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Abstract Collective behavior is all around us, from flocks of birds to schools of fish. These systems are
immensely complex, which makes it pertinent to study their behavior through minimal models. We intro-
duce such a minimal model for cohesive and aligning self-propelled particles in which group cohesion is
established through additive, non-reciprocal torques. These torques cause a particle’s orientation vector
to turn toward its neighbor so that it aligns with the separation vector. We additionally incorporate an
alignment torque, which competes with the cohesive torque in the same spatial range. By changing the
strength and range of these torque interactions, we uncover six states which we distinguish via their static
and dynamic properties: a disperse state, a multiple worm state, a line state, a persistent worm state, a
rotary worm state, and an aster state. Their occurrence strongly depends on initial conditions and stochas-
ticity, so the model exhibits multistabilities. A number of the states exhibit collective dynamics which are

reminiscent of those seen in nature.
1 Introduction

Collective behavior is omnipresent in our lives, from the
microscale, with examples such as bacterial colonies [1-
4] and morphogenesis [5-7], to the macroscale, with
examples such as flocks of birds [8-11] and schools
of fish [12-14]. Although systems exhibiting collective
behavior are commonplace, they are not well under-
stood due to their immense complexity. In order to
improve our understanding of these complex systems,
minimal models are often used. Such models attempt
to qualitatively replicate collective behavior with only
a few simple rules of interaction and thus help to isolate
the fundamental aspects governing collective behavior.

One of the earliest models for collective behavior is
the Boid model [15]. In this model, individuals known
as ‘boids’ are subject to interaction rules which pro-
mote collision avoidance, alignment, and cohesion. Most
subsequent collective behavior models use some varia-
tion of these three fundamental rules, with the possible
addition of further interaction rules. For example, in
the behavioral zonal model [16,17], these three rules
are implemented in different spatial areas around each
particle. Depending on the parameters of the different
interactions, this model can exhibit swarming, milling,
or parallel group motion.
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Although the aforementioned models use both align-
ment and cohesion to induce collective behavior, it is
also possible to achieve collective motion using only
alignment [18-20] or cohesion [21,22] interactions. Most
famously, in the Viecsek model [18], particles move
together simply by adapting their orientation to align
with those of their neighbors. The Vicsek model does
not, however, lead to the formation of groups which
stay together. In order to achieve this, the alignment
interaction must be supplemented by some additional
element, such as cohesion interactions [23].

Oftentimes, in systems where collective behavior is
observed, interactions among constituents are non-
reciprocal, meaning that Newton’s third law is vio-
lated and action-reaction symmetry does not hold [24].
Indeed, a diverse range of collective behaviors have been
seen for systems in which non-reciprocal interactions
are present [25-34].

Non-reciprocity can be introduced to a system in
many different ways including non-reciprocal force
interactions [35,36], interactions in which a vision cone
is used [16,17,22,37], and non-reciprocal torque inter-
actions [28-31]. Here, we specifically focus on non-
reciprocity via torque interactions. Zhang et al. [31]
showed that effectively attractive non-reciprocal torques
cause active phase separation, which has also been seen
for the model of Nilsson and Volpe [30]. There, the rela-
tive position between a particle and its neighbor deter-
mines whether the torque acts attractive or repulsive.
Models with effectively repulsive non-reciprocal torques
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[28,29] can exhibit flocking behavior or active phase
separation, depending on the exact parameters used.

Here, we introduce a model for cohesive and aligning
self-propelled particles in which group cohesion is estab-
lished through additive, non-reciprocal torques. This
model combines elements from the models of Couzin
et al. [16,17] and Negi et al. [37]. We use the addi-
tive cohesion and alignment torques of Couzin et al. in
combination with the hard-core potentials of Negi et
al. Unlike both of these models, we do not introduce a
vision cone, but rather maintain a full angular vision
range. Also in contrast to these models, we keep the
interaction range the same for both cohesive and align-
ing torques.

In this paper, we explore the different states which
emerge from this model when varying the interaction
radius and the strength of the torque interactions. We
uncover a rich variety of states: a disperse state, a mul-
tiple worm state, a line state, a persistent worm state,
a rotary worm state, and an aster state. Although the
changes to the previous models of Couzin et al. and Negi
et al. are subtle, these changes introduce new dynamics
including in the formation of the different states. In par-
ticular, we observe multistabilities across many states,
a seemingly generic trait which was not observed or dis-
cussed in either of the aforementioned models. We note
that the model of Couzin et al. exhibits hysteresis; how-
ever, it does not exhibit multistabilities emerging from
random initializations, as we observe in our model. Fur-
thermore, the rotary worm state exhibited by our model
has not been seen in previous models.

We begin by introducing our model in Sect.2. In
Sects. 3.1 and 3.2, we classify the different observed col-
lective behaviors into distinct states via their static and
dynamic properties. We then analyze the resultant state
diagram for our chosen range of parameters in Sect. 3.3.
In Sect. 4, we explore in greater depth the persistent and
rotary worm states by analyzing their structural prop-
erties as well as the dynamics of individual constituents.
We summarize and conclude in Sect. 5.

2 Model and simulation details

We consider a 2D system of overdamped active Brow-
nian particles (ABPs) with diameter o which interact
via both forces and torques. The equations of motion
for the ABPs are:

Bi(t) = vows(t) + n Y Fi + V2D &(1), (1)
J#i
dit) = pr Z'Ej + V/2Dpg n;(t), (2)
J#i

where vy is the propulsion velocity and wu,;(t) =
(cos ¢;, sin ¢;) is the orientation of particle i. Particles
have translational and rotational mobilities p and ug,
respectively, such that their diffusive motion can be
characterized by translational diffusion coefficient D =
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wkpT and rotational diffusion coefficient Dp = urkgT,
where T is the temperature. The translational and rota-
tional mobilities are related by u/pur = 02 /3. The vari-
ables &, (t) and 7);(t) describe delta-correlated noise with
zero mean and unit variance.

Particles exert steric forces on each other according
to Fi; = =V, Uc »(r; —rj). These interactions take the
form of truncated and shifted Lennard-Jones potentials
with the energy scale e¢/kgT = 100 and are cut off at
the distance r. = 25 of the potential minimum. This

results in purely repulsive interactions according to the
Weeks—Chandler—Anderson (WCA) potential [38]:

Ueolri) = de <(f|)12 - <i|>G> +e |r|<r. 3)

0 r| > 7.

