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Quantum-confinement and 
Structural Anisotropy result in 
Electrically-Tunable Dirac Cone in 
Few-layer Black Phosphorous
Kapildeb Dolui1 & Su Ying Quek1,2

Two-dimensional (2D) materials are well-known to exhibit interesting phenomena due to quantum 
confinement. Here, we show that quantum confinement, together with structural anisotropy, result 
in an electric-field-tunable Dirac cone in 2D black phosphorus. Using density functional theory 
calculations, we find that an electric field, Eext, applied normal to a 2D black phosphorus thin film, 
can reduce the direct band gap of few-layer black phosphorus, resulting in an insulator-to-metal 
transition at a critical field, Ec. Increasing Eext beyond Ec can induce a Dirac cone in the system, 
provided the black phosphorus film is sufficiently thin. The electric field strength can tune the 
position of the Dirac cone and the Dirac-Fermi velocities, the latter being similar in magnitude to 
that in graphene. We show that the Dirac cone arises from an anisotropic interaction term between 
the frontier orbitals that are spatially separated due to the applied field, on different halves of the 2D 
slab. When this interaction term becomes vanishingly small for thicker films, the Dirac cone can no 
longer be induced. Spin-orbit coupling can gap out the Dirac cone at certain electric fields; however, 
a further increase in field strength reduces the spin-orbit-induced gap, eventually resulting in a 
topological-insulator-to-Dirac-semimetal transition.

Two-dimensional (2D) layered materials, where interlayer interactions are dominated by weak van 
der Waals (vdW) forces, has attracted tremendous attention in nanoelectronics1. Of particular interest 
are quantum confinement effects in which the electronic structure of the 2D layered material changes 
abruptly as a function of the number of layers. A well-known example is the indirect to direct band gap 
transition when 2D MoS2 is reduced to a single layer2. Here, we show that quantum confinement results 
in the emergence of an electrically tunable Dirac cone in a recently discovered 2D material - 2D black 
phosphorus.

Black phosphorus, a layered semiconductor material, is the thermodynamically stable form of phos-
phorus. Different experimental techniques, such as mechanical3 and liquid4 exfoliation, have been 
employed to thin down the bulk to a monolayer. Both experiments and theoretical predictions have 
shown that the quasiparticle (transport) gap of black phosphorus films increases with decreasing thick-
ness5,6. Experimentalists have also succeeded in fabricating field effect transistors based on ultrathin 
black phosphorus3. Such transistors exhibit high mobility of ~1000 cm2/V s and appreciably high on/off 
ratios, up to 104, opening up a possible potential application in nanoelectronics3. In contrast to previously 
studied 2D materials such as graphene and MoS2, 2D black phosphorus layers are highly anisotropic (see 
Fig. 1), with zigzag chains in one direction (y in the figure) and armchair chains in the other direction 
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(x). This anisotropy adds another dimension of interest to 2D materials, resulting in direction-dependent 
optical and transport properties7.

In this work, we explore from first principles calculations the effect of external electric fields applied 
perpendicular to thin films of black phosphorus. Similar to the Stark effect previously predicted for 
boron nitride nanotubes, two-dimensional transition metal dichalcogenides, and other 1D and 2D mate-
rials8–13 we find that the electric field localizes the valence band maximum (VBM) and conduction band 
minimum (CBM) states at opposite surfaces of the slab. The resulting potential difference between the 
VBM and CBM states results in a decrease in the band gap, eventually leading to an insulator-to-metal 
transition at a critical applied field, Ec. However, in contrast to other materials, we also find that for black 
phosphorus films below a certain critical thickness, a further increase in applied field strength results in 
a highly anisotropic opening in the band gap that leads to a formation of a Dirac cone. This result is not 
observed for black phosphorus films that are too thick. We show that the emergent Dirac cone physics 
arises from anisotropic interaction terms between the electric-field-induced quantum-confined VBM 
and CBM states in few layer black phosphorus.

Results and Discussion
Electronic structure at zero Eext.  We begin our study by calculating the electronic structure of 
pristine black phosphorus at zero external electric field. Electronic structure calculations are performed 
by using density functional theory (DFT) within the Perdew-Burke-Ernzerhof parametrization (PBE)14 
of the generalized gradient approximation (GGA) of the exchange and correlation potential, as imple-
mented in the Quantum Espresso15 package. To treat van der Waals (vdW) interactions, we employ the 
vdW +  DF approach for the exchange-correlation functional16 (See Methods for further details).

