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a b s t r a c t

Upon researching predictive models related to West Nile virus disease, it is discovered that
there are numerous parameters and extensive information in most models, thus
contributing to unnecessary complexity. Another challenge frequently encountered is the
lead time, which refers to the period for which predictions are made and often is too short.
This paper addresses these issues by introducing a parsimonious method based on ICC
curves, offering a logistic distribution model derived from the vector-borne SEIR model.
Unlike existing models relying on diverse environmental data, our approach exclusively
utilizes historical and present infected human cases (number of new cases). With a year-
long lead time, the predictions extend throughout the 12 months, gaining precision as new
data emerge. Theoretical conditions are derived to minimize Bayesian loss, enhancing
predictive precision. We construct a Bayesian forecasting probability density function
using carefully selected prior distributions. Applying these functions, we predict month-
specific infections nationwide, rigorously evaluating accuracy with probabilistic metrics.
Additionally, HPD credible intervals at 90%, 95%, and 99% levels is performed. Precision
assessment is conducted for HPD intervals, measuring the proportion of intervals that does
not include actual reported cases for 2020e2022.

© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Disease outbreaks and epidemics have had a significant impact on human history and have shaped the trajectory of so-
cieties and civilizations (Aberth, 2011; Kenneth, 1993; Snowden, 2019). For instance, pandemics such as the bubonic plague,
smallpox, and cholera devastated populations, altered social structures, and even contributed to the fall of empires (Piret &
Boivin, 2021). Among infectious diseases, mosquito-borne diseases are of particular concern due to their high transmissibility,
making it relatively easy for pathogens to spread from one local area to another within a region by the insect flight or host
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movement (World Health Organization (2020)). The situation is exceedingly more complex for the West Nile virus, as it
exhibits spreading behavior at two spatial scales: one, local transmission from mosquitoes to a human population, and two,
pathogen spread from birds to mosquitoes over long distances (Fig. 1). West Nile disease is a zoonotic disease caused by a
virus in the Flaviviridae family that is transmitted amongmosquitoes (principally Culex spp.), birds, and mammals (Campbell,
Marfin, Lanciotti,& Gubler, 2002). Humans and other mammals are not competent hosts and are, therefore, considered ‘dead-
end hosts‘ for the virus. Although birds are the primary virus reservoirs, vector mosquitoes can bridge birds to mammals,
causing spillover and epidemics in humans (Ciota, 2017). In a fewwords, manymosquito species belonging to the Culex genus
are recognized for their preference to primarily bite and feed on birds, but in the absence of avian hosts, they will oppor-
tunistically shift to other species.

The initial outbreak of WNV in the United States occurred in 1999, originating in New York (Kramer, Ciota, & Kilpatrick,
2019; Nash et al., 2001). Over time, the disease spread to affect all of the continental United States. Given the de-
velopments in the spread of theWest Nile disease across the US and other parts of the world, there is an increased urgency to
establish effective methods and policies aimed at preventing the propagation of the disease, reducing the toll on human lives,
and mitigating financial consequences (Ronca, Ruff, & Murray, 2021).

Fortunately, in recent decades, various measures have been available to prevent or mitigate the impact of epidemics. If an
outbreak occurs, there are methods to predict its dynamics and trajectory, enabling policymakers to implement effective
strategies to reduce morbidity, mortality, and economic damage. Mathematical modeling (statistical and mechanistic) has
proven to be one of the most effective ways to control and predict disease dynamics, including pandemics (Biggerstaff,
Slayton, Johansson, & Butler, 2021). Both mechanistic and statistical models have been used to this purpose. Mechanistic
models prove especially valuable in elucidating the interplay among diverse parameters, encompassing the disease and
epidemic factors. They aid in forecasting epidemic dynamics and devising mitigation strategies. On the other hand, statistical
models are effective for forecasting and prediction purposes. The most recent tangible situation is related to COVID-19.
Scholars used many models to predict the virus's risk and spread, assess the effectiveness of interventions such as social
distancing and vaccination, and estimate the potential impact on healthcare systems and the economy (Reich et al., 2022).

In the context of predicting the number of WNV infections, some excellent works have been published in recent years.
These works are extremely diverse and can be divided based on methodological points of view. In the study by Kovach et al.
(2018) (Kovach & Kilpatrick, 2018), a spatial analysis based on regression was conducted to explore potential correlations
between land use and West Nile disease at the county level in California. Among the relevant studies in the field of early
warning systems, Davis et al. (2018) is notable. This work employs a county-level distributed lag model in its methodology,
incorporating human, weather, andmosquito infection data. Furthermore, Peper et al. (2018) utilize data from traps to predict
the likelihood of encountering infected mosquitoes. This prediction is based on weather variables as influencing factors. In a
similar vein, Poh et al. (2019) employ time series modeling and techniques to forecast mosquito WNV infections. Regarding
early detection, we can refer to the works of Myer and Johnston (2019) and Humphreys, Young, Cohnstaedt, Hanley, and
Peters (2021), who employed Bayesian models to enhance the accuracy of spatiotemporal predictions of West Nile disease.
In the realm of mechanistic models for evaluating spatial risk assessment, notable contributions include the works of
(Bergsman, Hyman,&Manore, 2016; Di Pol, Crotta,& Taylor, 2022). Also, Sifat has established a Bayesian network framework
model for predicting the pattern of WNV spread in the United States in 2019 (Moon, Cohnstaedt, McVey, & Scoglio, 2019).

Models using different kinds of data vary in terms of their complexity and information they incorporate, such as tem-
perature, humidity levels, weather data, mosquito infection data, and even economic indicators. While it is difficult to
disregard the potential enhancement in accuracy that incorporating these data into the model could bring, it's important to
note that, in many instances, these data types necessitate the estimation of varying numbers of parameters. This inherently
introduces complexity and imposes additional computational overhead when executing the model. Furthermore, data
Fig. 1. The mechanism of West Nile virus transmission.
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collection presents an additional hurdle. In numerous cases, securing precise data requires a significant expenditure of time
and energy. Additionally, selecting the appropriate data introduces another challenge. For instance, if we intend to incor-
porate temperature data in a given location, we must ascertain whether to include directly the temperature or utilize a
particular function derived from temperature. Another crucial issue that demands consideration is lead time. Inmanymodels,
the lead time is typically within the range of days or weeks, which fails to provide a comprehensive perspective for longer
periods, such as half a year or an entire year. Yet, these longer timescales are essential for developing and establishing sig-
nificant preventive policies against epidemic outbreaks. Consequently, the pursuit of a parsimonious model, characterized by
the least complexity while still delivering an all-encompassing predictive perspective for the entire year, takes on a role of
paramount importance and significant value.