The particles additionally experience pairwise ori-
entational interactions which promote alignment and
cohesion, as we illustrate in Fig. 1. We use the align-
ment interaction:

T} =Ta O(R — |ry;]) sin(¢; — ¢5), (4)

which causes particle ¢ to turn so that it aligns parallel
to particle j, and the cohesive interaction:

T = —Tc O(R — [ri5) sin (Ou, 5, ), (5)

which causes particle ¢ to turn toward particle j. Here,
ri; = r; —r; and 60y, is the angle from u; to
t;j = ri;/|ri;|. (see Fig. 13. T4 and 7o are constants
which represent the strength of the alignment and cohe-
sion torques, respectively. Schematics showing these

b) Cohesion
Scenario 1:

Scenario 2:
eui’f'i, p I8

c) Alignment

Scenario 2:

N
i i i] i J
Fig. 1 Schematic showing a) interaction range R and dis-
tance 7. for a given particle i with orientation wu;(t) =
(cos @i, sin ¢;), b) cohesive interaction torques between par-
ticles 7 and j (see Eq. (5)) in two distinct scenarios, and
c alignment interaction torques between particles ¢ and j
(see Eq. (4)) in two distinct scenarios. In b) and c), the
red arrows indicate the direction of the interaction torque.
The black arrow in b) depicts Huivi‘ij7 the angle from u; to
Pij = rij /vy

Scenario 1:
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two interactions are shown in Fig. 1. We always keep
the ratio 74 /7 = 2 constant. We choose this ratio to
avoid creating clusters which coalesce, but fail to move
in the same direction, which we saw when using ratios
of Ta/Tc < 1. R is the range of both the alignment
and cohesion interactions. Given that both interactions
span the same spatial range, these torques are always
competing with one another.

Combining these interactions, the total torque inter-
action is:

IZ;j = 76 @(R — |I'”D (sin ((Z)j — ¢l) — %sin (elli,f‘ij)> s

(6)
where we have set 7y = 74 = 27¢. Note that, although
the alignment interaction obeys Newton’s third law, the
cohesive interaction is non-reciprocal; therefore, cohe-
sive interaction torques are not necessarily equal and
opposite.

We measure length in units of o, energy in units of
kT, and time in units of T = D}gl, the active parti-
cle reorientation time. Our square simulation box has
side lengths L and area L? = A with periodic boundary
conditions in both dimensions. The active bath can be
characterized by the packing fraction, ® = No?7/(4A4),
and the Peclet number, Pe = owvy/D. For our simula-
tions, we use a Peclet number Pe = 80 and a packing
fraction of ® = 0.025 for NV = 1000 particles.

We simulate four runs in which particles are initial-
ized with random orientations on a triangular lattice
which spans the simulation box. We additionally sim-
ulate runs in which the particles are initialized in a
hexagonally packed cluster with a) all particles oriented
toward the center and b) particles oriented randomly,
as well as a run in which the particles are initialized in
a persistent worm formation. We choose these different
initial configurations because we see multistabilities, for
which the realized state at long times can depend on the
initialization. We equilibrate the system for 10007z and
then collect data for an additional 100075.

In the following, we vary the strength of the torque
interactions, 7y, and the spatial range on which the
interactions take place R. Throughout, we maintain
that 7y = 74 = 27¢ and that cohesion and alignment
interactions take place in the same spatial range.

3 Classification of collective behavior

By varying the radius of interaction, R, and the
strength of the interaction torque, 7, we produce a
diverse collection of different behaviors from this model.
Qualitatively, we can distinguish six states: a) a dis-
perse state; b) a multiple worm state in which short-
lived, worm-like structures form in the presence of a dis-
perse background; ¢) a line state which spans the sim-
ulation box; d) a persistent worm state consisting of a
single, persistent worm-like formation; e) a rotary worm
state consisting of single or multiple rotating worms
which can combine and change direction; and f) an aster
state consisting of one or more close-packed clusters in
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which all particles are oriented toward the center of
mass. Snapshots of each of the observed states can be
seen in Fig. 2 and videos can be seen in videos 1-6 of
the ESI. In Fig. 2, particles are colored based on their
orientation. We additionally show the partial trajectory
of a single particle as a dashed line in Fig. 2d, e to illus-
trate the distinction between the persistent worm state
and the rotary worm state. We note that the line state
is a finite-size effect. In systems with a lower packing
fraction, which we did not explore further, we expect
it would manifest as a long persistent worm. This view
is supported by our observation, discussed in Sect. 3.1,
that for specific parameters the line only transiently
forms within the multiple worm state.

A number of these states have previously been
observed for the model of Negi et al. [37]. However, the
rotary worm state is a novel state, which has, to our
knowledge, not previously been observed. The emer-
gence of a milling state, such as those observed in
Couzin et al. [16,17] and Negi et al. [37], is notably
absent from our model. We attribute this in part to
the fact that our cohesion and alignment interactions
occur in the same spatial range. Couzin et al. [16] found
that, for their model, milling states only emerge when
the range of cohesive interactions is large compared to
that of alignment interactions. This is consistent with
the emergence of milling states in the model of Negi
et al. [37], in which the range of the cohesion interac-
tion is larger than that of the alignment interaction. We
further attribute the missing milling state to the fact
that we do not use a vision cone, which we discuss in
Sect. 4.2.

Our model exhibits multistabilities between states
even when particles are initialized randomly, which we
thoroughly discuss in Sect. 3.3. Multistabilities have
been recognized in a range of active systems [39-42], but
to our awareness such multistabilities emerging from
random initializations have not been seen or discussed
in previous models with cohesive and aligning torques.
From the standpoint of nonlinear dynamics, such mul-
tistabilities can be viewed as different fixed points and
limit cycles of the system.

3.1 Static properties

To quantitatively distinguish between these visibly dif-
ferent states, we classify the characteristics of the par-
ticles” collective behavior. Collective behavior is gen-
erally characterized by the fact that individuals move
in the same direction and/or that individuals are close
in proximity to one another. To describe how well the
individuals move in the same direction, we calculate the
polar order of all particles for each simulation,

where (...); represents the time average.
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Fig. 2 a—f) Snapshots of the different qualitatively ored based on their orientation ¢. d) and e) additionally

observed states achieved by varying the parameters R and
7o in Eq. (6): a) the disperse state, b) the multiple worm
state, ¢) the line state, d) the persistent worm state, e the
rotary worm state, and f) the aster state. Particles are col-

Furthermore, to describe how close in proximity the
individuals are, we calculate the average cluster size
(Sc)t, which we define as:

Ne(t)
1 ,
(S2)e = < 0 2 (1max 1500 réuna)] >
(8)
where N.(t) is the number of different clusters at time
t, r¢(t) is the position of a particle ¢ within cluster ¢ at
time ¢, and r¢ ), (¢) is the center of mass of cluster c at
time ¢. In order to define S.(t), we first need to classify
clusters in our system. We do this using the data clus-
tering algorithm DBSCAN [43,44] implemented in the
machine learning library scikit-learn [45], where we use
a cutoff distance of 1.50 and set our minimum number
of samples to 1. For each cluster, we calculate the center
of mass, r§, ,, using the method of Ref. [46] to account
for periodic boundary conditions.

