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ABSTRACT DNA supercoils are generated in genome regulation processes such as transcription and replication and provide
mechanical feedback to such processes. Under tension, a DNA supercoil can present a coexistence state of plectonemic and
stretched phases. Experiments have revealed the dynamic behaviors of plectonemes, e.g., diffusion, nucleation, and hopping.
To represent these dynamics with conformational changes, we demonstrated first the fast dynamics on the DNA to reach torque
equilibrium within the plectonemic and stretched phases, and then identified the two-phase boundaries as collective slow vari-
ables to describe the essential dynamics. According to the timescale separation demonstrated here, we developed a two-phase
model on the dynamics of DNA supercoiling, which can capture physiologically relevant events across timescales of several or-
ders of magnitudes. In this model, we systematically characterized the slow dynamics between the two phases and compared
the numerical results with those from the DNA polymer physics-based worm-like chain model. The supercoiling dynamics,
including the nucleation, diffusion, and hopping of plectonemes, have been well represented and reproduced, using the two-
phase dynamic model, at trivial computational costs. Our current developments, therefore, can be implemented to explore multi-
scale physical mechanisms of the DNA supercoiling-dependent physiological processes.
SIGNIFICANCE DNA supercoiling is essential for a variety of cellular processes. Describing the supercoiling dynamics
quantitatively is however challenging as the relevant timescale spans from submicroseconds to over seconds. In this work,
based on the worm-like-chain model of DNA, we have developed a coarse-grained approach across timescales on
modeling the supercoiling dynamics in two phases (plectonemic phase and stretched phase) that characterizes
mechanical responses of supercoiling consistently with the worm-like-chain model but at trivial computational costs. The
two-phase model further captures the plectonemic DNA nucleation, diffusion, and hopping measured experimentally. Our
study thus supports biophysical approaches to reveal physiological mechanisms of DNA supercoiling.
INTRODUCTION

Supercoiling is ubiquitous in cellular DNA and results from
the topology of double-helical DNA (1–5). For eukaryotic
DNA, large structural domains (� 1 Mb) emerge in the
genome as the topologically associating domains (6–8),
which are further divided into smaller supercoiling domains
(� 105bp) (9–11). For the prokaryotic DNA, comparatively
large structural domains and smaller supercoiling domains
are also present (e.g., E. coli with several 104 bp and �
104 bp) (10,12). Supercoils are generated in many crucial
genetic processes and in turn regulate corresponding pro-
cesses, including transcription, replication, and genome
condensation (2,13–19). During transcription elongation,
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an RNA polymerase (RNAP) moves along the helical
DNA and generates twists, which subsequently create posi-
tive supercoiling ahead of the RNAP or downstream and
negative supercoiling behind or upstream (13). The accumu-
lation of the torsional stress can slow down or even stall the
transcription elongation (14,15). Recent experiments show
long-distance cooperative and antagonistic dynamics of
multiple RNAPs via supercoiling (20), justifying the role
of supercoiling as a long-range mediator (21). A previous
modeling study pointed out that multiple RNAPs facilitate
elongation by reducing collisions or traffic jam by torques
(22); another model suggested that multiple RNAPs also
induce strong supercoiling to bring significant transcription
fluctuations (23). In addition, supercoiling contributes to the
chromosome condensation (18,19), during which the nega-
tive supercoils accumulate in the protein-free region of the
DNA (24). Under tension, the accumulative supercoiling
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Two-phase dynamics of DNA supercoiling
presents twisted and interwound coils called plectonemes,
which may act as a driving force for compacting the chro-
matin fiber (24,25).

A supercoil can be partitioned into two parts, twist and
writhe, which play distinct roles in genomic processes
(26). Underwound DNA (with negative twists) can melt
the secondary structures of DNA, and this can attract regu-
latory proteins (26–28). In contrast, overwound DNA (with
positive twists) can hinder enzymatic activities associated
with opening of the DNA duplex, such as in transcription
initiation and elongation (14,15). On the other hand, writhe
characterizes spatial crossings of DNA segments (3,29),
accordingly facilitating distant interactions on DNA (30–
33). Writhe can be in a solenoidal or a plectonemic form,
or a combination of both. Under an external stretching force,
supercoiled DNA can present a coexistence state of both
forms (34–37), in which the plectonemic coils form the
plectonemic (P) phase, whereas the solenoidal coils are
almost straightly stretched, forming the stretched (S) phase
(37,38).

DNA supercoiling has been quantitatively studied with
single-molecule techniques (35,39–47). The extension-twist
curves from experiments reveal a coupling between super-
coiling (characterized by linking number) and DNA exten-
sion under stretching force (39–41). The discontinuities on
torque or extension versus linking number were also
observed in experiment (48). Experiments with a magnetic
tweezer pulling fluorescently labeled DNA have directly de-
tected the coexistence phase, and remarkably, measured the
time-dependent supercoiling dynamics, e.g., plectoneme
diffusion and hopping (46). The propagation of a plecto-
neme along DNA via diffusion presents the conformational
rearrangement of DNA at about hundreds of base pairs per
second. The hopping happens comparatively fast, and the
fastest one observed takes tens of milliseconds for a
displacement of thousands of base pairs (46). The surviving
time of the individual plectoneme from nucleation to van-
ishing, i.e., the plectoneme lifetime, spans from millisec-
onds to several seconds.

Accompanying experiments, theoretical studies of DNA
supercoiling have been developed based on the worm-like
chain (WLC) model (37,49–52). The WLC model provides
a description of the coupling between supercoiling and DNA
extension (51,53), and it reveals the preplectonemic loops
formed by bending DNA, or buckling transition (54), which
give rise to the discontinuities on torque and extension
versus linking number curves (55,56). Further, studies
show that under a stretching force, the coexistence of the
S and P phases is maintained under a coexistence torque
that is a function of the stretching force (37).