The objective of this study was to develop a parsimonious yet accurate Bayesian model that solely relied on human
incidence data as input and demonstrated a capability to provide comprehensive year-long prediction. To accomplish this, we
extended and implemented the ICC-Curve (Incidence vs. Cumulative Cases) technique to estimate the number of next-phase
WNV infections (Lega, 2021). Incidence estimates were subsequently used to construct a probability density function
(Bayesian perspective and a simplified probability model) for disease forecasting. Once these probability density functions
were established, we derived Bayesian credible intervals. In a final phase, our method was applied to forecast and then assess
results for all U.S. states through qualitative comparison to outcomes from the CDC (Centers for Disease Control and Pre-
vention) WNV forecasting challenge (Holcomb et al., 2023) and numeric scoring using the logarithm of the probability of
occurrence (Rosenfeld, Grefenstette, & Burke, 2012).

2. Estimation based on ICC curves for west nile virus

In this section, we will delve into the mathematical aspects of ICC curves and provide mathematical proof, showcasing
their suitability for the SEIR vector-borne model of WNV. However, before presenting this method's mathematical verifica-
tion, it is necessary to introduce the model that characterizes West Nile transmission. In this non-linear differential equation
model, there are three populations of mammals (or humans), birds, and mosquitoes. The populations are denoted by H for
humans, B for birds, and M for mosquitoes. The transmission rate from one population to another is represented by the
symbol b, while the incubation rate is denoted by d, and the recovery rate is represented by l. The abbreviations S, E, I, and R
represent the fraction of individuals in the susceptible, exposed, infectious, and recovered states, respectively. In the context
of the human population, there isn't a distinct infectious phase. Instead, we have designated the “ISy” phase to represent the
period during which an infected individual displays the symptoms of the disease. Alternatively, one can merge the exposed
and infected (or symptomatic) phases into a single phase, denoted as IH, where IH ¼ EH þ ISy.

The system of nonlinear equations provided below elucidates the mechanism behind this illness:

dSH
dt

¼ �bM/HSHIM ;

dEH
dt

¼ bM/HSHIM � dHEH;

dISy
dt

¼ dHEH � lHISy;

dRH
dt

¼ lHISy:
Based on the previous explanation, it is possible to simplify these four compartmental equations into three, as follows:

dSH
dt

¼ �bM/HSHIM ;

dIH
dt

¼ bM/HSHIM � l0HIH;

dRH
dt

¼ l0HIH:
For bird population:
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dSB
dt

¼ �bM/BSBIM ;

dEB
dt

¼ bM/BSBIM � dBEB;

dIB
dt

¼ dBEB � lBIB;

dRB
dt

¼ lBIB;
and mosquito population:

dSM
dt

¼ �bB/MSMIB;

dEM
dt

¼ bB/MSMIB � dMEM ;

dIM
dt

¼ dMEM � lMIM ;

dRM
dt

¼ lMIM :
It's important to highlight that within these equations, bPopulation1/Population2 signifies the infection rate from the infectious
population 1 to the susceptible population 2. Previous research (Lega, 2021) has demonstrated the effectiveness of the ICC
curve method in the SIR model. However, the mechanism of the West Nile disease is distinct as it involves at least three
populations in the transmission process, and it follows the SEIR (Susceptible, Exposed, Infected, and Recovered) model. The
subsequent theorem clarifies the functioning of the ICC curve method concerning the West Nile disease, taking into account
the described transmission mechanism.

Theorem I. If CT(t) represents the cumulative number of infected cases up to time t in the SEIR model of West Nile disease, where
CT(t) ¼ EH þ ISy þ RH, then:

i) The cumulative number of cases at time t, CT(t), and the rate density function rT(t) can be expressed as follows:

CT ðtÞ ¼
L

1þ expf�dðt � mÞg; t >m; d>0 (1)

and
rT ðtÞ ¼
Ldexpf�dðt � mÞg

ð1þ expf�dðt � mÞgÞ2
; (2)
where L represents the total number of cases at the end of the epidemic.

ii) rT(t) is a parabolic function of CT(t).

Proof: Taking into account the subsequent non-linear model:

dSH
dt

¼ �bM/HSHIM ; (3)

dIH 0

dt

¼ bM/HSHIM � lHIH; (4)

dRH 0 0

dt

¼ lHIH: (5)
The Cumulative Number of cases is defined as CH ¼ I0H þ RH (or CH ¼ EH þ SyH þ RH). By summing the non-linear model
equations (4) and (5), we can derive the following relationship for CH:
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dCH
dt

¼ dI0H
dt

þ dRH
dt

¼ bM/HSHIM : (6)
Furthermore, by dividing (3) by (4),

�
dSH
dt

���
dRH
dt

�
¼ dSH

dRH
¼ �bM/HSHIM

lHI
0
H

: (7)
Additionally, a clear connection exists between the infectious compartment of mosquitoes and the infected compartment
of humans. In essence, as the number of infectious mosquitoes increases, the number of infected individuals among humans
also tends to rise. Hence, it is reasonable to posit that there exists a functional relationship between these two variables,
denoted as IM ¼ gðI0HÞ. Here, g represents a real and continuous function. To further understand this relationship over time,
we can employ a linear approximation, such as a Taylor expansion, by expressing IM as approximately equal to a constant
multiplier ‘m’ times I0H , i.e., IMxmI0H . This linear approximation helps us to capture the proportional change in the number of
infectious mosquitoes concerning the infected humans. Considering this note, we can reformulate (6) and (7) as follows:

dCH
dt

¼ mbM/HSHI
0
H ; (8)
and consequently, we have:

dCT ðtÞ
dt

¼ dNC

dt
¼ m

N
bM/HNSNI0 : (9)
Additionally:

dSH
dRH

¼ �mbM/HSH
lH

: (10)
We should highlight that CH represents the proportion of cumulative cases, whereas CT(t) ¼ NC]N , CH (where N is the
population size) represents the number of cumulative cases.From (10), it is concluded that:

SH ¼ exp
�
�mbM/H

lH
RH

�
; (11)
and we know that the number of susceptible equals NS]NSH. Also, it is clear that CT(t)¼ N� NSH]N� NS, so by expanding
exponential function (11):

CT ðtÞ ¼ Nð1� SHÞ

¼ mbM/H

lH
NRH

¼ mbM/H

lH
NR/NR ¼ lH

mbM/H
CT ðtÞ:
Also, we know that I0H ¼ CH � RH and consequently:

NI0 ¼ CT ðtÞ � NR ¼
�
1� lH

mbM/H

�
CT ðtÞ: (12)
Taking into account (9), at the beginning of the epidemic (S]N) and (12):

dCT ðtÞ
dt

¼ lH

�
mbM/H

lH
� 1

�
CT ðtÞ: (13)
Also, we know that if L is the total number of infected at the end of the epidemic, the differential equation at that point
must be zero. It means:
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dCT ðtÞ
dt

¼ WðNCÞ � ðL� CT ðtÞÞ
or equivalently:

dCT ðtÞ
dt

¼ L�WðCT ðtÞÞ �
�
1� CT ðtÞ

L

�
: (14)
So, the differential equation must satisfy both the linear relations (13) and non-linear equation (14) at the beginning and

end of the epidemic. It's evident that by multiplying
�
1�NC

L

�
by (13), we can derive the desired differential equation:

dCT ðtÞ
dt

¼ lH

�
mbM/H

lH
� 1

�
CT ðtÞ �

�
1� CT ðtÞ

L

�
: (15)
As a result, we can conclude that this is indeed a logistic differential equation and consequently, part i of Theorem I is

proven. Furthermore, it becomes apparent from the right hand of equation (15) that the rate dNC
dt (denoted as rT(t)) exhibits an

inverse parabolic relationship with respect to the cumulative number of cases CT(t).
In practice, we can use this theorem to fit a parabola to the rate-cumulative coordinates at the beginning of the epidemic.

This parabola will help us estimate the total number of cases at the end of the epidemic, denoted by L. We can then fit the
logistic function (1) to the available data and use L as the maximum value of the logistic function to estimate the cumulative
number of cases at time t, and consequently, the number of new cases. Fig. 2 illustrates this process.

3. Bayesian approach

There is a distinction between prediction and forecasting in this paper. The term prediction refers to a specific value
estimation (point estimation), whereas forecasting entails the use of a probability density function to describe the likelihood
associated with each value of the prediction. When we forecast, we simultaneously provide uncertainty along with the
predictions. In other words, forecasting represents the probability density function associated with the point estimation.
Forecasting is often considered more interesting because relying solely on a single estimated value for the future of a system,
like the estimated number of newly reported cases, may not be dependable. So, using a probability density function is
preferable as it allows us to focus on specific domains of the parameter range (predicted values) with higher density. However,
it's important to recognize that prediction and forecasting are valuable for gaining insights into the system's future. In
practice, the prediction value is used to refine the forecasting distribution, underscoring the significance of accuracy in both
the prediction and the proposed distribution. After obtaining a point prediction as described in section 2, we have proposed
both a Bayesian approach and a straightforward method to construct a probability density function. This was achieved by
updating our beliefs toward the distribution of numbers on new cases based on the value of the point prediction. To do so, we
initially acknowledged that the total number of new cases L during each outbreak can be represented by a Poisson random
variable. Each outbreak can result in either a natural number of infected cases or zero infected cases. In addition to the Poisson
distribution, another viable option for the prior probability density function is the normal distribution. It is conceivable to
assume that the maximum number of infected individuals during an outbreak follows a normal distribution (in fact, a
censored normal distribution because number of the new cases should be non-negative), as is the case with various natural
phenomena (Frank, 2009).
Fig. 2. Panel (a) displays the parabola fitted to the cumulative versus new cases, and Panel (b) exhibits the fitted logistic function to the data.
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3.1. Forecasting and probability density function

To commence, it is essential to mention a noteworthy aspect related to fitting curves to the data and their impact within
the Bayesian approach. The point estimate derived by the ICC-Curve method possesses certain distinctive characteristics that
make it suitable for reliable use.

Based on the details presented in the preceding section, the estimation of cumulative cases at a given time ‘t’ using the ICC-
curve approach can be expressed as follows:

CT ðtÞ ¼
L0

1þ e�d0ðt�m0Þ
; (16)
The estimated parameters L0, d0, and m0 are obtained through the ICC-curve method. However, it is worth mentioning that
there are alternative approaches to fitting the parabola and logistic function. For instance, one can employ regression-based
methods or built-in functions in Python libraries like NumPy, or opt for fitting using the MCMC (Markov Chain Monte Carlo)
method. It is important to note that using different methods to fit the parabola and logistic function will yield different
distributions for L0, d0, and m0, consequently leading to different distributions for the estimations on the number of cumulative
and new cases. This variation in estimationmethods can result in different outcomes, such as bias or unbiasedness, whichwill
be discussed in the subsequent sections. The key point to grasp from this explanation is that the distributions of L0, d0, and m0
are influenced by the chosen method of curve fitting. In general, if we use delta method to fit the curves, it implies that the
estimations will have distributions based on this particular method. It means if we have a sample X ¼ ðX1;…; XnÞ, the
probability density function of L0ðX;DÞ (estimation based on this sample and delta method) will vary depending on the
chosen method delta or;

L0ðX;DÞ � gD; (17)
inwhich gD is the probability density function of L0 regarding delta method. It has to be mentioned that we are not delving
into this subject in depth, and we won't establish Bayesian estimations and posteriors through fitting techniques. Instead,
we'll simply employ the estimated value of L0ðXÞ as a parameter for other prior density functions, which will be elaborated
upon in the next theorem.

