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ABSTRACT: Emergence of topological states in strongly correlated systems, particularly two-dimensional (2D)
transition-metal dichalcogenides, offers a platform for manipulating electronic properties in quantum materials.
However, a comprehensive understanding of the intricate interplay between correlations and topology remains
elusive. Here we employ first-principles modeling to reveal two distinct 2 X 2 charge density wave (CDW) phases in
monolayer 1H-NbSe,, which become energetically favorable over the conventional 3 X 3 CDWs under modest
biaxial tensile strain of about 1%. These strain-induced CDW phases coexist with numerous topological states
characterized by Z, topology, high mirror Chern numbers, topological nodal lines, and higher-order topological
states, which we have verified rigorously by computing the topological indices and the presence of robust edge states
and localized corner states. Remarkably, these topological properties emerge because of the CDW rather than a pre-
existing topology in the pristine phase. These results elucidate the interplay between correlations, topology, and
geometry in 2D materials and indicate that strain-induced correlation effects can be used to engineer topological
states in materials with initially trivial topology. Our findings may be applied in electronics, spintronics, and other
advanced quantum devices that require robust and tunable topological states.

KEYWORDS: NbSe,, Transition Metal Dichalcogenides (TMDs), Charge Density Waves (CDWs), Topological States,
Strain Engineering, 2D Materials, First-Principles Calculations

to expand unabated, where the transition-metal 17-19
dichalcogenides (TMDs) are at the forefront due to
their exceptional electronic properties and potential for novel
applications.” Given their propensity to host a broad range of

he field of two-dimensional (2D) materials' continues elasticity and resilience to large in-plane strains (> 10%)'°
offer a fertile ground for engineering topological phases
20-22

and manipulating many-body ground states. Despite

quantum states, including topological states,”> charge density Received: ~ September 24, 2024
waves,”” and superconductivity®” the 2D TMDs provide a Revised:  April 12, 2025
versatile platform for developing advanced devices in diverse Accepted:  April 14, 2025

Published: May 6, 2025

fields such as optoelectronics,10 transistors,"* spintronics,12
valleytronics,"* and Josephson junctions."”'* Moreover, the
advent of TMD monolayers, known for their exceptional
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Figure 1. Pristine and 2 X 2 CDW phases in 1H-NbSe,. (a—c) Crystal structure of unmodulated pristine single-layer 1H-NbSe,. Nb and Se
atoms are shown as dark green and light green spheres. (a) Top view of the crystal structure. (b) Side view of the crystal structure. (c) The
trigonal prismatic cell. (d) Phonon spectrum of unmodulated 1H-NbSe, for various in-plane biaxial strain values; results for strains up to
10% are presented in Supplementary Figure 1. (e) Crystal structure of the 2 X 2 CDW Phase 1, labeled as 1 + 3-hollow. (f) Crystal structure
of the 2 X 2 CDW Phase 2, labeled as 1 + 3-filled. Green lines represent the shortened length between two adjacent Nb atoms in the CDW

phases.

recent advances, a full understanding of the interplay between
correlation effects and topological states in the TMDs remains
a challenge and presents a new frontier in quantum
materials.””** Recent proposals have focused on charge-
ordered 2phases in materials with pre-existing nontrivial
topology, ™" but it is unclear whether or not topological
states can emerge directly from the CDW formation itself.

Among the 2D TMDs, monolayer NbSe, is especially well-
suited for exploring correlation-driven topological states due to
the presence of a unique combination of strong correlation
effects and trivial topology in its pristine phase. Monolayer 1H-
NbSe, is especially intriguing due to its pronounced 3 X 3
triangular CDW order (Tcpy ~ 145 K)*® and relatively weak
superconductivity (T, ~ 1.9 K)**’ compared to bulk 2H-
NbSe,. Recent scanning tunneling microscopy (STM) experi-
ments have uncovered unexpected CDW phases in 2H-NbSe,
under in-plane tensile strain, including a 2 X 2 triangular phase
and a 4 X 1 stripe phase.’® These findings raise the question:
Can strain induce a 2 X 2 CDW in single-layer 1H-NbSe,?
While first-principles calculations have clarified the structures
of the 3 X 3 triangular’’ ~** and 4 X 1 stripe®* CDW phases in
1H-NbSe,, existence of the 2 X 2 CDW has remained
elusive.”