Bulk black phosphorus has an orthorhombic crystal structure; the optimized lattice parameters of bulk 
black phosphorus are a=  3.35 Å, b =  4.68 Å, and c =  11.42 Å, in good agreement with the corresponding 
experimental values (a =  3.31 Å, b =  4.37 Å, and c =  10.47 Å)17. Bulk black phosphorus is a semiconduc-
tor and we predict a direct band gap of 0.43 eV at the Γ  point. Although this band gap value is slightly 
larger than the experimental value of 0.35 eV18, it is in good agreement with other vdW-corrected density 
functional theory calculations19. For thin film black phosphorus, we find that the structural parameters 
do not change significantly. On the other hand, the band gap increases monotonically with decreasing 
thickness, reaching 0.99 eV for the monolayer. Interestingly, the band gap remains direct at the Γ  point 
when the thickness reduces from bulk to monolayer limit.

As previously mentioned, black phosphorus is a layered compound consisting of puckered phos-
phorene layers with highly anisotropic bonding within each layer (Fig. 1). We denote multi-layered black 
phosphorus by nL-BP, where n is the number of layers. Figure  2(a) shows the electronic structure of 
4L-BP, which exhibits a direct band gap of 0.60 eV at the Γ  point. The valence band maximum (VBM) 
and conduction band minimum (CBM) charge density are both delocalized over the layers. Our analysis 
of the projected density of states indicates that the charge density at the VBM and the CBM originate 
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Figure 1.  The optimized structure of a bilayer (2L) black phosphorus. (a) and (b) show the top and 
side view of 2L black phosphorus. An external vertical electric field, Eext, is applied along the z-axis and 
2U denotes the corresponding potential difference across the layers. Δ  is the potential difference between 
the two vertically inequivalent sites in each layer. For the sake of simplicity we use |Δ | =  U/2 for our tight-
binding model of the bilayer system. In (a), hopping parameters of the tight-binding model are indicated. 
t and t' denote intralayer and interlayer hopping parameters respectively. In (b), dark and light yellow 
correspond to two different layers of black phosphorus.
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from phosphorus 3s, 3px and 3pz orbitals (see Supplementary Figure S1). The pz orbitals have the largest 
contribution ( 70%) to the VBM and CBM among all the orbitals.

Electronic structure for Eext < Ec.  We now discuss the response of the electronic structure of nL-BP 
to a static external electric field with magnitude Eext, applied normal to the layers. As Eext increases, the 
band gap decreases monotonically while remaining direct at Γ , and eventually closes at a critical field, 
Ec (see Fig. 2b and Fig. 3). This phenomenon essentially arises from the Stark effect: the applied electric 
field lifts the degeneracy among distinct layers in the thin film. After the degeneracy is lifted, states that 
are localized in regions with higher potential will have a higher energy due to electrostatic interaction 
with the external field, while those localized in regions with lower potential will have a lower energy. 
Consequently, the VBM becomes localized on the surface layer with higher potential, while the CBM 
becomes localized on the opposite surface layer with lower potential, resulting in a decrease in band 
gap. We note that, strictly speaking, the VBM and CBM states also have tails into the interior layers 
(Fig. 2b,c). These tails are important for the VBM and CBM states to interact when they become energy 
degenerate at the critical field (see later).

Figure  3 shows the modulation of band gap as a function of Eext for different nL-BP, where n runs 
from 2 to 8. We find that the bandgap reduces very rapidly with Eext as the thickness gets larger. Such 
a thickness dependence can be easily understood by considering the potential drop across the layers. 
If one simply assumes that the potential drops linearly across the layers, a larger thickness requires a 
smaller electric field to sustain the same potential difference between the two edges. Furthermore, the 
band gap at zero field also decreases with increasing thickness. As such, the magnitude of the critical 
field, Ec, decreases with thickness. Indeed we observe that the value of Ec drops to 0.29 eV/Å for 8L-BP. 
In practice, the potential drop is not strictly linear in space due to screening within the layers; however, 
an analysis of the screening effect shows that the potential drop in the interlayer region is much larger 
than that in the intralayer region, and the average potential in each layer drops linearly across the layers 
(see Supplementary Figure S2).

We quantify the above analysis as follows. Under the assumption that the potential drops linearly 
across the layers, the external field, Eext, induces a potential difference, ΔV, which can be expressed as 

V eE Zxte κΔ = ( / ) < >, where κ is the dielectric constant along the direction of the applied field and 

Figure 2.  Electronic structure of 4 L black phosphorus as a function of an external electric field, Eext. 
In (a) we present: (upper panel) the band structure and (lower panel) the charge density, respectively at 
the CBM (top) and VBM (bottom) for Eext =  0. In (b) and (c), the same quantities are shown for Eext =  0.31 
and 0.72 V/Å, respectively. Note that the critical field, Ec, is ~0.48 V/Å for the 4L black phosphorus. In (c), 
where Eext >  Ec, a Dirac cone appears along the ky direction, and a band gap of ~39 meV opens along the kx 
direction. Inset in (c): zoomed-in bandstructure around the Γ  point near the Fermi level, EF. Band inversion 
is evident in (c).
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〈 Z〉  is defined as 〈 Z〉  =  〈 Z〉 V− 〈 Z〉 C. Here 〈 Z〉 V and 〈 Z〉 C denote the center positions (along the z-axis) 
of the localised VBM and CBM states, respectively20. Since the VBM and CBM localize at opposite sur-
faces for large Eext, 〈 Z〉  =  nc −  2δ, where c is the layer-layer distance and δ is the position of 〈 Z〉 V,C from 
the surfaces20. We note that we are assuming here that δ is independent of the applied field and film 
thickness. Although this is not likely to be valid, deviations should be small compared to 〈 Z〉 . Under this 
model, we can write the change in band gap, Δ Eg, as follows:

κ
Δ = Δ = 〈 〉. ( )E e V

eE
Z 1g

xte

In general for the critical field, Ec, we obtain from equation (1) that
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Indeed, we find that Eg/Ec versus n is approximately linear (see Supplementary Figure S3), with deviations 
resulting from the assumption that δ is constant.

In the initial response to Eext, the band gap varies non-linearly (likely quadratic) with Eext, and the 
slope of the curve vanishes at Eext =  0 (Fig. 3). This is consistent with the fact that the variation in band 
gap should be independent of the polarity of the applied field, so that in this low field regime, the above 
linear analysis breaks down. However, for larger electric fields, for instance (Eext/Ec) >  0.1 for a specific 
thickness, Δ Eg is an approximately linear function of Eext (Fig. 3) and this linear slope can be described as

= − ,
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where e is the electron charge and SnL is defined as the linear giant stark effect (GSE) coefficient. 
Combining Equation (1) with Equation (3), the GSE coefficient can be written as
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Indeed, the inset of Fig. 3 shows that the Stark coefficient increases approximately linearly as a func-
tion of the number of layers.

At the critical field, the system becomes metallic when the VBM and CBM touch at Γ . Unlike the 
electrically driven Stoner magnetism previously reported for MoS2 nanoribbons10, there is no spin 
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Figure 3.  Variation of the (PBE + vdW) band gap with the applied electric field, Eext, for 2L (black 
circles), 3L (red squares), 4L (green triangles), 5L (blue stars), 6L (cyan triangles), 7L (magenta 
diamonds), and 8L (orange triangles) -BP. Inset: variation of the Stark effect coefficient, SnL, with number 
of layers. Note that we consider the linear region of the band gap versus Eext curve to compute SnL, and the 
fitted linear part is indicated by the corresponding dashed line.
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polarization in this system (Supplementary Figure S4). This is because the density of states at the Fermi 
level is much smaller in the 2D system than in the 1D nanoribbons.

Electronic structure beyond Ec.  An interesting and unique effect is observed in very thin-layer 
BPs (for example in 4L-BP), when an electric field larger than the critical field is applied. Specifically, a 
Dirac cone appears at a k-point along Γ -Y, which we shall call Λ , as shown in Fig. 2(c) and Fig. 4(a,b). 
The valence band manifold and conduction band manifold touch at exactly two points, ± Λ , in the 2D 
Brillouin Zone (Fig. 4a). By plotting the charge density of the highest occupied and lowest unoccupied 
states at k-points close to the Dirac point (see Supplementary Figure S5), we see that the bands are 
inverted at the Dirac point, indicating that we have a new topological phase. As black phosphorus films 
exhibit a direct band gap even in the presence of the external electric fields, the band inversion in itself 
may not be too surprising. However, the fact that the valence and conduction band manifolds touch at 
only one point, the Dirac point, is intriguing and deserves further analysis.

As Eext increases beyond the critical value, the Dirac point, Λ , shifts progressively from Γ  toward Y 
in the 2D Brillouin zone (Fig. 4b). This shifts occurs simultaneously with an enhancement of the corre-
sponding Dirac Fermi velocity, vF (Fig. 4c). The existence of the Dirac point is associated with an asym-
metry between the Γ -Y and Γ -X directions - so that the valence and conduction bands touch only at the 
Dirac points and not in a ring in the 2D Brillouin Zone; neither does a band gap open up throughout 
the 2D Brillouin Zone. We quantify this asymmetry and therefore also the robustness of the Dirac elec-
tronic structure by the band gap along Γ -X, E X

g
Γ− . As shown in Fig. 4(c), E X

g
Γ−  increases initially as Eext 

increases beyond the critical field; however, as Eext continues to increase, E X
g
Γ−  decreases. For 4L-BP, 

E X
g
Γ−  reaches a maximum value of ~39 meV at Eext =  0.72 V/Å, where the corresponding x and 

y-components of vF are 0.84 × 106 and 0.56× 106 m/s, respectively. These Fermi velocities are as large as 
the predicted value of ~0.86 ×  106 m/s in graphene21. Interestingly, we find that the maximum value of 
E X

g
Γ−  reduces to 8 meV when the thickness of black phosphorus increases to 8 L (Fig. 4c), and vanishes 

for the 12L case (see Supplementary Figure S6). Salient features that arise from the above analysis are 
that E X

g
Γ−  cannot be arbitrarily increased with electric field strength, and that E X

g
Γ−  is smaller for thicker 

black phosphorus films.
To understand the above intriguing phenomena, we develop a simple tight-binding model that cap-

tures the essential physics of black phosphorus thin films in the presence of an external electric field.