Nevertheless, the related theories concern mostly the
equilibrium and static behaviors, without elucidating the
time-dependent dynamic processes. The experiments sug-
gest that the dynamics of plectonemes essentially cover
multiple timescales (46). In this study, we focus on building
a DNA supercoiling model to describe these dynamic pro-
cesses across the timescales.

Apart from the analytic theories, computational simula-
tions and numerical methods have offered effective ways
to probe supercoiling dynamics. Atomistic molecular dy-
namics (MD) simulations provide the finest details of such
dynamics. For example, MD simulations of DNA mini-cir-
cles (102 bp) reveal writhe fluctuation and configuration di-
versity (57–59). To improve computational efficiency, a
coarse-grained model that treats nucleotides as beads with
three interaction sites, called oxDNA, was developed (60).
Furthermore, by unitizing MD and the coarse-grained simu-
lations, the multiscale dynamics of supercoiling have been
studied (61,62). Nevertheless, computational costs of these
models are high and the simulation timescales are limited
by microseconds (63). The models without considering
DNA sequence structure are capable of exceeding such a
limit. An elasto-dynamic model (i.e., the Kircholff rod),
for example, has been developed, by which DNA is charac-
terized in terms of a continuum rod while omitting thermal
fluctuations (64). The corresponding applications were car-
ried out on supercoil removal (65) and on compressed DNA
inside bacteriophage cavity to allow DNA ejection (66). In
particular, for a representative polymer physics model, the
numerical approach of the WLC model, i.e., the discrete
worm-like chain (dWLC) method, has been widely imple-
mented in simulating DNA with the thermal fluctuations
incorporated (67). For example, the Monte Carlo (MC) sim-
ulations of the WLC model have been used in describing
DNA thermodynamics, conformation, and site juxtaposition
(33,68,69). The Brownian dynamics (BD) simulations, on
the other hand, have been applied more widely in studying
supercoiling (67,70). Such type of studies successfully
show the plectoneme diffusion (71), supercoiling conforma-
tions (68,72), buckling transition (54,73,74), modeling DNA
wrapped around a model histone (75), and supercoil
removal by nicking (76). Besides, other semiflexible poly-
mer models with Lennard-Jones potential have also been
utilized to investigate the mechanism of supercoiling by
rotating the ends (77) or using interwoven and braided poly-
mers to produce plectonemes (38).

The computational costs of the aforementioned models
are still significant for studying plectoneme dynamics. For
example, by employing the dWLC method, simulating the
plectoneme dynamics over a second requires weeks of
CPU time (74,76). In this study, we developed a two-phase
(S and P phases) dynamic model of DNA supercoiling at
trivial computational cost based on the WLC polymer phys-
ics model. A primary task is to identify the fast dynamics
comparing to the phase-transformation and possibly inte-
grate them to reduce the degrees of freedom (78,79). Here
we demonstrate first the dynamics and timescales of the tor-
que transport within S and P phases that define the fast dy-
namics. Then we choose interphase boundaries as the slow
dynamic observables and obtain the associated energetics.
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Subsequently, we derive the Langevin dynamics of the slow
observables. The results suggest that a DNA supercoil can
quickly propagate as twist and slowly propagate as writhe
(or plectonemes) along DNA. For calibration and consis-
tency check, we compare the numerical results from the
two-phase dynamic model with those from the dWLC
method. For applications, we reproduce the supercoil dy-
namics on plectoneme diffusion, nucleation, and vanishing
as being measured experimentally, together with the force
or ionic strength dependency. Finally, plectoneme hopping
and the associated energetics transformations between the
two phases are also examined.
METHODS

In this section, we briefly summarize the method of construction of the two-

phase dynamics for the coexistence state of the supercoiled DNA. If a sys-

tem can be explicitly described by a fast variable x and a slow variableX, by

averaging out x, the dynamic of X represents a coarse-grained description

of the original system. By employing the dWLC method, dynamics faster

than reaching the torque equilibrium within P and S phases are identified

as fast or described by fast variable x. Interphase boundaries are identified

as slow variable X. The Langevin equations of X describe the dynamics of

plectonemes along DNA under topological and geometrical constraints.

The parameters of the two-phase dynamics come basically from the

WLC model. Furthermore, generating or removing plectonemes along

DNA is based on the MC procedures: a plectoneme with the contour length

of a loop can be introduced as a seed for plectoneme growing or shrinking

depending on corresponding energetics and consequent weight or probabil-

ity; a plectoneme with the contour length shorter than that of a loop can be

deleted or preserved also depending on the system energetics and weight.

Detailed information can be found in the Results and Supporting Material.
RESULTS

Fast torque equilibrium can be reached within the
stretched and plectonemic phases

Torque transport on stretched DNA or S phase

We study the dynamics of torque propagation on super-
coiled DNA based on the WLC model numerically, i.e.,
via an implementation of the dWLC method (see Text
S1). The source code is available at https://doi.org/10.
6084/m9.figshare.16685689. First we have analytically
explored the dynamics of torque transport along DNA.