In this study, we employ first-principles modeling and
analysis to elucidate the structure of the 2 X 2 triangular CDW
phase in 1H-NbSe,. We use the strongly constrained-and-
appropriately normed (SCAN) meta—§eneralized-gradient-
approximation (meta-GGA) functionals,” which has proven
effective across a wide range of quantum materials..**™** We
identify two stable 2 X 2 CDW phases under in-plane biaxial

tensile strain, characterized by breathing mode patterns with
slightly different energies. Beyond 1% strain, these 2 X 2
phases become energetically favorable, replacing the 3 X 3
phases as the ground state. Surprisingly, we discover the
emergence of multiple nontrivial topological characteristics
within the 2 X 2 CDW phases. Our in-depth analysis of the
band characteristics and topological features highlights how
topological states can arise as a direct consequence of the
CDW formation.

RESULTS AND DISCUSSION

Strain-Induced Instabilities. Bulk 2H-NbSe, is a van der
Waals material with centrosymmetric space group P6;/mmc
(No. 194) containing inversion symmetry. In contrast, the
single-layer 1H-NbSe, exhibits a noncentrosymmetric space
group P6m2 (No. 187) with an additional out-of-plane mirror
symmetry M, but lacks inversion symmetry. Figure 1(a) shows
the top view of the hexagonal structure of 1H-NbSe,, and the
Nb layer that acts as a mirror plane for the M,, which is
sandwiched between the two Se layers (Figure 1(b)). Each Nb
atom resides within a trigonal prismatic cell formed by its six
closest Se neighbors (Figure 1(c)). Our calculations show that
Nb atoms form a perfect hexagonal close-packed structure,
with the shortest Nb—Nb separation being a, = 3.485 A.

The pristine single-layer 1H-NbSe, exhibits instability below
the CDW critical temperature.”**” Our calculations identify a
prominent soft-phonon mode near gcpy ~ 2/3 I'M, indicating
a pronounced structural instability associated with CDW
formation within a 3 X 3 supercell, consistent with
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experimental observations.”**” Figure 1(d) and Supporting
Information S.1 show that as the in-plane biaxial tensile strains
increase, the soft-phonon modes shift from qcpy ~ 2/3 I'M to
dcow ~ I'M, which implies a strain-induced structural phase
transition from a 3 X 3 to a 2 X 2 CDW phase. Moreover, the
strain-dependent soft phonon mode reveals competition
between the 3 X 3 and 2 X 2 CDW phases for strains
between 0%—1%. This competition is evident from the
flattening of the dispersion of the soft-phonon mode between
the 2/3 I'M and the M points, which indicates that the deepest
parts of the soft-phonon mode corresponding to these two g-
vectors are competing. The broad range of g-vectors which
simultaneously soften is consistent with a phonon-entropy
dominated transition.” When the strain exceeds 1%, the
deepest soft-phonon mode remains pinned at the M point, so
that the 2 X 2 CDW becomes dominant for strains greater than
1%.

