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Single-molecule measurements provide a platform for investigating the
dynamical properties of enzymatic reactions. To this end, the single-
molecule Michaelis-Menten equation was instrumental as it asserts that
the first moment of the enzymatic turnover time depends linearly on the
reciprocal of the substrate concentration. This, in turn, provides robust
and convenient means to determine the maximal turnover rate and the
Michaelis-Menten constant. Yet, the information provided by these para-
meters is incomplete and does not allow access to key observables such as
the lifetime of the enzyme-substrate complex, the rate of substrate-
enzyme binding, and the probability of successful product formation.
Here we show that these quantities and others can be inferred via a set of
high-order Michaelis-Menten equations that we derive. These equations
capture universal linear relations between the reciprocal of the substrate
concentration and distinguished combinations of turnover time moments,
essentially generalizing the Michaelis-Menten equation to moments of any
order. We demonstrate how key observables such as the lifetime of the
enzyme-substrate complex, the rate of substrate-enzyme binding, and the
probability of successful product formation, can all be inferred using
these high-order Michaelis-Menten equations. We test our inference pro-
cedure to show that it is robust, producing accurate results with only
several thousand turnover events per substrate concentration.

Enzymes are biocatalysts that enable numerous reactions in living
organisms. The Michaelis-Menten mechanism describes their
underlying dynamics'. A free enzyme reversibly binds a substrate
molecule to form an enzyme-substrate complex that can either
lead to the formation of a product via an irreversible catalytic
pathway or can simply revert back to the free state without
forming a product. Based on this mechanism, the Michaelis-
Menten equation predicts a linear relation between the recipro-
cals of the turnover rate and the substrate concentration. From
this linear relation, one can deduce two important kinetic

parameters: the maximal rate of the enzymatic reaction and the
Michaelis-Menten constant, i.e., the substrate concentration at
which half the maximal rate is achieved®.

Significant technological advancements accomplished in the past
two decades have now made it possible to follow the stochastic motion
and activity of single particles and molecules®, including individual
enzymes? ™. Specifically, under certain assumptions, the Michaelis-
Menten equation was shown to hold at the single-molecule level where
it predicts a linear relation between the mean turnover time and the
reciprocal of the substrate concentration’®”. The turnover time
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probability distribution can also be measured by tracking single
enzymes”?, Yet, in contrast to the mean reaction time, higher
moments often exhibit complex non-monotonic dependencies on the
reciprocal of the substrate concentration?>?**?’, which complicates
the extraction of kinetic information and the physical interpretation of
experimental results.

Some progress can still be made for enzymes whose kinetics
are well described by nearest-neighbor models?. Expressions for
the mean reaction time and the inverse of the squared coefficient
of variation have been attained for such enzymes by adopting a
Markovian kinetic description in which internal states are linearly
connected in a reversible manner®>°. Using these, information
on the number of interim states involved in substrate binding, the
total number of states present in the catalytic network, and the
number of non-substrate binding states, can be extracted by
measuring the mean and second moment of the catalysis time
distribution as a function of substrate concentration”-****, Yet,
if the conformational dynamics is non-Markovian'****, or has
parallel branching pathways or non-sequential motifs, this mod-
eling approach fails”’. One is then left to wonder how to sys-
tematically extract useful information from higher moments of
enzymatic turnover times in a general way and without making
restricting assumptions on the underlying kinetics.

Addressing this research problem, several studies have made
distinctive progress within the renewal approach to Michaelis-Menten
enzyme kinetics**™*°. In this approach, one adopts the classical reaction
scheme of Michaelis & Menten, but allows for non-Markovian transi-
tions between three coarse-grained enzymatic states: free enzyme and
substrate (£ +S), enzyme-substrate complex (ES), free enzyme and
product (E + P).

The coarse-grained description effectively accounts for multiple
intermediate kinetic states that are often part of the reaction, even
when information about them is partially or completely missing due to
experimental limitations. It can be built by retaining the same state
space as in the classical Michaelis-Menten model, while replacing the
familiar transition rates with generally distributed (non-Markovian)
transition times*. Thus, by allowing for arbitrary transition time dis-
tributions, one can effectively account for hidden degrees of freedom,
e.g., different conformational states and branching pathways, that are
lost in the coarse-graining procedure.

A key insight coming from the renewal approach is that the
Michaelis-Menten equation is universal®*. Namely, regardless of the
details of the underlying distributions of binding, unbinding, and
catalysis times, the mean turnover time always shows a linear depen-
dence on the reciprocal of the substrate concentration. Yet, extensions
of this fundamental result to higher moments of the turnover time
have so far remained elusive.

Generalizing the Michaelis-Menten equation to moments of any
order will open the door to systematic analysis of turnover time data,
thus allowing for characterization of enzyme catalysis beyond the
classical, yet incomplete, description of the maximal turnover rate and
the Michaelis-Menten constant. Here, we do so by leveraging the
renewal approach to identify unique moment combinations that
exhibit universal linear dependencies on the reciprocal of the sub-
strate concentration. We call these relations: high-order Michaelis-
Menten equations and demonstrate how they can be used to extract
kinetic information previously deemed inaccessible, e.g., the binding
rate, the mean and variance of the time spent in the bound enzymatic
state, and the probability that catalysis occurs before substrate
unbinding.

Below, we advance on the renewal framework to derive results for
the turnover time distribution and continue to show how these yield
high-order Michaelis-Menten equations. The benefits coming from
these equations, and how to apply them in practice to infer hidden
kinetic parameters, are also discussed in detail.

