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Abstract 

Background  Identifying and understanding disease risk factors is crucial in epidemiology, particularly for chronic 
and noncommunicable diseases that often have complex interrelationships. Traditional statistical methods strug-
gle to capture these complexities, necessitating more sophisticated analytical frameworks. Bayesian networks 
and directed acyclic graphs (DAGs) provide powerful tools for exploring the complex relationships between variables. 
However, existing DAG structure learning algorithms still have limitations in handling mixed-type data (including 
continuous and discrete variables), which restricts their practical utility. Therefore, developing DAG structure learning 
methods that can effectively handle mixed data is highly important for obtaining an in-depth understanding of dis-
ease risk factors and pathogenic mechanisms.

Methods  This study proposes an extension of the NOTEARS algorithm, termed DAGSLAM, which is designed 
for Bayesian network structure learning with mixed-type data. The algorithm integrates continuous and categorical 
variables through a tailored loss function, enhancing its applicability to real-world epidemiological datasets.

Results  Extensive simulations were conducted across eight distinct scenarios, specifically, variations in the number 
of nodes, changes in the proportion of categorical nodes, different sample sizes, levels of categorical nodes, varia-
tions in edge sparsity, adjustments to the weight scale, different graph types, and diverse noise distributions. These 
scenarios demonstrate that DAGSLAM consistently outperforms existing methods such as HC, TABU, mDAG, and DAG-
BagM across key metrics, including precision, recall, F1 score, and structural Hamming distance (SHD). Furthermore, 
the robustness of DAGSLAM is validated through its application to the National Health and Nutrition Examination 
Survey (NHANES) dataset, revealing critical causal relationships among risk factors for CHD and diabetes.

Conclusions  DAGSLAM provides a powerful and scalable tool for uncovering causal relationships in complex disease 
networks, with significant implications for risk factor identification and public health research.
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Background
In the field of epidemiology, identifying and understand-
ing the risk factors for diseases is a cornerstone of public 
health research. Many diseases, particularly chronic and 
noncommunicable conditions, do not occur in isolation 
but are often interconnected through shared risk fac-
tors and complex comorbidities. For example, metabolic 
disorders, cardiovascular conditions, and other chronic 
diseases frequently cooccur, forming intricate networks 
of interactions that challenge traditional approaches to 
disease prevention and management [1, 2]. These interac-
tions are further complicated by the multifactorial nature 
of many diseases, where genetic, behavioral, and envi-
ronmental factors converge to influence disease onset 
and progression [3]. Understanding these relationships is 
critical for developing effective prevention strategies and 
improving population health outcomes.

Traditional statistical methods, such as logistic regres-
sion and Cox proportional hazards models, have been 
widely used to identify associations between individual 
risk factors and disease outcomes. While these methods 
are effective for analysing simple, linear relationships, 
they often fail to capture the complexity of multifacto-
rial diseases and comorbidities. Specifically, they struggle 
to model the conditional dependencies among multiple 
variables and disentangle direct and indirect effects in 
complex networks [4, 5]. Moreover, these methods typi-
cally require strong assumptions about the independence 
of variables and the directionality of relationships, which 
may not hold in real-world epidemiological data [6]. As 
a result, there is a growing need for more sophisticated 
analytical frameworks that can model the intricate causal 
relationships underlying disease risk.

Bayesian networks (BNs) have emerged as promising 
tools for addressing these challenges. BNs are probabil-
istic graphical models that represent variables and their 
conditional dependencies through Directed cyclic graphs 
(DAGs) [7]. Unlike traditional statistical methods, BNs 
can model interactions among multiple variables and 
provide insights into the causal structure of disease risk 
factors [6, 8]. These features make BNs particularly well 
suited for studying complex disease networks and iden-
tifying key drivers of comorbidities [9–11]. However, 
constructing BNs from real-world data is a nontrivial 
task. Manual construction of causal models on the basis 
of expert knowledge is not only time-consuming but also 
inherently prone to bias, as it relies heavily on subjec-
tive interpretations and assumptions [12–14]. This pro-
cess can lead to inconsistencies and inaccuracies in the 

resulting models, particularly when dealing with complex 
interrelationships among variables. On the other hand, 
automated structure learning algorithms have emerged 
as promising alternatives for discovering causal relation-
ships from observational data [8, 15–18]. However, these 
algorithms often face significant limitations, especially in 
regard to handling mixed data types, which include both 
continuous and categorical variables.

In real-world scenarios, observational data typically 
comprise a mixture of variable types. For example, clini-
cal outcomes are often represented as binary variables—
such as the presence or absence of a disease—while 
potential biomarkers may be continuous variables, such 
as the expression levels of specific proteins in the body. 
While substantial progress has been made in causal 
structure learning for purely discrete or continuous data, 
the study of mixed-type data remains relatively under-
explored [19–21]. Most existing methods are designed 
under the assumption that all nodes conform to the same 
type of distribution, which restricts their applicability to 
either purely discrete or purely continuous datasets [8, 
13, 15, 22–27]. This limitation significantly hampers the 
ability to jointly model continuous and categorical vari-
ables, thereby constraining the practical utility of these 
methods in complex epidemiological research.

To address these limitations, this study proposes an 
extension of the NOTEARS (Non-combinatorial Opti-
mization via Trace Exponential and Augmented lagRan-
gian for Structure learning) algorithm, referred to as 
DAGSLAM (Directed Acyclic Graphs Structure learn-
ing via Log-determinant and Augmented lagrangian for 
Mixed type data), which is specifically designed for BN 
structure learning with mixed-type data [28]. The pro-
posed method leverages the strengths of BNs in model-
ling complex causal relationships while overcoming the 
constraints of existing algorithms. By enabling the inte-
gration of both continuous and categorical variables, 
DAGSLAM provides a more flexible and scalable frame-
work for analysing real-world epidemiological data.

The key contributions of this study are as follows:

•	 Development of the DAGSLAM algorithm for BN 
structure learning with mixed-type data addresses a 
critical gap in existing methodologies.

•	 Extensive simulation experiments were conducted 
in various scenarios to validate the robustness of the 
DAGSLAM algorithm, demonstrating its effective-
ness across different conditions and settings.

•	 The proposed framework was applied to identify risk 
factors and causal relationships in complex disease 
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networks, demonstrating its utility in epidemiologi-
cal research.

The findings of this study will contribute to a better 
understanding of the complex causal mechanisms under-
lying disease risk and comorbidities, serving as a founda-
tion for future research and clinical applications in the 
field of risk factor identification and prevention.

Related works
DAG structure learning has been a long-standing chal-
lenge in machine learning and causal inference. Existing 
algorithms can be broadly categorized into three types: 
score-based, constraint-based, and hybrid methods [29]. 
Score-based approaches, such as Hill Climbing (HC) and 
Tabu Search, aim to optimize a predefined score function 
over the space of DAGs [15, 23, 30]. Constraint-based 
methods, like the PC algorithm, rely on conditional inde-
pendence tests to infer the graph structure [8]. Hybrid 
methods, such as Max–Min Hill-Climbing (MMHC), 
combine both score-based and constraint-based strate-
gies to improve robustness [16]. While these methods 
have been widely used, they often face challenges in scal-
ability and computational efficiency due to the combina-
torial nature of the DAG space.

Recently, gradient-based DAG learning has emerged as 
a promising alternative, leveraging continuous optimiza-
tion techniques to address the NP-hard problem of DAG 
discovery. One of the pioneering works in this direction 
is NOTEARS [28], which reformulates the DAG learning 
problem as a continuous optimization task by introduc-
ing a smooth acyclicity constraint. NOTEARS uses least 
squares for linear structural equation models (SEMs) and 
has shown significant improvements in both accuracy 
and scalability compared to traditional methods.

While NOTEARS is effective for linear SEMs, it is 
limited in its ability to capture complex, non-linear rela-
tionships. To address this, DAG-GNN extends the frame-
work by employing a deep generative model based on 
variational autoencoders (VAEs) [31]. The key innovation 
of DAG-GNN lies in its use of graph neural networks 
(GNNs) to parameterize the encoder and decoder, allow-
ing the model to capture non-linear dependencies in the 
data. Similarly, GraN-DAG employs neural networks to 
learn non-linear relationships while maintaining the ben-
efits of continuous optimization [32]. Another notable 
approach, NOBEARS, introduces polynomial models to 
infer causal relationships in high-dimensional settings, 
such as transcriptome networks [33].

Further advancements include NOTEARS-nonlinear, 
which generalizes NOTEARS to non-parametric DAGs, 
allowing for more flexible modeling of complex data 
distributions [34]. More recently, DAGMA proposes 
a log-determinant acyclicity constraint, which is com-
putationally efficient and exhibits better-behaved gra-
dients compared to the exponential constraint used in 
NOTEARS [35]. Additionally, GFlowNets introduces a 
generative flow network framework for DAG learning, 
offering a novel perspective on sampling and optimiza-
tion in the DAG space [36].