2 X 2 CDW Breathing Mode. To reveal the 2 X 2 CDW
structure of 1H-NbSe,, we conducted structural optimizations
within a 2 X 2 supercell under experimentally practical in-plane
biaxial tensile strains (0%—10%).'® Initial displacements that
preserve the C; symmetry were applied to Nb atoms at the
supercell’s edges and center (triangular Nb trimer), while
corner Nb atoms remained unchanged. Depending on the
initial direction of these displacements, two distinct CDW
phases emerged once all atomic positions were relaxed within
the 2 X 2 supercell. Like the 3 X 3 phases (Supporting
Information S.2.),%” we denote the two 2 X 2 CDWs in Figure
1(e) and (f) as Phase 1 (labeled 1 + 3-hollow) and Phase 2,
(labeled 1 + 3-filled). These phases involve periodic lattice
distortions (PLDs), see Supporting Information S.3 for details,
which correspond to two different distortions of a single soft
Nb breathing-mode phonon that are 180° out of phase.
Notably, both the 2 X 2 CDW structures retain the same space
group P6m2 (No. 187) as the pristine structure, with the Nb
atomic layer serving as a mirror plane for M,. Also, our SCAN
calculations show that both our 2 X 2 CDWs converge to a
nonmagnetic ground state, which is consistent with previous
studies on the 3 X 3 CDW, where the formation of the CDW is
found to suppress the magnetic instability.”

To assess structural stability, we analyze the local energy
landscape by manually adjusting in-plane Nb (Nb trimer)
distortions, denoted as &y, while relaxing all other atoms.
Notably, the &y, values for each Nb within the trimer are
identical, so that the C; symmetry is preserved. Figure 2(a)
shows the total energy per formula unit (fu.) for different Sy,
values, under 6% strain, revealing a local maximum at dy;, = 0
(pristine phase) and two local minima (Phase 1 and Phase 2).
The asymmetric double-well, reflecting the absence of
inversion symmetry in 1H-NbSe,, allows CDW transitions
from the pristine phase to both CDW phases without an
energy barrier. Despite Phase 2 being slightly lower in energy,
both phases are thus equally accessible during the initial CDW
transition from the pristine structure. However, transitions
between the energy wells of Phase 1 and Phase 2 would require
a minimum energy of approximately 20 meV (equivalent to
about 240 K), which is higher than the CDW transition
temperature (145 K). Therefore, we expect the two 2 X 2
CDW phases to coexist in strained 1H-NbSe,, potentially
forming a long-range landscape similar to that observed in the
3 X 3 phases.”

To gain deeper insight into the competition between the 2 X
2 and 3 X 3 CDWs, we compare their energies with two
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Figure 2. Structural stability of 2 X 2 CDW breathing mode. (a)
Energy per f.u. of the 2 X 2 supercell under 6% strain as a function
of Nb trimer distortion dy;. (b) Differences in total energy per f.u.
relative to the energy of the pristine phase as a function of strain.
The 2 X 2 CDW phase becomes the ground state for strains
greater than 1%. (c) Phonon spectrum of Phase 1 of the 2 X 2
CDW. (d) Phonon spectrum of Phase 2 of the 2 X 2 CDW.

different 3 X 3 CDW phases’>** and the pristine phase. Figure
2(b) presents the energy differences per formula unit relative
to the pristine phase as a function of strain, with the energy of
the pristine phase at each strain normalized to zero. Notably,
the 3 X 3 CDW dominates for 0%—1% strain, but between 1%
to 10% strain, both 2 X 2 CDW phases exhibit lower energies
than the 3 X 3 CDW and the pristine phase. This strain-driven
CDW phase transition from 3 X 3 to 2 X 2 is consistent with
the shift of soft phonon modes in Figure 1(d). We expect that
the commonly used techniques like chemical vapor deposition
(CVD)* and molecular beam epitaxy (MBE)®*' for
fabricating monolayer 1H-NbSe,, combined with strain-
engineering methods such as substrate-induced strain or
mechanical manipulation®*™** would allow experimental
realization of our predicted 2 X 2 CDW phases. Stability of
our two 2 X 2 CDWs is further supported by the absence of
soft modes in the phonon spectrum, see Figure 2(c) and (d).