Results
Renewal approach to enzyme catalysis
Any enzymatic reaction includes three kinetic processes: binding and
unbinding of a substrate molecule to and from the enzyme, and cat-
alysis which leads to product formation. These events can be char-
acterized by the random times of binding, T, , unbinding, T, and
of catalysis, T, (Fig. 1a). Note that at this point we make no assump-
tions on the distributions of these times, which in turn determine the
experimentally observable turnover time: the time it takes a single
enzyme to produce a single molecule of product.

The turnover time can be calculated considering two possible
routes of enzyme-substrate complex breakup:

@

T =T + { Tcat lf Tcat < Toff }
turn— " on

Taff + T/tum lf Tcat > Toff
where T,,,, is an identical and independent copy of T,,,,. Namely, if
Tcq is smaller than T catalysis follows binding and the enzyme-
substrate complex breaks into a free enzyme and product, thus
completing the turnover cycle (top row of Eq. (1)). Conversely, if
Tear > Topr: substrate binding is followed by unbinding and the
enzyme-substrate complex breaks into a free enzyme and substrate
(bottom row of Eq. (1)). In this case, the turnover cycle starts anew.

To move forward, it is convenient to introduce conditional ran-
dom variables W and W/ that stand for the waiting times in the
enzyme-substrate complex, provided that either catalysis or unbinding
occurs first, respectively. If catalysis occurs first, the waiting time in the
enzyme-substrate complex is given by:

Wcat - Tcat } Tcat < Toff 4 (2)
(2)
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Fig. 1| Renewal approach to enzyme catalysis. a A schematic representation of
the Michaelis-Menten model, where transitions are characterized in terms of a
general binding time T ,,,, unbinding time 7, and catalysis time T,. The free
enzyme, £, binds with a substrate molecule, S, to form a bound-enzymatic state, ES.
The formed enzyme-substrate complex undergoes catalysis to form a product, P;
or goes back to the free enzyme state via unbinding. b Turnover time traces
representing two consecutive product formation events. Following binding, the
enzyme is in the ES state. If catalysis happens prior to unbinding, a product is
formed. In this case, the waiting time in the £S state has the statistics of W% from
Eq. (2), i.e., of the catalysis time T, given that it was smaller than the unbinding
time T . Else, unbinding occurs and the waiting time in the ES state has the
statistics of W27 from Eq. (3), i.e., of the unbinding time T ofr given that it was
smaller than the catalysis time T . In this paper, we show how to extract hidden
information on the statistics of the hidden times T, W&, szsf by analyzing the
distribution of the turnover time T,,,, that is observed in experiments.
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Fig. 2 | Statistics of times characteristic of enzyme kinetics. Several examples of
probability distribution functions (PDFs) of a the observable turnover times,

fr,,,(© and the hidden (b) binding times, f_(¢), ¢ the conditional catalysis times,
f wea (£), and d the conditional unbinding tlmes ,f Wil (t). Histograms were obtained
from Monte-Carlo simulations of 10 turnover cycies of three different illustrative
models: (i) the classical single-molecule Michaelis-Menten model, where all kinetic
processes are characterized by exponential PDFs (exp: blue bars); (ii) a non-
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Markovian kinetic scheme, where binding and unbinding times are exponentially
distributed but catalysis times follow Gamma-distributions (y.,, : orange bars), and
(iii) a non-Markovian scheme where binding times are exponentially distributed but
unbinding and catalysis times follow a Gamma-distribution (V.4 ¥,ff: green bars).
Details of the kinetic parameters and probability distribution functions used are
provided in the “Methods” section. Codes employed for generating these PDFs
have been supplied as Supplementary Software.

and if unbinding occurs first, the waiting time in the enzyme-substrate
complex is given by:

WZ"_fo = Toff Tcat > Toff- (3)

The waiting times in Eqs. (2) and (3) have a clear physical meaning,
which allows for an insightful interpretation of the underlying turnover
kinetics. In Fig. 1b, we give two possible turnover paths for example. In
the first path, binding is directly followed by catalysis and product
formation. In the second path, binding is followed by unbinding which
restarts the turnover cycle. This is followed by a second binding event
leading to catalysis and product formation.

We note that single-molecule experiments are designed to track
product formation events, but in most cases cannot follow state
changes within the catalytic trajectory. Thus, the statistics of
Tons WEE, sz;f is hidden and the challenge is to infer them from the
observed statistics of the turnover times. Figure 2 illustrates this
concept showing the waiting time histograms associated with the
probability density functions (PDFs) of the observable turnover time
Ty and the hidden times T,,, WS and W%/. Three different
examples are considered: (1) a classical single-molecule Michaelis-
Menten model, where all kinetic processes are Markovian (char-
acterized by exponential PDFs, blue bars); and (2) two non-
Markovian kinetic schemes, where binding times are exponentially
distributed but catalysis times follow a Gamma-distribution. The
non-Markovian schemes considered differ in the distribution of
unbinding times, which is assumed to be exponential in one of them
(orange bars) and Gamma-distributed in the other (green bars). Our
main goal is to develop an approach for extracting information about
the hidden PDFs from single-molecule measurements of the turnover
time. Next, we develop the theory and practical tools that allow us to
do just that.