Tight-binding model.  For simplicity we consider a tight-binding model for BP films that are two-layer 
thick (bilayer BP). Since we are concerned with the valence band (VB) and conduction band (CB) which 
stem from pz orbitals, we include only pz orbitals in our model. In the presence of large external electric 
fields, the VB and CB are mainly localized at the opposite surface layers of the thin film; therefore, the 
bilayer model can effectively also represent the VB and CB electronic structure in thicker films.

We begin with a standard tight-binding Hamiltonian:

Figure 4.  (a) The PBE +  vdW bandstructure of 4L-BP is plotted in the 2D brillouin zone for Eext =  0.72 V/Å, 
above the critical field. The Dirac cone appears at ± Λ . (b) The PBE +  vdW bandstructure along Y-Γ -X, for 
the three different Eext above the critical value, namely Eext =  0.51 (black), 0.72 (red), and 0.93 (green) V/Å. 
(c) The bandgap that opens along Γ -X direction, Eg

XΓ−  , is plotted against (Eext− Ec) for 4L-BP (blue line) 
and 8L-BP (red line). Note that the values of Ec for 4L-BP and 8L-BP are 0.48 and 0.28 V/Å, respectively.  
(d) The Fermi velocity along kx, vF

x (red dashed line), and along ky, vF
y (red solid line) are plotted as a 

function of (Eext− Ec) for 4L-BP. vF is calculated as vF =  δE/δk at the Dirac point.
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Figure 5.  The bandstructure of bilayer black phosphorus calculated by using a simple tight-binding 
model. In (a) the bandstructure is plotted for Eext =  0 (black line) and Eext <  Ec (red line). In (b) the 
bandstructures are plotted for three different Eext above the critical value, where U1 <  U2 <  U3 <  U4. For 
the applied bias U2 (green lines) and U3 (magenta lines), the interlayer hopping, t', is finite and kept fixed, 
whereas t' =  0 for the applied bias U4 (cyan dashed lines). The horizontal dotted line corresponds to the 
Fermi level. (c) The kx− ky plot of the magnitude of <  φV|H(t')|φC> , where φV and φC are the eigenvectors 
of the Hamiltonian H at t' =  0 for the highest occupied and the lowest unoccupied energy eigenvalues, 
respectively. We use t' =  0.2 eV for the 2D plot.
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where εi is the energy of i-th site, Ui is the potential shift at the i-th site upon the applied vertical field 
(see Fig. 1), ci

†(cj) is the creation (annihilation) operator of electrons at site i(j), and tij and t'ij are respec-
tively the intralayer and interlayer inter-site hopping integrals as depicted in Fig. 1. In the first instance, 
we include hopping terms up to the fourth and fifth nearest neighbors for the interlayer and intralayer 
interactions respectively, using the parameters reported previously in Ref. 22. This provides an accurate 
description of the VB and CB, as given by the GW approximation. Figure  5(a) shows that our model 
nicely reproduces the band dispersion of the VB and CB in comparison with that of the GW bands22.

When an external field is applied, the on-site energy of each site, εi, is rigidly shifted by the corre-
sponding potential difference, Ui (see Fig. 1). For small Ui (Fig. 5a) we see that the band gap closes as 
described above. When Ui increases above a critical value, Uc, the Dirac cone emerges along the Γ -Y 
direction, just as was predicted by DFT, with the position of the Dirac cone shifting with the size of Uc 
(Fig. 5b, green and magenta curves).

However, interestingly, when the interlayer interaction terms t' are set to zero, U >  Uc causes the band 
gap to vanish all over the two-dimensional Brillouin Zone (Fig. 5b, cyan curve). This finding indicates 
that the interlayer interaction is critical to the emergence of a Dirac cone. Intuitively, we expect the VB 
and CB states to interact via these interlayer terms, since the states are localized at opposite surfaces of 
the thin film. The opening of a band gap everywhere in the Brillouin Zone except along Γ -Y thus results 
from interactions between the VB and CB states, mediated by the interlayer hopping integrals. This also 
explains why the maximum value of E X

g
Γ−  decreases as the thickness of the BP film increases and the 

interactions between the VB and CB become smaller. Thus, while the critical field Ec may become smaller 
with thicker films due to a decrease in the band gap with increasing thickness, the Dirac cone phenom-
enon will be absent beyond a critical thickness even with gap closure. We find that within DFT, when 
the film thickness increases to 12L, E X

g
Γ−  becomes negligible (equal to the precision of our calculations)

(see Supplementary Figure S6). Quantum confinement is therefore important for the Dirac cone phe-
nomenon.