CDW-Induced Electronic Modifications. To explore the
electronic structures of the 2 X 2 CDW phases, we use 6%
strain as an representative case. At 6% strain, the pristine
structure exhibits the deepest soft-phonon mode at the M
point and the Phase 2 reaches its lowest energy configuration.
In Figure 3, black curves depict the folded band structure
within the 2 X 2 supercell BZ. The unfolded spin-up (red) and
spin-down (blue) bands illustrate how the CDW modifies the
band structure relative to the pristine phase within the 1 X 1
Brillouin zone (BZ). Note that the first BZ of the 2 X 2
supercell is folded from the BZ of the 1 X 1 unit cell, with the
high-symmetry points illustrated in Figure 4(c).

By comparing the band structures of CDW phases with the
pristine phase with and without spin—orbit coupling (SOC) in
Figure 3(a) and (b), we can see significant changes induced by
the 2 X 2 CDWs. In Phase 1, without the SOC (Figure 3(c))
the CDW opens a gap at the folding point of band A" at M¥,
and elevates the relatively flat B’ band above this CDW gap,
resulting in a band inversion feature. Importantly, SOC alone
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Figure 3. Band structure of the pristine and 2 X 2 CDW phases.
Folded and unfolded electronic band structures are shown without
and with SOC. (a) and (b) represent the pristine phase. (c) and
(d) correspond to Phase 1, and (e) and (f) to Phase 2 of the 2 X 2
CDW. Black curves denote the folded bands. Unfolded spectral
weights for spin-up and spin-down states are indicated by the size
of the red and blue markers, respectively. The Fermi energy (red
dashed line) is set to 0. The bands discussed in the text are labeled
A to F. In our topological index calculations, bands B, D, and F are
considered valence bands corresponding to the band gaps between
A/B, C/D, and E/F, respectively.

does not raise band B above the crossing points of band A in
the folded band structure of the pristine phase in Figure 4(a)
and (b), which provide zoomed-in views along the I'-M line
from Figure 3(a) and (b). These results imply that the band
inversion between bands A’ and B’ around M* in Phase 1 is a
direct consequence of the CDW. When the SOC is introduced
in Phase 1, it opens a fundamental gap between bands A and B
(Figure 4(e)). In contrast, in Phase 2 without SOC (Figure
3(e)), the 2 X 2 CDW not only induces the band inversion but
it also creates a full gap between bands A" and B’. This further
indicates that the band inversion features are driven by the
CDW rather than the SOC.

Emergence of Topological States in CDW Phases. The
band inversion resulting from 2 X 2 CDWs suggests the
possible presence of a nontrivial charge-ordered topology. Due
to the presence of time-reversal symmetry (TRS) in both 2 X 2
phases, we first examine the TRS protected Z, index within
the CDW induced gaps between bands A and B. The Z, index
calculation reveals a nontrivial topology (Z, = 1) for Phase 1,
while Phase 2 remains topologically trivial (Z, = 0), as
detailed in the Supporting Information S.5. An analysis of
orbital characters provides an explanation for why the Z, index
is nontrivial for Phase 1 but not for Phase 2. In Phase 1,
without the SOC (Figure 4(d)), the CDW-induced band
inversion creates an inverted gap of 20 at the M* point. Due to

18111

the mirror and time-reversal symmetries, this inversion is
accompanied by the appearance of six Dirac points near M* in
the 2 X 2 BZ (Supporting Information S.4.). The introduction
of SOC results in the opening of a fundamental gap E, at these
Dirac points (Figure 4(e)), featuring a nontrivial Z,
topological feature. In contrast, Phase 2 exhibits a full gap
between bands A and B (Figure 4(h)), even without the SOC
(Figure 4(g)), and the double-band inversion of d,, bands at
M* results in a trivial topology between these bands.

The mirror symmetry M,, which is present throughout the
2D BZ, allows us to categorize all bands based on their mirror
eigenvalues m = + i. Thus, we also examined the mirror Chern
number for the full CDW gaps. In Phase 1, when considering
occupied bands up to band B (Figure 4(e)), we find a mirror
Chern number C,, = 3. In Phase 2, counting occupied bands up
to band F yields C,, = 2. The band structure between bands E
and F around I' along K*-I'-K* path (Figure 4(i))
demonstrates that the inverted mirror eigenvalue of band F
causes bands E and F to have the same sign of mirror
eigenvalue along this path, leading to the nontrivial mirror
Chern number. These high mirror Chern numbers indicate
that both 2 X 2 CDW phases host topologically nontrivial
states within their CDW gaps.