The probability density functions of the conditional random
variables W& and W%/ can be written in terms of probability
density functlons of the catalysis and unbinding times, f_ (¢) and

fr,, (0, as:

Pr[rcat:t{rcat< Tuff] fT (OFr ()

f cat (t) = < ui y (4)
e Pr [Tm < Toff} Pear
and:
_Pr [Toff =tTca> TOff] _fr,,OFr, ©
f wer (0= = 7 : S
Pr[Tear > Topy| off

Here Fr_ (t)=Pr[Te>t] and Fr (6)= Pr{Toff>t] are the survival
probability functions of the catalysis and unbinding times respectively,
and ¢ = [of rm,(f)F T, (t)dt and @, =1— @, are respectively the
probabilities for catalysns to occur before unbinding and vice versa.
Naturally, the sum of the probabilities characterizing the splitting of
the catalytic and unbinding pathways is equal to unity. The probability
density of the unconditional waiting time at the ES state, W g, is thus
given by:

fWES 0= ‘pcatfwggl ©+ (1 — @ear )fwzfsf ©®. (6)

Using the above definitions and assuming that binding times are
exponentially distributed with a rate k,,[S], the Laplace transform of
the turnover time, T, in Eq. (1), can be written as (Supplementary
Discussion 2):

N 00 ¢Cal:chm(k)
k)= ke tydt = = 7 - @
thum( ) /0 € fT:um( ) 1+ km% + ¢CaCfW?§t(k) _fWES(k) ( )

Equation (7) expresses the statistics of turnover times in terms of
physically meaningful quantities: the substrate concentration [S], the
binding rate k,,, the Laplace transforms f W?;,(k) and f w, (k) of the
conditional and unconditional waiting times in the ES state, and the
splitting probability ¢_,,. Next, we show how moments of the turnover
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time can be used to infer k,,, ¢, and moments of the unknown

waiting times W% and W.

The mean turnover time
The mean turnover time can be computed directly from Eq. (7). It is
given by:

Ay By
P e —~
(T >=_M = 1 1, (W) ®
ok |,_y \Peackon) S| Pear ’

where (W) is the mean waiting time in the ES state, and all other
parameters were previously defined. Note that Eq. (8) gives a linear
relation between the mean turnover time and the reciprocal of the
substrate concentration. To this end, we define A; =1/(¢. k,,) and
B, = (Ws)/®eq as the slope and intercept of the corresponding line,
respectively.

When binding, unbinding, and catalysis times are all exponentially
distributed with rates k,,, k. and k., respectively: the mean turn-
over time in Eq. (8) reduces to the known Michaelis-Menten formula

(Teurn) = fm—fﬁ + 4. Note that in contrast to bulk measurements

where vy, =K.q [Eo] With [Eq] standing for the total enzyme con-
centration, at the single enzyme level we have v, =k, for the
maximal reaction rate. Also, Ky, = (ks *Kopp)/Kopn is the Michaelis-
Menten constant, which corresponds to the substrate concentration at
which half the maximal reaction rate, v,,,,, is achieved.

In Fig. 3a, we plot (T,,.,) vs. the reciprocal of the substrate con-
centration for the Markovian case described above (blue solid line).
Along with this classical case, we have also chosen two other enzymatic
systems where kinetic processes are non-Markovian. The orange solid
line in Fig. 3a represents the case where T, follows a Gamma dis-
tribution. Similarly, the green solid line represents the case where both
T qr and T ¢, follow Gamma distributions (see “Methods” section for
details). The corresponding symbols represent simulation data points,
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Fig. 3 | Moments and squared coefficient of variation of the turnover time
distribution. a The mean turnover time, (T, ), as a function of the reciprocal of
the substrate concentration, [S] (measured in units of the Michaelis-Menten con-
stant, K,,). We assume a Markovian substrate binding process and consider three
different cases for catalysis and unbinding: (i) exponential catalysis and unbinding
times (exp : blue), (i) Gamma distributed catalysis time and exponential unbinding
time (y., : orange), and (jii) Gamma distributed catalysis and unbinding times
(Veat» Vogr - green). Solid lines come from Eq. (8) which is corroborated by numer-
ical simulations (symbols). In all cases the linear relation predicted by Eq. (8) is

which are in accord with theory (solid lines). These results illustrate
that the microscopic details of the kinetic transitions do not change
the linear dependence on the reciprocal of the substrate concentration
as predicted by Eq. (8).

Summarizing, Eq. (8) extends the basic Michaelis-Menten for-
mula to situations where catalysis and unbinding times come from
general distributions. We then have v, =1/B,=@., /(W) and
Ky =A1/B =1/ (k,n{Wgs)) . We thus see that the maximal turnover
rate is determined by the ratio of the probability, ¢4, for a catalytic
event to occur before unbinding and the mean waiting time, (W), in
the ES state. Similarly, the Michaelis-Menten constant is determined
by the reciprocal of the product between the binding rate and (W ).

Michaelis-Menten equations for high turnover time moments
As shown in the previous section, the linear relation between the mean
turnover time and the reciprocal of the substrate concentration (also
known as the Lineweaver-Burk plot) allows us to obtain valuable
information on enzymatic activity. This is done by fitting a straight line
to the data, extracting the slope A;, and intercept B,, of Eq. (8); and
determining v,,,, =1/B; and K, =A;/B,. However, essential micro-
scopic characteristics, Such as Ko, @cqe, (Wis ), and (W gs) still remain
unknown.