The unique Dirac cone band structure implies also that for U >  Uc, there is no interaction between 
the VB and CB states along the Γ -Y direction, but non-zero interactions along all other directions. This 
is a direct consequence of the anisotropic interlayer interactions in black phosphorus. Indeed, as shown 
in Fig.  5(c), the k-dependent Hamiltonian overlap matrix elements between the VB and CB states are 
highly anisotropic, going to zero along kx =  0, i.e. along the Γ -Y direction, but non-zero elsewhere in 
the Brillouin Zone.

From Fig. 5(c), we can also see that for a fixed electric field strength, the interaction between the VB 
and CB states increases as we move along Γ -X away from the Γ  point. As the electric field strength is 
increased, the VB and CB cross further away from Γ . This explains why E X

g
Γ−  initially increases as Eext 

is increased (Fig. 4c). However, a larger electric field strength also implies greater localization of the VB 
and CB states, and therefore a smaller overall interaction term. These two effects compete with each 
other, resulting in an initial increase and then a subsequent decrease of E X

g
Γ−  as Eext increases (Fig. 4c).

Thus, we have shown that the Dirac cone phenomenon arising for Eext >  Ec stems from a combination 
of quantum confinement and anisotropy effects in black phosphorus.

Bandstructure with spin-orbit correction.  As already mentioned before, the band gap remains 
direct at the Γ  point until the the gap closes completely. As a consequence, the band gap does not change 
significantly by the inclusion of spin-orbit coupling (SOC). However, the role of SOC becomes preemi-
nent when Eext >  Ec. Interestingly, Fig. 6(a) shows that the Dirac cone is gapped out in the band structure 
by including the SOC, which demonstrates that the system is likely to be a quantum spin Hall insulator. 
The prediction can be explicitly confirmed by calculating the Z2 topological invariant of the system23, as 
shown in Ref 24. For 4L-BP, the maximum SOC-induced gap-opening at the Dirac point is as large as 
3 meV at Eext =  0.56 V/Å. When Eext is further increased, the SOC-induced gap decreases (to 2meV at 
Eext =  0.61 V/Å) and subsequently, the Dirac semimetal phase appears at Eext =  0.66 V/Å along the Γ -Y 
direction (Fig. 6). Thus, the external electric field can be used to tune the opening and closure of the gap 
along Γ -Y when SOC is included. It is interesting to mention that the band inversion is controlled by 
electrically driven band overlap between the VB and CB, unlike other topological insulators, for example 
Bi2Se3, where band inversion is caused by spin-orbit coupling.

Robustness of results against functional.  Our results above are robust against the exact choice of 
functional. Specifically, with the PBE functional, the band gap also decreases monotonically with thick-
ness (see supplementary figure S7), but the rate of reduction of the PBE-bandgap is different from that 
of the vdW-corrected one. However, the qualitative physics, i.e. both the thickness-dependent bandgap, 
and the external field induced bandgap-closure and Dirac cone, consistently appear regardless of the 
functional. Notably, the strength of critical field required for the insulator-to-metal transition of bilayer 
BP is almost the same for both PBE and PBE +  vdW functionals. Moreover, although many-electron 
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GW calculations are in principle required for accurate calculation of the band gap, the PBE and vdW 
corrected functionals underestimate and overestimate the bulk band gap respectively, and in both cases, 
the same physics emerges. A recent study has also shown that the hybrid functional HSE06 also does not 
change the trend of the band gap decreasing with increasing applied field strength24.
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Figure 6.  Effect of spin-orbit coupling on the band structure of 4L black phosphorus, zoomed-in at 
the Λ point. Black and red lines denote the bandstructure calculated without and with spin-orbit coupling, 
respectively, at Eext =  (a) 0.56, (b) 0.61 and (c) 0.66 V/Å.
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Figure 7.  Total energy per unit cell plotted against d−d0 for different values of Eext in V/Å. d is the inter-
layer distance and d0 =  3.59 Å is the equilibrium inter-layer distance. Inset shows the variation of binding-
energy (BE), calculated within the PBE +  vdW functional, as a function of the applied electric field, Eext, for 
2 L black phosphorus.
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Binding energy.  We also calculate the total energy as a function of interlayer distance in bilayer 
BP for different Eext, as shown in Fig.  7. We find that the binding energy reduces by increasing the 
strength of Eext and eventually vanishes for a field of Eext ~1.6 V/Å, at which point the layers becomes 
unbounded. This field is much larger than the critical fields at which the Dirac cone phenomenon was 
predicted. Notably the equilibrium distance between the layers is almost independent of Eext. This result 
suggests that an external field can trigger the exfoliation process of black phosphorus as an alternative 
to mechanical3 and chemical exfoliation4. Note that few-layer graphene has been successfully exfoliated 
in the presence of Eext

25.