We plot (U); vs. (S¢)¢ in Fig. 3, from which we are
able to distinguish five distinct groupings. We note that
in Fig. 3 we plot each simulation run as a separate
point because we observe multistabilities. We identify
the grouping with low (¥); and low (S.); (shown as red
crosses) as the disperse state illustrated in Fig. 2a). We
can also easily recognize the aster state as the group-
ing with low polar order but a higher value of (S.),
shown in Fig. 3 as khaki diamonds. The grouping with
low cluster size and high polar order can be identified
as the multiple worm state (shown as orange stars).
Despite the fact that multiple worms form indepen-
dently of one another, they tend to travel in roughly
the same direction. This results in the relatively high

@ Springer

show the partial trajectory of a single particle as a dashed
line, where the starting position of the particle is marked
with a cross. a’~f') Schematic depictions of particle orienta-
tions in the aforementioned states
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Fig. 3 Mean polar order (¥), from Eq. (7) plotted vs. the
average cluster size (S¢); from Eq. (8). Different states and
transitions between them are shown with different colors
and symbols. Each symbol refers to one simulation run. The
solid vertical line shows half the length of the simulation box

degree of polar order seen in Fig. 3. The low cluster size
associated with the multiple worm state is due to the
disperse background. Finally, the grouping with both
a high value of (S;); and (¥); corresponds to the line
state (shown as green squares).
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By defining an average system size (S); over all parti-
cles (see Appendix A), as opposed to an average cluster
size, we additionally find a transition state between the
multiple worm and line states. In this transition state,
multiple worms form a single line which persists for a
finite time, but which then breaks up again into mul-
tiple worms (see ESI video 7). The state is depicted as
squares with green and orange stripes in Fig. 3. The
remaining data points in Fig. 3, which have high values
of (¥); and middle ranging values of (S.), represent
a general worm state (depicted by blue circles, purple
triangles, and circles with blue and purple stripes). It
includes the persistent worms from Fig. 2d), which have
higher values of (S.):, as well as the rotary worms from
Fig. 2e), which have smaller values of (S.); and decay-
ing (¥),, as well as transitions between these states.

Based on the static quantities used so far, we have
identified five of the six states that we observe qual-
itatively. However, we are not yet able to distinguish
between the persistent and rotary worms. In previous
literature [16,39], a static milling parameter is defined
to characterize rotating states. However, in our case
such a parameter is insufficient to identify the rotary
worms because their rotational direction switches over
time and the persistent worms also turn (for further
explanation, see Appendix B). Therefore, to distinguish
between the persistent and rotary worms, as well as to
further classify each state, we investigate the dynamic
properties of the different states.

3.2 Dynamic properties

We investigate the dynamic properties of the different
states by calculating the mean squared displacement
(MSD):

(2(0) =

WE

(it +t0) = xilta))?) . ()

%

and the orientation correlation function (OCF):

(Colt) = 3}

] =

<ui(t +to) - ui(t0)> ,

t
1 0

(10)

of all the active particles in the system. In both Egs. (9)
and (10), N is the total number of particles in the sys-
tem and (...)¢, represents the average over time t( taken
after equilibration along the trajectory. In Fig. 4, we
show exemplary MSD and OCFs for each of the differ-
ent states identified in Sect. 3.1. Here, we plot the MSD
and OCF for a single simulation run, without averaging
over further runs, because of the mentioned multista-
bilities we observe. In each plot, we additionally show
the analytical MSD and OCF of an isolated, standard
active Brownian particle (ABP), for which the torque
interactions described in Eq. (6) do not exist.
Qualitatively, the disperse state looks very similar
to what we would expect for disperse standard ABPs.

Page 5 of 17 22

10°( b) Multiple
worm

0.75
0.50 é\
bl <
S}
0.25
d’)
0.00
40
30 50
1.0
e)
0.5
=
<
S}
—-0.5
10° 102 0 20 40

t/TR t/TR

Fig. 4 Mean squared displacement (Eq. (9)) and orienta-
tion correlation functions (Eq. (10)) for a/a’) the disperse
state, b/b’) the multiple worm state, c/c’) the line state,
d/d’) the aster state, and e/e’) the general worm state.
Note that the x- and y-axis limits are not the same on all
graphs. Each row has its own separate legend. Values of R
are given in units of r. and values of 7y are given in units
of k’BT

Indeed, in Fig. 4a/a’), we see that the calculated MSD
and OCF for an active particle in the disperse state
match the analytical functions for an isolated ABP very
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well. The disperse state occurs at low values of 7y and
R; therefore, the torque interactions among particles
are weak and only occur very locally, effectively reduc-
ing the behavior of the active particles to that of stan-
dard ABPs.

In Fig. 4b/b’), we see that active particles in the mul-
tiple worm state are much more persistent than stan-
dard ABPs: the MSD remains ballistic up to times
of 1007z while for ABPs it crosses over to diffusive
motion around 7. Correspondingly, the OCF decays
much slower than that of a standard ABP. We attribute
this persistence to the particles’ motion when in a worm
formation. Due to alignment interactions, neighboring
particles align their orientations parallel to one another,
thus moving together in the same direction for a finite
amount of time until they break apart.

Similarly to active particles in the multiple worm
state, active particles in the line state and the aster
state also exhibit a ballistic MSD and a very slowly
decaying OCF (see Fig. 4c/c’) and 4d/d’)). In the line
state, the particles are even more persistent than in the
multiple worm state because the line formation holds
throughout the duration of the simulation and has no
disperse background. The particles form one group, in
which all particles are oriented in approximately the
same direction. They then move continuously in that
direction throughout the duration of the simulation. In
the aster state, the particles also maintain their ori-
entation and remain in the same group throughout the
simulation; however, their orientations all point inwards
toward the center of mass of the aster. This inwards
alignment results in only very slow diffusion of the aster
as a whole. Therefore, the MSD of the particles at any
given time is significantly lower than that which we
would expect for a standard ABP and the OCF decays
very slowly.