Higher moments of the turnover time distribution can also be
analyzed to try and extract kinetic information. Yet, to date, there
was no way of doing so in a manner similar to that in which kinetic
information is extracted from the Michaelis-Menten equation.
Indeed, one thing that quickly becomes clear is that higher moments
display nonlinear dependencies on 1/[S]. These are illustrated in
Fig. 3b, c for the second and third moments of the turnover time,
calculated for the different kinetic models that were considered in
Fig. 2. Complicated non-linear behaviors are also displayed by other
statistical measures of enzymatic activity such as the randomness
parameter, Poisson indicator and the Fano factor’*?*?2%42 As an
example, we present in Fig. 3d the squared coefficient of variation

T2 (T, \? L.
(randomness parameter), CV2 = Tun ~{Tam)” \which indeed shows a

turn

exp:i- e

'Ycat:_ "

. . . . . Veap Yoir'™* ¢

0.5 1 1.5 2 2.5 3 35
KM/[S]

shown to hold. b Same as a, but for the second moment <Tfu,,,> of the turnover

time. ¢ Same as a, but for the third moment <T?u,,,> of the turnover time. d Same as

(Phun)~(Tarn)’
2
wrn
appreciated that higher moments, and the squared coefficient of variation, are
highly non-linear with respect to the reciprocal of the substrate concentration.
Source data are provided as a Source Data file. Codes employed for generating
these data sets have been supplied as Supplementary Software.

a, but for the squared coefficient of variation, CV? = . It can be
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Fig. 4 | High-order Michaelis-Menten equations. a Second ozder Michaelis-
T2

turn

Menten equation. The moments combination, Q, = <Tm,,,>2 - , as a function
of the reciprocal of the substrate concentration, [S] (measured i m units of the
Michaelis constant, K ;). Solid lines come from Eq. (11) which is corroborated by
numerical simulations (symbols). In all cases the linear relation predicted by Eq. (11)
is shown to hold. b Third order Michaelis-Menten equation. The moments com-
bination, Q, = @ - (Tmm><Tfum> + <Tmm>3, as a function of the reciprocal of
the substrate concentration (measured in units of the Michaelis constant). Solid
lines come from Eq. (12) which is corroborated by numerical simulations (symbols).

x107*

2
K, /IS]

In all cases the linear relation predicted by Eq. (12) is shown to hold. For both (a) and
(b), we assume a Markovian substrate binding process and consider three different
cases for catalysis and unbinding: (i) exponential catalysis and unbinding times
(exp : blue), (ii) Gamma distributed catalysis time and exponential unbinding time
(Vear : Orange), and (iii) Gamma distributed catalysis and unbinding times

Vearr Vorr green) [see “Methods” section for details]. Source data are provided as a
Source Data file. Codes employed for generating these data sets have been supplied
as Supplementary Software.

nonlinear behavior for all considered model systems. Notably, even
for the classical Michaelis-Menten model, which is characterized by
exponential distributions of binding, unbinding and catalytic times,
the randomness parameter exhibits a nonmonotonic dependence on
1/[S] (blue line and symbols in Fig. 3d).

Next, we build on Eq. (7) to reveal distinguished combinations of
higher-order moments that depend linearly on the reciprocal of the
substrate concentration. We show that these newly discovered rela-
tions open the door for large-scale characterization of hidden para-
meters in enzyme kinetics. We start by taking the reciprocal of Eq. (7)
to arrive at the following relation:

1 k L1,
f Trurn (k) ‘pcm:f W (k)kon [S] ¢catf Wt (k)

9

Analogous to the Michaelis-Menten equation reported in
Eq. (8), the above equation also shows a linear dependence of
1/frmm(k) on the reciprocal of the substrate concentration.
Expanding both sides of Eq. (9) in a Taylor series with respect to
the Laplace variable k, and equating equal order terms, we get
(Supplementary Discussion 3):

_A,
=2n,pg +
Q,= 5] B,+6, 0,

()
ATm,,.(k) k:0n'

10)

where

an
"ok

and

1 1
A= (L 1,
" (¢catkon> chaz(k) n!
- <L>3_
Pear ) OK"

and where 6,, , is the Kronecker delta.

1-f Wfs(k) 1
cha[(k) ; n!

For n=0 both the left-hand side and right-hand side of Eq. (10) are
equal to unity, indicating that all PDFs composing this equation are
properly normalized. Also, for n=1, Eq. (10) reduces to Eq. (8) for the
first moment. For n >1 the left-hand side of Eq. (10) is a combination of
turnover time moments of order {1, ..., n} whereas its right-hand side
is written in terms of kinetic parameters of the enzymatic process (see
Table 1 for n=1, 2, and 3 and Supplementary Discussion 4 for further
details). Thus, Eq. (10) provides the desired linear relationship between
the turnover time moments and microscopic parameters of the
enzyme. Using an analog of the Lineweaver-Burk plot, the parameters
A, and B,, can be found as the slope and intercept of Q,, when plotted
vs. 1/[S], respectively. Next, we present and discuss these linear rela-
tions for the most important cases of n=2 and 3, which include
combinations of second and third-order moments. We then proceed
to demonstrate how these relations can be used to infer key para-
meters of enzymatic catalysis in practice.

Second and third-order Michaelis-Menten equations
Considering second-order terms in Eq. (10), we get the following
equation:

A, B,
——~
o [wEY 1 AWE) W) - (Wis) a1
2 ¢cat on [S] 2¢cat '

2
where Q, = <Tm,,z>2 - @ is the specific combination of n<2 turn-
over time moments, which shows a linear dependence on 1/[S]
(see Fig. 4a). For the classical Michaelis-Menten model, characterized
by exponential time distributions, the various PDFs that determine the
form of Eq. (10), f wea (0), f ngsf(t) and fy, (¢), have exactly

the same functional form: (kcat+k0ff)e*(’<mz+koff)‘ (Supplementary

Discussion S). Thus, in this case (W s)=(Wgs) and we have
2UWEY (W) — <W§5> =2(Wgs)* - <W£s> =0, where the last equal-
ity follows from basic properties of the exponential distribution. The
parameter B, which gives the intersection of the line Q, with the
vertical axis, is then equal to zero (blue line in Fig. 4a). However, this is
not true in general. For non-exponential distributions of catalytic and
unbinding times, B, can be nonzero (orange and green lines in Fig. 4a).
Thus, a non-zero value of B, can serve as an indicator of the non-
classical nature of the enzyme being studied.
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Table 1| Explicit expressions for Q,,, A, B, from Eq. (10), for n=1,2,3

n On A, B,

1 <Ttum > m (2/;:)