In the WLC model, harmonic potentials are used in rep-
resenting the elasticities of DNA (2,50,70). The twist energy
density is defined as

E twist ¼ 1

2
kBTlt

�
Dq

Du

�2

(1)

where kB is the Boltzmann constant, T is the room tempera-
ture, lt is the torsional persistence length, i.e., lt ¼ 75 nm,
and Dq is the twist on the segment Du. We introduce an in-
ternal torque Tin

q as a measure of torsional stress on DNA,
Tin
q hkBTlt

Dq
Du. Based on the elastic properties of DNA, the
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torque transport along DNA can be written as follows (see
Text S2):

vTin
q

vt
¼ ltkBT

zR

v2Tin
q

vu2
; (2)

where the drag coefficient for a rotational cylinder zR ¼
4pR2h, the radius of DNA R ¼ 1 nm, and the viscosity
h ¼ 0:001 kg=m=sÞ. A solution to Eq. 2 can be found in
Text S2. The time for torque to reach equilibrium is at
2:5 zR

ltkBT
L2 (about 0.1 ms for 3000 bp) (Text S2), independent

of stretching force, torque, and linking number. For
example, a twist pulse starting at one end of the stretched
DNA or S phase will spread over 103 bp within 10–2 ms
and 104 bp within 1 ms.

Fig. 1 a shows the scheme for simulating the torque trans-
port on stretched DNA using the dWLC method. Under a
constant stretching force f ¼ 0:4 pN, DNA is twisted by
an external torque Tex

q ¼ 9 pNnm starting at t ¼ 0

(Tex
q ¼ 0 at t<0). After that, the torque is kept constant

and the torsional response of DNA is monitored.
The curves in Fig. 1 are all averaged over 20-simulation

trajectories. After being initially twisted, the mean internal
torque, T

in
q , reaches equilibrium (9 pNnm) at about

0.03 ms for 1500 bp and about 0.1 ms for 3000 bp, consis-
tent with the estimation above. As Eq. 2 describes the me-
chanical properties of DNA, the curves in Fig. 1 b are
averages over stochastic trajectories.

Supercoiling can be quantified by the excess linking num-
ber DLk or the linking number density s (see Text S3). The
free energy density of a stretched DNA at equilibrium is
F S ¼ 1

2
cSðseqS Þ2 þF 0 (Text S4), including the contributions

from torsion and force stretching (37,53), where cS stands
for the torsional stiffness, which is a function of force f, the
DNA torsional persistence length lt ¼ 75 nm, and the DNA
bending persistence length lb ¼ 50 nm ; seqS is the equilibrium
linking number density of the stretched phase, and F 0 is the
free energy density without torsion or equivalent force (49).
At equilibrium, the torque is defined as 1

U0

vF S

vseq
S

(37), where
the constant U0 ¼ 1:85nm�1 is the rotation angle of the
DNA backbone per unit length (2,37). Thus, we have

s
eq
S ¼ U0T

in
q

cS
: (3)

We accordingly obtained computationally the excess
linking number density of the stretched DNA as shown in
Fig. 1 c. sS reaches the equilibrium value at 0.03 ms for
1500 bp and 0.1 ms for 3000 bp. Fig. 1 b and c suggest a syn-
chronized equilibrium process in the S phase in 0.1 ms.

Torque transport on plectoneme or P phase

A plectoneme can be considered a pair of rods antiparallel,
interwound around each other under a torsional constraint
(37,80). Thus, an empirical form of the energy of the
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FIGURE 1 Torque transport on the stretched (S) phase and the plectonemic (P) phase of the supercoiled DNA based on the dWLC method. (a) The sche-

matic of the torque transport along the S phase after an external torque Tex
q promptly applied from 0 to 9 pNnm at t ¼ 0. (b) The internal torques averaged over

20 trajectories. T
in
q rises to equilibrium within 0.1 ms to follow Tex

q . (c) The excess linking number density sS reaches to equilibrium within 0.1 ms. (d) The

schematic shows that a pure plectonemic DNA follows a promptly applied torque, Tex
q , from 8 pNnm (t<0) to 10 pNnm at t ¼ 0. The internal torque along

DNA consequently propagates on the plectoneme. (e) The mean torque of DNA, T
in
q , reaches equilibrium (10 pNnm) within 0.3 ms. (f) The excess linking

number density sP reaches equilibrium value within 0.3 ms.

Two-phase dynamics of DNA supercoiling
plectoneme, F P ¼ 1
2
cPs

2
P, can be utilized (37,69,80), where

cPhlpkBTU
2
0 is the torsional stiffness of plectoneme, lp is

the torsional persistence length of the plectonemic helix, de-
pending on the ionic strength and often taking value of 21–
27 nm (80), and sP is the excess linking number density of
the plectonemes. The internal toque is defined similarly as
that of the stretched DNA, i.e., cpsP=U0 ¼ Tin

q ¼ kBTlp
DQ
Du ,

and here we have introduced a plectonemic twist Q (see
Fig. S11), similar to q in Eq. 1. The twist energy density is

EP
twist ¼

1

2
kBTlp

�DQ
Du

�2

: (4)

We consider the torque transport on a plectoneme as the
propagation of the plectonemic twist, i.e.,

vTin
q

vt
¼ lpkBT

zP

v2Tin
q

vu2
; (5)

where zPz2pR2
plecth is the drag coefficient due to motions

of the two parallel rods, and Rplect the radius of plectonemes

(46,81), about 2.5 nm. The time for torque equilibrium on a
plectoneme with contour length L can be calculated as

2:5 zP
lpkBT

�
L
2

�2

, about 0.26 ms for torque equilibrium for

3000 bp.
Fig. 1 d illustrates the setup of torque transport on a pure
plectoneme, which is originally maintained by a preexisting
external torque Tex

q ¼ 8 pNnm (t<0). Then the external tor-
que jumps to Tex

q ¼ 10 pNnm at tP0, and the ensuing
torsional response of the plectoneme is monitored.