Optical Properties.  Given the predicted changes in band gap as a function of thickness and electric 
field strength, we also consider a related quantity - the optical conductivity of the system. Figure  8(a) 
shows both the xx and yy-components of the optical conductivity, σxx and σyy, as a function of frequency 
for 2L, 4L, 6L and 8 L structures. We find that the onset of σxx and σyy depend on the dipole transitions 
at a point near R, and at the Γ  point, respectively. As the bandgap reduces with increasing thickness, the 
onset of σyy also decreases, while that of σxx decreases slightly. By applying an external field to 4L-BP, we 
find that the electric-field induced reduction in direct bandgap decreases the onset of σyy whereas that 
of σxx remains almost unchanged (Fig. 8b).

Conclusions
In summary, we have shown using first principles calculations that the application of an external electric 
field to few-layer BP results in a reduction in the direct band gap of the material, eventually resulting in 
an insulator-to-metal transition at a critical field. Above this critical field, a Dirac cone emerges at Λ  
along the Γ − Y direction, provided that the BP film is sufficiently thin. We quantify the robustness of the 
Dirac cone by the energy gap in the Γ − X direction, E X

g
Γ− . Using a tight-binding model, we show that 

quantum confinement and structural anisotropy are critical for the emergent Dirac cone phenomenon. 
These conclusions further explain the subtle dependence of E X

g
Γ−  on the electric field strength and film 

thickness, providing us with a handle to tune the resulting electronic structure. The electric field strength 
can be used to tune the position of Λ  and the Dirac-Fermi velocities, the latter being similar in magni-
tude to those in graphene. We also show that by including spin-orbit coupling, the Dirac point can be 
gapped out at certain electric fields, but increasing the electric field strength further can change the 
material from a topological insulator to a Dirac semi-metal. We have thus shown that the electronic band 
structure of few-layer black phosphorus can be tuned in very interesting ways by an applied electric field. 
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These results will motivate the search for other direct band gap materials where quantum confinement 
and structural anisotropy may lead to tunable emergent Dirac cone physics.

Methods
Electronic structure calculations are performed by using density functional theory within the general-
ized gradient approximation (GGA) of the exchange and correlation potential Perdew-Burke-Ernzerhof 
parametrization (PBE)14 as implemented in the Quantum Espresso15 package. To treat van der Waals 
(vdW) interactions, we employ the vdW +  DF approach for the exchange-correlation functional16. The 
wavefunction and the charge density are expanded using energy cutoffs of 50 and 300 Ry, respectively. 
Brillouin zone sampling is done by using a (10× 14× 1) Monkhorst-Pack k-grid. Periodic boundary con-
ditions have been included and a vacuum layer of at least 20 Å is included to suppress the interaction 
between the periodic images. The conjugate gradient algorithm is used to obtain optimized geometries, 
where all the atoms in the unit cell are allowed to relax until the forces on each atom are less than 
0.002 eV/Å, and the coordinates are fixed in the calculations using the finite external electric field. We 
have checked that for 4L-BP, the results are qualitatively similar when the atoms are relaxed in the pres-
ence of the applied electric field (see Supplementary Figure S8).

Simulations with an external electric field are performed using a periodic sawtooth-type potential 
perpendicular to the layers26. In order to remove the effect of electrostatic interactions between the peri-
odic supercells, a dipole correction scheme suggested by L. Bengtsson27, is included.

The real part of the optical conductivity is computed, using the following formula: σ ω( ) = × ( )R I . 
Here the imaginary part of the dielectric tensor,  ω( ( ))αβI , can be expressed as

ε � �
e

N m

M f E
E E

E E E E4 [ ]
6k v c BZ

k v

k v c
k c k v k c k v

2

2 ∫∑ω
π

δ ω δ ω( ( )) =
Ω

× ( )

∇ ( − )
( − + ) + ( − − ) ,

( )
αβ

αβ

,

,
, , , ,

ˆ
I

where e and m are the electronic charge and mass, respectively, Ω  is the lattice volume, Nk is the total 
number of k-points, the indices c and v denote the conduction and the valance band, respectively, and 
f is the Fermi-Dirac distribution. αβM̂  is defined as follows: = 〈 | | 〉〈 | | 〉αβ α β, , , ,

ˆ ˆ ˆ †u u u uM p pk c k v k v k c , where 
uk  and p̂ are the single particle Bloch function and the dipole moment operator, respectively. A uniform 
k mesh of 26 × 36 × 1 is used for self consistent steps in order to calculate the optical conductivity. Note 
that our calculation does not include many-body effects which are required to obtain an accurate descrip-
tion of the optical conductivity.