? o) =10 ol 2(5E) () = (W)

8 & wm - <Ttum>< urn>+<Ttum>3 <<W§§’>27<(W%7?Z>> <<Wss> <Wss>< ES> (W) (wez)? WES)<(2W§§[)Q>>

Peat Kon

PDear

Note that Q, is written in terms of measurable turnover time moments of order < n, and the parameters A, and B,,, can be determined as the slope and intercept of Q,, when it is plotted vs. 1/[S],
respectively. After they are determined, A, and B,, provide two equations for the unknown kinetics parameters for every moment order n that is analyzed. Here (T{,,) is the nth moment of the

turnover time distribution, @, is the splitting probability of catalysis, k,, is the binding rate, (Wfs) is the nth moment of the waiting time in the bound enzymatic state, and <(W§§‘)"> is the nth

moment of the waiting time in the bound enzymatic state conditioned on catalysis occurring prior to unbinding.

Considering third-order terms in Eq. (10) we get the following
equation:

A3
2 Cll[
0, ()= ) o
’ Peat Kon i1
5, 12)
wi) (e (Wi (Weo) { (wese
(Ll OE) gy - L)
+ ’
¢ca[
where Q; = @ ( m,,,><Tmm> + <Tmm>3 is the specific combina-

tion of n <3 turnover time moments, which shows a linear dependence
on 1/[S] (see Fig. 4b). Here too, we see a clear difference between the
classical Michaelis-Menten model which is characterized by exponen-
tial time distributions, and non-Markovian scenarios. Specifically, in
the Markovian case we find that A; =B;=0 (Supplementary Discus-
sion 6), i.e., the slope and the intercept in Eq. (12) vanish (blue line in
Fig. 4b). Once again, note that this is not true in general. For non-
exponential distributions of catalysis and unbinding times, A; and B;
can be nonzero (orange and green lines in Fig. 4b).

Inferring hidden kinetic parameters from high-order Michaelis-
Menten equations

Considering Eqgs. (8) and (11) for Q; and Q,, respectively, we observe
that they include four measurable quantities, A, By, A,, BZ, and five
unknown kinetic parameters, @.q, Kon, (Wes), (W), (W), that
characterize enzymatic activity (see Table 1). Since an ad 1ti0nal
equation is missing, these kinetic parameters cannot be uniquely
determined only by analyzing the dependence of Q; and Q, on the
reciprocal of the substrate concentration. This problem cannot be
resolved by considering combinations of higher turnover time
moments, Q,, with n>2. Indeed, for any M, the set of Q,,, with n<M
allows to obtain 2M quantities, A,, and B,,, the values of which are
determined by 2M+1 unknown kinetic parameters. In particular,
plotting Q;, O, and Q5 vs. 1/[S] one can find six quantities, A, and B/, for
n<3, which are expressed in terms of seven unknown klnetlc para-
meters, @earr Ko (Wes), (WES), <WES>, <(W“" > and <W£s> (see
Table 1).

From here, one can proceed in multiple ways. First, observe that
even if just one of the unknown kinetic parameters can be measured
independently, this will provide a closure relation for the set of
equations and allow for unique determination of all the other unknown
parameters. However, this entails direct measurements of e.g., the
splitting probability ¢.,, or the mean time spent in the ES state, i.e.,
(W s). While such direct measurements may be hard to perform, it is
noteworthy that when they are feasible, they can be synergistically

combined with the framework developed herein to infer hidden
kinetic parameters.

Interestingly, missing information can also come from carefully
examining other features of the turnover time distribution. In this
paper, we focused on moments of the turnover time, but it has recently
been shown that short-time behavior also holds valuable kinetic
information**™*. Specifically, we have recently shown that the short
time behavior of the enzymatic turnover time holds information that
allows one to uniquely determine the binding rate k,,,, provided some
mild assumptions hold*’. Plugging in the value of the inferred binding
rate into the higher-order Michaelis-Menten equations we have
developed herein, provides the required closure and allows one to
uniquely determine the values of all the other kinetic parameters.

Finally, we show that one can proceed even in the absence of
additional information to obtain approximate estimates of the
unknown kinetic parameters. In what follows, we show that these
approximations are exact for Markovian enzymes, and then proceed to
investigate the role of non-Markovianity. For this purpose, using
Table 1, it is useful to present the desired quantities, such as the
binding rate k,,, and the conditional probability for catalysis to hap-
pen before unbinding ¢,,, in the following form:

() ()

oo (1) (G

From Table 1, we also see that the mean conditional catalysis time
(WE) can be calculated using the measured slopes of Q;, and Q, vs.
1/[S] without any additional assumptions and written as:

- 2)

Multiplying both sides of Eq. (15) by (Wys)/(WEY), we can write
the mean time in the bound enzymatic state as:

A w
(Wes) = < 2) <<<Wcisr>>
which has a similar form to Eqgs. (13) and (14).
Equations (13), (14), and (16) still do not allow us to determine k,,,,,

13

and

a4)

as)

6)

®cqe and (W), since in addition to the measurable quantities, (%),

Yet, recall

(AZ ) and ( ) they also include the unknown ratio ((wm'>)

that we have just shown that for classically behaving enzymes, where
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Fig. 5| Accuracy of the inferred kinetic parameters as a function of the sample

size for the Markovian model. Boxplots for the inferred a binding rate k:,",,f ,
b splitting probability of catalysis ((,b‘c'}{,) ¢ unbinding rate (k'u'}ff) , and d catalysis
rate (k’c':f[) normalized by the corresponding true values (km, Dearr koff,km,) and

plotted as a function of the number of turnover events, N, per substrate
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concentration. For each N, 10® independent repetitions were performed. The
bottom and top of each box are the 25th and 75th percentiles of the sample,
respectively, red lines mark the median value, and whiskers extend to 1.5 times the
interquartile range. Source data are provided as a Source Data file. Codes employed
for generating these data sets have been supplied as Supplementary Software.

