z - 1]2+(UL —Ugr) itz >0,
(4)

where L; and Lpi are the distances from the left and
right minima to the barrier top, characterizing the well
widths, respectively, and Uy and Upg are the barrier
heights viewed from the left and right wells, respec-
tively, see Fig. 2(a). In Appendix A, we demonstrate
that the free-energy profile of the azD protein, shown
in Fig. 1, is well approximated by Eq. (4). The poten-
tial is designed such that the potential itself and its first
derivative are continuous, while its second derivative is
discontinuous at the barrier top, which, however, does
not perturb the reaction coordinate dynamics. We note
that our results pertain to this specific choice of poten-
tial but should become universally valid for large barrier
heights, since in this limit barrier-crossing dynamics are
expected to only depend on the barrier heights Uy, and
Ug and the effective well widths Ly, and Lg [36]. Two
additional characteristic timescales are the inertial time
Ty = m/~ and the diffusion time 7p = L2+, where
the width of the left well Ly, is chosen as the character-
istic length scale.

In Fig. 2, we show trajectories for different memory
times, barrier heights, and potential widths to illus-
trate the influence of the parameters 7, Uy, Ug, Lp,
and Lp on the dynamics of the reaction coordinate
x(t). In Fig. 2(b), we fix the memory time 7 and
the potential widths L; and Lgi and vary the bar-
rier heights. We observe that for increased right bar-
rier height, with SUr = 5 and U = 3, the system
spends more time in the right well than in the left well;
in the symmetric case, fUr = 3 and Uy = 3, the
time spent in each well is the same. In Fig. 2(c), we
vary the ratio of the left and right potential widths.
In Fig. 2(d), we show a trajectory for a long mem-
ory time, 7/7p = 1.0, and all other parameters the
same as the red curve in Fig. 2(c). We observe fre-
quent state recrossings, reminiscent of inertial dynam-
ics, which are typical for strongly non-Markovian sys-
tems [37]. Overall, Fig. 2(b)-(d) illustrates how barrier
heights, potential widths, and memory time affect non-
Markovian system dynamics in asymmetric double-well

ifx <0

U(z) =
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Fig. 2 (a) The asymmetric double-well potential defined
in Eq. (4) depends on four parameters: the distances from
the left and right minima to the barrier top, L; and Lg,
respectively, and the barrier heights in the left and right
wells, Ur, and Ugr. Trajectories for systems with different
parameters are shown in (b), (c), and (d). Identical colors

potentials, demonstrating that all of these parameters
influence the barrier-crossing dynamics.

3 Results

3.1 Well-to-well and well-to-barrier-top transition
times for symmetric double-well potentials

We first treat symmetric potentials, for which Uy =
Ur = Uy and L; = Lg, and compare well-to-
well and well-to-barrier-top transition times. Recently,
asymptotic formulas for predicting transition times in
non-Markovian systems, accounting for particle mass,
amplitude, and the memory time of the friction kernel
in symmetric double-well potentials, have been derived
[38-41]. These formulas are constructed from the high-
and low-friction limits of the Markovian Kramers pre-
diction for the well-to-well mean first-passage time
(MFPT) [4], which can be combined into an interpo-
lating crossover formula according to

L "
Tupp = "% (d1meff + dQ’%H +4

m
ﬁUO%Lff 2K> - ®)
Here, the first term corresponds to the low-friction iner-
tial limit, the second term to the high-friction over-
damped limit, and the third heuristic crossover term
accounts for the Kramers turnover regime. Accord-
ing to Kramers’ theory [4], the constants d; and ds
are given by d; = 37/(8v/2) and dy = 2v/2m, where
K =U"(L) = 8Uy/L? is the curvature of the potential
U(z) at the well minimum. For a Markovian system, the
effective mass meg and effective friction 7.g are given
by their bare values. For general non-Markovian sys-
tems, meg and e account for non-Markovian effects
and are determined from the two-point positional auto-
correlation functions derived from the GLE in Eq. (1),
as discussed in detail in Appendix B (see also [38-41]).
By inserting the low-friction effective expressions vl
and mgﬁ into the inertial contribution and the high-
friction expression 'ygf into the high-friction contribu-
tion in Eq. (5), we can rearrange and fit the numerical

represent trajectories with identical parameters. For all tra-
jectories, we choose UL = 3 and 7, /7p = 0.01. In (b), the
memory time is set to 7/7p = 0.01 and Lr/Ly = 1.5, for
BUr =3 and BUR = 5. In (c¢), fUr = 5 and 7/7p = 0.01,
for LR/LL = 0.5 and LR/LL = 1.5. In (d), ﬂUR = 5,
Lgr/Lr = 0.5 for a long memory time 7/7p = 1

constants to simulation data to achieve

i eBUo[ 1 3r <m+2KT2>
MFP G0, WA 3

2\/§7r’y 1 m
TR 1+KﬂU07—/(47)+4\/2K1'