In Fig. 4e/e’), we see that, for worm states which
occur at low values of 7, the MSD and OCF are similar
to that which we would expect for a standard ABP,
but with a larger persistence. The MSD is ballistic at
short times and diffusive at long times, and the OCF
decays exponentially for 7y = 5 and 10. The time scale
of the transition from ballistic to diffusive behavior (and
the exponential decay) is longer for active particles in
the worm state as compared with that of a standard
ABP. However, as 7 increases, this time scale becomes
shorter. More importantly, we begin to see oscillations
in both the MSD and the OCF of the active particles.
Eventually, a transition from a ballistic to a diffusive
regime in the MSD no longer occurs, but instead we
see a transition from ballistic to oscillatory behavior
around a plateau value.

The oscillations in the MSD and OCF of the active
particles correspond to states in which the worm no
longer behaves persistently, as shown in Fig. 2d), but
instead begins to rotate, as shown in Fig. 2e), We use
the characteristics of the MSD and OCF to distinguish
between the persistent and rotary worm states. We con-
sider worm states classified in Sect. 3.1 to be persistent
if their MSD transitions from the ballistic to the diffu-
sive regime on a time scale greater than that of a stan-
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dard ABP. We consider worm states to be rotary if their
MSDs transition from ballistic to oscillatory around a
plateau value. We additionally define a transition state
between persistent and rotary worms (shown by circles
with purple and blue stripes in Fig. 3; see ESI video
8), for which the MSD still transitions from ballistic to
(sub-)diffusive but at a shorter time scale than a stan-
dard ABP. The MSD may also exhibit oscillations in
this transition state.

3.3 State diagram

Now that we have identified all possible states of our
system within our chosen range of parameters, we
locate them in a state diagram defined by the torque
strength 7y and the interaction range R. However, as
already noted, we observe pronounced multistabilities,
for which the realized state depends on the initial condi-
tions and stochastics. To more thoroughly understand
the impact of initial conditions on the realized state, we
initialize the particles in various ways: on a lattice with
random particle orientations, in an aster, in a hexogo-
nally packed cluster with random particle orientations,
or in a worm formation.

Figure 5 shows the resulting state diagrams, in which
the different colored slices of each circular marker repre-
sent the observed states and the size of each slice indi-
cates the number of realized occurrences for a given
state. Markers which are not circular indicate that, for
that given set of parameters, no multistability exists.
Figure 5a) shows the state diagram with the number of
occurrences when all four initialization types are used,
while in Fig. 5b) the particles are always initialized
on a lattice with random orientations. In Fig. 5b), we
see that multistabilities emerge even when particles are
randomly initialized. Thus, the multistabilities emer-
gent from this model are distinct from the hysteresis
observed in the model of Couzin et al. [16,17].

Starting from the disperse state in Fig. 5a) and with
increasing 7y, R, the system typically shows a sequence
of dispersion, multiple worms, lines, persistent worms,
and rotary worms. However, we also see that most
states exhibit bistability with the aster state. Excep-
tions occur at very low torques, where either the dis-
perse or multiple worms state exists exclusively and at
medium to high torques for a low interaction radius,
where only the aster state occurs. In the transition
regions between states, up to three states can coexist
for a given set of parameters.

The aster state remains stable, once formed, across
many different sets of parameters because this type of
formation is maximally compact, thereby satisfying the
cohesive tendencies of the particles. It also exhibits local
alignment, which satisfies the tendency of particles to
align. The only frustration occurs at the center of the
aster, because the central particle feels the same torque
regardless of its orientation. However, this frustration
cannot propagate to the edge of the group. Thus, the
outer layers of the aster block the inner, frustrated lay-
ers from escaping and the group does not break apart.
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a) All initializations
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b) Lattice initializations
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Fig. 5 State diagram for varying the parameters R and
7o in Eq. (6). The different states are represented by dif-
ferent colors. In circular markers, the color slices represent
the number of occurrences for a given state for a certain
set of parameters. Markers which are not circular indicate

The stability of the aster state once formed (above a
certain interaction-radius-dependent torque strength)
is confirmed in Fig. 11 of Appendix C, in which we show
the state diagram for simulations initialized in an aster
formation. We note that, for systems with fewer parti-
cles, we expect the aster state to be less stable because
the outer layers would be affected by the frustration
at the center. Indeed, for systems with the same pack-
ing fraction but only 100 particles, aster states only
remained stable for sufficiently high torque strengths
with an interaction radius of R = 2r, and the excep-
tional case of a torque strength of 7y = 100kgT with
an interaction radius of R = 3r, (data not shown).

The aster state only becomes stable once global for-
mations that contain all particles are able to form. Such
formations can only occur above a certain threshold
torque, which depends on the interaction radius. Below
this threshold, thermal noise dominates over the inter-
action torques and any clusters, including asters, that
form will be short lived.

If we compare Fig. ba), b), we see that aster states
rarely form if particles are initialized with random ori-
entations on a lattice, although it is possible. From such
an initialization, particles can form an aster via two
distinct mechanisms: either two worms collide roughly
head-on and serve as a nucleation spot for the rest of
the particles to gather (see ESI video 9), or a single
very long persistent worm turns sharply and curls in on
itself in a manner similar to an active filament entering
a spiral formation (see ESI video 10) [47]. The second
of these mechanisms occurs exclusively at medium to
high torques and low interaction radii, for which the

Bz Multiple worms — line

Aster

that no multistability exists. The number of occurrences is
determined a) using all simulation runs, regardless of ini-
tialization conditions, and b) using the four simulation runs
in which particles are initialized with random orientations
on a lattice

aster state is the only stable state. In contrast, the first
of these mechanisms occurs randomly and causes multi-
stabilities to emerge even when particles are initialized
on a lattice with random orientations.

From Fig. 5, we additionally see that different forma-
tions generally lie in diagonal bands across the parame-
ter space. This means that increasing the interaction
radius and increasing the torque strength effectively
have the same effect. Furthermore, we expect that for
any given interaction radius, the same succession of
states can be found. The torque strength at which each
state occurs simply changes, becoming lower for high
radii of interaction and vice versa.

Now that we have classified the collective behavior
of our model into distinct states, we specifically focus
on those states which are able to both stay in a group
and move together in the same direction; namely, the
persistent and rotary worm states. We do not further
consider the line state because it is a finite-size effect.