(Wes)
(i)
k,, and @, can be directly determined from the slopes (4, and 4,)
and intercept (B;) of the Q, and Q, lines, as follows:

B A
bon= () 9= ()

In addition, the rates of unbinding and catalysis can also be inferred
from the slopes (4;, and A,) and intercept (B;) as:

all the kinetic processes are Markovian, we have =1. In this case,

ar

A l,andkmt: 1
1

kOff = /TZ — B BI (].8)

It should be noted that traditional analysis of enzymatic kinetics, which
is based only on measurements of the mean turnover times, cannot
provide this important information.

Equations (17) and (18) instruct us on how to infer all the
characteristic rates, and the fertility fraction (splitting probability) of
catalysis, for Markovian enzymes. However, single molecule mea-
surements are intrinsically stochastic and therefore the accuracy of
the inferred kinetic parameters depends on the amount of available
data. To address this important issue, we present in Fig. 5 boxplots,
characterizing spread and skewness of the inferred kinetic parameters
as a function of the number of turnover events per substrate con-
centration, V. Data were obtained by simulating the classical Michaelis-
Menten model with the same parameters as in Fig. 3a (blue line and
symbols, see also “Methods” section).

The inference procedure was implemented as follows. The
quantities Q; and Q, were estimated based on their relation to the
turnover time moments (First column of Table 1). The results were
plotted as a function of the reciprocal of the substrate concentration
and fitted to obtain estimates for A;, B;,A,, and B,. Egs. (17) and (18)
were then used to obtain estimates of K, @cqes Koer and kg, TO assess
the fidelity of this procedure, it was repeated 10° times. The presented
results show that 10> turnover events per substrate concentration
were already enough to produce reasonable estimates, and that 10*
turnover events per substrate concentration gave good estimates.

More data leads to an even better accuracy, such that 10° turnover
events provide near-perfect estimates. We quantify this improving
trend in Supplementary Fig. 2, as part of Supplementary Discussion 7.
There we show that the normalized standard deviations of our esti-
mates obey the typical ~ 1/+/N scaling law.

Kinetic inference for non-Markovian enzymes
For non-Markovian enzymes, one can estimate K., §cq,, and (W) by

{7k =1in Egs. (13), (14) and (16). Yet,
the quality of this approximation depends on whether the unknown
ratio does indeed remain relatively close to unity. In other words, any
(Wes)
(W)
the exact value of this ratio provides a measure for the magnitude of
the error made when the closure relation is applied. For example, if
(Wes) (Wes)
(WEs) (e
estimate the true values of k,, by a factor of two, and similar logic
carries to the error made when using the closure relation to evaluate

@cqe and (W) via Egs. (14) and (16), respectively.

plugging in the closure relation

deviation of from unity indicates non-Markovian behavior, and

=2, applying the closure relation =1in Eq. (13) will over-

It is thus important to understand in which cases é::,/“))
ES

vides a fair approximation for non-Markovian enzymes. To answer this
question, we now analyze two prevalent, yet distinctly different, types
of non-Markovian behavior in enzymes. Namely, non-Markovian
behavior that arises due to sequential catalytic steps and non-
Markovian behavior that arises due to parallel catalytic pathways.
Non-exponential catalysis times are common to both scenarios. Yet,
for sequential catalytic steps we have catalysis time distributions that

~ 1 pro-

are narrower than the exponential and (<M”//§,i>> <1, whereas for parallel
ES
catalytic pathways we have catalysis time distributions that are
broader than the exponential and é;ff;% >1.
ES

Let us first consider a model involving two sequential catalytic
steps (Fig. 6a). In this model: (1) a free-enzyme, E, can reversibly bind a
substrate S with rate k,,[S], to form an enzyme-substrate complex, £S;;
(2) the complex ES; can then be irreversibly transformed into another
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Fig. 6 | Sequential reaction mechanism. a A schematic representation of a model
involving two sequential catalytic steps. The free enzyme, £ undergoes binding with
a substrate to form the first substrate-bound conformer ES; that sequentially
transitions to the second bound-enzymatic state, £S,. This state can lead to the
formation of the product, P, through an irreversible catalytic event. From the
bound states £S; and ES,, unbinding events can occur—leading back to the free
enzyme. The described kinetic processes are characterized by the rates of binding
(k,n[S]) where [S] is the substrate concentration, unbinding (kuff>, the first cata-

lytic transition (kmt) and the second catalytic transition that forms the product

(kiu[) b 2D color map of the error factor (<w°‘">) in the space of the normalized

Ik(,; .Here (W) and (W§S') are the mean waiting times of the

catalytic rates ’,f' and
off

bound-enzymatic state and the conditional catalysis times, respectively.

complex, £S,, with rate k., or, alternatively, unbind with rate Kkoff; and
finally (3) the complex ES, can be converted by the enzyme to form a
product, P, with rate k2, or unbind with rate kor- Note that the kinetic
scheme in Fig. 6a can be mapped onto the renewal kinetic scheme in
Fig. 1a by coarse graining £S; and ES, into a single £S state and defining
Tofr and T, accordingly (Supplementary Discussion 8). This fact
allows us to use the results derived in the previous sections.