References
1.	 Wang, Q. H., Kalantar-Zadeh, K., Kis, A., Coleman, J. N. & Strano, M. S. Electronics and optoelectronics of two-dimensional 

transition metal dichalcogenides. Nature Nanotechnology 7, 699–712 (2012).
2.	 Splendiani, A. et al. Emerging Photoluminescence in Monolayer MoS2. Nano Lett. 10, 1271–1275 (2010).
3.	 Li, L. et al. Black phosphorus field-effect transistors. Nature Nanotechnology 9, 372–377 (2014).
4.	 Hanlon, D. et al. Liquid exfoliation of solvent-stabilised black phosphorus: applications beyond electronics. Preprinted at 

http://arxiv.org/abs/1501.01881 (2015)
5.	 Das , S. et al. Tunable Transport Gap in Phosphorene. Nano Lett. 14, 5733–5739 (2014).
6.	 Tran, V., Soklaski, R., Liang, Y. & Yang, L. Layer-controlled band gap and anisotropic excitons in few-layer black phosphorus. 

Phys. Rev. B 89, 235319–235324 (2014).
7.	 Xia, F. et al. Rediscovering black phosphorus as an anisotropic layered material for optoelectronics and electronics. Nature 

Communication 5, 4458 (2014).
8.	 Khoo, K. H., Mazzoni, M. S. C. & Louie, S. G. Tuning the electronic properties of boron nitride nanotubes with transverse electric 

fields: A giant dc Stark effect, Phys. Rev. B 69, 201401–201403 (2004).
9.	 Ramasubramaniam, A., Naveh, D. & Towe, E. Tunable band gaps in bilayer transition-metal dichalcogenides. Phys. Rev. B 84, 

205325–205334 (2011).
10.	 Dolui, K., Pemmaraju, C. D. & Sanvito, S. Electric field effects on armchair MoS2 nanoribbons. Acs Nano 6, 4823–4834 (2012).
11.	 Park, C.-H. & Louie, S. G.Energy Gaps and Stark Effect in Boron Nitride Nanoribbons. Nano Lett. 8, 2200–2203 (2008).
12.	 Son, Y.-W., Cohen, M. L. & Louie, S. G. Half-Metallic Graphene Nanoribbons. Nature (London) 444, 347–349 (2006).
13.	 Gava, P., Lazzeri, M., Saitta, A. M. & Mauri, F. Ab initio study of gap opening and screening effects in gated bilayer graphene. 

Phys. Rev. B 79, 165431–165443 (2009).
14.	 Perdew, J. P., Burke, K. & Ernzerhof, M. Generalized Gradient Approximation Made Simple. Phys. Rev. Lett. 77, 3865–3868 

(1996).
15.	 Giannozzi, P. et al. QUANTUM ESPRESSO: a modular and open-source software project for quantum simulations of materials. 

J. Phys.: Condens. Matter 21, 395502–395520 (2009).
16.	 Dion, M., Rydberg, H., Schroder, E., Langreth, D. C. & Lundqvist, B. I. Van der Waals Density Functional for General Geometries. 

Phys. Rev. Lett. 92, 246401–246403 (2004).
17.	 Cartz, L., Srinivasa, S. R., Riedner, R. J., Jorgensen, J. D. & Worlton, T. G. Effect of pressure on bonding in black phosphorus. J. 

Chem. Phys. 71, 1718–1721 (1979).
18.	 Warschauer, D. Electrical and optical properties of crystalline black phosphorus. J. Appl. Phys. 34, 1853–1860 (1963).
19.	 Qiao,J., Kong,X., Hu, Z.-X., Yang, F.& Ji W. High-mobility transport anisotropy and linear dichroism in few-layer black 

phosphorus. Nature Communications 5, 4475 (2014).
20.	 Zheng, F., Liu, Z., Wu, J., Duan, W. & Gu, B.-L. Scaling law of the giant Stark effect in boron nitride nanoribbons and nanotubes. 

Phys. Rev. B 78, 085423–085427 (2008).
21.	 Malko, D., Neiss, C., Viñes, F., & Görling, A. Competition for Graphene: Graphynes with Direction-Dependent Dirac Cones. 

Phys. Rev. Lett. 108, 086804–086807 (2012).

http://arxiv.org/abs/1501.01881


www.nature.com/scientificreports/

1 1Scientific Reports | 5:11699 | DOI: 10.1038/srep11699

22.	 Rudenko, A. N. & Katsnelson, M. I. Quasiparticle band structure and tight bonding model for single- and bilayer black 
phosphorus. Phys. Rev. B 89, 201408–201412 (2014).