Despite these advancements, several limitations 
remain. While many gradient-based algorithms have suc-
cessfully extended to non-linear SEMs, there is still a lack 
of robust methods for handling mixed data types (e.g., 
continuous and categorical variables) in linear settings. 
This gap is particularly relevant in applications such as 
biomedical research, where datasets often contain het-
erogeneous variables. To address this challenge, we 
propose DAGSLAM, an extension of NOTEARS specifi-
cally designed for mixed-type data. By integrating linear 
regression for continuous variables and logistic regres-
sion for binary variables, DAGSLAM provides a unified 
framework for learning DAGs from diverse data types, 
filling a critical gap in the current literature.

Methods
Overview and notations of DAG learning problems
Suppose that X ∈ R

n×d is a data matrix that contains n 
independent and identically distributed (i.i.d.) instances 
of the random vector X = (X1, · · · ,Xd) . In this context, 
Xj represents a random variable that can be continu-
ous or discrete, and xij denotes the value of a random 
variable. The index i is used to distinguish among dif-
ferent instances of the data, whereas j is used to iden-
tify different random variables. We define an index set 
V : = {1, . . . , d} to represent the indexes of different 
nodes (or random variables). Additionally, we define C as 
an index set of continuous variables and D as an index set 
of discrete variables. Thus, it follows that V = C ∪D.

Let D denote the discrete space of the directed acyclic 
graph G = (V ,E) on d nodes, where V  denotes the set of 
nodes and where E ⊂ V × V  denotes the set of edges. 
For i, j ∈ E , if Xi is the parent node of Xj , it is repre-
sented as Xi → Xj.

Within the linear SEM utilized by the NOTEARS algo-
rithm, each Xj is formulated as a linear combination of 
pa

(

Xj

)

 . Each DAG is encoded by a weighted adjacency 
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matrix W ∈ R
d×d , where Wij  = 0 indicates that Xi acts as 

a parent node for Xj ​. If Wij = 0 and Wji = 0 , there is no 
edge connecting Xi and Xj.

In the original NOTEARS algorithm, the score function 
F(W ) is defined as the least-squares (LS) loss combined 
with an ℓ1​-regularization term to encourage sparsity in 
the estimated graph. Specifically, the score function is 
given by [28]:

where �X − XW�2F ​is the Frobenius norm of the residual 
matrix, ‖W‖1 ​ is the ℓ1​-norm of the weighted adjacency 
matrix W  , and � is a regularization parameter controlling 
the sparsity of the graph. The least-squares loss does not 
assume a specific noise distribution and can be applied to 
linear SEMs with both Gaussian and non-Gaussian noise. 
Moreover, the framework is designed to be flexible, ena-
bling the incorporation of other loss functions tailored to 
different data types and modeling assumptions.

According to the score-based method, we seek to solve 
the following combinational optimization program for 
the optimal DAG structure:

where F(W ) is a score function (i.e., a loss function) and 
where G(W ) refers to the graph with d nodes generated 
by the weighted adjacency matrix W .

To address the combinatorial nature of the problem, 
the NOTEARS framework introduces a continuous opti-
mization approach. Specifically, it transforms the discrete 
acyclicity constraint into an equivalent continuous con-
straint [28]:

In the original NOTEARS formulation, the acyclic-
ity constraint is defined as h(W ) = tr

(

eW◦W
)

− d = 0, where 
∘ refers to the Hadamard product, and eW◦W  is the 
matrix exponential of W ◦W  . This constraint ensures 
that the learned graph is acyclic, and its derivative 
∇h(W ) =

(

eW◦W
)T

◦ 2W  is straightforward to compute.
Building on NOTEARS, the DAGMA algorithm [35] 

proposes a log-determinant constraint as an alternative:

where s is a positive scalar parameter. This constraint lev-
erages the M-matrix property of sI −W ◦W  ensuring 

(1)F(W ) = 1
2n�X − XW�2F + ��W�1,

(2)minW∈Rd×d F(W ) s.t. G(W ) ∈ DAGs,

(3)minW∈Rd×d F(W ) s.t. h(W ) = 0,

(4)h(W ) = −logdet(sI −W ◦W )+ d log s = 0,

that the learned graph is acyclic. The log-determinant 
constraint has a simple derivative form:

which is computationally efficient and well-behaved dur-
ing optimization. Compared to the matrix exponential-
based constraint, the log-determinant constraint offers 
several advantages, including better gradient behaviour, 
faster computation, and improved cycle detection, espe-
cially for large graphs.

To date, the combinational optimization problem has 
drastically transformed to a continuous optimization 
program, which can be conveniently addressed via con-
ventional numerical solution methods such as gradient 
descent.

Structural equation modelling of mixed‑type data
We first construct SEMs for both continuous variables 
and discrete variables. A continuous variable Xj (j ∈ C) 
can be modelled as:

where wj denotes the j-th column of W  . It follows that 
wij = 0 when Xi is not a parent node Xj , and vice versa. ǫj 
is a random noise term with a zero mean and a variance 
of σ 2 . Note that we do not need to assume that ǫj follows 
a normal distribution.

For a binary variable Xk (k ∈ D) , the probability of 
Xk = 1 can be given by a logistic regression model:

where wk denotes the kth column of W .
Similarly, for a polytomous variable Xk (k ∈ D) , a 

multinomial logistic regression model can be posited:

where l = 1,2, · · · ,M , with M being the number of cate-
gories for the polytomous variable. For instance, when Xk 
is a three-class variable, M = 3.

Our purpose is to learn the best latent structure of 
the DAG given the observational data generated from 
its intrinsic mechanism corresponding to the DAG. 

(5)∇h(W ) = 2(sI −W ◦W )−T ◦W ,

(6)Xj = wT
j X + ǫj ,

(7)P(Xk = 1) =
exp

(

wT
k X

)

1+exp
(

wT
k X

) ,

(8)P(Xk = l) =
exp

(

wT
k(l)X

)

∑M
m=1 exp

(

wT
k(m)

X
) ,
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Therefore, it is intuitive to define the loss function as 
the discrepancy between the true value of every Xj and 
its fitted value of our models.

Specifically, for a continuous variable Xj(j ∈ C) , we 
define its loss function as:

where wjj = 0. The loss measures how well the fit is 
achieved by utilizing all other variables to estimate the 
continuous variable Xj , which is analogous to the least 
square loss in the linear regression literature.

For a binary variable Xk (k ∈ D) , its loss function can 
be given by:

where wkk = 0 , which is exactly the cross-entropy loss 
function in the binary classification problem or the nega-
tive log-likelihood function in the logistic regression 
model.

Similarly, for a polytomous variable Xk (k ∈ D) , its 
loss function can be given as follows:

where wT
k(m)

 denotes the coefficient of X in the model of 
P(Xk = m) . This is the same as the cross-entropy loss 
function in the multiclassification problem or the nega-
tive log-likelihood function in the multinomial logistic 
regression model.

Finally, the total loss function can be defined as the 
sum of continuous variables and categorical (both 
binary and polytomous) variables:

which is a function of the weighted adjacency matrix W  . 

The optimization program
After defining the loss function of mixed-type data, we 
aim to find the optimal W  that minimizes the value of the 
loss function L(W ) by searching through the space of all 
possible weighted adjacency matrices W  for DAGs within 
the ‘acyclic’ constraint. To this end, we need to solve the 
following continuous optimization program:

(9)Lj = �X i − wT
j X�

2

2
,

(10)Lk = −�Xk ,w
T
k X� + log

(

1+ exp
(

wT
k X

))

,

(11)
Lk = −

∑

M

m=1 I(Xk = m) · wT

k(m)
X + log

(

∑

M

m=1 exp
(

w
T

k(m)
X

))

,

(12)L(W ) =
∑

j∈C Lj +
∑

k∈D Lk ,

where h(W ) = −logdet(sI −W ◦W )+ dlogs = 0.

This equality-constrained program (ECP) can be solved 
via the augmented Lagrangian method, converting (13) 
to the following unconstrained program:

 with penalty parameter ρ > 0 and Lagrange multiplier α.
When ρ is sufficiently large and α is appropriately 

chosen, the solution obtained from the unconstrained 
program (14) closely approximates that of the original 
program (13) [37].

The Lagrange multiplier α is updated iteratively via the 
following formula:

where W ∗
α denotes the optimizer of program (14) at a 

given α.
To ensure that the learned DAG is a sparse network, 

an L1 regularization can be added to the loss function, 
resulting in the following optimization problem:

 where �W�1 =
∑

i �=j

∣

∣Wij

∣

∣.
In the context of regression problems, hard threshold-

ing can effectively diminish the number of false posi-
tives. Therefore, we apply the following thresholding 
to the weights of the edges: after obtaining the optimal 
solution W ∗ for problem (17), we set the weights with 
absolute values less than ω to zero, given a fixed thresh-
old ω > 0 . The following pseudocode outlines the DAG-
SLAM algorithm, which can be implemented in Python 3 
conveniently.