For the sequential scheme in Fig. 6a, the ratio <<wwf>) can be cal-
culated analytically, and we find it is given by (Supplementary Dis-

cussion 9):

1 2
<WES> cat+kcat+koff .
< Cat> kcat + kcz'at + 2koff

19)

Importantly, Eq. (19) asserts that for any choice of kinetic parameters

the ratio lies in the range of 1/2< Wcif[)) <1, which provides a tight

bound on the error coming from the use of the closure relation. We

visually illustrate this in Fig. 6b which presents a 2D color map of <(Wm,))

calculated in the space of the normalized catalytic rates f—/ff and ’,z—f; It
can be seen that the largest deviations from the classical Markovian
behavior, % =1, occur when the unbinding rate is much larger than
both catalytic rates, k> K Ky,

Summarizing, for enzymes that follow the successive catalytic
scheme illustrated in Fig. 6a, the desired kinetic parameters k,, and

.. can be well estimated by setting ((ww'>) =1inEgs. (13) and (14). Also,
the mean waiting time in the coarse grained ES state can be estimated

via Eq. (16) since under the above closure relation, (W)= (Wee).

Using the closure relation (<Wm[>) =1, results in an error factor of no

more than two. For example, the binding rate is underestimated
compared to its true value, but in no more than a factor of two. In
Supplementary Discussion 10, we test the sensitivity of our inference
procedure to the amount of available data. For the sequential reaction
mechanism described above, we reach similar conclusions as those
obtained for the Markovian case where all kinetic processes were
exponentially distributed (Supplementary Fig. 3).

We also extended the above analysis to kinetic models with n
identical sequential steps (Supplementary Discussion 11). We show
that the maximal error factor is then given by n. Since for real enzymes

the value of n is rather limited, the closure relation ((Wm,)) =1 can be

applied to sequential enzymes yielding estimates that are well within
an order of magnitude to the true parameter values.

Next, we consider a reaction scheme involving two parallel cata-
lytic pathways (Fig. 7a). In this model: (1) a free-enzyme, E, reversibly
binds a substrate, S, to form either the enzyme-substrate complex £S;
or the enzyme-substrate complex ES, with rates pk,,[S] and
1 - p)k,,[S], respectively, where p is the splitting probability between
pathways; (2) both complexes can then be converted to a product, P,
with rates k., or k2,, , respectively; or unbind with a common rate Koff-
Unlike the sequential scheme, here the formation of a product can
occur from both enzyme-substrate complexes, ES; and ES,. We once
again note that the kinetic scheme in Fig. 7a can also be described in
the language of Fig. 1a by coarse-graining £S; and ES, into a single ES
state and defining T and T, accordingly (Supplementary Discus-
sion 12). This fact allows us to use the results derived in the previous
sections.

For the parallel kinetic scheme, the ratio <(wg‘;f>> can be calculated
analytically, and we find it is given by (Supplementary Discussion 13):

<WES> _ (kcat +koff +p( cat — cat) ((1 - p)kgatkoff +klat (kzat +pkoff))

cat 2 2
<W pkcat(kcat koff) +(17p)k§at<kiat+koff)
(20)
Analysis of this equation asserts that the ratio (<M"‘,/§f,>> exhibits the
ES

strongest deviations from unity for the splitting probability p=0.5, i.e.,
when the two enzyme-substrate complexes are formed with equal
probability. We thus focus on this worst-case scenario.

calculated as a function

The corresponding 2D color map of <Wm[>)

of the normalized catalytic rates k“" and ¢ kf"' Lis presented in Fig. 7b. This

map clearly demonstrates that in most of the parameter space the ratio

(<wm')) is close to unity, albeit in small corner regions where significant
deviations from unity are observed. This happens under extreme
conditions where the normalized catalytic rates, a" and "w , differ from

each other by more than three orders of magnltude and note thatinall

other cases applying the closure relation ((wmf>) =1linEgs. (13), (14), and

(16) will lead to estimates that are withing an order of magnitude from
true values. Similar analysis applies to asymmetric cases where one of
the catalytic routes is preferentially chosen over the other (p#0.5),
albeit systematic estimation errors being even smaller (Supplementary
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Fig. 7 | Parallel reaction mechanism. a A schematic representation of a model
involving two parallel catalytic steps. The free enzyme, E can bind with a substrate
molecule via two parallel processes to form the first substrate-bound conformer,
ES; or the second bound-enzymatic state, ES,. These branched substrate-binding
channels have splitting probabilities p and 1 — p, respectively. Both bound states
can form the product, P through irreversible catalytic events. From ES; and ES,,
unbinding events can occur that lead back to the free enzyme. The described
kinetic processes are characterized by the rates of binding (k,,[S]) where [S] is the

substrate concentration, unbinding (knff), the first (kia[> and second (kfa[)

catalytic transitions, respectively. b 2D color map of the error factor ﬁ—l< Zf,% in the
ES
2
Kae for the splitting probability

space of the normalized catalytic rates ;= and o
o

kl
off
p=0.5.Here (W) and (W§Y') are the mean waiting times of the bound-enzymatic
1 2
state and the conditional catalysis times, respectively. Note that for ’,ff—;} and ,’ff—;ff that
o o

span four orders of magnitude, the error factor is always <30, and in most cases
significantly smaller than this upper bound.

Discussion 14). Thus, similar to the sequential scheme, setting é:vvfi)) =1
ES

as a closure relation in the parallel kinetic scheme leads to very good

approximations for the values of kinetic parameters that are otherwise

very hard to estimate.