(6)

When comparing with the formulas proposed by Lavac-
chi et al. [41] and by Kappler et al. [39], the most
significant difference is in the term that describes the
memory-induced speed-up, i.e., the 7-dependent term
in the denominator of the second term in Eq. (6). While
in [39], this term is linear in the barrier height Uy,
and in [41], it is independent of Uy, in Eq. (6), this
term exhibits a quadratic dependence on Uy (keeping in
mind that K is proportional to Up). These differences
have the most pronounced effect for memory-induced
speed-up effects in the small mass regime, which in
fact is the most relevant regime for protein folding [23].
In Appendix C, we compare Eq. (6) and the formu-
las presented in [39] and [41] with simulation data,
showing that Eq. (6) is most accurate for predicting
MFPTs in symmetric double-well potentials across a
range of memory times, particle masses, and barrier
heights.

In Fig. 3(a), we show well-to-well MFPTs for simula-
tions of Eq. (1) in a symmetric double well as a function
of the rescaled memory time 7/7p for a fixed barrier
height fUL = 3 and two different inertial times. For the
calculation of Tp;pp, we take the mean of all passage
times between crossing the minimum of one free-energy
and reaching the minimum of the other well for the first
time, which is the so-called mean all-to-first-passage
time [37]. The prediction by Eq. (6) agrees well with
the simulation results for both 7,,,, accurately capturing
the memory-induced speed-up regime for intermediate
memory time. In Appendix D, we compare the simu-
lation results to GH theory, which is known to break
down for long memory times [38,42]. There, we explore
the limits of GH theory and discuss deviations from
simulation results for intermediate and long memory
times. We also calculate MFPTs for transitions from
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Fig. 3 Comparison between well-to-well and well-to-
barrier-top MFPTs for a symmetric double-well potential
with barrier height Uy = 3. (a) Well-to-well MFPTSs from
simulations (Tarp, circles), plotted as a function of the
rescaled memory time 7/7p, agree well with the predic-
tions of Eq. (6) (solid lines). Triangles represent simulation
results for the well-to-barrier-top MFPTs 7% - p. The results

a well minimum to the barrier top, denoted as 75 . p
and 74t . for transitions from the left and right wells,
respectively, referred to as well-to-barrier-top transition
times. Distinguishing 75, and 7§, for asymmet-
ric potentials allows us to describe the dynamics in
each well separately. For symmetric potentials and over-
damped Markovian systems, i.e., in the double limit
7/7p — 0 and 7,,, /Tp — 0, the well-to-barrier-top tran-
sition time is exactly half of the well-to-well transition
time for sufficiently high barriers [4,43]

TJ%IFP = T]\IEIFP = TmFP/2. (7)

We test this relation for general non-Markovian sys-
tems in Fig. 3(a). The red and black lines show pre-
dictions from Eq. (6); the filled circles represent sim-
ulation data for the well-to-well MFPT, 7y/rp, and
the triangles represent the well-to-barrier-top MFPT,
8 op. (We exclude 7L p because for a symmetric
U(z), & pp = 71z p.) In the short memory time limit,
there is a pronounced difference between 7p;pp and
78 b, particularly for the system with smaller mass.
These differences are clearer in Fig. 3(b), which shows
the ratio 74 .p/Tmpp for two values of 7, /7p as a
function of the rescaled memory time 7/7p. As the
mass decreases from 7,,/7p = 0.1 to 7,,/7p = 0.01,
we indeed see that Tf\}FP/TMFp approaches 0.5 for
small memory times. The noticeable deviations from
Eq. (7) even for 7,,/7p = 0.01 are due to finite-
mass effects and to the fact that the potential barrier
is not infinitely high. Reaching the overdamped high-
barrier limit in simulations is difficult since small mass
and high barriers require very long simulation times
in order to equilibrate properly. 75,5 /TaFp remains
approximately constant for small memory times but
increases sharply around 7/7p = 0.1. For larger mem-
ory times, 71} - p/Tarrp approaches unity for both val-
ues of 7,,,/7p. This result shows that we cannot sim-
ply combine Eq. (7) with the formula for the well-to-
well MFPT Eq. (6) to predict well-to-barrier-top tran-
sition times. Instead, we must construct distinct for-

