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A B S T R A C T   

This paper presents the placement and sizing of energy hubs (EHs) in electricity, gas, and heating 
networks. EH is a coordinator framework for various power sources, storage devices, and 
responsive loads. For simultaneous modeling of economic, operation, reliability, and flexibility 
indices, the proposed scheme is expressed as a three-objective optimization in the form of Pareto 
optimization based on the sum of weighted functions. The objective functions of this problem 
respectively minimize the planning cost of EHs (equal to the total cost of construction of hubs and 
their expected operating cost), the expected energy loss of the mentioned networks, and the 
expected energy not-supplied (EENS) of these networks in the case of an N − 1 event. The 
problem is constrained by power flow equations and operation and reliability constraints of these 
network together with the EH planning and operation model, and flexibility constraints of the 
EHs. Then, to achieve unique optimal solution in the shortest possible time, a linear approxi-
mation model is extracted for the proposed scheme. Moreover, scenario-based stochastic pro-
gramming (SBSP) is employed to model uncertainties of load, energy cost, renewable power, and 
accessibility of the mentioned network equipment. Finally, the obtained numerical results indi-
cate the capability of the proposed scheme in enhancing the economic and flexibility situation of 
EHs and improving the reliability and operation status of energy networks along with achieving 
optimal planning and operation for EHs.  

Nomenclature  

A) Variables 
EENS Expected energy not-supplied (MWh) 
Eup

E Capacity of electrical energy storage (EES) expressed as the maximum storable energy (MWh) 
Eup

T Capacity of thermal energy storage (TES) expressed as the maximum storable energy (MWh) 
EPC Expected planning cost (sum of construction and operating cost) of EHs ($/year) 
Hup

B Capacity (maximum heat power) of the boiler in MW or per-unit (p.u.) 
NEL Expected energy losses of networks per year (p.u.) 
Pup

R Capacity (maximum active power) of renewable energy sources (RESs) in MW or p.u. 
Sup

C Capacity (maximum apparent power) of the combined heat and power (CHP) in MW or p.u. 
GC, HC, PC, QC Gas, heat, active, and reactive power of the CHP (p.u.) 
GF, HF, PF, QF Gas, heat, active, and reactive power flow through the distribution line (p.u.) 
GS, HS, PS, QS Gas, heat, active, and reactive power flow through the distribution substation (p.u.) 
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(continued ) 

GE, HE, PE, QE Gas, heat, active, and reactive power of the EH (p.u.) 
GNS, HNS, PNS Gas, heat, and active demand not-supplied (p.u.) 
GB, HB Gas and heat power of the boiler (p.u.) 
HCH, HDIS Heat power of the TES during charge/discharge operating mode (p.u.) 
HDR, PDR Heat and active power of consumers collaborating in the demand response program (DRP) (p.u.) 
PCH, PDIS Active power of the EES during charge/discharge operating mode (p.u.) 
PR Active power of the RES (p.u.) 
T Temperature (p.u.) 
V, α Voltage amplitude (p.u.) and voltage angle (rad) 
χ Pressure (p.u.) 
ΔV Voltage deviation (p.u)  

B) Constants  

BF, GF Susceptance and conductance of electricity distribution line (p.u.) 
CF Coincidence factor 
Du Number of outage days 
AE, AH, AG Incidence matrices of EHs-electrical buses, EHs-heat nodes, and EHs-gas nodes 
BE, BH, BG Incidence matrices of electricity buses-lines, heat nodes-pipelines, and gas nodes-pipelines 
Emax

E ,Emax
T Maximum energy storage in the EES and TES (MWh or p.u.) 

GL, HL, PL, HL Gas, heat, active and reactive demand (p.u.) 
Gup

F ,Gup
S Maximum gas power flow on the gas distribution station and pipeline (p.u.) 

Hmax
B Maximum heat power of the boiler (p.u.) 

Hup
F ,Hup

S Maximum heat power flow on the heat distribution station and pipeline (p.u.) 
CB, CC, CE, CT, CR Cost of the boiler, combined heat and energy (CHP), EES, TES, and RES per year ($/year) 
Pmax

R Maximum active power of the RES (p.u.) 
Smax

C Maximum apparent power of the CHP (p.u.) 
Sup

F ,Sup
S Maximum apparent power flow through the electricity distribution line and substation (p.u.) 

Tlo, Tup Minimum and maximum temperature (p.u.) 
Vlo, Vup Minimum and maximum voltage amplitude (p.u.) 
ςF, ξF Heat and gas constants of the distribution pipeline 
ϖ Ratio between maximum heat power and maximum active power of the CHP 
ηCH, ηDIS Charge/discharge efficiency of the storage 
ηB Efficiency of the boiler 
ηT, ηL, ηH Efficiency of the turbine, losses, and heat of the CHP 
γE, γH, γG Energy price in electricity, heat, and gas energy networks ($/MWh) 
ρ Probability of occurrence of a scenario 
χlo, χup Minimum and maximum pressure (p.u.) 
τCH, τDIS Charge/discharge time of the storage system 
ψ Participation rate of consumers in the DRP 
υ, v Ratio between minimum and maximum energy of the storage, and the ratio between the initial energy and maximum energy of the storage 
ΔF Flexibility tolerance (p.u.) 
Δφ Angle deviation (rad)  

C) Indices  

e, g, t Electrical bus, gas node, heat node 
m A member of the Pareto front 
nm Number of members in the Pareto front 
i EH 
t Operation hour 
w A scenario obtained from the scenario-reduction method 
s Line segment in the piecewise linearization technique 
k Sides of a regular polygon 
l Electrical bus, or gas node, or heat node   

1. Introduction 

1.1. Motivation 

Currently, thanks to advances in environment-friendly power generation and storage technology, these technologies are widely 
used more than ever. Renewable energy sources (RES), like wind turbines (WTs) and photovoltaic systems (PVs), cause very negligible 
environmental impact. In addition, as such resources impose low operating costs they can be located in demand side and present green 
energy besides enhancing the operation status of the whole system [1]. Speaking of clean energy resources, distribution generation 
(DG) units, e.g. microturbine, fuel cell, and combined heat and energy (CHP) plants, have found their developed application within 
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power systems because of low pollution they produce. Operation, reliability, resilience, and flexibility indicators of the network can be 
enhanced via employing RESs on the demand side by controlling the output generation power [2,3]. Another solution proposed for 
enhancing these indicators is the adoption of energy storage systems (ESSs) and demand response programs (DRPs), which help 
smooth the power curve of the system [1]. Thus, it would be very suitable if an operator could integrate and coordinate system el-
ements so that various indicators of the system are improved together with supplying green energy across the grid. To this end, some 
studies suggest the use of virtual power plant (VPP), microgrids (MGs), and energy hubs (EHs) [4]. The collaborated adoption of RESs 
and ESSs would enhance the flexibility. However, the single use of RESs may deteriorate flexibility situation [5]. Yet, one should note 
that in the case of employing EHs, electricity, gas, and heat energy can be managed at the same time, thus increasing the efficiency [6]. 
Consequently, an acceptable integration and arrangement of such equipment need to be advised. Regarding that the system designer 
and operator cannot exploit an arbitrary number of power sources, ESS devices, and responsive loads, the optimal placement and sizing 
of these equipment would assist achieving the favorable system status in terms of technical and economic indicators. To reach this aim, 
we can again employ EHs consisting of power sources, ESS, and responsive loads, which help improve different indicators of the 
system. 