4 Properties of worms

To better understand the collective behavior exhibited
by worm states at both a group and an individual level,
we analyze the structural properties of the entire worm
in addition to the dynamic properties of individuals
within the worm.
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a) Persistent worm b) Rotary worm

S

Fig. 6 Orientations, ¢, of particles in a) a persistent worm
state and b) a rotary worm state. Particle orientations are
shown with respect to the average orientation of the worm
(¢) and are indicated by both color and arrowhead direction

4.1 Structural properties

We begin exploring the structural properties of both
persistent and rotary worms by examining their orien-
tation profiles, shown in Fig. 6. In comparing Fig. 6a),
b), we see that the orientation profiles of the rotary
and persistent worms are very similar. For both types of
worms, along the worm’s centerline, particles are gener-
ally oriented parallel to the worm’s average orientation.
Here, the cohesive torques from particles on either side
cancel out and the particles’ tendency to align domi-
nates.

Particles at the edges of both types of worms, how-
ever, point slightly inward toward the centerline. This
inward tilted orientation is a result of the competi-
tion between the alignment and cohesion torques. In
Appendix D.1, we perform a stability analysis for the
idealized case of a particle located at the edge of a uni-
form sheet. Particles within the uniform sheet have an
orientation parallel to the sheet’s edge. A schematic of
this setup is shown in Fig. 12 of Appendix D.1. This
analysis shows that the stable orientation for such a
particle is approximately parallel to those of the parti-
cles within the sheet, with a slight tilt inward toward
the sheet’s centerline. This stable orientation only
depends on the ratio between the aligning and cohe-
sive torque strengths. Qualitatively, this result matches
the orientations that we see for particles at the edge of
both types of worm states in Fig. 6.

We also see in comparing Fig. 6a), b) that the rotary
worm is thicker and more round than the persistent
worm. To further explore this difference, we define the
asymmetry of each cluster as:

|11 — Iy
A= T2l 11
A (11)

where I; and Iy are the principal moments of inertia.
A more detailed explanation of this definition can be
found in Appendix E.

Figure 7 shows the time and cluster average of
the asymmetry (A); n,(+) as a function of the torque
strength for all simulation runs that exhibit a worm
state, including transition states between persistent and
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® R=2r A
A R=4r,
0.21 , A
10! 102
To | ksT

Fig. 7 Asymmetry (as defined in Eq. (11)) as a function
of 7y for clusters in the persistent worm state, the rotary
worm state, and the transition state between the two. Dif-
ferent interaction radii, R, are shown as different colors and
symbols. Vertical shaded regions, colored according to the
interaction radius, indicate where the persistent-to-rotary-
worm transition occurs

rotary worms. We can clearly see two regimes: one with
high asymmetry, which occurs at low torque strengths,
and one with low asymmetry, which occurs at high
torques. By highlighting the range of torques for which
transition states occur in Fig. 7, we see that the high
asymmetry regime corresponds to the persistent worm
state and the low asymmetry regime corresponds to the
rotary worm state. We thus infer that the change in
asymmetry of the worm leads to this transition from
persistent to rotary worms.

The asymmetry generally decreases with increasing
torque strength. As the torque strength increases, the
noise in a particle’s orientation becomes negligible in
comparison, thereby suppressing random deviations in
a particle’s orientation. These deviations are what allow
particles to slip behind or in front of one another to
form a more elongated worm. Without such deviations,
outer layers of particles simply push on inner layers,
without being able to penetrate them. This leads to a
more round (symmetric) worm.

For a given torque strength, we also see that the
asymmetry is lower for higher interaction radii. To
understand this trend, we again consider a particle
located at the edge of a sheet; however, this time we
consider the sheet to be made up of hexagonally close-
packed particles oriented parallel to the sheet’s edge
(see Appendix D.2). When using this approximation
to represent the worm, we find that the angle with
which an edge particle points toward the sheet depends
on the particle’s radius of interaction: as the interac-
tion radius increases, so does the particle’s orientation
inwards toward the sheet. A larger angle inwards makes
it less likely for edge particles to move in front of or
behind one another. Instead, edge particles continu-
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Fig. 8 Snapshots showing the trajectory of the center of
mass of a a persistent worm and that of b) a rotary worm.
Additionally shown is the trajectory of a single particle is
at the front of a’) a persistent worm and b’) a rotary worm,
as well as that of a single particle i, a the back of a”) a

ously push against their inner neighbors, without being
able to move further into the group due to its close-
packed nature. Thus, a rounder, less elongated worm
forms.

4.2 Dynamics of individuals

A crucial feature of collective behavior in animal groups
is that neighbors are dynamic and change as individu-
als move [48]. To assess whether our collective behavior
model has dynamically changing neighbors, we explore
the dynamics of individuals and their neighbors within
the group. In Fig. 8, for both persistent and rotary
worms, we plot the trajectory of an individual particle
iy which begins at the front of the group (Fig. 8a’) and
b’)) and an individual particle i, which begins at the
back of the group (Fig. 8a”) and b”)). We additionally
show, in green, particles which were, at the beginning
of the shown trajectory, within interaction distance R
of particle iy or ;. For comparison, we show the center
of mass (CoM) trajectories for both types of worms in
Fig. 8a), b).

x/o

100 15 0 50 100 150
x/o

persistent worm and b”’) a rotary worm. Particles shown in
green were, at the beginning of the shown trajectory, within
interaction distance R of particle is/i,. Red crosses mark
the starting point of each trajectory. Trajectories have a
duration of 207r

We immediately see that neighbors change dynami-
cally over time: neighboring particles at the beginning
of the trajectory are no longer neighbors at the end.
Furthermore, we see that particle iy, which begins as a
“leader” at the front of the group, is no longer in the
lead. This phenomenon of changing leadership is also
seen in the collective behavior of animals [49].

Comparing the different trajectories shown in Fig. 8a),
a’), and a”’), we see that the entire trajectory of parti-
cle i is very similar to that of the CoM. However, the
trajectory of particle iy differs in that it is much less
straight and has many more curves along it. We per-
form a stability analysis similar to that done for parti-
cles at the edge of worms, but now we model the worm
as a uniform sheet shaped like an isosceles triangle and
oriented along its axis of symmetry (see schematic in
Fig. 15 of Appendix F). We investigate the behavior of
a particle at the foremost tip along the axis of symme-
try as a means to understand the behavior of particles
at the front of persistent worms. From this stability
analysis, we find that the stable orientation for such
a particle is parallel to the orientation of the particles
in the sheet. The orientation will therefore return to
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this one after any small deviation due to noise, lead-
ing to many small curvatures along the trajectory as
can be seen in Fig. 8a’). We furthermore infer that the
curvatures along the trajectory of the foremost parti-
cle promote the changing leadership that we observe
by allowing posterior particles, which have straighter
trajectories, to overtake the leader.