@ Springer

are shown for two rescaled masses. (b) Simulation results
for % pp /Tmrp as a function of rescaled memory time,
with dashed-dotted lines as guides to the eye. The hori-
zontal dashed lines indicate the limits TﬁFP/TMFp — 1
as 7/Tp — oo and Tipp/Tmrp = 0.5, expected when
Tm/Tp — 0 and 7/7p — 0 for fU, > 1

mulas for both 7f ., and 7L 5 that are suitable for
general 7 and 7, in asymmetric double-well poten-
tials.

3.2 Well-to-barrier-top transition times for
asymmetric double-well potentials

In Fig. 3(b), we demonstrate that for short memory
times, 71 np and 7L 5 deviate from Typp and are
expected to approach 71 .p = 78 . p = Tarpp /2 in the
zero-mass or high-friction limit for high enough barri-
ers.

Therefore, we add a factor of 1/2 to the high friction
term proportional to v/K in Eq.(6) but do not modify
the high-mass term. To account for barrier asymme-
try, i.e., differing barrier heights and potential widths
between the two wells, we introduce left- and right-
specific constants, Uy, p and K, p = 8UL, r/L7 g This
modification to Eq. (6) yields a formula for the MFPTs
of well-to-barrier-top transitions in the left and right
wells of an asymmetric double-well potential

L.R
TMFP = €

BUL.x { 1 3 <m QKL,R7'2>
BULR8V2 \ 3y
n V21 1
Kp r 140U rKp rr/(47)

+4@ ] . )

In Fig. 4, we compare Eq. (8) to simulation results as
a function of the rescaled memory time 7/7p for fixed
L;, = Lg, BU;, = 3, and varying SUgr. We observe
excellent agreement for 7,,/7p = 0.001 in Fig. 4(a)
and for 7,,,/7p = 1.0 in Fig. 4(b), for both 7f p and
8 -p. In Fig. 5, we show 7£ . /7p and 75 .p/7p as
a function of the rescaled memory time 7/7p for fixed
BUL =3, BUr =5, 7, /Tp = 0.01, and varying Lr/Ly,.
Asymmetric double-well potentials with unequal poten-
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Fig. 4 Well-to-barrier-top MFPTs as a function of 7/7p
for asymmetric double-well potentials with equal potential
widths Ly, = Lgr. The left well has a fixed barrier height
of BUr, = 3. Results are shown for different barrier heights
of the right well: BUr = 4 (green), BUr = 5 (magenta),
and BUr = 6 (light blue). The MFPTs 74t pp/7p from
simulations (colored symbols) are compared to predictions
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Fig. 5 The well-to-barrier-top MFPT as a function of
the rescaled memory time 7/7p in asymmetric double-well
potentials with varying potential width ratios Lr/Ly. The
rescaled mass is set to 7, /7p = 0.01, and the barrier heights
are set to fUr = 3 and BURr = 5. Colored lines show pre-
dictions of Eq. (8), while colored symbols denote simulation
results

tial widths L, # Lg are relevant for protein folding, as
demonstrated in Fig. 1. We see that the predictions
of Eq. (8) for 7f.p/7p (colored lines) are in excel-
lent agreement with the simulation results (symbols).
The prediction 7& pp/7p from Eq. (8) (gray line) is
independent of Lg/Lj, which is confirmed by the sim-
ulations, which demonstrate that results for 75 .p5/7p
overlap for all values of Lr/Ly. Thus, the MFPT to
reach the barrier top from the left well 7%, is com-
pletely insensitive to the potential shape of the right
well, quantified by fUgr and Lpg, from which we con-
clude that the barrier-crossing dynamics in one well is
independent of the potential parameters in the other
well, even for highly non-Markovian and highly inertial
systems. This decoupling of the barrier-crossing kinet-
ics in the two wells motivates deriving the asymptotic
expression for the well-to-barrier-top MFPT in Eq. (8)
and explains why this expression is useful for describing
transition kinetics in asymmetric potentials.

of Eq. (8) (colored lines). The gray lines show 7i;pp /7D
given by Eq. (8), which are independent of SUg. Simulation
results for 7§ zp/7p are shown as colored symbols and are
found to overlap, confirming the insensitivity of i pp /7D
to BUR. Results for two different masses are displayed in
(a) for 7pn/Tp = 0.001 and in (b) for 7, /mp =1