1.2. Literature review 

There is a huge research behind placement and sizing of power sources and energy storage. The following reviews some of the 
background study. Ref. [7] develops a method for optimal siting of DGs (including WTs and PVs) together with capacitor banks using 
technical and economic indicators. To take the innate randomness of WTs and PVs into account, the study adopts a Monte Carlo 
method and diagonal bank Copula model, integrates them and uses the extracted data of wind, irradiance, and demand. The authors 
also employ genetic algorithm to solve the formulated optimization problem. Optimal siting and sizing of WTs in both deterministic 
and probabilistic cases has also been analyzed hoping to reduce power loss, flatten the voltage profile, and enhance system stability 
[8]. To this end, the β-chaotic sequence spotted hyena optimizer was used. In other study, distributed battery ESSs are robustly 
scheduled so that flexibility is enhanced. In this work, the difference between costs (caused by battery scheduling, degradation, and 
operation) and revenues (obtained from selling battery power) are minimized by using a deterministic model of the problem. Robust 
optimization is incorporated to model uncertainty quantities (such as predicted active/reactive demand, energy price, charge/di-
scharge price, and RESs power). A novel resiliency framework for distribution system is adopted in Ref. [9] to enhance resiliency in the 
event of unwanted natural events like earthquake and flood. The model finds the minimum cost of planning and operation, as well as 
the minimum values of load shedding and repair and maintenance cost caused by the events. The problem is constrained by planning 
model, linearized operation equations, and rearrangement formulae of the system. Optimal placement, selection, and operation of 
battery-type ESS and renewable DGs has been addressed in Ref. [10], where the problem is expressed as a mixed-integer nonlinear 
programming (MINLP) model that is solved using a planning-operation decomposition method. The suggested approach includes two 
subproblems, one for planning and the other for operation purposes. The former is associated with the placement and selection of the 
ESSs and DGs, while the latter attempts to reach the optimal operation scheduling of the batteries. 

One approach to providing financial benefit and supply higher energy is the utilization of EHs for power sources, ESS, and 
responsive loads and their simultaneous and collaborative management. This helps to successfully plan and operate these devices in 
the form of EHs so that different indicators of the system are enhanced at the same time without any compromise [11]. There is a 
substantial amount of research concerning the operation of EHs. Ref. [12] proposes a strategy for EHs aiming to find the optimal 
operation of MGs and minimize the operating cost while taking the environmental challenges into account. The adopted EH in this 
study uses a combined cooling, heating, power (CCHP) system consisting of WTs and PVs. The energy storage resources of the EH 
include an ice storage conditioner (ISC) system and an ESS. Coordinated energy management of EHs located at different networks is 
introduced in Ref. [13] using the cooperation of EHs in day-ahead energy market. The objective function of the management problem 
maximizes EHs’ profit constrained by linear networks and EHs limitations. The proposed model considers uncertainty parameters as 
well. The problem is mathematically expressed in the form of a scenario-based stochastic model. Monte Carlo Simulation (MCS) is used 

Table 1 
Taxonomy of recent works in the area.  

Ref. Model of placement and sizing of EH Indices Planning-operation model of EH 

Economic Operation Reliability Flexibility 

[7] No Yes Yes No No No 
[8] No Yes Yes Yes No No 
[9] No Yes Yes No No No 
[10] No Yes Yes No No No 
[11] No Yes Yes No No No 
[12] No No Yes No No No 
[13] No Yes Yes No No No 
[14] No Yes Yes No No No 
[15] No No Yes No No No 
[16] No Yes Yes No No No 
[17] No Yes Yes No No No 
Proposed method Yes Yes Yes Yes Yes Yes  
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to generate scenarios and the fast backward/forward scenario reduction method is adopted to limit the number of scenarios. Ref. [14] 
proposes a stochastic structure for optimal operation of EHs consisting of energy converters and ESSs. The structure significantly 
impacts the bidding strategy of smart devices. Random scenarios are also generated to model the uncertainties associated with energy 
price, wind speed, and irradiance. A robust model based on information-gap decision theory (IGDT) is used in Ref. [15] to manage 
multicarrier energy system. The first step is to state a deterministic model of the problem, in which the total cost of EHs is minimized. 
Problem constraints include power flow equations and limitations of indicators related to electricity, gas, and heating networks, and 
some other parameters. The IGDT-based robust optimization solves the problem by dealing with the uncertainties. Energy manage-
ment of EHs connected to electricity, gas, and heating network is stated in Ref. [16], where the role of an EH is to coordinate DGs and 
ESSs. Uncertainties are modeled by using an adaptive robust optimization method. A list of some studies related to placement and 
sizing of EHs is reported in Table 1. 

1.3. Research gaps 

According to the background review and Table 1, one can pinpoint the following research gaps to fill in the realm of operation and 
planning of power sources, ESSs, and responsive loads using grid-connected structure of EHs.  

- Most of the works focus on allocation and/or sizing of power sources, ESSs, and responsive loads. Some deal with simultaneous 
planning modeling of the equipment also these elements are placed at different buses of the network. Nonetheless, when the 
equipment is incorporated in the form of EHs, VPPs, or other combined models, more advantages are achieved compared to that of 
their separate management [11]. This has been validated in Ref. [13] as well. Unfortunately, the allocation and finding the proper 
size of these elements in the form of EH need more attention and deeper research should be done.  

- It is noteworthy that the number of EHs is generally low in energy networks. Therefore, in order to achieve the desired economic 
and technical status in these networks, it is necessary to obtain the results of optimal planning for EHs along with achieving their 
optimal operation status. Note, however, that most research has focused on the operation model of EHs in energy networks, and less 
on the combined model of operation and planning of grid-connected EHs. 

- In most studies, economic and operational indices in EH optimization problems in energy networks have been considered. How-
ever, in an energy network, there are various economic and technical indices such as operation, reliability, flexibility, and other 
factors, where improving the status of one index does not ensure improving the status of other indices. For example, to minimize the 
cost of purchasing energy of energy networks, EHs need to inject high power into the network. Nonetheless, in these conditions, 
energy losses, which is an operation index, may not be minimized and show a high value. Therefore, it is expected that to address 
this issue, simultaneous modeling of several indices is applied to the problem. 

Fig. 1. Planning-operation framework of grid-connected EHs in energy networks.  
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1.4. Contributions 

To address the research gaps mentioned in the previous section, this paper as Fig. 1 finds the location and capacity of power sources 
and ESSs in EHs framework, which provides load responsiveness in electricity, gas, and heating networks. To structure the proposed 
design, three-objective optimization is used aiming to minimize the planning cost (capital and operating cost) of EHs, expected energy 
loss of networks, and EENS in the case of an N − 1 event. The problem is constrained by optimal power flow equations, reliability index, 
and operation and planning models of power sources and ESSs. An integrated single-objective model is obtained by using the Pareto 
optimization and sum of weighted functions. The problem is stated as MINLP. To reduce the computational time and burden, the 
problem is solved using a linear approximation model and unique optimal solution is obtained. The design is subject to uncertainties 
associated with load, energy price, renewable power, and accessibility of system elements. The present paper adopts stochastic 
optimization based on Combination of Mont Carlo simulation (MCS) and Kantorovich method (KM) to find the optimal solution. 
Innovations of the paper include the following items.  

- Finding the location and size of power sources and ESSs in an EHs framework that consists of responsive loads of electricity, gas, 
and heating networks;  

- Modeling the operation and planning of EHs at the same time so that the optimal location, capacity, and operation status of EHs are 
found; and  

- Modeling economic, operation, reliability and flexibility indicators of the mentioned networks as a multi-objective optimization 
problem. 

1.5. Paper organization 

Different sections of the paper are organized as follows. Multi-objective model of EHs planning is described in Section 2. Section 3 
provides a single-objective model based on Pareto optimization and uncertainty parameters are modeled. Results are given in Section 4 
in detail and Section 5 concludes the paper. 

2. Multi-objective planning of grid-connected EHs 

2.1. Non-linear model 

Finding the optimal location of size of power sources and ESSs as grid-connected EHs considering DRP is directly related to eco-
nomic and technical indicators of electricity, gas, and heating networks. An optimization problem with three different objective 
functions is structured in the proposed design to minimize the planning cost of EHs, network energy loss, and EENS of these networks. 
Constraints of the problem include optimal power flow equations, reliability index, planning and operation models of EHs, and 
flexibility status of EHs. The suggested design is thoroughly described as follows.  