We also find nodal rings around each K* between bands C
and D in Phase 1, as shown in Figure 4(f) and the
Supplementary Figure 4. The topology of these rings is
characterized by the zero-dimensional enclosing manifold, with
topological index {, = Np, ; — N ; = 26 — 25 = 1, indicating
a mirror-protected topological nodal line. Intriguingly, in Phase
2, although there is no nodal ring between bands C and D, the
fully gapped bands C and D, along with the presence of a
double band inversion at M*, suggest the emergence of higher-
order topology.

We emphasize that all the topological features discussed
above arise from correlation effects acting on the initially
topologically trivial band crossing the Fermi level, under-
scoring the significance of the CDW-induced topology. In
contrast, the 3 X 3 CDWs in monolayer 1H-NbSe, do not
open a global band gap on the topologically trivial band of the
pristine phase,”"*” and thus cannot induce topological features
that require a global band gap to be well-defined. This
distinction highlights the key role of the strain-induced 2 X 2
CDW in generating nontrivial topological states.

Topological Edge and Corner States. The existence of
nontrivial topology in 2D materials can also be identified
through their edge states. In Phase 1, the edge band structure
of the [100] ribbon is illustrated in Figure S(a), with further
details available in the Supporting Information S.6. Although
the bulk band gap around M* is substantially covered by the
projections of bulk bands (the gray region), we can still clearly
observe three distinct edge states (black arrow in Figure 5(a))
that emerge between bands A and B of Phase 1, at around 0.16
eV above the Fermi level. These three edge states correspond
to C,, =3 and Z, = 1, where C,, = 3 indicates the existence of
three edge states connecting bands A and B, and Z, =1
requires that an odd number of edge states bridge this gap,
confirming the nontrivial topology.

In Phase 2, we present the edge band structure of a [010]
ribbon, and focus on the connection between bands E and F.
Despite substantial overlap with bulk band projections within
the band gap, two distinct edge states can still be identified
(red arrow in Figure S(b); further details in the SM). These
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Figure 4. Topological band structure in 2 X 2 CDW phases. Energy dispersions along the I'-M*-I" path without/with SOC for the pristine
phase (a, b), for Phase 1 (d, e), and for Phase 2 (g, h). The dominant Nb d,, d? and de,yz orbital contributions are illustrated by the size of
the red, blue, and green markers, respectively. (c) First BZs of the monolayer in the 1 X 1 pristine phase (black solid lines) and the 2 X 2
CDW phase (blue dashed lines) with three high-symmetry points, I', M, and K. High-symmetry points of the 2 X 2 BZ are marked with a star
(*). (d, e) Only bands A and B around M* along the I-M* path of Phase 1 are shown. 2§ represents the CDW-induced inverted gap, while
E, denotes the SOC-induced fundamental gap. (f) Energy dispersion of Phase 1 with SOC along the I'-K* path between bands C and D,
indicating the formation of a nodal ring around K*. (g, h) Only the energy dispersion around M* along the I'-M* path of Phase 2 is shown.
(i) Band structure of Phase 2 with SOC along the I'-K* path, showing a full gap opening-up between bands E and F. In (f) and (i), the
eigenvalues m = +i/m = —i of the out-of-plane mirror symmetry M, are represented by red/blue curves.