The mean internal torques of plectonemes are shown in
Fig. 1 e. After the torque jumping at t ¼ 0, the mean internal
torques, T

in
q , rise from 8 pNnm to 10 pNnm at about 0.1 ms

and 0.3 ms for 1500 bp and 3000 bp, respectively, as esti-
mated earlier.

We also numerically monitored the excess linking num-
ber density of the plectoneme as shown in Fig. 1 f. The equi-
librium torque is defined as 1

U0

vFP

vseqP
. Thus,

s
eq
P ¼ U0T

in
q

cP
: (6)
As Eq. 6 suggests, seqP ¼ Tex
q U0

cP
¼ 0:076 at t<0. Subse-

quently, sP reaches a new equilibrium defined by
Tex
q U0

cP
¼ 0:091 at about 0.1 ms for 1500 bp and 0.3 ms for

3000 bp.
The torque equilibrium (Eqs. 3 and 6) inside the S and P

phases can be applied to their coexistence state, meaning
cPs

eq
P ¼ cSs

eq
S at the phase boundary. Next, we show that

the phase boundaries can be chosen as the slow observables
to quantify the plectoneme dynamics.
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FIGURE 2 Two-phase dynamic model of DNA supercoiling. (a) The

schematic of the a-th plectoneme among multiple plectonemes, showing

the torque equilibrium between the plectoneme (P) and stretched (S)

phases. By mapping the P and S phases into a one-dimensional arc-length

parameter space, one can introduce u ¼ Xl
a, the left boundary of the a-th

plectoneme, and u ¼ Xr
a, the right boundary of the a-th plectoneme. (b)

The propagation of the a-th plectoneme. The slithering of the segments

of the plectonemic helix facilitates the recombination of distal sites on

DNA (marked by red and black marks). (c) Simulation trajectories based

on the WLC model and the two-phase dynamics. The coexistence torque

of a DNA of 4500 bp at f ¼ 0:5 pN fluctuates around the static coexistence

torque, Teq
co . The histograms in the inset show coexistence torque obtained

from the dWLC simulations (red bars, 50 ms in total) and that from the sim-

ulations using the two-phase dynamic model (green bars, 1 s in total). The

torque obtained from the two-phase model can be regarded as being

smoothed from the dWLC method.

Wan and Yu
Two-phase dynamics of DNA supercoiling

We have demonstrated the submillisecond dynamics of tor-
que to reach equilibrium within the S and P phases. The
intra-phase equilibrium defines the fast dynamics, and
then can be averaged out within the two phases when inter-
phase boundaries are considered as slow variables. We show
subsequently that the energy gradients at the phase bound-
aries drive the transformation between the two phases and
thus establish a two-phase dynamic model for describing
the DNA supercoiling.

Interphase boundaries as slow observables

Multiple plectonemes have been observed in the extended
DNA supercoil in experiment (46), and the timescales of cor-
responding dynamics span from millisecond to second. The
dynamics of the plectonemes can be described by the bound-
aries between the S and P phases. We therefore label the
plectonemes from the fixed end to the stretching end with
a ¼ 1; 2;. (Fig. 2 a). XhðXl

a;X
r
aÞ are the boundaries of

plectonemes, where the superscripts l and r denote the left
and right boundaries of the a-th plectoneme, respectively.
Along the axis, Xl

a<u#Xr
a locates the a-th plectoneme,

and Xr
a�1<u<X

l
a specifies the a-th section of the S phase.

The formation of plectonemic coils can make DNA compact
by bringing distant sites together, i.e., Xl

a and X
r
a are in phys-

ical contact. Plectoneme propagation corresponds to the
movement of Xl

a and Xr
a in the same direction. For example,

in Fig. 2 b, if the a-th plectoneme moves left, the S phase on
the left-hand side of Xl

a is transformed into the P phase, and
the P phase on the left-hand side of Xr

a is transformed into the
S phase. This process is accompanied with the internal slith-
ering of parallel segments of the plectonemic helix (Fig. 2 b).

The separation of timescales of torque equilibrium (intra-
phase) and phase boundary (interphase) has been numeri-
cally justified in Text S5, e.g., torque relaxation in
0.02 ms for DNA at 3000 bp, and relaxation of the phase
boundary in 1.5 ms. The separation of timescales of the
fast and slow dynamics are well defined if L<10 mm (3�
104 bp). For DNA longer than 104bp, supercoiling domains
may emerge (10,12). Accordingly, the two-phase dynamics
is valid inside the domain (see Text S6).

During transcription elongation on DNA of thousands of
base pairs, RNAP synthesizes per nucleotide on the order of
10 ms or longer (23,82). The intra-phase torque equilibrium
is reached (within submilliseconds), and the interphase
boundaries are also relaxed (in milliseconds). Thus, super-
coiling accumulations during transcription can be regarded
as quasi-static processes.

Free energy associated with the slow observables

With separation of the timescales, one can average out the
fast dynamics within P and S phases and keep the torque
equilibrium to characterize the dynamics of the phase
boundary. On such a timescale, the torque equilibrium at
662 Biophysical Journal 121, 658–669, February 15, 2022
the boundaries means cPs
eq
P ¼ cSs

eq
S . Accordingly, every

plectoneme carries an equal seqP . The free energy density
of each plectoneme is therefore represented as
F PðXÞ ¼ 1

2
cPðseqP Þ2 (69,80).

The translational displacement of the a-th section of the S
phase is subject to the viscous drag along it. At u<Xr

a and
>Xl

a , the force imposed on DNA is fu, and at the stretching
end, f ju¼L ¼ f . The local free energy density (or force) is
represented by F Sðu;XÞ ¼ 1

2
cSðseqS Þ2 þ F 0 (37,53).