Following previous arguments [39,40], we general-
ize Eq. (8) to multi-exponential memory with multiple
memory time scales. In this case, the memory kernel
takes the form

N
P =S L 9)

where v = > +;, and the random force is given by
Fg(t) =" fr,(t) with components that satisfy

(fr,(t)fr, () = kBT%e_‘t_tl‘/(”)(Si,f

K2

(10)

To obtain a formula for the MFPT to the barrier
top for multi-exponential memory kernel, we decom-
pose Eq. (8) into two contributions, the overdamped

contribution
LB _ BULR V2 ! +2,/2-
OD; Krr 1+%§L’Rn Kir|

(11)

and the energy-diffusion contribution

1 3 <ﬂ+2KL,RTi2)+2 5 m .
BUL.Rr 8V2 \ i 3vi V KL.r
(12)

The well-to-barrier-top MFPT for a multi-exponential
kernel is then given by adding the sum of the over-
damped contributions and the inverse of the sum of the
reciprocals of the energy-diffusion contributions accord-
ing to [39,40]

L.k _ BUL R
TED; =€

N

N 1
L.R L.R L.R
TMFP = ZTOD,; + (Z l/TEDi> - (13)
i—1

i=1
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Obviously, for a single-component exponential memory
with N = 1, we recover the original formula Eq. (8).

3.3 Non-equilibrium transition times

So far, we have considered reaction times of equi-
librium non-Markovian systems. Non-equilibrium sys-
tems are pervasive in biology, with numerous examples
of non-equilibrium reaction kinetics [44-51]. Following
recent results for the barrier-crossing dynamics of non-
equilibrium systems in symmetric double-well poten-
tials [41], we extend our current analysis of transition
times in asymmetric potentials to non-equilibrium sys-
tems. We consider the GLE

mi(t) = — /Ot Dy (t—t)z(t")dt' — VU (z(t)) + Fr(t)

(14)
with a random-force autocorrelation function given by

(Fr(t)Fr(t") = B~ Tr(t —1'), (15)
which does not necessarily satisfy the relation Eq. (2)
but is characterized more generally by I'y (t) # Tg(t).
We note that the equality I'v () = T'g(t) also breaks
down for more complicated GLEs that involve a position-
dependent mass or a nonlinear friction kernel even
for equilibrium systems [34,35,52] and that the GLE
derived by projection from a time-dependent Hamilto-
nian, which can be viewed as the first-principle descrip-
tion of a non-equilibrium system, is much more com-
plicated than the GLE in Eq. (14) [53]. Nevertheless,
Egs. (14) and (15) for T'y (t) # T'r(t) have been estab-
lished as a standard heuristic model to describe non-
equilibrium systems [48,54-57]. Indeed, for I'y(t) #
T'r(¢) the distribution of the reaction coordinate follow-
ing from the GLE in Eq. (14) will not be given by the
equilibrium Boltzmann distribution pe,(z) ~ e=#V@)
which is the signature of a non-equilibrium system [58].
For simplicity, we assume the friction kernel and the
random-force autocorrelation function to be given by
exponential functions

[t]
ry = Lot
‘ (16)
jo L1
FR(t) = ae "R,

In equilibrium, 7 = 7R, while for a decay time of the
random-force autocorrelation function 7 differing from
the decay time of the memory kernel 7/, we have a
non-equilibrium system. Note that we choose the inte-
grals over the friction kernel and the random-force auto-
correlation function to be equal to . This does not
restrict the generality of our model, since the factor §
in Eq. (15) (which represents the inverse thermal energy
for equilibrium systems) can be chosen arbitrarily. As
shown previously [41] and derived in Appendix E, for
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Fig. 6 Non-equilibrium well-to-barrier-top MFPT as a
function of the timescale ratio 7r/7y for various potential
width ratios Lr/Lz. The barrier heights are fUr = 3 and
BUr = 4, and the rescaled mass is 7, /7p = 0.1. Sym-
bols denote simulation results as indicated in the legend.
The gray line depicts 74y p/7p, and the other colored lines
show 71 = p /7D predicted by Eq. (17) for the various poten-
tial width ratios

the specific non-equilibrium model defined by exponen-
tial kernels as given in Eq. (16), the inverse tempera-
ture 8 in Eq. (8) is replaced by Bnpg = B72/T% and
the well-to-barrier-top mean first passage for the non-
equilibrium system is in harmonic approximation given
by