If we have a close look at the ICC-curve estimator for the cumulative number of infected
�
CðTÞ ¼ L

1þe�d0ðT�m0Þ

�
, it is evident

that this estimator is distributed uniformly, that is, C(T) ~ U(0, L). Considering pL(l) as a prior for L it is possible to obtain the
general form of the posterior probability density function:

PðL¼ ljCðTÞ¼ cÞ ¼ fCðTÞðcjLÞpLðlÞP
l2Q

fCðTÞðcjLÞpLðlÞ
¼

1
lpLðlÞP

l2Q

1
lpLðlÞ

(18)
It should be mentioned that the maximum number of cumulative cases at the end of the epidemic (L) can be any natural
number theoretically, but we expect to have a number around the value that is estimated by the ICC-curve method (L0(X1, X2,
…, Xn)), so, for example, it makes sense to choose a censored Poisson at zero (because based on (18) the value of L can not take
zero) with the parameter of L0(X1, …, Xn) as the prior density function. Taking all of them into consideration:

PðL¼ ljCðTÞ¼ cÞ ¼ fCðTÞðcjLÞpLðlÞP
l2Q

fCðTÞðcjLÞpLðlÞ
¼

�
L0

�
x
�

��l

l�l!

Pþ∞

l¼1

�
L0

�
x
�

��l

l�l!

(19)
We have to notice that (19) is the probability density function of L|C(T) ¼ c, but what we need is to obtain the probability

density function of
�

L
1þe�dðt�mÞ

���CðTÞ ¼ c
�
.

Before proceeding, it is important to note that in many cases, the prediction value
�

L
1þe�dðt�mÞ ¼ y

�
is a real number, as it

corresponds to the value of a quantity (1), which functions as the cumulative distribution function (CDF) for a continuous
variable. However, since the number of cumulative cases is a natural number, we need to consider only the natural values of
this function. Taking this note into consideration, the probability density function for forecasting can be derived in the
following manner. The subsequent relationship aids in providing a clear understanding of this distinction.

If A ¼ 1 þ e�d(t�m) and B ¼ Pþ∞

l¼1

�
L0

�
x
�

��l

l�l!
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P
�

L
1þ e�dðT�mÞ ¼ y

����CðTÞ ¼ c
�

¼

P
�

L
1þ e�dðt�mÞ ¼ y

����CðTÞ ¼ c
�

¼

X
n
z

���Pz
A
R ¼ y2N

o
�
L0
�
x�

��z
B� z� z!
For example if A ¼ 1.56 then:

P
�

L
1þ e�dðT�mÞ ¼ 1

����CðTÞ ¼ c
�
¼

X
n
z

���jz
A

k
¼12N

o
�
L0
�
x�

��l
B� l� l!

¼

X
f2;3g

�
L0
�
x�

��z
B� z� z!

¼

8><
>:
�
L0
�
x�

��2
4B

þ

�
L0
�
x�

��3
18B

9>=
>;:
Because�
z
����P2AR ¼ P

2
1:56

R ¼ 12N

	
¼ f2g

�
z
����PzAR ¼ P

3
1:56

R ¼ 12N

	
¼ f3g:
Note:

When we possess a probability density function for ĈðtÞ, we can calculate the density of new cases ðN̂T ðtÞÞ as follows:

p
N̂ðtÞðyjCðTÞ¼cÞ ¼ PðĈðtÞ � cðt � 1Þ ¼ yjCðTÞ ¼ cÞ: (20)
where c(t � 1) is the real value for cumulative cases up to time t � 1.

3.2. Bayesian estimation and posterior density function based on a Poisson prior

This subsection shall be initiated with the introduction of a theorem. This theorem will lay out the fundamental concept
behind the process of selecting priors.

Theorem II. The ICC-Curve estimator,with respect to the quadratic loss function and prior pL(l), represents a Bayesian estimation
with the least value of risk function for a cumulative number of cases at time t if E


1
L

� ¼ 1
L0ðx1 ;x2;…;xnÞ.

Proof: The theorem states that CðtÞ
∧

¼ L0ðX1 ;…;XnÞ
1þe�dðt�mÞ minimizes the Bayesian risk function of the form

rðp; CðtÞÞ ¼
X
l2DL

�Z
t2DT

LossðgðlÞ; ĈðtÞÞfT ðt; lÞdnðtÞ
	
pðlÞ; (21)
for estimation of gðLÞ ¼ L
1þe�dðt�mÞ if the prior density function satisfies equality of E


1
L

� ¼ 1
L0ðx1;x2 ;…;xnÞ.

The value that minimizes the Bayesian risk function (21) is E(g(L)|C(T) ¼ c) (Berger (2013)), so:
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EðgðLÞjCðTÞ ¼ cÞ ¼ E
�

L
1þ e�dðT�mÞ

����CðTÞ ¼ c
�

¼ E
�

L
1þ e�dðt�mÞ

����CðTÞ ¼ c
�

¼ 1
1þ e�dðt�mÞ EðLjCðTÞ ¼ cÞ:

(22)
Using (18) it is possible to find out the value of (22):

EðLjCðTÞ ¼ cÞ ¼

X
l2Q

l,fðLjCðTÞ¼cÞðlÞ ¼
X
l2Q

l

1
l
pLðlÞP

l2Q
1
l
pLðlÞ

¼ 1

E
�
1
L

�

This signifies that if E

1
L

�
x 1

L0ðX1 ;…;XnÞ , then we have the following relations:

EðgðLÞjT ¼ tÞ ¼ EðLjT ¼ tÞ

1þ e�dðt�mÞ�

¼ 1

E
�
1
L

��
1þ e�dðt�mÞ

� ¼ 1
1

L0ðX1;…;XnÞ
�
1þ e�dðt�mÞ

�

¼ L0ðX1;…;XnÞ

1þ e�dðt�mÞ�;

which equals the estimator derived from the ICC-curve technique.
For instance, consider a censored Poisson at zero.�
pLðlÞ ¼ e�ll

l

l!ð1�e�lÞIf1;2;…gðlÞ
�
as a prior distribution. If the estimated value, based on the ICC-curve method, for.L0(X1,…, Xn) is

50, a simple calculation reveals that E

1
L

� ¼ 0:02042 so in this case:

E
�
1
L

�
x

1
L0ðX1;…;XnÞ:
Consequently, in this scenario, by selecting this prior and employing a quadratic loss function, estimation based on the ICC-
curve method is a Bayesian estimationwith the least value of Bayesian risk. Generally, it is possible to prove the above results
about censored Poisson. Theorem III Given a sufficiently large value of estimation for L (practically greater than 5), estimation
based on the ICC curve method with respect to zero-censored Poisson prior and quadratic loss function is a Bayesian esti-
mation with the least value of risk function.