(13)min
W∈Rd×d

L(W ) s.t. h(W ) = 0,

(14)min
W∈Rd×d

Lρ(W ,α),

(15)
where Lρ(W ,α) = L(W )+

ρ
2
|h(W )|2 + αh(W ),

(16)α ← α + ρh
(

W ∗
α

)

,

(17)min
W∈Rd×d

Lρ,�(W ,α),

(18)where Lρ,�(W ,α) = L(W )+
ρ
2

∣

∣h(W )
∣

∣

2
+ αh(W )+ ��W�1,
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Algorithm 1. DAGSLAM: causal BN structure learning for mixed-type data [28]
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Results
Simulation studies
We conduct several simulation experiments across dif-
ferent scenarios to evaluate the performance of our 
proposed DAGSLAM algorithm and compare it against 
six existing algorithms in the context of DAG structure 
learning. The algorithms selected for comparison include 
NOTEARS, which serves as the baseline algorithm for 
DAGSLAM, and DAGMA, both of which can be imple-
mented in Python 3 (available at https://​github.​com/​
xunzh​eng/​notea​rs and https://​github.​com/​kevin​sbello/​
dagma, respectively).

We also include two established conventional score-
based algorithms: ‘HC’ and ‘TABU,’ both available in 
the bnlearn package. Additionally, we consider the 
non-aggregated hill climbing (HC) algorithm from the 
‘Directed Acyclic Graph Bagging with Mixed Variables 
(DAGBagM)’ package, as well as the ‘Mixed Directed 
Acyclic Graph (mDAG)’ algorithm, which is specifically 
designed for learning DAG structures with mixed node 
types.

The choice of these algorithms is based on their rel-
evance to our study: NOTEARS and DAGMA are gra-
dient-based algorithms, while HC and TABU represent 
mature traditional methods within the score-based 
framework. Furthermore, mDAG and DAGBagM were 
selected because they, like DAGSLAM, are tailored for 
learning DAG structures from mixed data types, particu-
larly in biomedical applications.

All parameters for the comparison algorithms are set 
according to the default values recommended in their 
respective original publications. It is important to note 
that the HC, TABU, NOTEARS, and DAGMA meth-
ods are designed to handle datasets where all variables 
are of the same type—either all continuous or all cat-
egorical—and therefore cannot process mixed-type data. 
For simplicity, we treat all nodes as continuous in our 
simulations.

Simulation setup
To ensure the robustness and effectiveness of our pro-
posed algorithm across various conditions, we conducted 
eight sets of simulation experiments in a total of 20 dis-
tinct scenarios, each featuring different combinations 
of the number of nodes, the proportion of categorical 
nodes, sample size, the levels of categorical nodes, edge 
sparsity, weight scale, graph type, and noise distribution. 
A summary of the simulation settings is presented in 
Table 1.

In each experimental set, a random graph G was pro-
duced on the basis of either the Erdős-Rényi (ER) 
model or the scale-free (SF) model, and the corre-
sponding adjacency matrix B ∈ {0,1}d×d was obtained. 

We configured various numbers of true edges 
S0 ∈ {0.5d, d, 2d} . For the edge i → j that truly exists 
between nodes i and j , its weight wij was assigned inde-
pendently from a uniform distribution over the interval 
α · [0.5,2] ∪ −α · [0.5,2] , where α is the weight scale fac-
tor. This results in a weighted adjacency matrix 
W = [wij] ∈ R

d×d . Given W  , we sample X through SEM 
according to each node’s type. For continuous nodes Xj , 
data are generated via the linear model Xj = wT

j X + ǫj , 
where the random disturbance term ǫj follows one of 
three noise models: Gaussian distribution, exponential 
distribution or Gumbel distribution. For binary nodes 
Xk , data are produced via the logistic regression model 
P(Xk = 1) =

exp
(

wT
k X

)

1+exp
(

wT
k X

) . For categorical nodes Xk with 

m levels ( m > 2 ), data are generated via a multinomial 
logistic regression model represented as 

P(Xk = l) =
exp

(

wT
k(l)X

)

∑M
m=1 exp

(

wT
k(m)

X
) , where l = 1,2, · · · ,m . On 

the basis of the aforementioned data generation mecha-
nism, a random dataset X ∈ R

n×d is produced, with 
each row being independent and identically 
distributed.

For each simulation scenario, we generated 
n ∈ {100,500,1000,5000,10000} samples for graphs with 
d ∈ {10,20,40,100} nodes. A specific number or propor-
tion of nodes (10%, 20%, or 50%) was randomly selected 
to be categorical nodes, while the remaining nodes 
were designated continuous nodes.

On the basis of the recommended hyperparameter 
values provided in the results of Zheng et  al., a weight 
threshold of ω = 0.3 and a regularization coefficient of 
� = 0.1 were established for all the aforementioned simu-
lation experiments [37].

Evaluation metrics
For each method, the performance of the learned struc-
tures was assessed via five common metrics: the false 
discovery rate (FDR), true positive rate (TPR), false posi-
tive rate (FPR), structural Hamming distance (SHD), 
and F1 score. These metrics were evaluated for both the 
estimated directed structure (i.e., edges with direction) 
and the estimated skeleton structure (i.e., edges without 
direction). Given that we are learning causal BN struc-
tures, our primary focus is on the accuracy of the learned 
edge directions. Therefore, we emphasize the directed 
metrics in our analysis. The skeleton metrics are also 
reported but are considered supplementary references. 
In subsequent discussions, unless otherwise specified, all 
mentioned metrics will refer to the directed metrics.

We define positive (P) edges as those present in the 
estimated graph, true (T) edges as those found in the 
ground truth graph, and false (F) edges as the nonedges 

https://github.com/xunzheng/notears
https://github.com/xunzheng/notears
https://github.com/kevinsbello/dagma
https://github.com/kevinsbello/dagma
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in the ground truth graph. True positive (TP) edges are 
defined as the estimated edges that have the correct 
direction in the ground truth graph, reversed (R) edges 
are the estimated edges with the opposite direction, and 
false positive (FP) edges are the estimated edges that do 
not exist in the ground truth skeleton. Additionally, let E 
be the extra edges in the estimated graph compared with 
the ground truth skeleton, and let M be the missing edges 
from the ground truth skeleton.

The five metrics of the estimated directed structure are 
given by:

FDRdirected =
R+ FP

P

TPRdirected =
TP

T

FPRdirected =
R+ FP

F

SHDdirected = E +M + R

F1directed =
2× (1− FDRdirected)× TPRdirected

1− FDRdirected + TPRdirected

The five metrics of the estimated skeleton structure are 
defined as follows:

In each simulation scenario, the performance metrics 
are calculated as the average of 10 independent replicates.

Simulation results
The details in terms of the FDR, TPR, FPR, SHD, and 
F1 score of each method are summarized in Table 2. To 
intuitively illustrate the ability of the DAGSLAM method 
to recover true DAG structures, we present visualizations 
of the true DAG structures, heatmaps of the adjacency 
matrix of the true graph, and the weighted adjacency 

FDRskeleton =
FP

P

TPRskeleton =
R+ TP

T

FPRskeleton =
FP

F

SHDskeleton = E +M

F1directed =
2× (1− FDRskeleton)× TPRskeleton

1− FDRskeleton + TPRskeleton

Table 1  Simulation settings for each scenario

d Number of nodes, k Proportion or number of categorical nodes, m Levels of categorical nodes, n Sample size, s0/d Edge sparsity, α Weight scale

Scenario d k m n s0/d α Graph type Noise distribution

1 10 1 2 1000 1 1 ER Gauss

2 20 1 2 1000 1 1 ER Gauss

3 40 1 2 1000 1 1 ER Gauss

4 100 1 2 1000 1 1 ER Gauss

5 20 10% 2 1000 1 1 ER Gauss

6 20 20% 2 1000 1 1 ER Gauss

7 20 50% 2 1000 1 1 ER Gauss

8 20 1 2 100 1 1 ER Gauss

9 20 1 2 500 1 1 ER Gauss

10 20 1 2 5000 1 1 ER Gauss

11 20 1 2 10,000 1 1 ER Gauss

12 20 1 3 1000 1 1 ER Gauss

13 20 1 4 1000 1 1 ER Gauss

14 20 1 2 1000 0.5 1 ER Gauss

15 20 1 2 1000 2 1 ER Gauss

16 20 1 2 1000 1 0.5 ER Gauss

17 20 1 2 1000 1 2 ER Gauss

18 20 1 2 1000 1 1 SF Gauss

19 20 1 2 1000 1 1 ER Exp

20 20 1 2 1000 1 1 ER Gumbel
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Table 2  Simulation results for each scenario (averaged over 10 replicates)