1 3
BneQUL,R 8V/2

<m + 2KL73T3>
v 3y

\/§7w 1
Krr 14 BneQUr.rKL rTv/(47)

m
+4,/2 .
\ KL,R}

In Fig. 6, we show 75 np/7p and 75 pp/7p as a func-
tion of 7r/7y for fixed Ug, Ur, and Ly, for differ-
ent values of Lr/Ly, noting that equilibrium is recov-
ered for 7r/7y = 1. We see that 7p/pp increases as
Tr/Tv increases, and that the simulation data agree
well with Eq. (17) for 7p/7v not too different from
unity. The dependence of the transition times on the
non-equilibrium effective temperature Sy po = B75/7%
dominates in Eq. (17), and the dependence on the
potential width ratio Lgr/Lj, is rather minor. There-
fore, the three lines in Fig. 6 are rather similar. In
conclusion, Eq. (17) describes the transition time for
a non-equilibrium system in an asymmetric double-well
potential rather well; the main effect of non-equilibrium
is to introduce an effective temperature that is pro-
portional to the square of the ratio of the exponential
memory-friction and random-force decay times, which
is a result specific to our non-equilibrium exponential
kernel model.

LR _ BNeQUL.R
TmMrp =€
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4 Conclusion

We investigate non-Markovian reaction kinetics in
asymmetric double-well potentials, based on the gen-
eralized Langevin equation (GLE), and we explore how
asymmetries in barrier height and potential width, com-
bined with memory effects, influence barrier-crossing
dynamics. We first compare well-to-well transition
MFPTs and well-to-barrier-top transition MFPTs, and
we demonstrate that only for overdamped Markovian
systems with high barriers does the well-to-barrier-top
transition time approximate half of the well-to-well
transition time. We show that the reaction dynam-
ics in one well are largely independent of the other
well’s parameters, allowing us to describe the well-to-
barrier-top MFPT for each well separately. Based on
this insight, we derive a general formula for the well-to-
barrier-top MFPT using a harmonic approximation for
the two-point correlation function, which proves to be
accurate when compared with extensive GLE simula-
tions. Our expression for the MFPT is derived specifi-
cally for the potential defined in Eq. (4), but in the high-
barrier limit is expected to hold for general potentials.
We extend our analysis to non-equilibrium systems,
where the harmonic analysis of the non-equilibrium
GLE yields a closed-form MFPT expression featuring
an effective temperature, which we also validate by
comparing with extensive GLE simulations. In sum-
mary, our work provides a robust framework for pre-
dicting reaction times in non-Markovian systems with
asymmetric potentials, relevant across a range of bio-
logical, chemical, and physical systems, offering a more
comprehensive understanding of reaction kinetics in
complex environments.
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Fig. 7 Free-energy profile for the fraction of native con-
tacts reaction coordinate, @, for the fast-folding asD pro-
tein. The free-energy profile for @ is taken from [23] (blue
line, as in Fig. 1). The original all-atom simulation data are
from [20]. The red line shows the fitted asymmetric double-
well potential according to Eq. (A.1)

the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this arti-
cle are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statu-
tory regulation or exceeds the permitted use, you will need
to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecomm
ons.org/licenses /by /4.0/.

Appendix A. Fit of asymmetric potential to
protein simulation data

In Fig. 7, we show by the blue line the free-energy profile for
the fraction of native contacts reaction coordinate @, eval-
uated for the a3D protein, which is the same data as shown
in Fig. 1. The red line is the asymmetrically parameterized
double-well fit according to

2
vy - " (%) -] oS
Ur [(%}?”)2 - 1} + (UL —Ur) if Q> Qv,
(A1)

where U, = 1.7,8Ur = 3.2, L1, = 0.15, Lr = 0.08 and the
position of the barrier top is Q» = 0.67.