Discussion

In this paper, we presented a pioneering approach to enzyme kinetics
at the single-molecule level. Building on a renewal approach to enzyme
kinetics, we derived a set of high-order Michaelis-Menten equations
that reveal universal linear dependencies between unique combina-
tions of turnover time moments and the reciprocal of the substrate
concentration. These relations effectively generalize the single-
molecule Michaelis-Menten equation from the mean turnover time
to moments of arbitrary order.

We demonstrated the capacity of our approach to infer concealed
kinetic parameters, such as the lifetime of the enzyme-substrate
complex, the rate of binding, and the probability of successful product
formation. With this, we pave the way for systematic characterization
of enzyme kinetics from single-molecule data, going well beyond the
limited information provided by the all-familiar Michaelis-Menten
constant and maximal reaction velocity.

The results apply to Markovian and non-Markovian enzymes alike.
For Markovian enzymes, which adhere to memoryless stochastic
transitions between states, the framework provides a way to accurately
estimate kinetic parameters such as the binding, unbinding and cata-
lysis rates. By leveraging the high-order Michaelis-Menten equations,
which capture universal linear dependencies, precise determination of
these parameters is achieved.

For non-Markovian enzymes, where kinetic processes exhibit
memory effects, our framework is also exact but incomplete. Namely,
for inference using our framework to be exact, one of the unknown
kinetic parameters, e.g., the binding rate, must be measured or infer-
red independently. This is not a serious limitation as the binding rate
can be inferred based on information held in the short-time tail of the
turnover time distribution, provided some mild assumptions hold*.
Combining such additional information with the results derived herein
gives a closed and complete inference framework for non-Markovian
enzymes.

Moreover, our framework can be used on non-Markovian
enzymes even in lieu of external information on the binding rate or
other kinetic parameters. To this end, one assumes that the mean time
spent in the enzyme-substrate complex is identical to the (conditional)
mean time spent in this complex provided product formation is the
direct result of the enzyme-substrate encounter. While this approx-
imation introduces some error, we find that this is typically limited. We
demonstrated this by analyzing kinetic models with sequential and
parallel product formation pathways. These models display canonical,
yet completely orthogonal, types of non-Markovian behavior. Never-
theless, in all cases considered, we showed that applying the above
assumption provides estimates that are within an order of magnitude
from the true value of kinetic parameters that would otherwise remain
completely unknown.

In summary, through the derivation of high-order Michaelis-
Menten equations, we have shown that traditional analysis methods in
enzymology can be extended to unveil central kinetic parameters that
have so far remained hidden. We thus offer a systematic and
straightforward approach to characterize enzyme kinetics far and
beyond the current state of the art.

Methods
Kinetic parameters used in Figs. 2-4
The results presented in Figs. 2-4 were obtained considering three
different catalytic models: (1) exponential catalysis and unbinding
times (blue), (2) Gamma distributed catalysis times and exponential
unbinding times (orange), and (3) Gamma distributed catalysis and
unbinding times (green). Data coming from numerical simulations,
histograms in Fig. 2 and symbols in Figs. 3 and 4, were obtained by
taking 10° turnover events at each substrate concentration, for each
one of the cases discussed below.

The substrate binding event is common in all three enzymatic
systems. It is governed by an exponential distribution with a mean

binding time of (T,,)= (Kos[S]) ™ = (5*[S)[s]. In the first model,
exponential catalysis and unbinding times, the mean unbinding and
catalysis times were taken to be <Toff> = (koff) - =1/10[s] and
(Tear) = (km[)’1 =1/15[s], respectively. Thus, following the definition
of the Michaelis-Menten constant, we have K, = k“”,:ﬁ =5[uM]. This

on

concentration was also used in Fig. 2 where we have set [S]=5[puM]
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throughout. The substrate concentrations used in Figs. 3 and 4 lie in
the range: 0.2K,, — 4K,,, where the reciprocal of the substrate con-
centrations are regularly spaced to ensure uniform coverage of the
horizontal axis. All concentrations were normalized by the Michaelis-
Menten constant above, i.e., K;, =5[uM].

In the second model, Gamma distributed catalysis times and
exponential unbinding times, the unbinding time distribution was
taken to be the same as in the first case, and catalysis times were taken
_ enet

6rk]’
factor k= 62 and scale factor 8= 1 [s]. The parameters of the Gamma
distribution were chosen such that the mean catalysis time for this
system, (T ) =k6=1/15[s], would be identical to the mean catalysis
time of the exponential case, (T, )= ,(17 =1/15[s], thereby allowing

for a fair comparison.

to follow a Gamma distribution of the form, f7_ (¢)

with shape

In the third model, both the catalytic and unbinding times follow
Gamma distributions. The parameters for the catalytic time distribu-
tion are the same as in the second case, while the unbinding time

distribution has a form, f;_(£)= evit \iith shape factor k =10 and

scale factor 6= 145 [s]. Note that these kinetic parameters were inten-
tionally chosen such that the mean unbinding time, <Taff> =kf=LIs],
is exactly equal to the inverse of the unbinding rate constant used for
the exponential case, <T0ff> =L =5Isl.

In Supplementary Fig. 1, we give histograms of the catalysis and
unbinding times that were used in the three models described above. It
can be seen that these underlying distributions are qualitatively dif-
ferent from one another, which emphasizes our main point: the set of
high-order Michaelis-Menten equations is valid regardless of the
underlying kinetics.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability

The authors declare that the data supporting the findings of this study
are available within the paper and its Supplementary Information
files. Source data are provided with this paper.

Code availability
All the relevant codes used for generating numerical data were pro-
vided at the time of submission as Supplementary Software.
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