Scenario Method Directed Skeleton

FDR TPR FPR SHD F1 FDR TPR FPR SHD F1

1 DAGSLAM 0.00 0.90 0.00 1.0 0.95 0.00 0.90 0.00 1.0 0.95

NOTEARS 0.00 0.90 0.00 1.0 0.95 0.00 0.90 0.00 1.0 0.95

DAGMA 0.10 0.90 0.03 1.0 0.90 0.00 1.00 0.00 0.0 1.00

HC 0.26 0.85 0.09 3.1 0.79 0.14 0.99 0.05 1.7 0.92

TABU 0.23 0.82 0.07 2.5 0.79 0.06 1.00 0.02 0.7 0.97

mDAG 0.42 0.50 0.11 8.8 0.50 0.11 0.78 0.03 3.2 0.83

DAGBagM 0.36 0.76 0.13 4.5 0.69 0.17 1.00 0.06 2.1 0.91

2 DAGSLAM 0.00 0.99 0.00 0.3 0.99 0.00 0.99 0.00 0.3 0.99

NOTEARS 0.15 0.85 0.02 5.1 0.85 0.10 0.90 0.01 4.1 0.90

DAGMA 0.18 0.90 0.02 4.0 0.86 0.09 1.00 0.01 2.0 0.95

HC 0.43 0.65 0.06 9.9 0.61 0.12 1.00 0.02 2.9 0.93

TABU 0.42 0.66 0.06 9.5 0.62 0.12 1.00 0.02 2.7 0.94

mDAG 0.28 0.73 0.03 20.1 0.72 0.01 0.99 0.00 0.5 0.99

DAGBagM 0.35 0.75 0.05 8.7 0.69 0.14 1.00 0.02 3.7 0.92

3 DAGSLAM 0.00 0.97 0.00 1.0 0.99 0.00 0.97 0.00 1.0 0.99

NOTEARS 0.00 0.98 0.00 0.7 0.99 0.00 0.98 0.00 0.7 0.99

DAGMA 0.00 1.00 0.00 0.0 1.00 0.00 1.00 0.00 0.0 1.00

HC 0.50 0.67 0.04 27.6 0.57 0.26 1.00 0.02 14.4 0.85

TABU 0.42 0.77 0.03 22.4 0.66 0.25 1.00 0.02 13.3 0.86

mDAG 0.30 0.66 0.02 37.4 0.68 0.02 0.92 0.00 4.0 0.95

DAGBagM 0.46 0.71 0.03 25.2 0.60 0.25 1.00 0.02 13.7 0.85

4 DAGSLAM 0.00 0.98 0.00 1.9 0.99 0.00 0.98 0.00 1.7 0.99

NOTEARS 0.02 0.96 0.00 4.6 0.97 0.01 0.98 0.00 3.0 0.98

DAGMA 0.03 0.99 0.00 2.7 0.98 0.01 1.00 0.00 1.4 0.99

HC 0.57 0.74 0.02 97.8 0.55 0.42 1.00 0.01 72.3 0.73

TABU 0.55 0.77 0.02 95.4 0.57 0.42 1.00 0.01 72.6 0.73

mDAG 0.16 0.79 0.00 94.9 0.81 0.01 0.94 0.00 6.7 0.97

DAGBagM 0.58 0.74 0.02 104.9 0.54 0.44 0.99 0.02 80.7 0.71

5 DAGSLAM 0.00 0.95 0.00 1.0 0.97 0.00 0.95 0.00 1.0 0.97

NOTEARS 0.18 0.79 0.02 6.2 0.81 0.11 0.87 0.01 4.7 0.88

DAGMA 0.30 0.80 0.04 7.0 0.74 0.13 1.00 0.02 3.0 0.93

HC 0.42 0.65 0.06 9.6 0.61 0.11 1.00 0.02 2.6 0.94

TABU 0.39 0.68 0.05 8.9 0.64 0.11 1.00 0.01 2.5 0.94

mDAG 0.28 0.70 0.03 6.5 0.71 0.02 0.95 0.00 1.4 0.96

DAGBagM 0.38 0.74 0.06 10.0 0.66 0.17 1.00 0.03 4.7 0.90

6 DAGSLAM 0.16 0.80 0.02 5.0 0.82 0.05 0.90 0.01 3.0 0.92

NOTEARS 0.27 0.70 0.03 8.3 0.71 0.12 0.85 0.01 5.3 0.86

DAGMA 0.47 0.70 0.07 12.3 0.60 0.24 1.00 0.04 6.3 0.86

HC 0.32 0.75 0.04 7.1 0.71 0.09 1.00 0.01 2.2 0.95

TABU 0.31 0.78 0.04 7.2 0.73 0.11 1.00 0.02 2.8 0.94

mDAG 0.29 0.70 0.03 6.6 0.71 0.03 0.95 0.00 1.6 0.96

DAGBagM 0.31 0.81 0.04 7.4 0.75 0.15 1.00 0.02 3.7 0.92
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Table 2  (continued)

Scenario Method Directed Skeleton

FDR TPR FPR SHD F1 FDR TPR FPR SHD F1

7 DAGSLAM 0.09 0.74 0.01 6.1 0.81 0.05 0.77 0.00 5.4 0.85

NOTEARS 0.25 0.50 0.02 11.0 0.60 0.07 0.62 0.01 8.6 0.74

DAGMA 0.53 0.50 0.07 15.2 0.47 0.24 0.81 0.03 9.0 0.78

HC 0.36 0.79 0.05 8.9 0.71 0.19 1.00 0.03 4.7 0.90

TABU 0.37 0.74 0.05 8.9 0.68 0.15 1.00 0.02 3.8 0.91

mDAG 0.31 0.70 0.04 7.3 0.69 0.06 0.96 0.01 2.1 0.95

DAGBagM 0.36 0.76 0.05 8.7 0.69 0.16 1.00 0.02 4.0 0.91

8 DAGSLAM 0.03 0.91 0.00 2.3 0.94 0.02 0.92 0.00 2.1 0.95

NOTEARS 0.16 0.82 0.02 5.4 0.83 0.09 0.89 0.01 4.1 0.90

DAGMA 0.27 0.89 0.04 6.9 0.80 0.19 0.99 0.03 4.9 0.89

HC 0.49 0.63 0.07 13.9 0.56 0.25 0.92 0.04 8.1 0.82

TABU 0.49 0.64 0.08 14.4 0.56 0.27 0.92 0.04 8.8 0.81

mDAG 0.32 0.56 0.03 9.2 0.61 0.02 0.80 0.00 4.3 0.88

DAGBagM 0.43 0.73 0.07 13.0 0.63 0.27 0.94 0.04 8.7 0.82

9 DAGSLAM 0.00 0.98 0.00 0.5 0.99 0.00 0.98 0.00 0.5 0.99

NOTEARS 0.14 0.84 0.02 5.2 0.85 0.10 0.88 0.01 4.5 0.89

DAGMA 0.18 0.90 0.02 4.0 0.86 0.09 1.00 0.01 2.0 0.95

HC 0.44 0.65 0.06 10.5 0.60 0.15 0.99 0.02 3.7 0.92

TABU 0.44 0.67 0.06 10.7 0.61 0.16 0.99 0.02 4.2 0.91

mDAG 0.34 0.62 0.04 7.8 0.64 0.01 0.93 0.00 1.5 0.96

DAGBagM 0.43 0.72 0.07 11.4 0.62 0.21 0.99 0.03 5.9 0.87

10 DAGSLAM 0.00 0.98 0.00 0.5 0.99 0.00 0.98 0.00 0.5 0.99

NOTEARS 0.15 0.85 0.02 5.0 0.85 0.10 0.90 0.01 4.1 0.90

DAGMA 0.18 0.90 0.02 4.0 0.86 0.09 1.00 0.01 2.0 0.95

HC 0.41 0.66 0.05 9.2 0.62 0.10 1.00 0.01 2.3 0.95

TABU 0.41 0.66 0.05 9.1 0.62 0.10 1.00 0.01 2.3 0.95

mDAG 0.31 0.70 0.04 6.4 0.69 0.01 1.00 0.00 20.3 0.99

DAGBagM 0.26 0.82 0.03 5.9 0.78 0.10 1.00 0.01 2.3 0.95

11 DAGSLAM 0.00 0.98 0.00 0.4 0.99 0.00 0.98 0.00 0.4 0.99

NOTEARS 0.15 0.85 0.02 4.9 0.85 0.10 0.91 0.01 3.9 0.90

DAGMA 0.18 0.90 0.02 4.0 0.86 0.09 1.00 0.01 2.0 0.95

HC 0.40 0.65 0.05 8.5 0.62 0.06 1.00 0.01 1.4 0.97

TABU 0.39 0.66 0.05 8.4 0.63 0.07 1.00 0.01 1.5 0.96

mDAG 0.29 0.71 0.03 5.9 0.71 0.00 1.00 0.00 20.1 1.00

DAGBagM 0.22 0.83 0.03 4.8 0.80 0.06 1.00 0.01 1.4 0.97

12 DAGSLAM 0.13 0.99 0.02 3.2 0.93 0.13 0.99 0.02 3.2 0.93

NOTEARS 0.04 0.84 0.00 3.3 0.90 0.01 0.87 0.00 2.7 0.93

DAGMA 0.12 0.89 0.01 3.8 0.88 0.07 0.93 0.01 2.9 0.93

HC 0.58 0.51 0.08 15.8 0.42 0.24 0.92 0.04 7.7 0.83

TABU 0.47 0.60 0.06 12.2 0.54 0.18 0.94 0.02 5.5 0.87

mDAG 0.56 0.35 0.05 13.8 0.32 0.05 0.76 0.00 5.7 0.84

DAGBagM 0.49 0.58 0.06 12.5 0.53 0.18 0.93 0.02 5.5 0.87
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Table 2  (continued)