The stability of the foremost particle’s orientation
(see Appendix F) is highly reliant on the full angular
range of vision used in our model. With a sufficiently
narrow vision cone, a leading particle initially oriented
parallel to the sheet particles will not experience any
interaction torques. Consequently, the leader’s orienta-
tion will diffuse thermally and, after a characteristic
time, particles will enter the vision cone on one side.
The ensuing interaction will drive the foremost parti-
cle’s orientation further to this side, thereby inciting
positive feedback which will propagate this curvature
along the body of the worm and induce rotational move-
ment. We suspect that this mechanism is one possible
route to form a milling state. However, because of the
full angular range of vision, this mechanism does not
exist in our model.

For the rotary worm, trajectories for both particles
iy and i, differ significantly from that of the CoM.
Whereas the CoM shows a roughly circular trajectory,
particles 7y and ¢, exhibit looping trajectories which
resemble that expected for a particle precessing around
a point. These trajectories indicate that individual par-
ticles are orbiting the center of mass, which simultane-
ously orbits a central point.

We conclude this section with the comment that,
although particles in worm states ostensibly move
together and can be considered as a single body, in fact
within this body individuals follow unique trajectories.
These distinct dynamics of individuals are in contrast
to the railway motion seen in the model of Negi et al.
for individuals in worm-like swarms [37]. We ascribe
this difference in dynamics, at least in part, to the lack
of a vision cone in our model. In our case, a stable ori-
entation exists for the foremost particle of the worm.
This induces curvatures along this particle’s trajectory,
allowing posterior particles with straighter trajectories
to overtake it. Leadership and neighbors thus become
dynamic and railway motion no longer provides a suf-
ficient description.

5 Conclusions and outlook

We have explored the emergent structural and dynamic
properties of particles that interact via alignment and
non-reciprocal cohesive torques. Depending on their
radius of interaction and the strength of their interac-
tion torques, particles exhibit different types of collec-
tive behavior, ranging from multiple, short-lived worms
in a disperse background to single, long-lived worms,
which can exhibit either rotary or persistent dynamics
to closely packed asters. By analyzing both static and
dynamic properties of the observed collective behaviors,

@ Springer

Eur. Phys. J. E (2025)48:22

we classified six distinct possible states for this model.
The realized state for a given set of parameters is, in
many cases, multistable and depends on stochastics and
initial conditions.

The persistent and rotary worm states that emerge
from this model are particularly emblematic of collec-
tive behavior because, in these states, particles both
move in the same direction and stay together in a
single group. Furthermore, these states exhibit con-
tinuously changing neighbors and leadership, both of
which are observed in animal groups such as flocks
of birds [48,49]. Qualitatively, similar worm-like struc-
tures can be observed in many examples of collec-
tive behavior seen in nature [9,50,51]. In future work,
it would be interesting to quantitatively compare the
dynamics and structures exhibited by this model to
those exhibited by specific systems in nature. In addi-
tion, this model could also serve as a template for
engineering collective behavior in microrobotic sys-
tems [52,53], which is desirable for applications in
fields such as biomedicine. Our model is particularly
conducive to this application because the multistable
nature of many states should allow for reconfigurabil-
ity.

We note that our model does not include hydro-
dynamic flow fields, which are necessary to describe
the dynamics of biological microswimmers. Ref. [54]
has recently shown that combining hydrodynamics with
Vicsek-like alignment interactions results in a variety
of collective behaviors, which differ from the dry case
because global polar order does not emerge. The reason
is that hydrodynamic interactions between pusher or
puller swimmers destroy such a global polar order [55—
57]. Whether the worm states observed in our model,
which exhibit global polar order, persist when hydro-
dynamic flow fields are added, certainly also depends
on the strength of the torque interactions. This is an
interesting course of future work to be pursued based
on our previous work in Ref. [57].

Worm-like structures similar to our persistent worm
state have previously been observed for the collective
behavior models devised by Couzin et al. [16,17] and
Negi et al. [37]. However, to our awareness, a state
analogous to our rotary worm state has not previously
been observed. Additionally, Negi et al. analyzed the
behavior of their persistent worm-like structure through
the lens of railway motion performed by active poly-
mers [47]. Such a lens is insufficient to describe the
worm state exhibited by our model, due to dynamics
within the worm itself. A further contrast to the mod-
els of Couzin et al. and Negi et al. is that we observe
multistabilities in many of our states even when the
particles are initialized randomly. Such multistabilites
were not observed in these previous models.

In this work, we have focused on varying the strength
of the torque interaction and the radius of this inter-
action, which applies to both the alignment and cohe-
sive torques. However, we have always kept the ratio
between the alignment and cohesion torques constant.
In future work, it would be interesting to vary this ratio
as well as to use different spatial ranges for the align-
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ment and cohesive torques. This would enable further
exploration of the analogy between the observed col-
lective dynamics in the model and similar emergent
behavior in nature. It would also broaden the scope
of interactions which could be used to engineer swarms
of microrobots for applications in biomedical, among
other, fields.
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Appendix A Average system size

Analogously to the average cluster size (Eq. (8)), we define
the average system size as:

(8)e = ( max ri() —reom® ) . (A1)
where rcom(t) is the center of mass of all the particles in
the system at a time ¢ and r;(¢) is the position of particle
¢ at time t. We note that (S); is a measure of the distance
among all particles, whereas the previously discussed (S.)+
is a measure of the distance only among particles within the
same cluster. This means that states with disperse particles
have a low value of (S¢):, because the average cluster size
is small, but a high value of (S)¢, because the particles are
spread out.

Plotting (S); vs. (¥); reveals distinct groupings for the
disperse (red crosses) and aster states (khaki diamonds). We
note that there is an outlier for the aster state grouping, for
which the value of (S); is significantly higher than for other
aster states. This outlier, which we do not see in the value
of (Sc)¢, occurs because in this particular simulation two
distinct asters formed and did not combine for the duration
of the simulation. For the remaining three states, which we
were able to distinguish in Fig. 3, it is not possible to estab-
lish a clear threshold to separate them from each other.