The free energy associated with X can be written as the
contributions from the S and P phases:

F0ðXÞ ¼
X
a¼ 0

Z Xl
aþ1

Xr
a

F Sðu;XÞduþ
X
a¼ 0

Z Xr
aþ1

Xl
aþ1

F PðXÞdu:

(7)



Two-phase dynamics of DNA supercoiling
Langevin dynamics

The slow variables X then evolve under the driving force
from the free energy Eq. 7. The gradient VXF0ðXÞ serves
as a driving force, driving the transformation between S
and P phases. The variables Xl=r

a thus follow the Langevin
equations:

_X
l=r

a ¼ � 1

ga

V
X
l=r
a
F0ðXÞ þ

ffiffiffiffiffiffiffiffiffiffi
2kBT

ga

s
_W; (8)

where ga is drag coefficient for the growth or shrinkage of
the a-th plectoneme (see Text S6). It should be noted that
Eq. 8 should apply with two constraints: the first one is
the topology constraint (DLk ¼ DLkS þ DLkP; see Text S3
for the additivity), and the second one is the inextensibility
(geometry constraint) of DNA (L ¼ LS þ LP) (see Text S6).
The source code is available at https://doi.org/10.6084/m9.
figshare.16685689.

The equilibrium point, i.e., V
X
l=r
a
F0ðXÞ ¼ 0, leads to the

static coexistence torque Teq
co ¼ 1

U0

0
BB@

2cP

�
f�

ffiffiffiffiffiffi
kBTf

lb

q �
1�cP=cS

1
CCA

1
2

(37).

Actually, the dynamics of the slow variables X accompany

with a time-dependent coexistence torque, Tco
q ðtÞhcPs

eq
P
ðtÞ

Uo

(Fig. 2 c). The torque of DNA at length of 4500 bp under
f ¼ 0:5 pN fluctuates around Teq

co . Fig. 2 c suggests that
although the fluctuations faster than the torque equilibrium
have been averaged out, the mean and the variance of the
torque are still consistent with those obtained from the
dWLC method (inset in Fig. 2 c). Thus, the two-phase dy-
namic model can be regarded as a smoothed version of
the dWLC method.

For supercoiling under externally constant torque, the
free energy densities can be obtained through the Legen-
dre’s transformation F S=PðTex

q Þ ¼ F S=P � U0T
ex
q seq. The

free energy densities of the plectonemes and the stretched

phase are therefore F P ¼ �1
2

ðU0T
ex
q Þ2

cP
and F S ¼ �

1
2

ðU0T
ex
q Þ2

cS
� fu þ

ffiffiffiffiffiffiffiffi
kBTfu
lb

q
, respectively. Inserting them into

Eqs. 7 and 8, we obtained the dynamic model of extended
DNA supercoiling under constant torque.
Comparing with the WLC model

In this section, by employing the dWLC method, we
compare and calibrate the two-phase dynamic model via
two examples. One is the supercoiling accumulation at a
constantly twisting rate. The other one is supercoiling accu-
mulation under a constant torque. We show that the two-
phase dynamic model at trivial computational costs provides
consistent results with the dWLC method. In the second
case, plectonemes finally dominate the supercoiling state
under an external torque larger than Teq

co . This nonequilib-
rium process helps determine the slithering drag coefficient
by calibration.
Supercoil accumulation and buckling transition at a constant
rate

An extended DNA undergoes linking number accumula-
tion when one end of the DNA is rotated while the other
end is kept fixed, as shown in Fig. 3 a. The stretching
force f ¼ 0:5 pN, the rotation angle U ¼ ut, and the
angular velocity u ¼ 20p=s, equivalent to DLk ¼ 10 per
second (i.e., comparable to polymerase enzyme unwind-
ing and synthesizing at 100 nucleotides or nt per second)
(23,82). At first, the extended DNA is twisted, and then it
undergoes a buckling transition (discontinuities on torque
and extension curves) followed by plectoneme formation
(48).

Curves in Fig. 3 b are averaged over 4-simulation trajec-
tories. The relative extension z=L almost remains unchanged
before 0.6 s while the torque gradually builds up, suggesting
that the extended DNA is twisted. The buckling indeed
marks the starting point of the phase coexistence and indi-
cates the extension and torque switch between two distinct
values, giving rise to the discontinuities (55,83). These
important features have also been captured previously in
single-molecule experiment (48). After that, the torque
drops and converges as torsional stress on DNA is relieved,
indicating that the excess twist is transformed into writhe.
The coexistence torque remains unchanged when more link-
ing number is injected.

We noticed that the computational cost of the dWLC in the
plectonemic phase is still significant and grows linearly with
the contour length in the P phase (Text S7). The two-phase dy-
namic model, however, reduces the computational cost by
several orders of magnitude because only slow dynamics are
examined. In Fig. 3 c, the torque and extension curves (aver-
aged over 50 trajectories) generated from the two-phase dy-
namic model well reproduce those in Fig. 3 b from the
dWLC method and are consistent with previous studies
(48,74).