two edge states, bridging bands E and F, signify the presence of right corner, with each corner hosting two spin-up and two
two edge states corresponding to C,, = 2 within this CDW-
induced gap. We further elucidate the higher-order topological
features in Phase 2 in Figure 5(c) and (d). Figure S(c) shows
the energy spectrum of a 10 X 10 nanodisk, focusing on the
energy range between bands A and B, where the black markers

represent edge states within this CDW gap. Notably, in Figure

spin-down states. Figure 5(d) shows the real-space distribution
of these corner states, illustrating their localization at the top-
left and bottom-right corners of the nanodisk. The total

spectral weight sums to 4 at each corner, indicating the

5(c), we observe eight corner states distributed across two
energy levels emerging alongside the gapped edge states, where
the red markers represent corner states localized at the top-left
corner and the green markers indicate those at the bottom-
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presence of four corner states, see Supporting Information S.7.
These localized corner states underscore the higher-order

topological character induced by the CDW in Phase 2.
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Figure 5. Nontrivial topology in the CDW gaps. (a) Edge band structure of Phase 1 along the ' — M* — T of the [100] ribbon with 30
layers, showing three edge states (black arrow) corresponding to C,, = 3 and Z, = 1 in the CDW gap between bands A and B. Gray
structures denote bulk projections along the ribbon direction, while blue and red markers indicate edge state spin-polarization. Marker size

corresponds to the spectral weight of layer 1 with a lower bound cutoff of 0.08. (b) Edge band structure of Phase 2 along T — M* — T of the
[010] ribbon with 30 layers, revealing two discernible edge states (red arrow) corresponding to C,, = 2 in the CDW gap between band E and
band F of Phase 2. (c) Energy spectrum of a 10 X 10 nanodisk for Phase 2, focusing on the energy range between bands A and B. The black
markers indicate edge states, while red and green markers indicate the top-left and bottom-right corner states, respectively. (d) Real-space
distribution of the eight corner states within the gap between bands A and B in the nanodisk. Color gradient indicates the spectral weights of
the corner states: red-to-blue for the top-left corner states and green-to-blue for the bottom-right corner states, with red and green
representing the highest intensity and blue representing the lowest.

CONCLUSION

In summary, our first-principles modeling and analysis reveal
the presence of two distinct stable structures of strain-induced
2 X 2 CDW phases in 1H-NbSe,. Our findings show that a
modest biaxial tensile strain (>1%) drives a transition from the
3 X 3 to 2 X 2 CDW phases, a shift supported by a soft
phonon-mode and the inversion in energy hierarchy. We
expect this strain-induced transition to be amenable to
experimental realization. Our analysis suggests the potential
coexistence of both 2 X 2 phases in strained 1H-NbSe,; further
STM studies in this connection would be interesting.

We also uncover the coexistence of multiple emergent
topological states near the Fermi energy within the two strain-
induced 2 X 2 CDW phases. Phase 1 exhibits a distinctive

combination of topological features, including a nontrivial Z,
invariant, a high mirror Chern number (C,, = 3), and mirror-
protected topological nodal rings. In contrast, Phase 2 is
characterized by a high mirror Chern number (C,, = 2) and the
presence of higher-order topological states. These topological
states are rigorously verified not only by their corresponding
topological indices but also by the presence of robust edge and
corner states, demonstrating their intrinsic connection to the
periodic lattice distortions and symmetry-breaking induced by
the CDW.

Our prediction of CDW-induced topological states in 1H-
NbSe,, along with the identification of competing CDW
phases, contributes to the understanding of emergent topology
in strongly correlated materials. These correlation-driven
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topological states attainable with modest strain may be applied
in electronics, spintronics, and other quantum technologies.
Given the structural and electronic similarities across the
TMDs, our findings on strain-induced 2 X 2 CDW phases in
1H-NbSe, likely extend to other monolayer TMDs, such as
1H-TaS,,** 1H-TaSe,,*® and 1H-NbS,,*” which exhibit similar
3 X 3 CDW behavior and comparable band structures, possible
sensitivities to microscopic factors such as doping®’ notwith-
standing.