A) Objective functions: Economic, operation, reliability, and flexibility indicators of EHs and energy networks are modeled through 
an optimization problem with three objectives. Equation (1) describes the objectives, in which the planning cost of power 
sources and ESSs; total capital cost of CHPs, boilers, RESs, electrical energy storages (EESs), and thermal energy storages (TESs) 
per year; and predicted operating cost of EHs are minimized. The operating cost includes the cost of purchasing energy by EHs 
from electricity, gas, and heating networks [13]. Negative power of EH means that the EH supplies power to the upstream grid 
and gains revenue. The predicted energy loss of electricity, gas, and heating networks is calculated and minimized in Eq. (2) 
[13]. The main goal of seeking optimized site and size of EHs is to improve operation indices. To this end, the best place for EHs 
is demand sides. Thereby, during a fault that an N – 1 event may happen, the rate of outage will reduce thanks to EHs. Equation 
(3) expresses the formulation to minimize the EENS value of electricity, gas, and heating networks in the case of an N – 1 event 
[2–17]. If this value is small, the outage rate is small. As this is an indicator of reliability, EENS is set as a reliability index [2]. 

min EPC=
∑

i

(
CC iSup

C i +CB iHup
B i +CR iPup

R i +CE iEup
E i +CT iEup

T i
)
+365×CF ×

∑

i,t,w
ρw
(
γE t,wPE i,t,w + γH t,wHE i,t,w + γG t,wGE i,t,w

)
(1)  

min NEL= 365×CF ×

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∑

e,t,w
ρw

(

PS e,t,w − PL e,t,w +
∑

i
AE e,iPE i,t,w

)

+

∑

h,t,w

ρw

(

HS h,t,w − HL h,t,w +
∑

i
AH h,iHE i,t,w

)

+

∑

g,t,w
ρw

(

GS g,t,w − GL g,t,w +
∑

i
AG g,iGE i,t,w

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(2)  

min EENS= du×CF ×

(
∑

w
ρw

(
∑

e,t
PNS e,t,w +

∑

h,t
HNS h,t,w +

∑

g,t
GNS g,t,w

))

(3) 
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B) Constraints of energy networks: Power flow constraints of electricity, gas, and heating networks, (4)–(11) [13,15,16], operating 
limits of the mentioned networks, (12)–(20) [6,13], and reliability boundaries of these networks, (21)–(23) are given in this part 
[2]. Equations (4)–(7) describe the active-reactive power balance at electrical network buses, heating power balance at heating 
network nodes, and gas power balance at gas network nodes. Active and reactive power flow on electricity distribution lines 
together with heating and gas power flows on distribution pipes are given in (8)-(11). These equations show the nonlinear and real 
model of power flow in these networks. Furthermore, operating constraints of electricity, gas, and heating networks in this problem 
are related to allowable ranges of electrical bus voltage (12), heating node temperature (13), gas node pressure (14), and capacity 
of electrical, gas and heating distribution lines and substation (15)–(20). The constraints related to the maximum apparent power 
flow through distribution lines and substations are represented in (15)-(16). Constraints related to the maximum heating (gas) 
power flowing through the heating (gas) pipelines and station are shown in (17)-(18)/(19)–(20). Equations (4)–(20) assume that 
energy networks are connected to their corresponding upstream network via a distribution substation located at the slack bus. This 
means that, the distribution substation is accessible only at the slack bus (node); hence, variables PS, QS, HS, and GS have values for 
this bus and are zero for other buses (nodes). Parameter u denotes the availability of energy networks equipment including lines, 
pipelines, and distribution stations during an N – 1 event. This parameter is either 0 or 1. It is 0 if the equipment is not in the 
network; otherwise, it is 1. Constraints associated with active, heating, and gas load are represented in Eqs. (21)–(23). According to 
subsection 2.1.A, EENS is a reliability index, as provided in (3), which is proportional to the load not-supplied (LNS). As a result, 
Eqs. (21)–(23) will represent reliability constraints. 

PNS e,t,w +PS e,t,w +
∑

i
AE e,iPE i,t,w −

∑

l

BE e,lPF e,l,t,w = PL e,t,w ∀e, t,w (4)  

QNS e,t,w +QS e,t,w +
∑

i
AE e,iQE i,t,w −

∑

l

BE e,lQF e,l,t,w = QL e,t,w ∀e, t,w (5)  

HNS h,t,w +HS h,t,w +
∑

i
AH h,iHE i,t,w −

∑

l

BH h,lHF h,l,t,w = HL h,t,w ∀h, t,w (6)  

GNS g,t,w +GS g,t,w +
∑

i
AG g,iGE i,t,w −

∑

l

BG g,lGF g,l,t,w = GL g,t,w ∀g, t,w (7)  

PF e,l,t,w =

(

GF e,l
(
Ve,t,w

)2
− Ve,t,wVl,t,w

{
GF e,l cos

(
αe,t,w − αl,t,w

)
+

BF e,l sin
(
αe,t,w − αl,t,w

)

})

ueF e,l,w ∀e, l, t,w (8)  

QF e,l,t,w =

(

− BF e,l
(
Ve,t,w

)2
+ Ve,t,wVl,t,w

{
BF e,l cos

(
αe,t,w − αl,t,w

)
−

GF e,l sin
(
αe,t,w − αl,t,w

)

})

ueF e,l,w ∀e, l, t,w (9)  

HF h,l,t,w = ςF h,l
(
Th,t,w − Tl,t,w

)
uhF h,l,w ∀h, l, t,w (10)  

GF g,l,t,w = ugF g,l,wξF g,lsign
(
χg,t,w, χl,t,w

)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sign
(
χg,t,w, χl,t,w

)((
χg,t,w

)2
−
(
χl,t,w

)2
)√

∀g, l, t,w
(11)  

Vlo
e ≤Ve,t,w ≤ Vup

e ∀e, t,w (12)  

Tlo
h ≤Th,t,w ≤ Tup

h ∀h, t,w (13)  

χlo
g ≤ χg,t,w ≤ χup

g ∀g, t,w (14)  

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
PF e,l,t,w

)2
+
(
QF e,l,t,w

)2
√

≤ Sup
F e,l ∀e, l, t,w (15)  

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
PS e,t,w

)2
+
(
QS e,t,w

)2
√

≤ ueS e,wSup
S e ∀e= Slack bus, t,w (16)  

− Hup
F h,l ≤HF h,l,t,w ≤ Hup

F h,l ∀h, l, t,w (17)  

− uhS h,wHup
S h ≤HS h,t,w ≤ uhS h,wHup

S h ∀h = Slack node, t,w (18)  

− Gup
F g,l ≤GF g,l,t,w ≤ Gup

F g,l ∀g, l, t,w (19)  

− ugS g,wGup
S g ≤GS g,t,w ≤ ugS g,wGup

S g ∀g = Slack node, t,w (20) 
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0≤PNS e,t,w ≤ PL e,t,w ∀e, t,w (21)  

0≤HNS h,t,w ≤ HL h,t,w ∀h, t,w (22)  

0≤GNS g,t,w ≤ GL g,t,w ∀g, t,w (23)    

C) Operation and planning model of EHs: Constraints (24)–(47) show the planning and operation status of power sources and ESSs in 
EHs that include DRPs. The end-users are assumed to participate in DRPs at parts of the network that an EH is present. In this 
part, constraints (24)–(27) describe the active, reactive, heating, and gas power balance equations of the EH, in which, CHP, 
RES, DRP, and EES (including stationary storages such as batteries) can help the electricity sector to manage active power of the 
EH. CHP is the only option to control reactive power of the EH. RESs and EESs, based on the IEEE 1547 standard, are active only 
at the electrical energy (active power) management sector [18]. CHP, boiler, TES, and DRP assist to control heating power of 
EHs. As per (27), EH is assumed to use merely the gas network to extract electrical and heating energy of the boiler and CHP. The 
rest of constraints related to other equipment are provided in (28)-(47). Equations (28)–(32) describe the planning and 
operating model of the CHP [19], in which heating power production by CHP and its gas consumption are given in (28)-(29), 
both of which are a factor of CHP active power. Constraints (30)–(31) present the output capacity limit of CHP, which show the 
maximum apparent power and maximum controllable heating power of the CHP, respectively. The planning model of CHP is 
given by (32), where if the size variable of CHP, i.e. Sup

C , is nonzero (zero), the construction of CHP in the EH is (not) essential 
from economic and technical aspects. Operating constraints of the boiler are modeled in (33)-(35) [13] that describe boiler gas 
power, its output capacity range, and its size limit in the EH. If Hup

B ∕= 0 (Hup
B = 0), embedding a boiler in the EH is (not) 

mandatory. Operating and planning models of RESs are given in (36)-(37). According to (36), active power output of RESs is 
equal to its output power (φR is between 0 and 1) multiplied by RESs size [1]. Equation (37) gives the size limit of RESs. In these 
constraints, if Pup

R ∕= 0 (Pup
R = 0), the construction of RESs in the EH is (not) beneficial from economic and technical points of 

view. 