We have justified the quasi-static process of DNA super-
coiling accumulation at DLk ¼ 0:1 per 10 ms. Thus, the
above torque or extensive curves depend on the mechanical
parameters lb, lp, and lt, which may vary under solution and
other experimental conditions (14,48,49,55,76,80,84).
Sensitivity analysis for torque and extension curves by vary-
ing these parameters can be seen in Text S8. In brief, one can
see that before buckling, torque and extension curves are
insensitive to changes on bending persistence length of
DNA, lb, and torsional persistence length of plectoneme,
lp, but sensitive to torsional persistence length of DNA, lt,
although the coexistence torque is insensitive to lb and lt,
but sensitive to lp (see Eq. 4).
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FIGURE 3 Torque and extension curves in buckling transition and extension curves of the DNA during supercoil accumulation. (a) Injecting supercoil

(i.e., increasing linking number) at constant rate to the DNA of 3000 bp within 1 s. The rotation rate u is 20 p per second. (b) The torque (red curve)

and relative extension z=L (black curve) obtained from the BD simulations based on the dWLC as the DNA is gradually twisted. (c) The torque and extension

curves from (b) are reproduced using the two-phase dynamic model. (d) Injecting supercoil under a constant external torque, Tex
q ¼ 9 pNnm. (e) The relative

extension from the BD simulations based on the dWLC with various DNA lengths. (f) The results from (e) are reproduced using the two-phase dynamic

model. The curves in (e) and (f) are the fitting functions
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ lt

p
(see Text S7).
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Supercoil accumulation under a constant torque

In the two-phase dynamic model, all but the slithering drag
coefficients are given based on the hydrodynamics of the
WLC model (see Text S6). There is a factor in slithering
drag coefficient mslt that can be determined by calibrating
with the dWLC method. Fig. 3 d illustrates an extended su-
percoil under a constant torque, Tex

q ¼ 9 pNnm (compara-
ble to 5 to about 11 pNnm torque exerted by
polymerases (14)), and a constant stretching force f ¼
0:4 pN. Since the external torque is larger than Teq

co (i.e.,
6.5 pNnm that maintains the coexistence state under 0.4
pN), plectonemes are created and the ultimate equilibrium
state is dominated by plectonemes. Consequently, plecto-
nemic coils build up until all stretched DNA is interwound
to plectonemic coils.

Using the dWLC method, we can capture the dynamics
of the plectoneme growth. Fig. 3 e shows the relative ex-
tensions z=L (averages over 20-simulation trajectories) of
DNA at 1500, 3000, 6000, and 9000 bp. Indeed, the shrink-
ing extensions indicate the growth of plectonemes. The
fitting curves are generated using z

L� z0
Lf1� ffiffiffiffiffiffiffiffiffiffiffiffi

1þ lt
p

,
where l is a fitting parameter. We performed the simula-
tions using the two-phase dynamic model shown in
Fig. 3 f (averages over 50-simulation trajectories). The
slithering drag mslt was then determined via l (Text S8).
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Consequently, we can then reproduce the plectoneme
dynamics.
Reproducing experimentally measured
plectoneme dynamics

Previous experimental studies show that the plectonemes
can diffuse and hop along DNA (46). Particularly, a hop
event associates a plectoneme shrinking and vanishing at
one position and a new nucleation at another remote posi-
tion. By employing the two-phase dynamic model, we re-
produced the plectoneme dynamics, including plectoneme
diffusion, hopping, and associated lifetime.

Reproducing plectoneme diffusion

The interphase boundaries in the two-phase dynamic model
can be used to monitor the plectoneme dynamics. Fig. 4 a
shows a kymograph, i.e., the spatial versus time evolution
process of the plectonemes of a 21-kbp (7 mm) DNA
(extended under a force f ¼ 0:8 pN and with DLk ¼ 70),
illustrating the coexistence of multiple plectonemes, and
the plectoneme nucleating or vanishing, analogous to that
shown in experiment (Fig. 1 D in van Loenhout et al. (46)).

Simulations of a plectoneme with one-fourth of the DNA
contour length under different forces have been performed.



Two-phase dynamics of DNA supercoiling
To estimate the diffusion constant, we calculated the mean-

square displacement (MSD) Dx2ðtÞ of the plectoneme. As
shown in Fig. 4 b, we obtained the diffusion constants via

DhDx2ðtÞ
2t under different stretching forces. For consistency

check, we also compared the results with the Einstein rela-

tion, i.e., D ¼ kBT
zdiff

, where zdiff is a sum of the viscous drags

for the transverse displacement of the plectoneme (see Text
S6). The diffusion constant of the plectoneme is about

10�1 mm2=s, and the same magnitude was previously ob-
tained from the hydrodynamic model (Fig. 3 F in van
Loenhout et al. (46).)

Reproducing plectoneme hopping and computing the asso-
ciated nucleation rate and lifetime

Hopping is accompanied with plectoneme shrinking and
nucleation. Nucleation is affected by stretching forces and
ionic strengths. The simulations of the P phase with one-
fourth of the DNA contour length have been performed in
the condition where the stretching force f ¼ 0:4, 0.8, 1.6,
and 3.2 pN. Large stretching force results in more compact
plectonemes, i.e., reduces the radius of the plectonemic he-
lix (Fig. 4 c). Indeed, in the coexistence state of DNA super-
coiling, the equilibrium excess linking number density of
the P phase is seqP � ffiffiffiffiffiffiffiffi

f =lp
p

(37), which suggests that seqP in-
creases with f.

At high salt concentration, the screening of the Coulomb
repulsion potential reduces the effective repulsive DNA
diameter, shortening torsional persistence length of the plec-
toneme lp and radius of the plectonemic helix (80). Mean-
while, based on the coexistence state relation s

eq
P fffiffiffiffiffiffiffiffi

f =lp
p

, lowering lp increases the sP (Fig. 4 d). Accordingly,
we adjust the torsional persistence length of plectoneme lp
to represent the impacts from the ionic strength (80), specif-
ically, lp ¼ 25, 23, and 21 nm to represent the low, regular,
and high salt concentrations, respectively. Nucleation rates
obtained from simulations (Fig. 4 e) suggest that large
stretching forces f and the high salt concentrations (small
lp) can suppress the nucleation events. Similar results on
the nucleation rate have been previously detected in exper-
iment (Fig. 4 D in van Loenhout et al. (46)). We phenome-
nologically derive a nucleation relation (Text S9):

knucfexp
�
� 2

ffiffiffi
f

p
C
�
l+p � lp

��
; (9)

where C and l+p are fitting parameters (dashed curves in
Fig. 4 e). As lp/l+p (salt concentration decreases), the
nucleation rate increases. That is because low salt concen-
tration increases the radius of the plectonemic helices,
then lower the energy penalty from plectonemic helix to
loop. By fitting, we obtained l+p ¼ 27 nm.