Scenario Method Directed Skeleton

FDR TPR FPR SHD F1 FDR TPR FPR SHD F1

13 DAGSLAM 0.00 0.90 0.00 2.0 0.95 0.00 0.90 0.00 2.0 0.95

NOTEARS 0.00 0.90 0.00 2.0 0.95 0.00 0.90 0.00 2.0 0.95

DAGMA 0.00 0.90 0.00 2.0 0.95 0.00 0.90 0.00 2.0 0.95

HC 0.43 0.65 0.06 10.1 0.60 0.13 0.99 0.02 3.2 0.93

TABU 0.40 0.66 0.05 9.6 0.63 0.13 0.96 0.02 3.6 0.91

mDAG 0.43 0.51 0.04 10.2 0.52 0.02 0.87 0.00 2.9 0.92

DAGBagM 0.39 0.73 0.05 10.3 0.66 0.20 0.95 0.03 5.9 0.87

14 DAGSLAM 0.00 1.00 0.00 0.0 1.00 0.00 1.00 0.00 0.0 1.00

NOTEARS 0.00 1.00 0.00 0.0 1.00 0.00 1.00 0.00 0.0 1.00

DAGMA 0.00 1.00 0.00 0.0 1.00 0.00 1.00 0.00 0.0 1.00

HC 0.57 0.59 0.04 7.8 0.49 0.26 1.00 0.02 3.7 0.85

TABU 0.53 0.59 0.04 6.9 0.51 0.20 1.00 0.02 2.8 0.88

mDAG 0.37 0.64 0.02 3.7 0.64 0.01 1.00 0.00 0.1 1.00

DAGBagM 0.42 0.70 0.03 5.2 0.63 0.17 1.00 0.01 2.2 0.90

15 DAGSLAM 0.09 0.89 0.02 5.2 0.90 0.02 0.96 0.00 2.3 0.97

NOTEARS 0.02 0.95 0.01 1.9 0.97 0.00 0.97 0.00 1.1 0.99

DAGMA 0.00 1.00 0.00 0.0 1.00 0.00 1.00 0.00 0.0 1.00

HC 0.56 0.71 0.25 39.1 0.54 0.41 0.96 0.18 29.0 0.73

TABU 0.47 0.78 0.20 31.5 0.63 0.35 0.96 0.15 24.2 0.77

mDAG 0.30 0.55 0.06 19.8 0.62 0.06 0.74 0.01 12.3 0.83

DAGBagM 0.66 0.59 0.36 58.6 0.37 0.51 0.90 0.28 46.2 0.63

16 DAGSLAM 0.00 0.86 0.00 2.8 0.92 0.00 0.86 0.00 2.8 0.92

NOTEARS 0.06 0.76 0.01 4.9 0.84 0.00 0.80 0.00 3.9 0.89

DAGMA 0.08 0.79 0.01 4.1 0.85 0.00 0.86 0.00 2.8 0.92

HC 0.56 0.49 0.07 13.8 0.42 0.16 0.95 0.02 4.7 0.89

TABU 0.55 0.51 0.07 13.8 0.43 0.17 0.95 0.02 5.0 0.88

mDAG 0.35 0.62 0.04 7.8 0.63 0.01 0.95 0.00 1.3 0.97

DAGBagM 0.44 0.59 0.05 10.4 0.57 0.10 0.95 0.01 3.3 0.92

17 DAGSLAM 0.00 0.90 0.00 2.1 0.94 0.00 0.90 0.00 2.1 0.94

NOTEARS 0.11 0.88 0.01 4.6 0.88 0.11 0.88 0.01 4.6 0.88

DAGMA 0.13 0.90 0.02 4.0 0.89 0.10 0.93 0.01 3.4 0.92

HC 0.53 0.56 0.07 13.5 0.50 0.19 0.96 0.03 5.5 0.88

TABU 0.43 0.62 0.06 10.5 0.59 0.12 0.96 0.02 3.7 0.91

mDAG 0.48 0.40 0.04 12.8 0.40 0.05 0.73 0.00 6.1 0.83

DAGBagM 0.45 0.60 0.06 11.0 0.57 0.13 0.95 0.02 4.0 0.91

18 DAGSLAM 0.00 0.95 0.00 1.0 0.97 0.00 0.95 0.00 1.0 0.97

NOTEARS 0.11 0.89 0.01 3.0 0.89 0.05 0.95 0.01 2.0 0.95

DAGMA 0.10 0.94 0.01 2.1 0.92 0.05 0.99 0.01 1.1 0.97

HC 0.20 0.89 0.02 4.2 0.85 0.10 1.00 0.01 2.2 0.95

TABU 0.19 0.89 0.02 4.0 0.85 0.09 1.00 0.01 1.9 0.95

mDAG 0.25 0.77 0.03 5.6 0.76 0.06 0.97 0.01 1.8 0.95

DAGBagM 0.33 0.78 0.05 8.1 0.71 0.16 0.99 0.02 4.0 0.91
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matrices of both the true graph and those estimated by 
the DAGSLAM algorithm for each scenario in Figs. S1—
S20 (Additional file 1).

The number of nodes
Simulation (i) comprises scenarios 1, 2, 3 and 4, with a 
focus on the impact of varying the number of nodes d , 
with values set at {10, 20, 40,100} . Overall, DAGSLAM 
consistently outperforms other methods across different 
node counts. At d = 10 , DAGSLAM achieves an impres-
sive directed F1 score of 0.95 and a SHD of 1.0, demon-
strating its ability to accurately capture the true structure 
in smaller networks (Table  2). As the number of nodes 
increases to d = 20 and d = 40 , DAGSLAM’s perfor-
mance continues to improve, with F1 scores remaining 
close to 1 and SHD values near 0, indicating its stability 
and effectiveness in handling more complex networks. 
Notably, DAGSLAM consistently appears in the upper-
right corner of the precision-recall (PR) plots (Fig.  1A 
and B), achieving both high precision and high recall 
across all node counts, with values approaching 1.00.

In contrast, other algorithms exhibit varying degrees 
of performance degradation as d increases. For instance, 
HC, mDAG and DAGBagM show a noticeable decline 

in F1 scores at d = 40 (Fig. 1C and D, Table 2), with HC 
dropping to 0.57, mDAG to 0.68 and TABU to 0.66. At 
d = 100 , performance of HC, TABU, and DAGBagM fur-
ther deteriorates, with HC and TABU achieving F1 scores 
of 0.55 and 0.57, respectively, and DAGBagM dropping to 
0.54. This decline is accompanied by a sharp increase in 
SHD values (Fig. 1E and F), reflecting their challenges in 
accurately modeling high-dimensional data.

From the PR plots (Fig. 1A and B), DAGSLAM consist-
ently outperforms other methods across all node counts, 
maintaining high precision and recall. While NOTEARS 
and DAGMA also perform well in high-dimensional set-
tings ( d = 40 and d = 100 ), their precision and recall val-
ues at d = 20 are slightly lower than those of DAGSLAM, 
indicating a relative weakness in mid-range scenarios.

F1 scores and SHD values also reflect similar facts. 
NOTEARS and DAGMA perform comparably to 
DAGSLAM in high-dimensional settings ( d = 40 and 
d = 100 ), achieving high F1 scores and low SHD values. 
However, at d = 20 , both algorithms exhibit a slight drop 
in performance compared to DAGSLAM, with DAGMA 
and NOTEARS achieving F1 scores of 0.86 and 0.85, 
respectively, and slightly higher SHD values (4.0 and 5.1, 
respectively) (Fig. 1C, D, E and F, Table 2). This suggests 

Fig. 1  Results for Simulation (i): Comparison of the performance of DAGSLAM, NOTEARS, DAGMA, HC, TABU, mDAG, and DAGBagM with varying 
numbers of nodes d = 10, 20, 40, 100. A Precision-Recall plot for detecting directed structures. B Precision-Recall plot for detecting skeleton 
structures. C F1 score for detecting directed structures. D F1 score for detecting skeleton structures. E Structural Hamming Distance (SHD) 
for detecting directed structures. F SHD for detecting skeleton structures. The results are averaged over 10 replicates for each scenario. The error 
bars in C), D), E) and F) indicate the standard deviation of each bar

(See figure on next page.)