Constraints (38)–(41) address the planning and operating model of EESs [20]. Limitation of charge rate, discharge rate, and energy 
storage in ESSs are shown by (38)-(40). Equation (41) gives the size limit of the EESs, which represents the maximum energy that can 
be stored in EESs. A similar model, (38)–(41), is constructed for TESs in constraints (42)–(45), except that heating power variables of 
TESs substitute active power variables. In (38)-(45), if Eup is not zero, the placement of storages in the EH can be justified from 
economic and technical viewpoints. A model of DRP is given in constraints (46)–(47) for electrical and heating energy consumers [1, 
21]. This model is based on an incentive model, in which end-users can decrease or increase the consumption rate using the price 
signal. To provide more details, during high energy prices (corresponding to peak load), end-users consume low energy, while during 
low energy prices (off-peak load), they consume higher. Nonetheless, customers tend to meet the demand during the operating horizon 
of the EH. As a result, this model gives a shift in energy consumption from peak to off-peak hours. This lowers the operating cost of EHs 
(1). Constraint (46) shows power changes applied by consumers in the DRP. Moreover, constraint (47) guarantees that decrease in 
energy consumption during peak hours is met by the EH during off-peak hours [21]. 

Finally, the flexibility models of EHs in the electrical and thermal sections are expressed in (48) and (49), respectively. Note that the 
presence of RESs makes the DA and RT operation results to be different [4]. This is due to the uncertainty in their active power 
generation. This results in reduced EH flexibility in the electrical sector [4]. To compensate for that, flexibility sources such as storage 
and DRP should reduce the fluctuations of EH active power in RT operation compared to DA operation [5]. To derive this, one can 
mathematically minimize the deviation of the active power of EH in a scenario w with respect to the scenario corresponding to the 
deterministic model (here the first scenario is assumed) [22]. This is the case in (48), so in this equation, if the flexibility tolerance (ΔF) 
goes to zero, the EH flexibility will go to 100 % improvement. In addition, the thermal power of CHP is not independent of its active 
power. Therefore, it is possible that the results of RT and DA operation of EH in the thermal sector are not the same [19]. Thus, DRP, 
TES, and boiler will be responsible for improving flexibility in this sector, so a model similar to that of the electrical section is 
considered in (49) for the EH thermal sector. 

PE i,t,w =PC i,t,w +PR i,t,w +PDR i,t,w +
(
PDIS i,t,w − PCH i,t,w

)
− PL i,t,w ∀i, t,w (24)  

QE i,t,w =QC i,t,w − QL i,t,w ∀i, t,w (25)  

HE i,t,w =HC i,t,w +HB i,t,w +HDR i,t,w +
(
HDIS i,t,w − HCH i,t,w

)
− HL i,t,w ∀i, t,w (26)  

GE i,t,w = − GC i,t,w − GB i,t,w − GL i,t,w ∀i, t,w (27)  

HC i,t,w =PC i,t,w
(1 − ηT − ηL)ηH

ηT
∀i, t,w (28)  

GC i,t,w =PC i,t,w
1
ηT

∀i, t,w (29) 
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̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
PC i,t,w

)2
+
(
QC i,t,w

)2
√

≤ Sup
C i ∀i, t,w (30)  

− ϖiSup
C i ≤HC i,t,w ≤ ϖiSup

C i ∀i, t,w (31)  

0≤ Sup
C i ≤ Smax

C i ∀i (32)  

GB i,t,w =HB i,t,w
1
ηB

∀i, t,w (33)  

− Hup
B i ≤HB i,t,w ≤ Hup

B i ∀i, t,w (34)  

0≤Hup
B i ≤ Hmax

B i ∀i (35)  

PR i,t,w =φR i,t,wPup
R i ∀i, t,w (36)  

0≤Pup
R i ≤ Pmax

R i ∀i (37)  

0≤PCH i,t,w ≤
Eup

E i
τCH i

∀i, t,w (38)  

0≤PDIS i,t,w ≤
Eup

E i

τDIS i
∀i, t,w (39)  

υiEup
E i ≤ viEup

E i +
∑t

o=1

(

ηCH iPCH i,o,w −
1

ηDIS i
PDIS i,o,w

)

≤ Eup
E i ∀i, t,w (40)  

0≤Eup
E i ≤ Emax

E i ∀i (41)  

0≤HCH i,t,w ≤
Eup

T i
τCH i

∀i, t,w (42)  

0≤HDIS i,t,w ≤
Eup

T i

τDIS i
∀i, t,w (43)  

υiEup
T i ≤ viEup

T i +
∑t

o=1

(

ηCH iHCH i,o,w −
1

ηDIS i
HDIS i,o,w

)

≤ Eup
T i ∀i, t,w (44)  

0≤Eup
T i ≤ Emax

T i ∀i (45)  

− ψiPL i,t,w
(
or HL i,t,w

)
≤PDR i,t,w

(
or HDR i,t,w

)
≤ ψiPL i,t,w

(
or HL i,t,w

)
∀i, t,w (46)  

∑

t
PDR i,t,w

(
or HDR i,t,w

)
=0 ∀i,w (47)  

− ΔF≤PE i,t,w − PE i,t,w=1 ≤ ΔF ∀i, t,w (48)  

− ΔF≤HE i,t,w − HE i,t,w=1 ≤ ΔF ∀i, t,w (49)  

2.2. Linear approximation formulation 

The problem (1)-(49) has a MINLP model. Its solvers provide different solutions, so the optimal solution obtained has a low 
reliability [16]. Also, a high computational time is required to solve it, where the optimal solution in cases with high data volume 
studies may not be obtained [16]. To address this issue, a linear approximation model is obtained for the proposed scheme. Its solvers 
are able to extract a unique optimal solution at low computational time. To linearize the proposed scheme, note that the voltage 
deviation at both ends of an electrical distribution line is generally less than 6◦ [9,20]. Hence, the expressions cos

(
αe,t,w − αl,t,w

)
and 

sin
(
αe,t,w − αl,t,w

)
are approximated to 1 and 

(
αe,t,w − αl,t,w

)
, respectively. Also, the voltage amplitude should be maintained between 0.9 

and 1.1 p.u., so it is close to 1 p.u [13]. Therefore, V can be expressed as 1 + ΔV, where ΔV represents the voltage deviation and its value 
is much less than 1 p.u. Then, ignoring the small values of ΔV 2, ΔV enΔV k, and ΔV×(αe - αl), constraints (8) and (9) can be expressed in 
the form of (50) and (51), respectively, which have a linear format: 
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PF e,l,t,w =
(
GF e,l

(
ΔVe,t,w − ΔVl,t,w

)
− BF e,l

(
αe,t,w − αl,t,w

))
ueF e,l,w ∀e, l, t,w (50)  