The surviving time of the individual plectoneme from
nucleation to vanishing is defined as plectoneme lifetime.
Fig. 4 f shows that the mean lifetime tplec, spanning from
0.1 to 1 s, depends on stretching force and salt concentra-
tion, although most plectonemes are short lived (<0.1 s;
see Fig. S10 b), consistent with that observed in experiment
(Fig. 4 E in van Loenhout et al. (46)). The large f or small lp
increases the plectoneme lifetime. As discussed earlier,
large f or small lp lowers the plectoneme nucleation and
also leads to more compact plectonemes. The resulting
compactness stabilizes plectonemes, causing long mean
lifetime of the individual plectoneme. By balancing the
plectoneme nucleation rate and vanishing rate, we can
derive the mean lifetime of the individual plectoneme (see
Text S9):

tplecf
�
2lt � lp

�
fexp

�
C

ffiffiffi
f

p �
l+p � lp

��
; (10)

where C and l+p are the same as those in Eq. 9.
An example of hopping over 10 kbp within about 0.1 s is

shown in Fig. 4 g, similar to the kymograph constructed
from experiment (Fig. 4 B in van Loenhout et al. (46)).
Compared with movement of a plectoneme via diffusion,
which scales with time as t1=2, we observed that plectoneme
hopping distance scales linearly with hopping time (Fig. 4
h), consistent with the estimation in the SI of van Loenhout
et al. (46). Hopping time is defined as the time interval from
the nucleation of the new plectoneme to vanishing of it
(Fig. 4 g). Longer hopping distance requires longer time
to rearrange the DNA conformation. A plectoneme
with contour length 1.75 mm (5200 bp), diffusesffiffiffiffiffiffiffiffi
2Dt

p � 0:6 mm within 1 s for D ¼ 0:2 mm2=s. A plecto-
neme, however, can hop 2 to about 3 mm (104bp) per second,
on average. Thus, plectoneme hopping offers several times
faster conformational rearrangements on DNA than the
plectoneme diffusion.

We also found that plectoneme hopping is associated with
significant energy exchanges between the two phases. We
identify the nucleation as the starting point of a hopping
event. Then we collected up to 5000 simulations that contain
the hopping events and aligned the starting points of the
hopping events together for averaging the energetics. The
energy change of the S phase accumulates up to about
20kBT before the nucleation, whereas that of the P phase
falls to about � 20kBT. These significant energetic changes
facilitate the abrupt nucleating to vanishing processes
(Fig. 4 i). After the formation of the new plectoneme by
nucleation, the energetic changes rapidly converge to zero.
The energetic offsets between the two phases indeed make
the total energy change as small as thermal fluctuations,
i.e., 1kBT (inset of Fig. 4 i). It should be noted that there
is no persistent energetic injection into the system.
DISCUSSION AND CONCLUSION

In this study, based on the polymer physics or the WLC
model of DNA, we have constructed a two-phase dynamic
Biophysical Journal 121, 658–669, February 15, 2022 665



FIGURE 4 Obtaining plectoneme dynamics using the two-phase dynamic model. (a) The kymograph of the plectonemes of 21 kbp (7 mm) under a constant

stretching force f ¼ 0:8 pN and with a constant linking number DLk ¼ 70. (b) The diffusion coefficients of a single plectoneme under different forces obtained

from the simulations of the two-phasemodel (the dots). The error bars represent the standarddeviation (SD) from10 sets of 200 samples. The green curve is directly

from theEinstein relation. Incomparison, the diffusion constants predicted from theprevious hydrodynamicmodel are 0.1–0.3mm2/s (Fig. 3F invanLoenhout et al.

(46)). (c) Large stretching force fmakesmore compact plectonemic helices (smaller radius of the plectonemic helix). (d) Increased salt concentration makes more

compact plectonemic helices. (e) Nucleation rate of the plectonemes as a function of force obtained from the two-phase model simulations for various lp values.
Each error bar represents the SD from simulation of 200 s. As a comparison, the experimentally measured nucleation rates of plectonemes are around 20 s�1 at

0.4 pN, and<15s�1 at 3.2 pN (Fig. 4D invanLoenhout et al. (46)). (f) Themean lifetime of the individual plectoneme as a function of force and salt concentration.

Note that only a single plectoneme is captured at lp ¼ 21 nm and f ¼ 3:2 pN in simulations (nucleation and annihilation, however, need multiple plectonemes).