However, plotting (S): vs. (¥); does reveal a transition
state between the multiple worm and worm states, depicted
in Fig. 9 as squares with green and orange stripes. Although
these simulations fall into the general worm state based on
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. Pe *
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0.2

0.0 .i
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(S)

®  Disperse ®  Rotary worm
%  Multiple Worms B  Multiple worms — line
B Line @  Persistant — rotary worm
A Persistant worm Aster

Fig. 9 Average system size ((S)¢, Eq. (A1)) vs. polar order
((W)¢, Eq. (7)). Different formation classifications are shown
with different colors and symbols. The solid vertical line
shows half the length of the simulation box and the dashed
vertical line shows the maximum distance two particles can
be from one another
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values of (Sc): (see Fig. 3), in Fig. 9 we see that their val-
ues of (S); are more similar to those of the multiple worm
state. The reason for the discrepancy is that, in this transi-
tion state, which we already described in Sect. 3.1, particles
form a line which spans the simulation box. However, this
line becomes unstable and eventually breaks apart into mul-
tiple worms. Therefore, over time, the value S.(t) oscillates
between a value which corresponds to a multiple worm state
and a value which corresponds to a line state, resulting in
an average value similar to that which we would expect for
the general worm state.

Appendix B Milling parameter

To introduce a milling parameter, we first define the time
dependent quantity:

M@Mﬁ»—1§f<ﬁm‘“®“ﬂxmw>,®m

ne 2=\ [rs(0) ~ v (D)

i€c
where N.(t) is the number of different clusters at time ¢, n°
is the number of particles in cluster ¢, r§(t) is the position
of a particle i which is a constituent of cluster ¢ at time ¢,
and r&q (%) is the center of mass of cluster ¢ at time t. We
use the same clusters defined in Sect. 3.1. We consider all
clusters with n® > 1.

We now define a milling parameter |(M), n, )| by taking
the absolute value of the time and cluster average of this
quantity. This milling parameter is very similar to those
defined in Refs. [16,39]. We note that, in these references,
the milling states identified generally have the shape of a
ring, in which case no particles are located at the center of
mass, in contrast to our rotary worm states.

We plot [(M); n.)| as a function of 7o in Fig. 10a). From
this, we see that although the value of [(M)¢ (4| is high
for rotary worms in some cases, in other cases it is relatively
low. In Fig. 2e), the trajectory of a particle in a rotary worm
resembles that which we expect for a point on a precess-
ing body. Therefore, the instantaneous value of M (t, Nc(t))
for any given cluster is high. However, the rotating worm
can spontaneously change direction, meaning that due to
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= = A
=006 = A
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*  Multiple Worms @ Rotary worm Aster
B Line Multiple worms — line

Fig. 10 Two different milling parameters, based on
Eq. (B2), as a function of 7o: a) [(M)yn | and b)
(|IM)¢,N.)- Each different state is represented by a different
color and marker
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the time averaging [(M): (4| is not necessarily large. Fur-
thermore, if there are multiple rotary worms, they need
not rotate in the same direction. This also contributes to
a reduced value of [(M); n, (4| in certain cases.

This observation suggests that we should take the abso-
lute value of Eq. (B2) before averaging, thus defining the
milling parameter (|M|) (), which is shown as a function
of 7o in Fig. 10b). In Fig. 10b), we see that (|M|)¢ n,«) is
consistently higher for persistent worms in comparison with
rotary worms. As Fig. 2d) shows, particles in a persistent
worm can at times have a very curved trajectory, where the
absolute value of M (¢, N.(t)) becomes large. As a result, the
values of (|M|)¢ n.«) are large also for persistent worms.

Figure 10b) also shows that disperse and multiple worm
states have high values of (|M|); n.¢). This high value
results from very small and short-lived clusters, in which
ri(t) — réom(t) and u;(t) are generally approximately per-
pendicular to one another. To eliminate these cases, we
could limit the clusters which we use for our definition of the
milling parameter to those with higher n.. However, since it
is already clear that this parameter is insufficient to distin-
guish rotary from persistent worms, we do not further refine
our definition of (|M|)¢ n(t)-

Appendix C Stability of asters

To further investigate the stability of the aster state and,
more generally, the multistabilities in our system, we run
simulations for which particles are initialized in an aster
state, i.e., in a hexagonally close-packed group in which all
particles are oriented toward the center of mass. Figure 11 is
a state diagram of the realized states for this initialization.
We see that, above a certain interaction-radius-dependent
torque strength, the aster state remains stable. Figure 11
supports the statement in Sect. 3.3 that the aster state
becomes very stable once interaction torques dominate over
orientational noise.
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Fig. 11 State diagram for varying the parameters R and
7o in Eq. (6) when particles are initialized in an aster state.
The different states are represented by symbols with differ-
ent colors and shapes
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Fig. 12 Schematic of a particle at the edge of a worm,
where the worm is approximated by an infinite sheet of
uniform density oriented along the x-axis. The particle of
interest is shown in blue and the radius of interaction is
represented by a red concentric circle around the particle

Appendix D Stability analysis for the edge
of a worm

D.1 Uniform sheet

To explore the behavior of a particle at the edge of a worm,
we model the worm as a uniformly dense sheet (density
p), which extends infinitely in the x-direction and infinitely
above the particle of interest, which sits at its lower edge.
All particles within the uniform sheet are oriented along the
x-axis, such that ¢; = 0 for all j. The particle of interest,
particle ¢, is situated at the edge of the worm, as shown in
Fig. 12, and has orientation u; = (cos ¢;, sin ¢;). We would
like to determine the orientation of this particle when it
interacts with the sheet via the torques given in Eq. (6).

Using Eq. (4) and the fact that ¢; = 0, we can write down
the alignment torque on particle 7 as:

R T

—TA/ dr'/ d¢’ pr’sin (é4)
0 0
2

[ p7'r2R Tasin (¢).

A
T

(D3)

In Eq. (D3), the variables of integration, r’ and ¢’, represent
the radial distance from particle ¢ and the angle from the x-
axis, respectively. Thus, the double integral in each equation
goes over the area within the radius of interaction of particle
i. The integral over ¢’ only goes from 0 to 7, in spite of the
fact that no vision cone is used, because no particles are
present from angles 7 to 2.

Particle ¢ additionally experiences a cohesion torque
(using Eq. (5)):

TZ.JQ =T /OR dr’ /Orr do¢’ pr'(cos (¢:) sin (¢")

— sin (¢:) cos (¢'))
= pR*Tc cos (). (D4)

The variables of integration in Eq. (D4) are the same as
those in Eq. (D3).