PF e,l,t,w =
(
− BF e,l

(
ΔVe,t,w − ΔVl,t,w

)
− GF e,l

(
αe,t,w − αl,t,w

))
ueF e,l,w ∀e, l, t,w (51) 

In the above formulation, the voltage deviation variable replaced the voltage amplitude, so constraint (12) is updated as follows: 

Vlo
e − 1≤ΔVe,t,w ≤ Vup

e − 1 ∀e, t,w (52) 

To line constraint (11), the expression 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sign
(
χg,t,w, χl,t,w

)((
χg,t,w

)2
−
(
χl,t,w

)2
)√

is first considered with an auxiliary variable βg,l,t,w. In 

these conditions, we have βg,l,t,w = sign
(
χg,t,w,χl,t,w

)((
χg,t,w

)2
−
(
χl,t,w

)2
)

. This relationship can be transformed into a linear relationship 

using the conventional piecewise linearization technique [13]. In this method, the variables β and χ can be expressed as β =
∑

s
Δβs and 

χ = χlo +
∑

s
Δχs, respectively, where Δβ and Δχ are known as the deviations of the variables β andχ, and s is the index of each linear 

segment. In this case, the expressions β2 and χ2 can be written as β =
∑

s
lsβ

s Δβs and χ =
(
χlo
)2

+
∑

s
lsχ

s Δχs, respectively, where lsβ and lsχ 

represent the slope of the linear piecewise in the linearization of β2 and χ2, respectively [13]. Therefore, in these conditions, the 
linearized relations equivalent to constraint (11) can be written as follows: 

GF g,l,t,w =ugF g,l,wξF g,lβg,l,t,w ∀g, l, t,w (53)  

Δβg,l,t,w,s = sign
(
χg,t,w, χl,t,w

) lsχ
s

lsβ
s

(
Δχg,t,w,s − Δχl,t,w,s

)
∀g, t,w, s (54)  

βg,l,t,w =
∑

s
Δβg,l,t,w,s ∀g, t,w, s (55)  

χg,t,w = χlo
g +

∑

s
Δχg,t,w,s ∀g, t,w (56) 

In (53), the GF function is expressed in terms of β, then the linearized model of the expression βg,l,t,w = sign
(
χg,t,w, χl,t,w

)((
χg,t,w

)2
−

(
χl,t,w

)2
)

appears in constraint (54). In the following, the linear model of variables β and χ are presented in constraints (55) and (56), 

respectively. 
The nonlinear constraints (15)–(16) and (30) are in the form of a circular plane with radius S with the center point of origin in the 

PQ coordinates. To express a linear relation for it, this plane can be approximated to a regular polygon plane [6,20]. On this plane, the 
sides have a linear formulation as P× cos(k × Δφ)+ Q× sin(k × Δφ) = S, with k denoting a side and Δφ denoting the angle deviation. 
The angle deviation is also 360/nS, where nS represents the total number of sides. Next, the plane resulting from each side is given as 
P× cos(k × Δφ)+ Q× sin(k × Δφ) ≤ S, which expresses a regular polygon plane for all sides [20]. Therefore, the linear constraints of 
constraints (15)–(16) and (30) are written as follows: 

PF e,l,t,w cos(k×Δφ)+QF e,l,t,w sin(k×Δφ) ≤ Sup
F e,l ∀e, l, t,w, k (57)  

PS e,t,w cos(k×Δφ)+QS e,t,w sin(k×Δφ) ≤ ueS e,wSup
S e ∀e = Slack bus, t,w, k (58)  

PC i,t,w cos(k×Δφ)+QC i,t,w sin(k×Δφ) ≤ Sup
C i ∀i, t,w, k (59) 

Finally, the linear approximation model of the proposed scheme is as follows: 

Objective functions (1) − (3) (60)  

Constraints (4) − (7), (10), (13) − (14), (17) − (29), (31) − (59) (61)  

3. Stochastic integrated model 

3.1. Proposed single-objective formulation 

The problem represented in (60)-(61) is in the form of a problem with several objective functions. Traditional methods to solve such 
multi-objective problems attempt to provide a single-objective model so that an optimal solution is obtained for such multi-objective 
problems. This part of the paper employs the Pareto optimization method based on the sum of weighted functions approach [23]. 
Equations (62)–(64) express mathematical formulation of the single-objective problem. In this method, the objective function (F) as in 
(62) will be equal to the sum of the weighted functions of EPC, NEL, and EENS, whose weighting coefficients are ϑEPC, ϑNEL, and ϑEENS, 
respectively. Choosing values for these weighting coefficients must be subject to (63), meaning that their sum must always be equal to 
1. The problem, as in (64), will be bound by the constraints of the multi-objective problem, (61). 
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Fig. 2. Test distribution system, a) 33-bus electrical network [9], b) 4-node gas network [13], and c) 42-node district heating network [24].  
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min F= ϑEPCEPC + ϑNELNEL + ϑEENSEENS (62) 

Subject to: 

ϑEPC + ϑNEL + ϑEENS = 1 (63)  

Constraint (61), and EPC,NEL and EENS
model in Eqs. (1) − (3)

(64) 

In the problem described by Eqs. (62)–(64), different values are found for functions EPC, NEL, and EENS for ϑEPC, ϑNEL and ϑEENS. 
Three-dimension drawing of these values show the Pareto front of the suggested design. So, objective functions need to reach a 
compromise between their values. In this regard, the fuzzy decision technique (FDT) is used. Description of this technique is provided 
in Algorithm 1 [19]. In this algorithm, minimum (fmin) and maximum (fmax) values of EPC, NEL, and EENS are found from (62)-(63) by 
considering three cases of ϑEPC = 1, ϑNEL = 1, and ϑEENS = 1.  

Algorithm 1 Algorithm of the FDT 

The compromise solution of a Pareto front; 
Pareto optimal solution together with the priorities of the decision-maker; 
Step 1: Computation of the Fuzzy membership function 
Calculate linear fuzzy membership functions ( f̂ i) for individual members of the Pareto optimal front 
for i = EPC, NEL, EENS 

if fi ≤ fimin 

The fuzzy membership function ( f̂ ) is 1 
elseif fimin ≤ fi ≤ fimax 

The fuzzy membership function is 
fi − fmax

i
fmin
i − fmax

i
; 

elseif fi ≥ fimax 

The fuzzy membership function is 0; 
end 

end 
Step 2: Obtain αm 

αm = min
(
f̂

m
EPC, f̂

m
NEC, f̂

m
EENS

)
∀m ∈ {1,2, ...,nm}

Step 3: The best compromise solution 
Find the compromise solution by computing maxm αm  

Fig. 3. Daily curve of, a) load factor [9,24], and b) generation power rate of RESs [13].  
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Algorithm 1. Pseudocode of FDT 

3.2. Uncertainty model 

Quantities like load (PL, QL, HL, and GL), power generation rate of RESs (φR), energy price (γ), and energy networks equipment 
accessibility (u) are uncertainty parameters. These are modeled using the SBSP in this paper. To realize this, the MCS generates many 
scenarios. In each scenario, the values of uncertainty parameters are found based on their average and standard deviation (s.t) values 
[13]. The value of energy networks equipment accessibility (u) is calculated according to the forced outage rate (FOR) of the 
equipment [2]. After that, the probability of the values selected for load and energy price at any given scenario is calculated using a 
normal probability distribution function (PDF) [13]. The probability values of φR and u are found according to the beta (Weibull) and 
Bernoulli PDFs, respectively [1,2]. Moreover, the probability of a generated scenario (ρ0) is found by multiplying the probability values 
of the parameters mentioned in that scenario. As adopting many scenarios in the problem is probable to inhibit the problem from 
gaining a feasible solution, a scenario-reduction method can be a suitable solution. Here, the Kantorovich method (KM) is used to this 
purpose, in which a given number of the scenarios with minimum distance from each other is selected [5]. The probability of a selected 
scenario (ρ) is equal to the ratio between ρ0 of that scenario and the sum of ρ0 of the scenarios selected by the KM. 