Table 2  (continued)

Scenario Method Directed Skeleton

FDR TPR FPR SHD F1 FDR TPR FPR SHD F1

19 DAGSLAM 0.24 0.80 0.03 7.3 0.78 0.16 0.89 0.02 5.6 0.86

NOTEARS 0.11 0.83 0.01 5.0 0.86 0.09 0.85 0.01 4.6 0.88

DAGMA 0.18 0.90 0.02 4.0 0.86 0.09 1.00 0.01 2.0 0.95

HC 0.45 0.65 0.06 10.6 0.60 0.15 1.00 0.02 3.6 0.92

TABU 0.42 0.67 0.06 10.1 0.62 0.15 1.00 0.02 3.6 0.92

mDAG 0.30 0.62 0.03 7.9 0.66 0.02 0.88 0.00 2.8 0.93

DAGBagM 0.39 0.75 0.06 10.5 0.67 0.20 0.99 0.03 5.6 0.88

20 DAGSLAM 0.22 0.94 0.03 5.7 0.85 0.18 0.99 0.03 4.7 0.89

NOTEARS 0.19 0.88 0.02 4.4 0.84 0.09 0.99 0.01 2.3 0.94

DAGMA 0.18 0.90 0.02 4.0 0.86 0.09 1.00 0.01 2.0 0.95

HC 0.40 0.66 0.05 8.9 0.63 0.09 1.00 0.01 2.1 0.95

TABU 0.38 0.68 0.05 8.4 0.64 0.09 1.00 0.01 1.9 0.96

mDAG 0.26 0.73 0.03 5.8 0.73 0.02 0.97 0.00 1.0 0.97

DAGBagM 0.38 0.73 0.06 9.6 0.66 0.16 1.00 0.02 4.2 0.91



Page 13 of 25Zhao and Jia ﻿BMC Medical Research Methodology          (2025) 25:154 	

Fig. 1  (See legend on previous page.)
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that DAGSLAM is more robust in mid-range node 
counts.

Proportion of categorical nodes
Simulation (ii) includes scenarios 5, 6, and 7, with a focus 
on the impact of varying the proportion of categorical 
nodes, with values set at {10%, 20%, 50%} . The true DAG 
graph and adjacency matrix remain the same as those 
in scenario 3. We fixed the number of nodes at d = 20 , 
resulting in the corresponding number of categorical 
nodes k = 2,4, 10.

The performance of the algorithms is significantly 
affected by the proportion of categorical nodes. As the 
proportion k increases, the performance of the gradi-
ent-based algorithms—DAGSLAM, NOTEARS, and 
DAGMA—declines to varying degrees. For instance, at 
k = 10 (50% categorical nodes), DAGSLAM’s F1 score 
drops from 0.97 to 0.82, while NOTEARS and DAGMA 
show F1 scores around 0.71 and 0.60, respectively 
(Fig. 2C, Table 2). This decline may be attributed to the 
inherent challenges that arise when integrating categori-
cal data into the structure learning process, complicating 
the optimization landscape.

Despite this, DAGSLAM maintains the best perfor-
mance across all scenarios ( k = 2,4,10 ). In Fig. 2A, DAG-
SLAM is consistently closer to the upper-right corner 
compared to other algorithms, indicating its advantages 
in both directed precision and directed recall. In terms of 
F1 scores (Fig. 2C), DAGSLAM outperforms other algo-
rithms, while its SHD values (Fig. 2E) remain lower than 
those of the other methods, demonstrating its effective-
ness in capturing the true structure even with relatively 
large proportion of categorical nodes.

In contrast, the performance of HC, TABU, mDAG, 
and DAGBagM shows little change with increasing pro-
portions of categorical nodes, and in some cases, their 
performance even improves slightly. However, despite 
being more robust in handling categorical data, these 
algorithms consistently underperform compared to 
DAGSLAM, with F1 scores only around 0.70 (Fig.  2C, 
Table 2).

Sample size
Simulation (iii) comprises scenarios 8, 9, 2, 10, and 11, 
focusing on the impact of varying the number of sample 
sizes n , with values set at {100, 500, 1000, 5000, 10000} , 

under a fixed DAG topology structure. In general, DAG-
SLAM consistently outperforms other methods across all 
sample sizes, followed by NOTEARS and DAGMA, while 
DAGBagM and mDAG rank lower, with HC and TABU 
performing the worst.

From the PR plots (Fig.  3A), DAGSLAM consist-
ently appears in the upper-right corner across all sample 
sizes, achieving both high precision and high recall. At 
n = 100 , DAGSLAM achieves a directed F1 score of 0.94 
and an SHD value of 2.3 (Fig.  3C and E, Table  2). As n 
increases, its performance improves further, reaching an 
F1 score close to 1 and an SHD value near 0 at n = 5000 
and n = 10000 . Notably, DAGSLAM’s performance sta-
bilizes when n ≥ 1000 , showing no significant improve-
ment with further increases in sample size.

NOTEARS and DAGMA also perform well, particu-
larly in large-sample scenarios ( n = 5000 and n = 10000 ), 
where their F1 scores approach 0.85 and SHD values 
remain below 5.0 (Fig.  3C and E, Table  2). However, at 
smaller sample sizes ( n = 100 and n = 500 ), However, at 
smaller sample sizes ( n = 100 and n = 500 ), their perfor-
mance shows a slight decline, and across all sample sizes, 
they do not perform as well as DAGSLAM.

In contrast, DAGBagM and mDAG exhibit poor per-
formance at smaller sample sizes, with F1 scores below 
0.65 and high SHD values (DAGBagM has an F1 score 
of 0.63 and SHD of 13.0 at n = 100 , while mDAG has 
an F1 score of 0.61 and SHD of 9.2) (Fig.  3C and E, 
Table  2). Although their performance improves as n 
increases, even at n = 10000 , their F1 scores and SHD 
values remain significantly worse than those of DAG-
SLAM, NOTEARS, and DAGMA. Notably, DAGBagM 
shows a unique trend where its performance continues to 
improve slightly even when n ≥ 1000.

HC and TABU struggle the most in low-sample sce-
narios, with F1 scores below 0.6 and high SHD val-
ues at n = 100 (HC has an F1 score of 0.56 and SHD of 
13.9, while TABU has an F1 score of 0.56 and SHD of 
14.4) (Fig.  3C and E, Table  2). While their performance 
improves with larger sample sizes, they still lag behind 
other algorithms at n = 10000.

Levels of categorical nodes
Simulation (iv) includes scenarios 2, 12, and 13, which 
focus on the impact of varying the levels of categorical 
nodes m , with values set at {2,3,4} , while maintaining a 

(See figure on next page.)
Fig. 2  Results for Simulation (ii): Comparison of the performance of DAGSLAM, NOTEARS, DAGMA, HC, TABU, mDAG, and DAGBagM with varying 
number (proportion) of categorical nodes k = 2 (10%), 4 (20%), 10 (50%). A Precision-Recall plot for detecting directed structures. B Precision-Recall 
plot for detecting skeleton structures. C F1 score for detecting directed structures. D F1 score for detecting skeleton structures. E Structural 
Hamming Distance (SHD) for detecting directed structures. F SHD for detecting skeleton structures. The results are averaged over 10 replicates 
for each scenario. The error bars in C), D), E) and F) indicate the standard deviation of each bar
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Fig. 2  (See legend on previous page.)
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fixed DAG topology structure. It is important to note that 
mDAG and DAGBagM cannot handle categorical nodes 
with more than 2 levels ( m > 2 ), and therefore, these 
algorithms treat multi-category variables as continuous 
variables.

The performance of the algorithms varies with the lev-
els of categorical nodes. At m = 2 and m = 3 , DAGSLAM 
leads the other algorithms, achieving higher F1 scores, 
TPR, and lower SHD. For instance, at m = 3 , DAGSLAM 
achieves an F1 score of 0.93 and a TPR of 0.99, which are 
higher than all other algorithms (Fig. 4C, Table 2).

Interestingly, as the number of levels m increases to 
4, the performance of NOTEARS and DAGMA slightly 
improves, and at this level, NOTEARS and DAGMA’s 
performance matches that of DAGSLAM exactly, both 
achieving an F1 score of 0.95 and a SHD of 2.0 (Fig. 4C 
and E, Table  2). However, DAGSLAM still significantly 
outperforms the other four algorithms, which continue 
to show lower F1 scores below 0.70 and higher SHD val-
ues around 10.0 (Fig. 4C and E,Table 2).

This observation suggests that when m ≥ 4 , multi-
category variables can be treated as continuous vari-
ables without a significant loss in performance for the 
gradient-based algorithms. However, other algorithm’s 
inability to handle categorical variables more than 2 lev-
els limits their applicability in scenarios with higher cat-
egorical levels.

Owing to space limitations in the main text, the 
detailed results of the simulation experiments examining 
the effects of edge sparsity, weight scale, graph type, and 
noise distribution are provided in Additional file 2.