We now let 7¢ = 7y. To correspond to our simulation
results, we assume that 74 /7¢ = 2. Thus, we can write the
total torque, 7;;, on the particle as:

Tij = pR2%(COS (¢i) — mwsin ((;31)) (D5)

Page 13 of 17 22

Y YO
(<
X AZA. AL ANAL A A
ARG S S asae
e NN AN
T e i A i
PO OO OOV,

YiYLY Yo Y1V

A A W\

/7
N 7
y
[ Se___-"
X

Fig. 13 Schematic of a particle at the edge of a worm,
where the worm is approximated by an infinite sheet of
hexagonally close-packed particles oriented along the x-axis.
Concentric circles indicate different radii of interaction (red:
R = 2r., blue: R = 3r¢, green: R = 4r.) of the particle of
interest

The particle feels no torque when 7;; = 0, which occurs
when the particle has an orientation ¢o = mn+arctan (1/7),
where n is either 0 or 1 (theoretically it can be any integer,
but physically it is limited to these two values).

We now determine the stability of ¢o by looking at the
behavior of 7;; near ¢o,

o,
ErS

= —prTo(sin (¢0) + 7 cos (¢o))- (D6)

Pi=¢0

Evaluating Eq. (D6) for our two values of n, we find that for

0Ty,
$o = arctan (1/m), 52 e

stable. For ¢9 = m+arctan (1/7)

< 0; therefore, this solution is
0

oTiy
> 09 ®

> 0; therefore,
i=®0

this solution is unstable.

The stable solution ¢o = arctan (1/7) means that the
stable orientation for this particle is pointed along the x-
axis with a slight upward tilt toward the sheet.

D.2 Hexagonally close-packed sheet

In the previous section, we approximate the worm as an
infinite sheet of uniform density to explore the orientational
behavior of a particle at the edge of a worm. We now build
upon this approximation by treating the worm as an infi-
nite sheet of hexagonally packed particles (see schematic in
Fig. 13). We place our particle of interest at the origin, such

that the other particles are located at superpositions of the

vectors a; = r.x and as = rc(%f( + @y)

We then numerically calculate the torque on our particle
of interest for different radii of interaction based on Eq. (6).
Angles for which the torque is zero are shown in Fig. 14a).
By comparing these angles, we see that as the radius of
interaction R increases, so does the angle of edge particles
toward the sheet. As R — oo, the orientation approaches
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a) Outermost layer b) First inner layer

A — R=2r,
g — R=3,
— R=4r,

......... Uniform sheet

sin(6y)

cos(6y) cos(6)

Fig. 14 Orientations of particles a) in the outermost layer
and b in the first inner layer of a hexagonally close-packed
sheet (see schematic in Fig. 13. The dotted line in a) shows
the orientation for a particle in the outermost layer as deter-
mined in Appendix D.1

that determined analytically in Appendix D.1 for a particle
at the edge of a uniform sheet.

If we do the same analysis for the first inner layer of par-
ticles, using the orientations determined previously for the
outermost layer, we find that the difference in angle between
different interaction radii becomes even more pronounced.
The results of this analysis can be seen in Fig. 14b).

Appendix E Symmetry of clusters

To determine the symmetry of clusters, we begin by calcu-
lating the moment of inertia tensor for each cluster:

(E7)

with I, = mzz 1yZ,
—mz =% z:yi. Here, z; and y; are calculated with respect
to the center of mass of the cluster. We calculate the asym-
metry for all clusters defined in Sect. 3.1 for which n® > 50.
Calculating the asymmetry for each cluster, as opposed to
for the entire system of particles, is necessary because mul-
tiple rotary worms may exist simultaneously.

We then diagonalize the moment of inertia tensor so that

it is of the form:
i 0
=[5 2

where [; and I2 are the principal moments of inertia. We
characterize the asymmetry of the cluster as:

y—mzZ 1m“and1y—fyz—

(E8)

| — I

A= ,
L+ 1

(E9)

such that A = 1 means that the cluster is highly asymmetric
and A = 0 means that the cluster is circular. Equation (E9)
is shown as Eq. (11) in the main text.
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Fig. 15 Schematic of particle at the front of a persistent
worm, where the worm is approximated by an infinite tri-
angular sheet of uniform density oriented along the x-axis.
The particle of interest is shown in blue and the radius of
interaction is represented by a red concentric circle around
the particle

Appendix F Stability analysis for the front
of a worm

To explore the behavior of a particle at the front of a worm,
we now model the worm as a uniformly dense isosceles tri-
angle (density p), which extends infinitely behind the par-
ticle of interest (particle ¢), which is at its front. All parti-
cles within the uniform, triangular sheet are oriented along
the x-axis, such that ¢; = 0 for all j. The vertex angle of
the triangle is 2. The other two angles of the triangle are
equal, but irrelevant for the following calculation. Particle ¢
is situated at the front of the worm, on the vertex angle as
shown in Fig. 15, and has orientation u; = (cos ¢;, sin ¢;).
We would like to determine the orientation of this particle
when it interacts with the triangular sheet via the torques
given in Eq. (6).

Using Eq. (4) and the fact that ¢; = 0, we can write down
the alignment torque on particle 7 as:

Ti? fTA/ dr/ d¢’ pr'sin (¢;)

= —pR*’aTx sin (¢). (F10)

In Eq. (F10), the variables of integration, r’ and ¢’, repre-
sent the radial distance from particle ¢ and the angle from
the x-axis, respectively. Thus, the double integral in each
equation goes over the area within the radius of interaction
of particle i. The integral over ¢’ only goes from 7 — « to
7+, in spite of the fact that no vision cone is used, because
particles are only present within this range of angles.

Particle ¢ additionally experiences a cohesion torque
(using Eq. (5)):

— sin (¢;) cos ((;5'))
= pR”sin (a)Tc sin (¢;) (F11)

The variables of integration in Eq. (F11) are the same as
those in Eq. (F10).
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We now let 7 = 7y. To correspond to our simulation
results, we assume that 74 /7¢ = 2. Thus, we can write the
total torque, 7;;, on the particle as:

Ti; = pR’sin (¢:)To ( sin (a) — 204). (F12)
The particle feels no torque when 7;; = 0, which occurs
when the particle has an orientation ¢9 = 7wn, where n is
either 0 or 1 (theoretically it can be any integer, but physi-
cally it is limited to these two values). Theoretically, 7;; = 0
additionally when a = 0; however, this situation is not phys-
ical.

We now determine the stability of ¢o by looking at the
behavior of 7;; near ¢,

oT;;
0

= pR® cos (¢0)To ( sin (a) — Qa)
di=%0

(F13)

T,
9

ble. For ¢ = m,

For ¢o = 0,

< 0; therefore, this solution is sta-
Pi=¢0

%Z,j > 0; therefore, this solution is
' lpi=d0
unstable. The stability for each value of ¢¢ is independent

of the value of a: ¢o = 0 is stable for all values of o and
¢o = m is unstable for all values of alpha.
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