4. Numerical results and discussion 

4.1. Case study 

Fig. 2 shows the test system that consists of a 33-bus electrical distribution network [9], a 4-node gas distribution network [13], and 
a 42-node thermal district heating system [24]. The information and data of the networks including peak load data, distribution line 
and pipeline characteristics, and data of distribution substations can be extracted from Refs. [9,13,24]. The base power and voltage 
values of the electricity network are 1 MVA and 12.66 kV, respectively. The base power and pressure in the gas network are set 1 MW 
and 10 bar, respectively. The base power and base temperature of the heating network are 1 MW and 1000C. The permissible voltage, 
temperature, and pressure values are within [0.9 1.1] p.u. The gas power is transformed to electrical and thermal power, and the 
amount of passive gas charge, GL, is zero. Hourly load (active, reactive, and thermal) is found by multiplying the peak load and the 
daily load factor curve. Fig. 3(a) illustrates such a curve for electrical and heating networks [9,24]. The coincidence factor (CF) [1] is 
set 0.7. Referring to Ref. [13], the price of electrical energy at 1:00–7:00; 8:00–16:00 and 23:00–00:00; and 17:00–22:00 is 17.6 
$/MWh, 26.4 $/MWh, and 33 $/MWh, respectively. The price of heating energy during 5:00–15:00 is 30 $/MWh, and for other hours 
is 22 $/MWh. Concerning the gas network, the gas price during 1:00–5:00 and 23:00–00:00 is 12 $/MWh, while it is 18 $/MWh in 
other intervals. 

EHs can be equipped with batteries as EESs; TESs; PVs and wind turbines (WTs) as RESs; boilers; and CHPs. The load of individual 
EHs (as shown in Fig. 2) can participate in the DRP at a rate of 40 %. The EH load in this case is equal to the load located in an electricity 
bus or gas/heating node in which there is an EH. The maximum size of a PV (WT) is set 0.5 MW, with overall capital cost of 2.5 M$/MW 
(3.2 M$/MW) [25]. Fig. 3(b) depicts the expected daily curve of the power generation rate of RESs (φR) [13]. The CHP with a 
maximum capacity of 1 MVA and a total capital cost of 2.5 M$/MVA can be positioned in EHs. In the CHP, parameters ηT, ηL, ηH and ϖ 
are set 0.4, 0.09, 0.4, and 0.52, respectively [19]. The boiler with operation efficiency of 80 % has a maximum capacity of 1 MW and its 
installation cost is 1.5 M$/MW [13]. The battery with charge/discharge efficiency of 90 % can have a maximum capacity of 2 MWh 
with a total capital cost of 2 M$/MWh [25]. The charge and discharge intervals are considered 2.5 h, and parameters υ and v are set 0.1. 
Such data for TESs are given except for that their charging and discharging efficiency is set 80 %, and the total installation cost is 1.75 
M$/MWh. The occurrence of fault in a 10-year planning horizon may cause an interruption interval of 30 days (du = 30). FOR is set 1 % 
for all elements of electricity, gas and heating networks [2]. Standard deviation of uncertainties associated with load, energy price, and 
renewable power is set 10 %. MCS produces 2000 scenarios and KM applies 50 scenarios to the problem. ΔF is considered 0.05 p.u. to 
achieve high flexibility in EHs. 

4.2. Results 

Simulation of the suggested scheme in this paper is implemented using the GAMS optimization software [26], which follows the 
data given in subsection 4.1. The proposed scheme includes the mathematical formulation [27–31]. This formulation is based on the 

Table 2 
Pareto front of the proposed scheme for ΔF = 0.05 p.u.  

ϑEPC ϑNEL ϑEENS EPC (M$/year) NEL (MWh) EENS (MWh) 

1 0 0 11.95 2964.72 57.34 
0 1 0 14.32 2257.34 23.47 
0 0 1 15.87 2578.41 11.46 
0.5 0.5 0 13.14 2386.92 27.11 
0.5 0 0.5 13.67 2613.22 15.75 
0 0.5 0.5 14.98 2365.48 13.89 
0.33 0.33 0.33 14.02 2405.36 14.63  
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optimization method [32–36]. The optimization model includes the objective function [37–41]. Objective function minimizes or 
maximizes a function [42–46]. The optimization formulation contains the different constraints [47–51]. Constraints includes equality 
and inequality equations [52–54]. To apply the optimization model on the energy networks, it is needed to use the smart systems 
[55–59]. These systems include Telecommunications equipment [60–64]. The following provides a summary of the obtained results 
through simulations. 

A) Achieving a compromise solution using the appropriate solution algorithm: This section analyzes the convergence results of the 
proposed scheme for ΔF = 0.05 p.u. First, the Pareto front of the scheme for four values of 0, 0.33, 0.5, and 1 for weighting coefficients 
of ϑEPC, ϑNEL, and ϑEENS is reported in Table 2. The minimum and maximum values of objective functions EPC, NEL, and EENS are 
specified for three cases of ϑEPC = 1, ϑNEL = 1, and ϑEENS = 1. These values for EPC are 11.95 M$/year and 15.87 M$/year. For NEL, 
these values are 2257.34 MWH and 2967.72 MWh. And, for EENS, they are 11.46 MWh and 57.34 MWh. The range of changes for each 
function is equal to the difference between the minimum and maximum values of that function. Therefore, for EPC, NEL, and EENS, the 
range of changes is respectively 3.92 M$/year, 710.38 MWh, and 45.88 MWh. Table 2 shows that the trends of changes (in terms of 
increase or decrease) of the mentioned three objective functions are not in the same direction. To elucidate on, the decrease in EENS 
corresponds with the increase in EPC because to reduce the interruption of customers or to reduce EENS, the customers need to be 
supplied at the demand side. Hence, a higher number of local power sources such as EHs are required to be built in energy networks. 
Since the increase in the number of EHs equally means the increase in their installation cost, the EPC increases under such conditions. 
As another point. The reduction in NEL corresponds with the increase in the EPC because the increasing the number of EHs up to a 
certain number leads to a reduction in the amount of energy demand by customers from the upstream network, leading to reduced 
power and energy loss. Also, based on Table 2, the reduction in EENS equals the increase in the NEL. The reason is that as the number of 
EHs or local sources increases, the possibility of outage of customers in the case of an N − 1 event decreases. However, significant 
increase in the number of EHs in energy networks guides the power flow through the distribution lines from EH side toward the 
upstream network. This is in accordance with the increase in the power and energy loss. 

In order to derive a compromise solution between EPC, NEL, and EENS functions, in this paper, fuzzy decision-making technique 
was used, the results of which are reported in Table 3. These results are expressed for the nonlinear model, (62)–(63), constraints (4)– 
(49), linear model, (62)–(64), and the proposed design. IPOPT, CONOPT, LGO, and MINOS solvers 26 have been used to solve the 
nonlinear model. According to Table 3, among these algorithms, only two algorithms, IPOPT and CONOPT, have the optimal solution, 
and the other algorithms were not able to extract the optimal solution. IPOPT and CONOPT also have different solutions, in other 
words, they do not have a single solution. Also, its computational time is more than 2450 s. As a point, among the solvers of the 
nonlinear model, the algorithm with a more efficient solution and lower computational time is desirable [16]. This is true for IPOPT 
because it has the lowest values of EPC, NEL, and EENS functions compared to CONOPT, and its computational time is lower. In the 
linear model, CPLEX, CBC, and OSL algorithms 26 are used to solve the problem. According to Table 3, the values of the mentioned 
objective functions are the same for all three algorithms, so the linear model solvers have a unique solution. Also, their computational 
time is less than 150 s, which is much lower than IPOPT results. This situation is more favorable for CPLEX because it has the shortest 
computational time of 125.6 s. It is noteworthy that based on [6,13,15], the computational error of the variables of electric power 
(active and reactive), gas power, heat power, voltage, pressure, and temperature in the linear model compared to the nonlinear model 
is about 2.5 %, 0.9 %, 0, 0.5 %, 0.1 %, and 0. However, this computational error can be neglected due to the very low computational 
time and the possibility of access to a unique solution. Note that the compromise point in the linear and nonlinear models is different 
because the optimal solution extracted for them is different. As another point to note, by comparing the results reported in Tables 2 and 
3, it is observed that at the compromise point, the CPLEX algorithm, ϑEPC = 0.7, ϑNEL = 0.15, and ϑEENS = 0.08, the values of the 
mentioned objective functions are close to their minimum values. For instance, the EPC is about 28.5 % ((13.08–11.95)/3.92) distant 
from its minimum value. This value for NEL and EENS is 16.3 % and 4.2 %.  