Each error bar represents the standard deviation obtained from a 200-s simulation trajectory. In comparison, the experimental values of the mean plectoneme life-

time are 0.1 s at 0.4 pN and 1 s and above at 3.2 pN (Fig. 4E invanLoenhout et al. (46)). (g) A hopping event of a displacement of plectoneme for nearly 4 mm from

0.4 to 0.55 s (marked by dashed lines), corresponding to 12 kbp. (h) Hopping distance versus time for a plectonemewith contour length 1.75 mm under an external

force 0.8 pN. The error bars were estimated from 13,000 independent hopping simulation events, indicating the SD. The slope of the fitting lines (green line) is

1.8 mm/s, close to the previous estimation 1.4 mm/s (see the SI of van Loenhout et al. (46)). (i) Energetic conversion during hopping (nucleation is, for example,

at 80 ms). The total energy changes of hopping (black line) and the reversed (complementary to hopping) process (dashed line) are also shown in the inset.
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model of DNA supercoiling. To establish such a model, we
demonstrate the fast dynamics of torque equilibrium within
the S and P (plectonemic) phases, identify the phase bound-
aries as slow observables, and derive the energetics associ-
ated with the slow observables. By comparing with the
WLC model, we have shown that the two-phase dynamic
model provides a physically justified and computationally
efficient way in representing DNA supercoiling dynamics.
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The model is particularly suited for studying plectoneme dy-
namics from milliseconds to seconds. Correspondingly, we
have demonstrated the plectoneme dynamics, e.g., diffusion
and hopping, consistently with measurements from single-
molecule experiments (46,85,86).

To probe the timescale separation, we have investigated
the dynamics of torque approaching to equilibrium within
the S and P phases (intra-phase equilibrium), respectively.



Two-phase dynamics of DNA supercoiling
Based on the WLC model, the internal torque transports as
twist angle propagates within the S phase. Similarly, by
introducing an effective twist angle of the plectonemic he-
lix, the torque propagation within the P phase can be
described. Such analyses are confirmed by numerical simu-
lations based on the dWLC method, consistently showing
that the torque transport is fast, compared to the dynamics
of phase boundary.

Accordingly, we choose the the boundaries of the S and P
phases as observables to describe the slow dynamics. Based
on the interphase torque equilibrium, one can then derive the
free energy associated with the collective phase boundaries
and the corresponding equation of motion via the Langevin
dynamics. In addition, one can add or delete a plectoneme
via the MC procedures depending on the system energetics.

To compare the two-phase model with the dWLCmethod,
we tested at a constant rate of supercoil accumulation,
DLk ¼ 10 per second, comparable to the RNA polymeriza-
tion rate during transcription elongation (i.e., � 100 bp per
second) (23,82), and both intra-phase and interphase relax-
ations are all reached. Thus, supercoiling accumulation
during transcription seems to be a quasi-static process.
The discontinuities on torque and extension curves are re-
produced by the two-phase dynamic model, reflecting the
buckling transition during plectoneme nucleation (48,54–
56,73,74). The advantage of the two-phase dynamic model
of DNA supercoiling comes from its trivial computational
cost as we only deal with the slow degrees of freedom of
the system. Besides, we performed simulations of plecto-
neme growth under a constant torque since some studies
treat RNAPs as a torsional motor with a constant torque
(83). We accordingly determined slithering frictional coeffi-
cient by calibrating with the dWLC method.

With the two-phase model, we described the DNA super-
coiling dynamics as being measured experimentally (46)
and reproduced the plectoneme diffusion and hopping.
The plectoneme diffusion coefficient is about 0.1–0.2
mm2=s under the regular salt concentration, decreasing
slightly with the stretching force. Large force indeed makes
the plectoneme more compact, which increases the friction
for the slithering of parallel segments of the plectonemes.
Hopping event is associated with nucleation and vanishing
of plectonemes. Large stretching force suppresses the nucle-
ation, as the force increases the energy penalty for forming a
loop. Similar to the large stretching force, strong ionic
strength results in compact plectonemes because of the abil-
ity of ions to screen the electrostatic repulsion between seg-
ments in plectonemes (46,80). The compact plectonemes
thus have increased stabilities. Accordingly, large force or
strong ionic strength can prolong the mean lifetime of the
individual plectoneme, and consequently suppress the hop-
ping capability. Moreover, on average, hopping distance
scales linearly with hopping time and propagates faster
than diffusion. Indeed, hopping is accompanied by signifi-
cant energetic exchange between two phases, whereas the
total energetic change of the coexistence phases is as small
as thermal fluctuations.

Recent experiments reveal the long-distance cooperative
and antagonistic dynamics between multiple RNAPs (20).
In the cooperative case as RNAPs move toward the same di-
rection, positive and negative supercoils are generated and
then canceled with each other between adjacent RNAPs,
which make the multiple RNAPs with similar transcription
elongation speeds. Upon promoter repression or divergently
transcribed genes, however, as RNAPs switch their behav-
iors from collaborative to antagonistic (i.e., moving oppo-
site to each other), the supercoils build up between
adjacent ones. Accordingly, the DNA supercoiling dy-
namics between the adjacent RNAPs can be described by
the two-phase model, which then helps to explain how
long-distance coordination arises among multiple RNAPs.

DNA supercoiling also facilitates the site juxtaposition of
two distal DNA sites by slithering opposing segments of
the interwound superhelix or bending DNA to coil
(30,33,87,88). It consequently promotes transcription factor
protein binding via intersegment transfer to possibly impact
the gene expression (31,89,90). As we have seen, slithering
motion of the segments in a plectonemic helix is accompa-
nied with plectoneme diffusion. Combining plectoneme
diffusion with faster hopping may offer a highly efficient
mechanism for achieving site juxtaposition over long-range
DNA. Such mechanisms can be explored by employing our
two-phase dynamics of the DNA supercoiling.

In biological context, the sequence-dependent mechani-
cal features and the intrinsic curvature of DNA may favor
the plectonemes and nucleation loops at particular positions,
preventing plectonemes from randomly diffusing and nucle-
ating along DNA (60,91,92). The sequence effects on me-
chanical parameters, such as the bending persistence
length and torsional persistence length, can be incorporated
numerically in the two-phase dynamic model. How the
DNA curvature and/or local variations in the bending and
torsional stiffnesses impact the plectonemes can be a topic
of further research.
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