Proof: Referring to Theorem II, our task now simplifies to demonstrating: E

1
L

�
x 1

L0

�
x
�

� , so:

E
�
1
L

�
¼
Xþ∞

l¼1

1
l

e
�L0

�
x
�

��
L0
�
x�

��l
l!

 
1� e

�L0

�
x
�

�! :
We know that if the value of the parameter from Poisson distribution is large its density function is almost symmetrically
distributed around its parameter (Fig. 3). From this fact, we can find that the probability of the small natural values of the
Poisson variable (beginning of the domain) is negligible, and it is possible to consider them as zeros. So, just large values have
a density (it is called effective domain W).

Additionally, from the assumption of largeness of L0(X1, …, Xn), we can assume L x L þ 1, so:
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But for large values of L0, it is clear that e
�L0

�
x
�

�
x0, and consequently, E


1
L

�
x 1

L0

�
x
�

�.
Table (1) shows that this approximation works very well, even for small values. Note: It can be shown that when the

estimated value of L0(X1, …, Xn) is a large value and the prior probability density function follows a zero-censored Poisson
distribution, then E


1
L

�
x 1

EðLÞ.

To demonstrate this, consider a zero-censored Poisson distribution with the parameter L0(X1, …, Xn):

EðLÞ ¼
Xþ∞
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l
e
�L0
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But the term 1�
1�e

�L0ðx� Þ
� approximately equals to one, as:
1184



Fig. 3. A Poisson probability density function with a large parameter value.
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and means EðLÞ ¼
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. Additionally, during the proof of Theorem III, we observed that E
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means E
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x 1

EðLÞ.

3.3. A simple forecasting model using Poisson probability density function

In this part, we'll establish a predictive model utilizing the Poisson probability density function, bypassing the calculation
of the Bayesian posterior. Indeed, the objective of this subsection is to demonstrate that even simple models can yield
effective results, and it will be demonstrated that the accuracy of these models is exceptionally high, as highlighted in the
concluding section of the paper. This showcases the potential of achieving favorable outcomes by employing straightforward
models.

To establish the probability density function, we make the assumption that the total number of infected people at the
epidemic's conclusion denoted as L, follows a Poisson distribution with a parameter L0. Here, L0 is determined using the ICC-
Curvemethod for prediction. Indirectly, this implies that if wewere to repeatedly experience an epidemic and record the total
number of infected cases at its conclusion, these recorded values would closely alignwith L0. Building upon this introductory
explanation, we can derive the probability density function for the cumulative number of cases at the time ‘t’, denoted as

ĈT ðtÞ. To demonstrate this mathematically, we proceed with the following steps:

P
�
CT ðtÞ

∧
¼ y
�
¼ P

�
L

1þ e�dðt�mÞ ¼ y
�
:

Given that y is a whole number, we need to select the corresponding values of L ¼ 0, 1, 2, 3,…for each y in such a way that
C(T) approximates y. Recognizing that L

1þe�dðt�mÞ is typically a real value and needs to approximate integers, we proceed as

follows:

PðĈðTÞ¼ yÞ ¼
X

�
z

����
�

z
1þe�dðt�mÞ



¼y

	e
�L0L0

z

z!
;

and consequently

PðN̂ðTÞ¼ yÞ ¼ PðĈT ðtÞ� cðt�1Þ¼ yÞ: (23)
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In the final section, we will observe the remarkable outcomes achieved through the utilization of a simple forecasting
probability density function.

3.4. Highest posterior density (HPD) credible intervals for cumulative and new reported cases

The highest posterior density credible intervals are obtained by solving the following equation and inequality for the
cumulative number of cases and number of new cases, respectively:

Ik ¼
n
y
���p


CT ðtÞj
∧

T¼t
�ðyÞ � k;

X
n
y

���p
ðCT ðtÞj

∧
T¼tÞ

ðyÞ�k
op
CT ðtÞj

∧
T¼t
�ðyÞ � a

9>=
>;

0
� ���
Ik ¼ y�p
NT ðtÞj

∧
T¼t
�ðyÞ � k;

X
n
y

���pðNT ðtÞj∧
T¼tÞðyÞ�k

op

NT ðtÞj

∧
T¼t
�ðyÞ � a

9>=
>;

(24)
By utilizing the posterior obtained in equation (20) and applying the definition of HPD (Highest Posterior Density) credible
intervals in equation (24), it becomes feasible to determine the intervals numerically (Fig. 4).

4. Modified probability density function for west nile virus

Having established a probability density function for the predicted values, assessing these predictive PDFs using appro-
priate measures is only logical. As mentioned in the introduction of this study, our evaluation has been conducted using
probabilistic measures, specifically the logarithm of the probability for accurately predicted values.

To gauge the accuracy of our measurements, we adhered to established standards, aligning our approach with the
guidelines set forth by the Centers for Disease Control and Prevention (CDC). Following the guidelines, the domain of the
predictive PDF has been divided intomultiple bins. It is important to note that these bins have practical significance and were
derived from the expertise of national health agents, representing average values. The bins are defined as individual values of
zero, ranges [1,5], [6,10], …, [46,50], [50,100], [100,150], …, [200,250]. The logarithmic accuracy score is calculated as the
logarithm of the probability corresponding to the bin within which the reported value falls, and if the value falls out of these
bins, the score is set to �10. A favorable prediction outcome corresponds to negative values that approach zero, as the
logarithm of the probability inherently yields negative values.
Fig. 4. The highest posterior density credible intervals for the number of new cases in Florida during September and August 2020, with confidence levels of 99%,
95%, and 90%.
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Based on information from the CDC, a significant portion of counties (88%) report zero cases of the disease, approximately
11.5% report 1e10 cases, and 0.4% report 11e50 cases. The yearly maximum case count per county ranges from 18 to 239 cases
during the period from 2005 to 2020 (Holcomb et al., 2023). This observation suggests that the density of zero value in the
predictive PDF should be adjusted to account for excess zeros. We have adopted a strategy of modifying the PDF(s) by
adjusting the density at zero in two distinct scenarios.