B) Analysis of planning and operation results of EHs: Table 4 lists the planning results of EHs in electrical, gas, and heating networks for 
the compromise point obtained in Table 3 for ΔF = 0.05 p.u. Table 4 shows that the system (Fig. 2) should contain 10 EHs so that its 
technical and economic indicators are enhanced. EHs 1 to 5 are located only in the electrical network with no connection to gas and 
heating networks. The EHs contain WTs, PVs, and battery storage elements. As these are present only in the electrical network, the 
DRP is implemented on the active load. The capacity of WTs and batteries for EHs 1 to 5 is the same so that the maximum sizes of 
WTs and batteries are found using the data in subsection 4.1. In the case of PVs, a PV with a maximum size of 0.5 MW is located in 
some EHs. In some other EHs, a PV with a smaller size (0.4 MW) is positioned. This can be explained as follows. First, as Fig. 3 
shows, PVs are often switched off and their capital cost is significant. So, adopting a large size PV is not economically justified. 

Table 3 
Compromise solution obtained by different solvers for ΔF = 0.05 p.u.  

Model Solver CI CT (sec) ϑEPC ϑNEL ϑEENS EPC (M$/year) NEL (MWh) EENS (MWh) Model status 

Non-linear IPOPT 562 2472.1 0.75 0.18 0.07 13.92 2443.65 14.56 Feasible 
CONOPT 691 2923.6 0.76 0.17 0.07 14.09 2489.32 14.78 Feasible 
LGO   – Infeasible 
MINOS   – Infeasible 

Linear CPLEX 112 125.6 0.77 0.15 0.08 13.08 2373.22 13.37 Feasible 
CBC 135 134.1 0.77 0.15 0.08 13.08 2373.22 13.37 Feasible 
OSL 167 146.2 0.77 0.15 0.08 13.08 2373.22 13.37 Feasible  
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Second, the operating constraints of electrical network, (12), (15)–(16), rejects employing large-scale EHs. As a result, the EH 
operator mostly incorporates small PVs. EHs 6–10 are connected to each of electrical, gas, and heating networks. In EH 6–7, besides 
RESs, EESs, and electric DRPs, there exists CHP, TES, and thermal DRP as well. The size of electrical sources and storage devices in 
these EHs are the same as EHs 1–5. The maximum size of the CHP (1 MVA) is chosen for EHs 6–10. Regarding the notes given in 
subsection 4.1, the price of gas energy in most intervals is less than the price of electricity and heat. Hence, to minimize the 
operating cost of EHs (second term of EPC), it is advised to adopt CHP to meet the thermal and electrical demand. CHPs with 
maximum size are located in EHs 6–10. EHs 6–7 lack any boilers, whereas a 1.5 MWh TES is installed. A 1 MW boiler is placed at 
EHs 8–10, and the size of TES is 2 MWh, where no electrical source or storage is connected to these EHs. Considering that EHs 6–10 
are located in electrical and thermal buses, the DRP in these EHs can be of both electrical and thermal type. The storage size is found 
based on the power source size [20]. As the heat source size is larger in EHs 10-8 compared to that in EHs 6–7, the TES size is larger 
in EHs 8–10. Note that the location and size of EHs is proportional to improving the economic situation and flexibility of EHs 
besides enhancing the operation and reliability status of energy networks. 

The economic planning results of EHs listed in Table 4 are reported in Table 6 for ΔF = 0.05 p.u. As is observed, the capital cost of 
ten EHs in the 10-year planning horizon is 90.34 M$. The overall operating cost of these EHs in the planning horizon reaches roughly 
19.96 M$. So, the EH planning cost (including capital cost and operating cost) is 110.3 M$. Nonetheless, as per Table 5, there is no 
operating cost for EHs 1 to 5, even though they sell active power to the electrical network and gain financial benefit. Thus, their 
operating cost has a negative value. Concerning EHs 6–10, CHP and EHs are gas energy consumers. Electric and thermal loads are also 
available in EHs 6–10. So, EHs 6–10 can inject a small amount of active power and thermal power into electrical and thermal networks, 
so always imposing operating costs. 

The expected daily curve of active, reactive, thermal, and gas power of EHs placed in energy networks for ΔF = 0.05 p.u are 
illustrated in Figs. 4–6. A negative (positive) value means that power is consumed (generated). As shown in Fig. 4, EHs consume active 
power during 1:00–7:00 and 16:00 and generate active power in rest of the hours. According to subsection 4.1, the price of electricity is 
lowest during 1:00–7:00. Thus, to minimize the operating cost of EHs, storage devices and responsive loads in this interval are charged 
and receive active power from the electrical network. Moreover, PVs are generally switched off in these intervals, and PVs and WTs 
produce low power at hour 16:00. So, the active power of EHs in this period has a negative value. During the rest of intervals, power 
sources like WTs and PVs feed higher amounts of active power, while EESs and electric DRPs operating in discharge mode feed active 
power into the networks. Consequently, the active power generation of EHs in these intervals has a positive value, showing that EHs 
can produce electrical power. Fig. 4 depicts the expected daily curve of reactive power produced by all EHs. As is shown, EHs inject 

Table 4 
Planning results of EHs in electrical, gas and heating networks for ΔF = 0.05 p.u.  

EH EH location RES size (MW) EES size (MWh) CHP size (MVA) Boiler size (MW) TES size (MWh) 

En tn Gn PVs WT Battery 

1 7 – – 0.5 0.5 2 0 0 0 
2 13 – – 0.4 0.5 2 
3 16 – – 0.4 0.5 2 
4 26 – – 0.4 0.5 2 
5 30 – – 0.5 0.5 2 
6 4 5 3 0.5 0.5 2 1 1.5 
7 19 41 2 0.5 0.5 2 1 1.5 
8 18 20 4 0 0 0 1 1 2 
9 24 33 2 1 1 2 
10 32 14 3 1 1 2  

Table 5 
Economic results of EHs planning in different energy networks for ΔF = 0.05 p.u.  

EH Total installing cost in planning horizon (M$) Operation cost (M$) 

PVs WT Battery CHP Boiler TES 

1 2.6 1.6 4 0 0 0 − 0.83 
2 2.08 1.6 4 − 0.51 
3 2.08 1.6 4 − 0.49 
4 2.08 1.6 4 − 0.53 
5 2.6 1.6 4 − 0.85 
6 2.6 1.6 4 2.5 3.5 3.92 
7 2.6 1.6 4 2.5 3.5 3.87 
8 0 0 0 2.5 1.5 3.5 5.12 
9 2.5 1.5 3.5 5.15 
10 2.5 1.5 3.5 5.11 
Total 16.64 11.2 28 12.5 4.5 17.5 19.96 
Total investment cost (M$) 90.34 – 
Total planning cost (M$) 110.3  
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high reactive power into the electrical network during 1:00–7:00. The reason is that the active power consumed during these periods is 
high because of EHs and passive loads (refer to Fig. 2). To inhibit significant voltage drop in these intervals, EHs supply high reactive 
power into the network. Yet, at the rest of intervals, EHs consume reactive power because active power injection into the electrical 
network is high. To inhibit overvoltage in the network, the amount reactive power injection into the electrical network by EHs is 
reduced during 1:00–7:00 so they consume power. Moreover, EHs inject higher heat during peak heat hour (5:00–15:00) than off-peak 
heat interval, refer to Fig. 5. This is because the thermal energy price is the highest in these intervals. To minimize the operating cost of 
EHs, TES and thermal DRP need to operate in the discharging mode. The heat power fed into the heating network by EHs is the highest 
in this interval. In other periods, the thermal energy price is the lowest, so TES and DRP are in the charging operation mode. Fig. 6 
demonstrates the expected daily curve of gas power of EHs, in which the gas power of EHs oscillates between − 16.2 MW and − 18.8 
MW, which is due to the fluctuation of active and thermal power of CHPs and the thermal power of boilers considering the performance 
of other EH elements and passive loads. 