Appendix B. Derivation of the asymptotic
MFPT formula in equilibrium

Here, we derive Eq. (6) following the methods introduced in
[41]. Using the Fourier transform of the GLE in Eq. (1),
where we consider a harmonic approximation U(z) =
K2?/2, we obtain

Fw) = Fr(w)

T K _mw il @) X(w)Fr(w),

(B.1)
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where X (w) is the Fourier-transformed response function.
We write the autocorrelation function for the position as

d

!
w
2

(#(w)(w")

O(t) = (2()z(0)) = / ZZ%

= [ [ L)) Frl) (o)

o 2w

/ 4 (0 + @R TW)

dw iwt
—€

= kT
B 2

21
dw Twt T ~ -
— kT [ §2E T R@IR(-w),

(B.2)
where we used (Fr(w)Fr(w')) = kpT270(w+w')[(w). From
this, the Fourier transform of the autocorrelation function
follows as

C(w) = BT (W)X (w)X(—w). (B.3)
The half-sided Fourier transform I'" (w) of the memory ker-
nel I'(¢) is given by

= _ o —iwt _ Y
I'w) = /0 dte () = T ior (B.4)
and hence
F(w) = P* (w) + T (w) = — 2L (B.5)
1+ w?r?’ '
Inserting I'(w) and ¥(w) into Eq. (B.3), we obtain
-1 2_2\—1

w2~2

2
(K —w? |:m7 1+T;Yw2:|) + (1+w2’y7'2)2

which can be rewritten in a form that corresponds to the
standard result for the memoryless (i.e., 7 = 0) harmonic
oscillator in equilibrium as

-1
Cw) = = milffy T (B.7)

where we defined effective friction and mass as
Meff = M — C1TVeff (B.8a)
Yot = ————— (B.8b)

1+ cor2w?

and where we introduced numerical constants ¢; and ¢ that
account for the harmonic approximation of the potential. In
the low-friction limit, Eq. (B.7) is dominated by the pole

K
T > 1

Vet

Inserting Egs. (B.9) and (B.8a) into Eq. (B.8b), we arrive
at

(B.9)

w% = K/meg for

L Y
Vett —W7

m—cy T’yi‘ff

which corresponds to the quadratic equation

2 m C m
Yeir _7£H<7+*2TK+’Y) + 1 =0
C1T C1 C1T
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with solutions

L m
Veft =

2c1T 2c1

m coTK v 2 )
+ - = —7K~.
(2017 + 2cy 2) + clT i

In the limit 7 — 0, we obtain

L m
Veff =

cTK v
2617’ 261 + 2

[ K R I
+ m 1+62T _ C1TYY + C1C2T Y
21T m m m?2

m coTK v

T 2eiT 2c1 2
m [ 2c1Ty 2com° K chz'yQ ZClchBK'y 1/2
+ 1-— + +
2c1T | m m m? m?
_.m coTK bl
- 201’7’ 261 2
2 3
I m 1_ Ty n coT K n 2c1com" Ky .
2c1T m m m?
In order to recover the limiting behavior 7% = ~ for

7 — 0, we take the minus sign, which leads to

o’ K

Vet Y — Y : (B.10)
m
In the limit 7 — oo, we obtain
L m eTK vy
Tt =50 T a0
- 5 1/2
4 coTK 14 c1y m B 4ciym
2c1 coTK 2K 23 K2
_.m coTK v
- 261’7’ 261 2
coTK _1 2c17y 2m 22
2c1 | @TK @ K @ Bm2K?
2ciym daym 1/2
AT3K?2  cir3K?
_.m coTK ol
T 21T 2c1 2
4 coTK 1 2c1y 2m 0%72 B 2c1ym 1/2
2¢1 coTK  com?K  3m2K?2  3m3K?
_.m coTK bl
- 261’7’ 261 2
4 coTK 1 c1y m._ 2ciym
2¢1 cotK 2K 2rm3K?

Again, in order to recover the limiting behavior v% = 0
for 7 — oo, we take the minus sign, which leads to
ym
K’

= Yokt = (B.11)

Combining the two limits Egs. (B.10)—(B.11), we arrive at
the expression

e = —T — and

2
coT* K
1+ ==

(B.12)
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mis =m — erryly. (B.13)
In the high-friction limit, Eq. (B.7) is dominated by the pole

Kmeff

wh = —K?/v2% for 57— < L (B.14)
’yeff
Inserting this expression into Eq. (B.8b), we obtain
H?2
H Y Vet
Yoff = = , (B.15
T 0272K2/’yg¥2 76%2 —com2K2 ( )
which leads to the following quadratic equation
2
Vet — VYot — 2T K2 =0
with solutions
2
Wi =3+ + ek, (B.16)

Here, in order to recover the limiting behavior v = ~
for 7 — 0 we take the plus sign, which leads to

272\ 1/2
1+ (l—l—%) :| ~~ and
(B.17)
(B.18)

7§f=%

H
Meg = M — C1T7.