4.1. Zero-inflated probability density function

Based on the explanation in section 4, we increased the density of the zero value in the forecasting probability density
functions to improve forecast accuracy.

In probability density functions (20) and (23), wemultiplied the density of zero by the factor a, resulting in modified PDFs
as:

~p ^NðtÞðyjT ¼ tÞ ¼

8>>><
>>>:

ap

N̂ðtÞðyjT¼tÞ if y ¼ 01� a
pN̂ðtÞð0jT¼tÞ

1� pN̂ðtÞð0jT¼tÞ
pN̂ðtÞðyjT¼tÞ if y>0;

(25)
and

~PðN̂ðtÞ ¼ yÞ ¼

8>><
>>:aPðN̂ðtÞ ¼ 0Þ if y ¼ 01� aPð N̂ðtÞ ¼ 0Þ

1� PðN̂ðtÞ ¼ 0Þ
PðN̂ðtÞ ¼ yÞ if y>0: (26)
Determining the appropriate value of a > 0 can be achieved through various approaches and methods. In our initial
attempt, increasing the emphasis on zero from 1 to 3 yielded a significant improvement in the result, enhancing it by 40%. The
strategy for estimating the optimal value of a (for the upcoming year) involves estimating the optimal a values for previous
years to project the a value for the upcoming year. We have the number of infected cases (xt,A) for each month from 2003 to
2022: x2003,A, x2004,A, x2005,A, x2006,A, …, x2021,A, x2022,A.

This data set is divided into different vectors as follows;
1st:

x2003;A; x2004;A; x2005;A; x2006;A;…; x2010;A
2nd:

x2003;A; x2004;A; x2005;A; x2006;A;…; x2010;A; x2011;A
3rd:

x2003;A; x2005;A; x2006;A;…; x2010;A; x2011;A; x2012;A
23rd:

x2003;A;…; x2012;A; x2013;A;…; x2020;A; x2021;A; x2022;A
The first vector is used to find out predictive zero concentrated, which has been shown by ~p and ~P (26 and 25), and
consequently prediction.We have access to the actual number of infected cases for which we conducted forecasting using the
first vector, which is x2011,A. It means the logarithmic score can be calculated as a function of a (because PDFs are functions of
a). By varying the values of a, the optimal value that maximizes the score can be determined (a2010/2011). Using other vectors
and doing the same process,

a2011/2012;a2012/2013;a2013/2014;…;a2021/2022
will yield. The general process we are about to undertake has been elucidated in Fig. 7. The values in this sample exhibit
two distinct scenarios (Fig. 5). The score function demonstrates an ascending trend in May and June when the number of new
cases is zero, followed by a descending trend in July when the number of infected cases is nonzero. When ai ¼ 1, means that
the confirmed number of cases for month A of that year is not zero, and we do not have to increase the concentration on the
probability of zero, and when ai > 1 which is related to when the confirmed number of cases is zero and by increasing
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Fig. 5. The score function of Colorado, depicted as a function of a, for May, June, and July.

Fig. 6. The probability density function of predictions for various levels of zero inflation.
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concentration on the probability of zero the accuracy of the forecast model is increased (Fig. 6). To estimate a for the target
forecasting year, we opted for the simplest estimator: the average of these a values.
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Fig. 7. The procedure for deriving a sample of aA,t from historical data (steps 1 to 5) and its subsequent application in estimating atargetyear, with the target year
being 2023 (step 6).
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4.2. Zero-deflated posterior

Here, in this subsection, it's important to reiterate that in certain states, such as Arizona, there are occurrences of infected
individuals for the majority of the year. Similarly, in various other states, instances of infected individuals are observed during
specific months, such as August. This implies that by increasing the density of zeros in the forecasting probability density
functions, we inadvertently decrease the value of logarithmic metrics. In simpler terms, this leads to a loss of forecast ac-
curacy. In such scenarios, the solution is straightforward: we need to eliminate or decrease the density of zero values to
achieve more favorable results. To do this, we derived the optimal value of a for previous years in month A using historical
data. Building upon the set of at values, we formulated a hypothesis-testing approach as follows:

H0 : a ¼ 1 versus H1 : a>1:
Similarly, this process can be likened to conducting the following test for a binomial distribution:

H0 : p ¼ 1
2

versus H1 : p>
1
2
:

This entails our interest in determining whether the occurrence of these one and non-one values is purely random with
equal probabilities (H0) or if there exists a discernible patternwhere the probability of encountering a one is higher than that
of a non-one (H1). The P-value for this test is computed as follows:
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PH0
ðB� bÞ ¼

Xn
i¼b

�
n
i

��
1
2

�n

;

where the variable B represents the count of ones and follows a binomial distribution with parameters n and 0.5.It has to
bemunitioned that, n is number of the year we have used to do the hypothesis testing and b is number of the ones (number of
the year we non-zero cases for that month). To elucidate this matter, let us consider the following data set, which consists of
the values of at for 14 years from 2007 to 2022 in month A. These values were used to calculate a2023:

A ¼ {1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}, so the value of the p-value is calculated as:

PH0
ðB�14Þ ¼

Xn
i¼b

�
n
i

��
1
2

�n

¼
�
1
2

�14

z0;
Hence, the computed p-value of 0 is less than the significance level of 0.05. Consequently, we reject the null hypothesis
(H0). This suggests that we anticipate that the value of a2023 to be greater than 1 for the upcoming year, indicating the po-
tential to reduce or diminish the density of zero values. The essence of this subsection can be summarized as follows:

When a consecutive sequence of ones is observed for aA,t, it signifies a consistent presence of confirmed cases based on
historical data for that particular month in a specific state. In such cases, increasing the density of zero in the posterior PDF or
the simple PDF is not logical. Instead, the focus should be on reducing the density of zero value and redistributing it across
other values within the probability density function's domain. This situation introduces the concept of a “zero-diminished
posterior,” which is defined as follows.