Table 6 
Improving different indices in Case II in comparison to Case I.  

Parameter Case I Case II 

ΔF = 0 p.u. ΔF = 0.05 p.u. ΔF = 0.1 p.u. 

EENS (MWh) in network of Electrical 251.4 6.38 6.32 6.18 
Gas 0 0 0 0 
Heating 290.2 7.11 7.05 6.77 

Total EENS (MWh) 541.6 13.49 13.37 12.95 
NEL (MWh) in network of Electrical 1622.1 931.74 920.43 887.66 

Gas 0 329.51 329.51 329.51 
Heating 1891.3 1147.23 1123.28 1095.39 

Total NEL (MWh) 3513.4 2408.48 2373.22 2312.56 
Maximum drop value of Voltage (p.u.) 0.087 0.051 0.049 0.046 

Pressure (p.u.) 0 0.046 0.046 0.046 
Temperature (p.u.) 0.093 0.056 0.054 0.051 

Maximum over-value of Voltage (p.u.) 0 0.011 0.013 0.015 
Pressure (p.u.) 0 0 0 0 
Temperature (p.u.) 0 0.014 0.016 0.019  

Fig. 4. Expected daily curve of active and reactive of all EHs for ΔF = 0.05 p.u.  

Fig. 5. Expected daily heat power curve of all EHs for ΔF = 0.05 p.u.  
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C) Analysis of the operation, reliability and flexibility status of energy networks: Table 6 lists the operation and reliability indices of 
energy networks at different conditions of EHs flexibility for two case studies, including power flow studies [65–69] (Case I) and 
the proposed scheme (Case II). This table also reports the EENS, NEL, maximum overvoltage or voltage drop, pressure, and 
temperature for different case studies with different value of ΔF. As per this table, the EENS for the electrical and thermal 
networks is about 251.4 and 290.2 MWh in Case I. EENS is zero for gas network because it is assumed that CHP and boilers (EHs) 
are the only gas energy consumers while they are not available in Case I. Hence, the sum of EENS (as a reliability index) in the 
system for Case I is approximately 541.6 M$/year. In the proposed scheme (Case II), by selecting the optimal site and capacity 
for power sources and ESSs, the EENS at ΔF = 0 (100 % flexibility of EHs) for electricity and heating networks is reduced to 
roughly 6.38 MWh and 7.11 MWh, respectively. However, it is zero for the gas network. So, the total value of EENS for Case II at 
ΔF = 0 is 13.49 MWh, showing almost 97.5 % ((541.6–13. 49)÷541.6) reduction in comparison with Case I. The EENS, based on 
(21)-(23) and Tables 6 and is nonzero only for electrical and thermal networks and is zero for gas network because, the present 
study assumes that the passive gas demand, GD, is zero. This demonstrates that the suggested scheme can achieve high reliability 
for energy networks with EHs in the case of an N – 1 contingency. Based on Table 4, EHs are generally distributed in different 
consumption buses (nodes) of energy networks and can supply the lost sources during an interruption. The same is true for NEL 
(operation index). In Case I, based on Table 6, the NEL for electric, gas, and heating networks is 1622.1 MWh, 0 MWh, and 
1891.3 MWh, respectively, resulting in NEL of about 3513.4 MWh. This parameter in Case II for ΔF = 0 is 931.74 MWh, 329.51 
MWh, and 1147.23 MWh for the networks, respectively, and the total NEL in these conditions is 2408.48 MWh. Therefore, by 
increasing the yearly energy loss of 329.51 MWh in the gas network compared to Case I, the proposed scheme has reduced NEL 
by about 6.42 % and 39.3 % in electrical and heating networks compared to Case I. Thus, the total NEL in Case II for ΔF = 0 is 
decreased by roughly 31.4 % in comparison with Case I. 

Table 6 shows the maximum and minimum values of voltage, pressure, and temperature (operation indices) for cases I and II. As is 
seen, in Case I, the maximum voltage drop and temperature is 0.087 p.u. and 0.093 p.u., but the maximum pressure drop is 0. 
Concerning Case I that contains electric and thermal consumers, there is a drop in voltage and temperature, but the pressure is not 
changing. In Case II at ΔF = 0, using the optimal planning and operation of power sources, ESSs, and responsive loads in the form of an 
EH, the highest decrease in voltage and temperature are 0.051 p.u. and 0.056 p.u., respectively. The maximum pressure drop is 
increased to 0.046 p.u. compared to Case I. As per Table 6, there is no over-voltage, over-temperature, and over-pressure in Case I. In 
Case II with ΔF = 0, the maximum over-voltage and over-temperature are 0.011 p.u. and 0.014 p.u., but they are lower than their limit, 
i.e. 0.1 (1.1 - 1) p.u. [70–74]. So, by establishing a maximum pressure drop of 0.046 p.u., a maximum over-voltage of 0.011 p.u., and a 
maximum over-temperature of 0.014 p.u., the proposed scheme in Case II with ΔF = 0 improves the voltage and temperature by about 
41.4 % and 39.8 % compared to Case I. In the end, with increasing ΔF, the importance of flexibility is reduced in the proposed scheme 
based on constraints (48) and (49). Hence, the performance of power sources, ESSs, and responsive loads is mostly toward improving 
the economic status of EHs and operation and reliability status of energy networks. So, with increased ΔF, values of EENS, NEL, voltage 
drop, and temperature drop decrease. 

5. Conclusion 

This research addresses the optimal planning and operation of power sources and ESSs in the form of flexible grid-connected EHs 
with responsive loads subject to the reliability of electrical, gas, and heating networks. A three-objective optimization modeling is used 
to state the problem in which objective functions try to find the minimum values of expected annual planning cost of EHs, expected 
annual energy losses of electricity, gas, and heating networks, and EENS during an N – 1 event. The design was limited by optimal 
power flow equations of energy networks, reliability constraints of these networks, planning and operation model of EHs, and flexi-
bility limit of EHs. The Pareto optimization is used to establish a single-objective model for the proposed scheme using the sum of 
weighted functions method. Also, the linear approximation model of the scheme is found, and the uncertainties related to load, energy 
prices, renewable power, and availability of energy networks elements are modeled using the SBSP. Finally, based on the extracted 
numerical results, it was observed that the linearized model of the proposed design has a unique optimal solution compared to its 

Fig. 6. Expected daily gas power curve of all EHs for ΔF = 0.05 p.u.  
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original nonlinear model, which can be solved in very low computational time, especially by using the CPLEX algorithm. Also, in 
accordance with the optimal planning of EHs to achieve the desired operation and reliability state of energy networks, in addition to 
achieving the minimum planning cost for EHs, EHs are installed at different bases (nodes) at the beginning, middle, and the end of the 
feeder. Then, by extracting the optimal power daily curve for EHs, it was observed that the proposed scheme is able to improve the 
reliability of power flow distribution studies by about 97 %. Moreover, concerning operating indices such as energy losses, maximum 
voltage drop, and maximum temperature drop, the suggested scheme in terms of maximum flexibility (ΔF = 0) is able to improve these 
indices by about 31 %, 41 %, and 40 % compared to power flow studies. Of course, in these conditions, there is a pressure drop, 
overvoltage, and overheating, but the amount is less than their permissible limit of 0.1 p.u. 
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