Computational time analysis
To better understand the computational limits of our pro-
posed algorithm, we investigated the impact of the num-
ber of nodes d and sample size n on computational time. 
In this analysis, we compare DAGSLAM with two other 
gradient-based algorithms, NOTEARS and DAGMA. 
Note that we do not compare these with the other four 
algorithms implemented in R, as our algorithm is imple-
mented in Python. The simulations were conducted on a 
machine with the following specifications: AMD Ryzen 5 
5500U @ 2.10GHz with 6 cores and 16.0GB of RAM.

The computational time of the algorithms was analysed 
as a function of the number of nodes d and sample size n , as 

shown in Figs. 5and 6. The specific computational time results 
are detailed in Table S1 and Table S2 (Additional file 1).

Figure  5 illustrates the computational time for each 
algorithm with a fixed sample size of n = 1000 while 
varying the number of nodes d from 20 to 100. As d 
increases, the computational time for all three algorithms 
shows a significant upward trend. Specifically, the com-
putational time for both DAGSLAM and NOTEARS 
increases by approximately two orders of magnitude, 
reaching around 103 s when d = 100 . In contrast, DAG-
MA’s computational time increases by only one order 
of magnitude, indicating a more moderate growth com-
pared to the other two algorithms.

Figure 6 presents the computational time with a fixed 
number of nodes d = 20 while varying the sample size n 
from 1000 to 10,000. In this scenario, both DAGSLAM 
and NOTEARS exhibit an increase in computational 
time by about one order of magnitude. At n = 10000 , the 
computational time for DAGSLAM is approximately 102 
s, while DAGMA’s computational time remains relatively 
stable, showing minimal change despite the increase in 
sample size.

These results highlight that while DAGSLAM’s com-
putational time is higher than that of NOTEARS and 
DAGMA, this is largely due to its design for handling 
mixed-type data, which requires more complex computa-
tions. In contrast, NOTEARS and DAGMA benefit from 
treating all variables as continuous, allowing for more 
efficient matrix operations. This analysis underscores the 
importance of considering both computational efficiency 
and the specific data characteristics when selecting an 
appropriate algorithm for causal inference tasks.

Real‑world dataset application
We apply our proposed method to the National Health 
and Nutrition Examination Survey (NHANES) dataset, 
which is a continuous program that employs sophisti-
cated multistage probability sampling to gather a rep-
resentative sample of the American population and 
evaluate the health and nutritional status of people 
across the United States. The NHANES survey includes 
demographic, dietary, examination, laboratory and 
health-related survey data. The NHANES study proto-
col received approval from the Ethics Review Commit-
tee of the National Center for Health Statistics, and all 

Fig. 3  Results for Simulation (iii): Comparison of the performance of DAGSLAM, NOTEARS, DAGMA, HC, TABU, mDAG, and DAGBagM with varying 
sample size n = 100, 500, 1000, 5000, 10,000. A Precision-Recall plot for detecting directed structures. B Precision-Recall plot for detecting skeleton 
structures. C F1 score for detecting directed structures. D F1 score for detecting skeleton structures. E Structural Hamming Distance (SHD) 
for detecting directed structures. F SHD for detecting skeleton structures. The results are averaged over 10 replicates for each scenario. The error 
bars in C), D), E) and F) indicate the standard deviation of each bar

(See figure on next page.)
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Fig. 3  (See legend on previous page.)
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participants provided written informed consent. For fur-
ther information, please refer to the NHANES—NCHS 
Research Ethics Review Board Approval page on the 
website.

We integrated data from 2005–2020, focusing on 
elderly women aged 65–79 years. The variables of inter-
est and their types are listed in Table 3, comprising a total 
of 13 variables: 8 continuous variables and 5 categorical 
variables. After excluding cases with missing data, we 
obtained a complete dataset of 813 samples. Our objec-
tive was to investigate the risk factors for coronary heart 
disease (CHD) and diabetes, aiming to establish a causal 
network of the interactions among these risk factors.

The learned DAG structure is illustrated in Fig. 7, with 
the diseases of interest highlighted in orange. The arrows 
indicate positive relationships, whereas the diamonds 
represent negative relationships. The estimated weighted 
adjacency matrix W  is detailed in Table  S3 (Additional 
file 1). The results show that fasting glucose (GLU) serves 
as a critical starting node, impacting both waist circum-
ference (WAIST) and glycohemoglobin (GHB). Elevated 
glucose levels are associated with increased waist cir-
cumference, reflecting the relationship between insulin 
resistance and central obesity, which is a known risk fac-
tor for metabolic syndrome [38]. Higher GHB levels indi-
cate poorer long-term glucose control and a greater risk 
of diabetes [39].

Elevated levels of GHB promote the development of 
diabetes, further complicating the metabolic landscape. 
This relationship highlights the cascading effects of glu-
cose metabolism on diabetes risk. Additionally, alcohol 
consumption (AL) has been shown to inhibit diabetes, 
indicating that higher alcohol intake may be associated 
with a lower risk of developing diabetes in this popula-
tion. This relationship is complex; moderate alcohol 
consumption, particularly red wine, has been linked to 
improved insulin sensitivity and better glucose metabo-
lism, potentially lowering the risk of type 2 diabetes, 
especially in females [40–42]. However, these benefits 
may not apply to everyone, especially those with a family 
history of diabetes or other health issues [43].

Waist circumference acts as a central node in the DAG, 
influencing several other factors. It promotes body mass 
index (BMI), reinforcing the connection between waist 
size and overall body fat. However, WAIST also inhibits 

high-density lipoprotein cholesterol (HDL), which is 
associated with low HDL levels and is a significant risk 
factor for cardiovascular disease [44]. This interplay sug-
gests that as waist circumference increases, the risk of 
cardiovascular issues may rise due to lower HDL levels.

HDL not only promotes total cholesterol (TCHOL) but 
also inhibits triglycerides (TGs). This dual role highlights 
the complexity of lipid metabolism, where HDL is benefi-
cial in managing triglyceride levels while also being part 
of the broader lipid profile.

TCHOL is positively associated with both low-density 
lipoprotein (LDL) and TG. Elevated total cholesterol lev-
els typically correlate with increased LDL levels, which is 
a well-established risk factor for cardiovascular disease 
[44]. The promotion of triglycerides by total cholesterol 
further underscores the interconnected nature of lipid 
profiles.

Both alcohol consumption and hypertension (HTN) 
negatively influence CHD incidence. This finding is 
intriguing, as it suggests that in this population, higher 
alcohol intake and hypertension may be associated with 
a reduced risk of CHD. Moderate intake of alcoholic 
beverages has been associated with lower coronary 
heart disease risk due to beneficial components such as 
polyphenols and resveratrol, which may improve car-
diovascular health [45–47]. However, the definition of 
moderate drinking varies, typically considered to be up 
to two drinks per day for men and one drink per day for 
women. Excessive drinking can lead to numerous health 
risks, including hypertension and heart disease [48].

Hypertension also inhibits CHD, which may seem 
counterintuitive given the established link between 
hypertension and increased cardiovascular risk. This 
relationship may be explained by the possibility that 
individuals diagnosed with hypertension become more 
vigilant in terms of their cardiovascular health. Upon 
learning of their condition, they may adopt healthier life-
style choices, such as improved diet, increased physical 
activity, and adherence to medication regimens, which 
collectively contribute to a reduced incidence of coro-
nary heart disease. This proactive approach to managing 
hypertension could mitigate some of the risks typically 
associated with high blood pressure.

(See figure on next page.)
Fig. 4  Results of Simulation (iv): Comparison of the performance of DAGSLAM, NOTEARS, DAGMA, HC, TABU, mDAG, and DAGBagM with varying 
levels of categorical nodes m = 2, 3, 4. A Precision-Recall plot for detecting directed structures. B Precision-Recall plot for detecting skeleton 
structures. C F1 score for detecting directed structures. D F1 score for detecting skeleton structures. E Structural Hamming Distance (SHD) 
for detecting directed structures. F SHD for detecting skeleton structures. The results are averaged over 10 replicates for each scenario. The error 
bars in C), D), E) and F) indicate the standard deviation of each bar
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Discussion
DAGs have become an essential tool in epidemiologi-
cal research for modelling causal relationships among 
disease risk factors. They allow researchers to disen-
tangle direct and indirect effects, providing a clearer 

understanding of the underlying causal mechanisms [5]. 
However, existing DAG learning methods often struggle 
with real-world biomedical datasets, which frequently 
involve mixed data types (e.g., continuous biomarkers 

Fig. 5  Computational time (in seconds) as a function of the number of nodes (d) with the sample size (n) fixed at n = 1000. The graph displays 
the performance of three algorithms: DAGSLAM (blue), NOTEARS (orange), and DAGMA (green) on a logarithmic scale. The computational results 
are averaged over 10 replicates