To avoid a negative value in Eq. (B.8a), we combine the
negative term in Eq. (B.13) with the high-friction term in
Eq. (5) to obtain the speed-up term, according to % — 7 =~
9l

e (ﬁ) Fitting the prediction for the MFPT with

inserted effective parameters to the simulation data, we
determine the optimal values c1 = 8(3Uo)?/3 and ¢z = 2/3
[41], where the constants d1 and d2 are determined from the
asymptotic Kramers limits and are given in the main text
[4,59].

Appendix C. Comparison of different
asymptotic formulas for the MFPT with
simulations

In Fig. 8 we compare the asymptotic formula for the well-
to-well MFPT Eq. 6 with two slightly different versions pre-
sented earlier in literature. For proper comparison, we com-
pare with simulation results for well-to-well transitions in
symmetric potentials. For a single-component exponential
memory kernel, the formula presented by Kappler et al. [39]
is given by

T — Pl [—1 (7’ + 48U, i)
MFP = 50, \™m OTD

+— ™ + 2 eIy }
228U, 1+ 108Ut /0 | BUs 0 P

(C.1)

which is shown as dashed lines in Fig. 8. Lavacchi et al.
suggested the following form [41]
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N eﬁUO{ 1 3w <m+2K72>
MFP — - = | —
BUo8V2 \ v 37

22y 1 m
K 1+2KT/(5U07)+4\/2? ’
(C.2)

shown as dashed-dotted lines in Fig. 8. Equation (6) is
shown as solid lines. The main difference between the three
formulas is revealed in the speed-up regime for low particle
mass and large barrier height. From Fig. 8, it is seen that
Eq. (6) describes the data slightly better than the other
formula. Equation (C.1) shows slight deviations from the
simulation data at the minimum for small mass in Fig. 8a),
while Eq. (C.2) does not describe the data well for large
barrier heights in Fig. 8b).

Appendix D. Grote-Hynes theory

The Grote-Hynes (GH) theory predicts barrier-crossing
times in the presence of frequency-dependent friction as [9]

GH 2mw U,
TMFP = Tméx@ﬂ o, (Dl)
min

where wWmax = /|UM.|/m and wmin = |U”. . |/m are

the frequencies at the potential maximum and minimum.
In Eq. (D1), we recognize a factor corresponding to the
transition-state theory (TST) prediction,

TST 2m U
T = = P,

(D2)

Wmin

For a symmetric double-well potential given by Eq. (4),
i.e., for Up = Ur = Ug, the frequencies are wmax =
\V4BUo/(TpTm) and wmin = /8BUo/(TDTm). A is the bar-
rier reactive frequency, which is determined by the GH equa-
tion -

L) _ o

N2 =0k, (D3)
m

where T'(\) is the Laplace transform of the friction mem-
ory kernel. For a single-exponential memory kernel given by

Eq. (3), we have

() :/OOO (e M dt = —1 (D4)

147X\

Inserting the Laplace transform of the single-exponential
friction memory kernel into the GH equation (D3), we
obtain a cubic polynomial, which has a real and positive
root.

In Fig. 9, we observe good agreement between GH the-
ory and the simulation data for short rescaled memory time
7/7p. However, the GH prediction deviates from the simu-
lation results for intermediate and long memory times. To
better understand this, we study the various limits of GH
theory.

The Markov limit (7/7p — 0) is equivalent to the
Kramers (Kr) intermediate-high-friction limit. Here ['(\) =
v, so that Eq. (D4) simplifies to

2 1/2
o _77 Y 2

(D5)
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Fig. 8 (a) Well-to-well MFPT as a function of 7/7p for a
symmetric double-well potential with Uy = 3 for various
values of 7, /7p. Comparison of simulation results (stars),
Eq. (6) (continuous lines), Eq. (C.1) (dashed lines) and

e @
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Fig. 9 Comparison of well-to-well MFPTs for a symmet-
ric double-well potential with barrier height Uy = 3 as a
function of the rescaled memory time 7/7p from simula-
tions (circles) with predictions of Eq. (6) (thin solid lines)
and with GH prediction of Eq. (D1) (thick lines). Results
are presented for two different rescaled masses

Taking the positive root, we obtain

o o4
TKT — Wmax |:(4m2 + wfnax) - :| TTST. (D6)

2m

In the Markovian high-friction limit (X > 1), we obtain

m

2 2 1/2
,\:L(1+M) o

2m ~2 2m
o MWhax Y MWiax (D7)
T 2m 5 2m 5
and from that
2
L1 S—SC L (D8)

MWmaxWmin

In the Markovian low-friction limit (= < 1), we obtain

T = 7TST (D9)