METHODS

The lattice dynamics calculations of the unmodulated 1 X 1 structure
were carried out within the framework of density functional
perturbation theory (DFPT)*® using norm-conserving pseudopoten-
tials*” as implemented in the Quantum Espresso package.’® Exchange-
correlation effects were treated within the local density approximation
(LDA)*" with the Perdew—Zunger parametrization.”> We have fully
optimized both the ionic positions and lattice parameters until the
residual forces on each ion were less than 107 Ry and zero-stress
tensors are obtained. The monolayer is obtained from the relaxed bulk
structure by setting a vacuum of 14 A along the z-direction to
eliminate interaction with replica images. This was followed with
another ionic relaxation step to ensure structural stability. The in-
plane biaxial tensile strain was simulated by increasing the lattice
parameter based on the relaxed monolayer structure. For the strained
1 X 1 structure, we only relaxed the atomic positions by fixing the
lattice parameter and unit cell shape. For the pristine phase, phonon
dispersion was obtained by Fourier interpolation of the dynamical
matrices computed on a 24 X 24 X 1 k-mesh and 12 X 12 X 1 g-mesh.
For the 2 X 2 CDW phase, the Brillouin zones for the electronic and
vibrational calculations were sampled using 9 X 9 X 1 and 2 X 2 X 1
meshes, respectively.

Lattice relaxation of the modulated structures and the electronic
structure calculations were all carried out within the DFT framework
with the projector augmented wave (PAW) method using the Vienna
ab initio Simulation Package (VASP).>"**7>° We used the strongly
constrained-and-appropriately normed (SCAN) meta-generalized-
gradient-approximation (meta-GGA) functional with the Perdew—
Burke—Ernzerhof (PBE) parametrization®™ to include exchange-
correlation effects. An energy cutoff of 400 eV was used for the
plane-wave-basis set. To keep approximately the same distance
between the sampling k-points, the I'-centered 21 X 21 X 1, 11 X 11
X 1 and 7 X 7 X 1 k-meshes was employed accordingly to sample the
2D Brillouin zones (BZ) of the 1 X 1, 2 X 2 and 3 X 3 monolayer
structures, respectively. The ionic relaxation of modulated 2 X 2 and 3
X 3 structures was converged until residual forces were smaller than
1073 eVA™! per atom and energy tolerance of 107*eV per unit cell.
The first order Methfessel-Paxton smearing method with smearing
width 0.1 eV was used in the ionic relaxation process, the tetrahedron
method with smearing width 0.1 eV was used in the self-consistent
run of electronic structure, and the Gaussian smearing with smearing
width 0.1 eV was used to calculate the electronic band structures
along the high-symmetry line. SOC was not included in the ionic
relaxation process, but it was included self-consistently in the
electronic structure calculations. The topological analysis was
performed by employing a real-space tight-binding model Hamil-
tonian, which was obtained by using the VASP2WANNIER90
interface.”” Nb d and Se p states were included in generating
Wannier functions. All crystal structures are visualized using the
VESTA®® package.

To analyze the topological properties of the 2 X 2 CDW phases in
1H-NbSe,, we employed several computational methods. The Z,
index was computed using the Wilson loop method®® given the
absence of inversion symmetry in the 1H structure. For the mirror
Chern number calculations, we calculate the Wilson loop with mirror
eigenvalues m = + i separation. The accumulated geometric phase

difference can be expressed as @™ = / Sz; dk, along the principle axis
k,, where SZ; =y

n=1

dﬂz;‘n/ dk, with § as the Berry phases, n as the
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band index and occ as the number of occupied bands. The first Chern
class of the sub Hilbert space with each mirror eigenvalue m is
identified as C,; = ©*/2z, and the mirror Chern number was
calculated as C,, = %(Cﬂ- — C_,). The topology of the nodal ring is
confirmed by the zero-dimensional enclosing manifold.** By counting
the number of occupied bands with M, eigenvalue m = i up to the
energy of the nodal ring at a point inside (outside) of the nodal ring
denoted as p; (p,), the Z class topological invariance is defined as
Co = NPz,i - NPl,i'
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