pþ
^NðtÞ ðyjT ¼ tÞ ¼

8>><
>>:

0 if y ¼ 0

pN̂ðtÞðyjT¼tÞ
1� pN̂ðtÞð0jT¼tÞ

if y>0:
5. West nile virus incidence forecast

While the ICC-curve method proved to be highly effective for SEIR and SEIR vector-borne diseases, as demonstrated by the
information presented thus far, our approach encounters limitations attributed to data constraints or the small sample size. In
practical applications, diseases such as West Nile often exhibit a limited number of infected cases, with some months at the
beginning and end of the year registering zero cases due to factors like low temperature and other parameters influencing the
mosquito population dynamics and disease transmission. Consequently, at the onset of the year, data are absent (although
technically present, all values are zero), making it challenging to predict the number of new infections for the upcoming
months because sufficient data are essential to accurately fit a suitable parabola and subsequently estimate the total number
of cases following a specific period or outbreak. To address the initial step, such as the beginning of the year when there are
either no infections or limited cases, we fitted a logistic function to the number of the new infected cases from the year 2003
to the year 2022 for a certainmonth (month A). Applying this logistic function allowed us to predict the cumulative number of
infected cases (and consequently number of the new infected cases) in the year 2023, specifically for month A.

More accurately, we assumed that the data for past years during the samemonth follows a logistic distribution. Relying on
this assumption, we fit a parabola and logistic function to the data set, allowing predictions based on historical data. As time
advances and new cases of infection are recorded, the simulated data can be replaced with real data, enabling adjustments to
the trajectory of the epidemic and the predictive curve. It means that at the beginning of the epidemic, we express our
prediction regarding the future of the epidemic by drawing upon our past reports and analyzing the historical data. As time
progresses, we continuously update this belief with the most current data available. To generate the virtual data (initial
prediction for the year 2023), we employed monthly historical data encompassing the number of newly reported cases over
20 years (from 2003 to 2022), which was sourced from the CDC. Fig. 8 will provide further clarification. Panel A represents the
initial step of synthesizing data, referred to as virtual data, using historical data when no current data are available for the
current year. In panel B, corresponding to the moment when the first new cases are reported, adjustments are made to both
the parabola and logistic functions to accurately fit the data. Similarly, in each subsequent step (C, D, E, and F), as new cases are
reported, the parabolas and logistic functions continue to be adjusted and fitted, ensuring increasingly realistic and accurate
predictions.

Having discussed all the generalities and theories, we next assessed the overall goodness of our model by estimating the
number of infected cases for all states across the US. To achieve this goal, we compared ourmodel outcomes to forecasts made
by past CDCWNV Forecasting Challenge contributors.We opted for the 2020 CDC challenge results because it represented the
most recent year for which the CDC challenge for forecasting has been officially announced and published up until the present
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Fig. 8. The process of fitting the parabola and logistic function to the data and predicting in different stages.
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time. We utilized monthly data spanning from 2003 to 2019. With this historical data, we performed forecasts based on the
Bayesian posterior and the simple probability density function for all states. The logarithmic scoring system (Rosenfeld et al.,
2012) was used to evaluate the precision of our approach and then compared to other models that contributed to the 2020
forecasting challenge (Holcomb et al., 2023). In this section, our exclusive emphasis is on the initial stage, where we relied on
predictions derived from historical data to demonstrate the potential accuracy of this approach. For the initial step, we
employed three distinct approaches to make predictions and subsequently establish a probability density function derived
from those predictions.

The first kind of prediction relied on historical data, encompassing the entirety of data available from the onset of the
epidemic in the US in 2003 up until the present time (in this instance, 2019). This approach captured the epidemic's overall
average behavior.

The second prediction method utilized the tail-end of the historical data, which we refer to as the “tail of the epidemic.”
This prediction captures the recent behavior of the epidemic, influenced by the impact of, for example, climate change, which
has been on the rise in recent years. For this type of prediction, we only utilize the tail end of the historical data (the last two or
three years) and determine the logistic function based on the concepts explained in the previous sections.

The third approach involved calculating the average number of predictions derived from both historical data and the tail of
the epidemic. This method provided us with a more conservative prediction, capturing the behavior that lies between the
patterns observed in the first and second approaches. In the cases where there is a significant leap between values of two
consecutive years for a given month A, historical data has been employed for prediction and forecasting, while in instances of
no notable leap, predictions are made based on the tail-end of the epidemic. We saved all the probability density functions
that were derived from themodified Poisson density and utilized them for forecasting. The prediction and forecasting process
was carried out not only for 2020 but also for 2021 and 2022. The saved results can be found in the appendix-1 file.

To exemplify the general forecasting approach, Figures (9) and (10) display the results for the state of Arizona in 2020. We
note that for each month, the value of the score has been calculated for the alpha-adjusted density. By observing the plots for
the 12 months, it becomes evident that the predictions predominantly fall within the region exhibiting the highest density.