Fig. 6  Computational time (in seconds) as a function of sample size (n) with the number of nodes (d) fixed at d = 20. This graph depicts 
the performance of DAGSLAM (blue), NOTEARS (orange), and DAGMA (green) with the time displayed on a logarithmic scale. The computational 
results are averaged over 10 replicates
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Table 3  Descriptions of the variables in the real-world dataset analysis

Abbreviation Type Description

AL Categorical Had at least 12 alcohol drinks in lifetime 1: YES, 0: NO

BMI Continuous Body Mass Index (kg/m2)

CHD Categorical Doctor ever told you had coronary heart disease 1: YES, 0: NO

DI Categorical Doctor told you have diabetes 1: YES, 0: NO

GLU Continuous Fasting Glucose (mg/dL)

GHB Continuous Glycohemoglobin (%)

HDL Continuous Direct High-Density Lipoprotein Cholesterol (mg/dL)

HTN Categorical Doctor ever told you had high blood pressure 1: YES, 0: NO

LDL Continuous Low-Density Lipoproteins Cholesterol, Friedewald equation (mg/dL)

SM Categorical Smoked at least 100 cigarettes in life 1: YES, 0: NO

TCHOL Continuous Total Cholesterol (mg/dL)

TG Continuous Triglycerides, refrigerated serum (mg/dL)

WAIST Continuous Waist Circumference (cm)

Fig. 7  Learned DAG via the DAGSLAM algorithm for the NHANES dataset. The diseases of interest are highlighted in orange. The arrows indicate 
positive relationships, whereas the diamonds represent negative relationships. AL: alcohol consumption; BMI: body mass index; CHD: coronary heart 
disease; DI: diabetes; GLU: fasting glucose; GHB: glycohemoglobin; HDL: high-density lipoprotein cholesterol; HTN: hypertension; LDL: low-density 
lipoprotein cholesterol; SM: smoking; TCHOL: total cholesterol; TG: triglycerides; WAIST: waist circumference

and categorical clinical outcomes) and complex, high-
dimensional structures [16, 28]. These limitations have 
hindered their broader application in disease risk factor 
modelling.

To address these challenges, we propose an extension 
of the NOTEARS algorithm, referred to as DAGSLAM, 
which is specifically designed to handle mixed-type 
data. This novel algorithm integrates continuous and 

categorical variables into a unified framework by intro-
ducing a tailored loss function that accommodates both 
data types. By building on the conceptual framework of 
the original NOTEARS, DAGSLAM achieves robust 
performance across a variety of scenarios, including net-
works with varying node counts, sample sizes, propor-
tions and levels of categorical variables, variations in edge 
density, adjustments to the weight scale, different graph 



Page 22 of 25Zhao and Jia ﻿BMC Medical Research Methodology          (2025) 25:154 

types, and diverse noise distributions. Furthermore, the 
algorithm demonstrates scalability to larger datasets, 
making it suitable for real-world applications.

In addition to its methodological advancements, 
DAGSLAM is the first adaptation of the gradient-based 
algorithm to mixed-type data and its first application 
in the medical domain for identifying disease risk fac-
tors. Through extensive simulations, the algorithm con-
sistently outperforms existing methods, such as HC, 
TABU, mDAG, and DAGBagM, across key metrics, 
including precision, recall, F1 score, and SHD. These 
results highlight its ability to accurately infer both 
directed and undirected structures, even in challenging 
scenarios with limited sample sizes or high proportions 
of categorical variables. By bridging the gap between 
theoretical advancements in DAG learning and practi-
cal applications in epidemiology, DAGSLAM provides 
a powerful and scalable tool for uncovering causal rela-
tionships in complex disease networks.

Performance analysis with mixed‑type data
Our simulation results demonstrate that DAGSLAM 
excels in scenarios with a significant proportion of cat-
egorical variables. In scenarios 5, 6, and 7, where the pro-
portion of categorical nodes is set at 10%, 20%, and 50%, 
respectively, DAGSLAM shows a clear advantage, with 
its relative performance over other algorithms becom-
ing more pronounced as the proportion of categorical 
variables increases. This underscores its ability to effec-
tively handle mixed-type data, which is a common fea-
ture of real-world biomedical datasets. However, in 
scenarios with minimal categorical variables (scenarios 3 
and 4, with proportions of 2.5% and 1.0%, respectively), 
the performance of DAGSLAM is comparable to that of 
NOTEARS and DAGMA. This suggests that when the 
proportion of categorical variables is below 2.5%, treat-
ing all variables as continuous may be a viable alterna-
tive. Therefore, we recommend using DAGSLAM when 
the proportion of categorical variables is ≥ 2.5%, as it 
provides superior performance in these cases. However, 
users should be aware that DAGSLAM’s computational 
time is longer compared to NOTEARS and DAGMA, 
and thus, a trade-off between computational efficiency 
and performance must be considered based on the spe-
cific characteristics of the dataset.

Furthermore, when examining the impact of the num-
ber of levels of categorical variables ( m ), DAGSLAM 
demonstrates significant advantages when m = 2 or 
3. However, when m ≥ 4 , its performance aligns with 
that of NOTEARS and DAGMA. From a computa-
tional efficiency perspective, it may be more practical 
to treat multi-category variables as continuous and use 
NOTEARS or DAGMA in such cases. This flexibility 

allows users to optimize their choice of algorithm based 
on the specific structure of their data.

Instance analysis and real‑world applications
The application of DAGSLAM to real-world datasets fur-
ther underscores its utility. The DAG constructed from 
the NHANES dataset provides a comprehensive overview 
of the interrelationships among various health factors in 
elderly women. The findings highlight the importance of 
considering multiple risk factors when assessing health 
outcomes according to this demographic.

The positive relationships between fasting glucose, 
waist circumference, and glycohemoglobin underscore 
the critical role of metabolic health. The negative influ-
ence of waist circumference on HDL levels is particularly 
concerning, as low HDL is a significant risk factor for 
cardiovascular disease.

The observed negative relationships between alcohol 
consumption and CHD and diabetes are noteworthy 
and suggest that moderate alcohol intake may confer 
some protective effects. However, our findings should 
not be seen as an endorsement of alcohol consump-
tion at any level. While there may be potential benefits 
of alcohol for insulin-sensitive cardiovascular health, 
these benefits must be carefully balanced against the 
associated risks [45–47]. The negative effects of alcohol 
are directly related to the amount consumed, and it is 
important to highlight that there is no completely safe 
level of alcohol intake [49, 50]. Consulting healthcare 
professionals before making dietary changes related to 
alcohol consumption is advisable.

Overall, these causal relationships provide valu-
able insights into the risk factors affecting the health 
of elderly women and emphasize the need for targeted 
interventions to address these interconnected issues.

Limitations and future directions
While DAGSLAM represents a significant advance-
ment in DAG learning for mixed-type data, several 
limitations remain. One key limitation of DAGSLAM 
is its computational efficiency. The algorithm’s design 
for handling mixed-type data requires individual vec-
tor operations for each column (or node), which inher-
ently increases computational complexity. In contrast, 
NOTEARS and DAGMA treat all variables as continu-
ous, allowing for efficient matrix operations that sig-
nificantly reduce computation time. Future research 
should focus on exploring more efficient optimization 
methods to improve the computational performance 
of DAGSLAM. It is worth noting, however, that in our 
target application scenarios—such as disease risk factor 
networks—the node count (up to d = 40 ) and sample 
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size (around n = 1000 ) are typically moderate, and the 
computational time of DAGSLAM remains within an 
acceptable range.

Additionally, the current implementation of DAG-
SLAM assumes linear relationships among variables, 
which may not fully capture the complexity of certain 
real-world datasets. Future work could explore the 
incorporation of nonlinear interactions, potentially 
through kernel-based methods or neural network 
architectures, to better model relationships in mixed-
type data. This would further enhance the algorithm’s 
ability to handle the intricate dependencies often found 
in biomedical data.

Moreover, the current algorithm does not support 
the inclusion of prior knowledge, such as blacklists or 
whitelists of edges, which could improve performance 
in scenarios where domain expertise is available. The 
incorporation of such constraints into the structure 
learning process is a promising direction for future 
research.

Finally, while DAGSLAM has shown robustness 
across various simulation scenarios, its performance in 
highly dense networks (where S0

d
≥ 2 ) and with expo-

nentially distributed data requires further improve-
ment. Future studies should focus on enhancing the 
algorithm’s effectiveness in these challenging contexts, 
ensuring that it can be reliably applied to a wider range 
of epidemiological datasets.

Conclusions
In this study, we present DAGSLAM, a novel extension of 
the NOTEARS algorithm for learning DAGs from mixed-
type data. Through extensive simulations and real-world 
applications, we demonstrate that DAGSLAM outper-
forms existing methods in terms of accuracy, scalability, 
and robustness. By enabling the integration of continuous 
and categorical variables, DAGSLAM provides a power-
ful framework for modelling complex disease networks, 
with significant implications for risk factor identifica-
tion and public health research. Future work will focus 
on addressing the algorithm’s limitations and further 
enhancing its capabilities for real-world applications.
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