23.	 Hasan, M. Z. & Kane, C. L. Colloquium : Topological insulators. Rev. Mod. Phys. 82, 3045–3067 (2010).
24.	 Liu, Q., Zhang, X., Abdalla,L. B., Fazzio, A. & Alex Zunger, A. Switching a Normal Insulator into a Topological Insulator via 

Electric Field with Application to Phosphorene. Nano Lett. 15, 1222–1228 (2015).
25.	 Liang, X. et al. Electrostatic Force Assisted Exfoliation od Prepatterrned Few-Layer Graphene into Device Sites. Nano. Lett. 9, 

467–472 (2009).
26.	 Hart, C. F. Exact k-q Solution for a Bloch Electron in a Constant Electric Field. Phys. Rev. B 38, 2158–2161 (1988).
27.	 Bengtsson, L. Dipole correction for surface supercell calculations. Phys. Rev. B 59, 12301–12304 (1999).

Acknowledgments
We gratefully acknowledge support from the National Research Foundation, Prime Minister’s Office, 
Singapore, for funding under the NRF Fellowship (NRF-NRFF2013-07) and under the NRF Medium 
Sized Centre programme. We thank the Graphene Research Center for the computational resources 
provided.

Author Contributions
K.D. and S.Y.Q. planned the study. K.D. performed the calculations. S.Y.Q. supervised the calculations 
and analysis. K.D. and S.Y.Q. wrote the manuscript.

Additional Information
Supplementary information accompanies this paper at http://www.nature.com/srep
Competing financial interests: The authors declare no competing financial interests.
How to cite this article: Dolui, K. and Quek, S. Y. Quantum-confinement and Structural Anisotropy 
result in Electrically-Tunable Dirac Cone in Few-layer Black Phosphorous. Sci. Rep. 5, 11699;  
doi: 10.1038/srep11699 (2015).

This work is licensed under a Creative Commons Attribution 4.0 International License. The 
images or other third party material in this article are included in the article’s Creative Com-

mons license, unless indicated otherwise in the credit line; if the material is not included under the 
Creative Commons license, users will need to obtain permission from the license holder to reproduce 
the material. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/

http://www.nature.com/srep
http://creativecommons.org/licenses/by/4.0/

	Quantum-confinement and Structural Anisotropy result in Electrically-Tunable Dirac Cone in Few-layer Black Phosphorous

	Results and Discussion

	Electronic structure at zero Eext. 
	Electronic structure for Eext < Ec. 
	Electronic structure beyond Ec. 
	Tight-binding model. 
	Bandstructure with spin-orbit correction. 
	Robustness of results against functional. 
	Binding energy. 
	Optical Properties. 

	Conclusions

	Methods

	Acknowledgments

	Author Contributions
	﻿Figure 1﻿﻿.﻿﻿ ﻿ The optimized structure of a bilayer (2L) black phosphorus.
	﻿Figure 2﻿﻿.﻿﻿ ﻿ Electronic structure of 4 L black phosphorus as a function of an external electric field, Eext.
	﻿Figure 3﻿﻿.﻿﻿ ﻿ Variation of the (PBE + vdW) band gap with the applied electric field, Eext, for 2L (black circles), 3L (red squares), 4L (green triangles), 5L (blue stars), 6L (cyan triangles), 7L (magenta diamonds), and 8L (orange triangles) -BP.
	﻿Figure 4﻿﻿.﻿﻿ ﻿ (a) The PBE + vdW bandstructure of 4L-BP is plotted in the 2D brillouin zone for Eext = 0.
	﻿Figure 5﻿﻿.﻿﻿ ﻿ The bandstructure of bilayer black phosphorus calculated by using a simple tight-binding model.
	﻿Figure 6﻿﻿.﻿﻿ ﻿ Effect of spin-orbit coupling on the band structure of 4L black phosphorus, zoomed-in at the Λ point.
	﻿Figure 7﻿﻿.﻿﻿ ﻿ Total energy per unit cell plotted against d−d0 for different values of Eext in V/Å.
	﻿Figure 8﻿﻿.﻿﻿ ﻿ Tuning of optical properties by thickness and applied Eext.



 
    
       
          application/pdf
          
             
                Quantum-confinement and Structural Anisotropy result in Electrically-Tunable Dirac Cone in Few-layer Black Phosphorous
            
         
          
             
                srep ,  (2015). doi:10.1038/srep11699
            
         
          
             
                Kapildeb Dolui
                Su Ying Quek
            
         
          doi:10.1038/srep11699
          
             
                Nature Publishing Group
            
         
          
             
                © 2015 Nature Publishing Group
            
         
      
       
          
      
       
          © 2015 Macmillan Publishers Limited
          10.1038/srep11699
          2045-2322
          
          Nature Publishing Group
          
             
                permissions@nature.com
            
         
          
             
                http://dx.doi.org/10.1038/srep11699
            
         
      
       
          
          
          
             
                doi:10.1038/srep11699
            
         
          
             
                srep ,  (2015). doi:10.1038/srep11699
            
         
          
          
      
       
       
          True
      
   