@ Springer

Eq. (C.2) (dashed-dotted lines). In (b) and (c), MFPTs
are shown for 7,,,/7p = 0.01 and 7., /7p = 0.1, respectively,
for three different barrier heights

because A\ = wWmax-
In the low-mass (m — 0) limit, the GH equation (D3)
becomes

’Y 2

A r———— — Whax =0, D10
1+7N)m @ ( )
WinaxM/Y
S A= — D11
1- Twl?naxm/fy’ ( )
so that we obtain for the barrier-crossing time
2

Tlco:vlimass = 27T(1 wnLume/’Y) eﬁUO, (D12)

wminwmaxm/fy

which recovers the speed-up regime for intermediate 7.
In the long-memory-time limit (7/7p > 1), the Laplace
transform of the memory kernel is

= i
') ~ — D1
N~ (D13)
so that
- 1/2
— Wmax 1-— D14
A=w ( rwaax) (D14)
and the GH prediction becomes
Tlong memory — 2 Yo (D15)

7 1/2°¢
Wmin (1 - me[QnaX>

In the limit 7 — oo, the barrier-crossing time becomes inde-
pendent of 7 and is given by

GH _ 2my/m
T‘I’—)o() - /7Urlrllin7

which is reflected by the saturation of the GH prediction
in Fig. 9. It is observed that in the double limit 7 — oo
and m — 0, the GH barrier-crossing time prediction goes to
zero, in contrast to Eq. (6).

The simulation data and Eq. (6) in Fig. 9 exhibit a min-
imum at a finite memory time. Assuming a large barrier
height, 108Uo7/mp > 1, and low mass, m — 0, Eq. (6)
yields

(D16)

sug [ 1 3w 2K7T?
BU 82 3y

221y 1
K KpUyT/(47)
(D17)

TMFP = €
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In this double limit, the memory time at the minimum,
determined by d7app/OT|r=-+ = 0, is given by

o N 32~

- (D18)

and thus is finite and goes to zero as Uy — oo. The value of
the mean first-passage time at the minimum is

_ M0y 3(V4)?
T BU K 2

(D19)

vrp(T")

Appendix E. Barrier-crossing kinetics for
non-equilibrium systems

Here we follow recent calculations for the barrier-crossing
dynamics of non-equilibrium systems in symmetric double-
well potentials [41]. For a non-equilibrium system, the
Fourier transform of the position is given by

B(w) = Fa(w)

= R + ) = ()

(E1)
which defines the response function Y (w). The half-sided
Fourier transform I'{;(w) of I'v(¢) is given by

Fow) = [ dte ' Ty(t) = —
b = [ e ) =

(E2)

while the Fourier transform of the symmetric random-force
correlation I'r(t) is

. . . 2
Paw) = Thw) + Fi(—w) = 1
R

(E3)

The Fourier transform of C(t) is given by C(w) = 7' Tr(w)
X(w)X(—w) and reads

~ 2967 (1 + ) !

C =
(w) PPy N R
wom 1+T‘2/u)2 (1+u.127"2/)2

(E4)

We introduce effective parameters to rewrite Eq. (E4) in
the form of the standard memory-less harmonic oscillator
in equilibrium [41]

~ 2Yest Be_ffl

C(W) = (K — meﬁw2)2 + WQ’YeQH’ (E5)

where we have introduced effective frequency-dependent
friction, mass, and temperature as

Meff = M — C1TV Yeff, (E6a)
_ Y
Teff = 7 + coTEw?’ (E6b)
1+ UJZTIQ{
=Y R B
B f 1 + (4)27"2/ ( 6C)

and where we introduced numerical constants ¢; and c2 that
account for the harmonic approximation of the potential, as
in Appendix B. For the effective mass and the friction in
the high- and low-friction limits, we obtain the same results
as in Appendix B, where the memory time 7 is replaced
by 7v. For the effective temperature, we insert Eq. (B.9)
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and Eq. (B.14) into Eq. (E6c) and obtain in the low- and
high-friction limits

Bix _ Th+m/K —arvyk/K

B~ 2t m/K —arvyk /K (E7)
Bt Th— (ver/K)?
5 = AR (E8)

In the limits 7 /7v < 1, /TR < 1, v/(K7v) < 1,
v/(K7r) < 1, which hold for the simulated systems, we
obtain

BNeQ/B = 7'12%/7\2/ ~ ﬂfﬁ/ﬁ ~ Bgf/ﬁ (EQ)
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