After the passage of time and the documentation of initial cases for the upcoming year (the year targeted for prediction),
we can leverage the newly acquired data to establish both a parabolic and logistic function for predictive modeling. We have
attempted to clarify this process by utilizing the new case numbers for the state of Colorado in 2023, as illustrated in
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Fig. 9. Forecast for the state of Arizona in 2020 for different months using the simple Poisson forecasting probability density function and its inflated-deflated
version.
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Figure (11). It has to be mentioned that, practically, up to week number 26, there is no data. This means that the Colorado
Department of Public Health and Environment has not recorded any number of infected cases for this period (It's important to
acknowledge that this data can be changed or updated over time by the department). After week 25, the first cases were
recorded, indicating the onset of the epidemic. The strategy to forecast the number of new cases involves utilizing data from
the initial weeks of the epidemic, establishing the parabola, and logistic function as previously explained. Subsequently, the
predictive logistic curve is compared with the actual curve of real cases for validation. Figure (11) elucidates the prediction
process in a few steps; panel (a) displays the fitted parabola and logistic function to the data from week 26 to week 32. It is
evident that the limited amount of data during this period hinders the accurate establishment of a logistic function (depicted
by the dashed blue curve) to predict the trajectory of the epidemic, as illustrated by the black curve. In such instances, the
fitted predictive logistic curve is employed primarily for short-term predictions, such as forecasting for the next week or the
subsequent twoweeks. In panel (b), utilizing data fromweek 26 toweek 33, we encounter a similar challengewith the logistic
function. Oncemore, due to the limited data, the prediction is confined to a short period, typically one or twoweeks. However,
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Fig. 10. Forecast for the state of Arizona in 2020 for different months using the Bayesian posterior probability density function based on censored Poisson and its
modified version.
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the accuracy of the prediction improves significantly whenwe include one moreweek in the raw data (fromweek 26 toweek
34) to fit the parabola and logistic function. In panel (c), we observe that the predictive logistic curve can closely approximate
the trajectory of the epidemic quite effectively. Panels (d), (e), and (f) demonstrate that with the inclusion of more data
(practically up to week 37), the accuracy of the prediction is significantly improved, reaching a very satisfactory level. To
understand the effectiveness of the methodology, it's crucial to focus on the predictive period marked by a blue double-point
arrow. The vertical line indicates the utilization of data up to that specific moment. Based on this period, predictions are
generated and presented as the predicted period. This underscores a crucial point: even with a relatively small dataset
(essentially consisting of eight numbers) used to train the model (fitting parabola and logistic function), it demonstrates
proficiency in delivering accurate predictions for an extended period of the epidemic.

Continuing the evaluation of our model's performance with other approaches, Fig. 12 illustrates the outcomes for four
different submissions that have been started from April, May, June, and July to the end of the year. A simple comparison with
the CDC results of the 2020 challenge (Holcomb et al. (2023), Fig. 2) reveals its good performance for bothmodels, particularly
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Fig. 11. Prediction for the cumulative number of cases in the state of Colorado throughout 2023, utilizing data from the same year.

Fig. 12. (a) Results for the year 2020. (b) Results for the year 2021. (c) Results for the year 2022.

S. Hosseini, L.W. Cohnstaedt, J.M. Humphreys et al. Infectious Disease Modelling 9 (2024) 1175e1197
considering that this is an initial step that has not been updated by the 2020 data and the model does not incorporate any
temperature parameters. For example, in the April submission, the results of both models were better than the results of the
ten participant teams in the challenge. In panel (b) of Figure (12), we made forecasts for the year 2021 using both the Poisson
and Bayesian models (modified and unmodified) and calculated the corresponding scores based on the aforementioned four
submissions. While it may not be directly comparable to panel (a) and (c), as it pertains to the results of different years, panels
(a) and (c) provide insight into the model's performance across various years and offers an understanding of its effectiveness
in different scenarios. All three panels demonstrate the effectiveness of the modification approach outlined in Section 4, as
they reveal a noticeable improvement in accuracy. Notably, the modified versions of the models (inflated-deflated PDF)
exhibit the highest performance in terms of probabilistic measurement, and this serves as practical evidence affirming the
efficacy of the technique.
Table 1
Comparing the inverse Expectation and Expectation of the inverse for a censored Poisson variable.

L0ðXÞ 5 10 15 20 30 40 100 500 2000

E
�1
L

�
0.26 0.11 0.71 0.52 0.33 0.025 0.0101 0.002004 0.0005002

1
E½L� 0.2 0.1 0.67 0.5 0.35 0.026 0.01 0.002 0.0005
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Table 2
Accuracy values for all states of the U.S. for 2020, 2021, and 2022.

Year/Err. ¼ 0 � 1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 � 10

2020 59.34 83.85 90.1 94.79 96.53 97.92 98.26 98.44 99.13 99.48 2.56
2021 62.28 85.42 89.85 93.23 94.97 96.18 96.86 97.40 98.1 98.61 3.40
2022 61.98 84.72 90.1 93.75 95.14 96.7 97.4 98.09 98.44 98.96 3.06
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Table 2 displays the accuracy of the results (percentage of error, defined by differences between the predicted value and
real reported cases) for the three-year predictions of 2020, 2021, and 2022 for all states of the US. As evident from these tables,
the values of predictions, and consequently forecasting probability density function are reasonably accurate. In this context,
the results of (Table 2) indicate that 59.34%, 61.28%, and 61.98% of the predictions aligned with the confirmed reported cases
Fig. 13. Highest Posterior Density (HPD) intervals extracted from the Poisson posterior distribution for the state of California in the year 2022.
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for the years 2020, 2021, and 2022, respectively. Moreover, in the case of 2020, 2021, and 2022, 83.85%, 85.42%, and 84.72% of
the predictions, respectively, were only one person less than the reported cases. Furthermore, for the subsequent years of
2020, 2021 and 2022, 90.1%, 89.85%, and 90.1% of the predictions deviated by two persons from the confirmed reported cases.

For error values ranging from 3 to 9, the percentage of accurate predictions is consistently above 95%e99%. In conclusion,
by adopting a meticulous approach to prediction and forecasting and considering an outlier prediction as the difference
between real reported cases and predicted values exceeding 10 cases (even though they may not be true outliers), the
percentage of outliers for the years 2020, 2021, and 2022 are 2. 56%, 3. 40%, and 3. 06%, respectively (the last column of the
table).

Furthermore, in addition to the forecasting, using historical data, the Highest Posterior Density (HPD) intervals based on
Poisson posterior were calculated for all states of the US for the years 2020, 2021, and 2022 at three distinct credible levels: 90
%, 95%, and 99% (see Appendix II). It is worth noting that the percentage of interval estimations that do not encompass the
actual reported case numbers are represented by 0.7% (2 out of 260), 4.1% (11 out of 266), and 1.85% (5 out 269) for the three
respective years 2020, 2021, and 2022. Fig. 13 illustrates the outcomes pertaining to the state of California in the year 2022.
The visualization showcases all three intervals alongside a box plot for the Poisson posterior. Upon observation, it becomes
apparent that, for December, all values across various years from 2000 to 2021 are consistently zero. As a result, establishing
an interval estimation for this specific month is not practically viable.

6. Conclusions

Our work demonstrated that an accurate and parsimonious model can be constructed using only two parameters and
relying solely on a sample data set. We showed theoretically, that this prediction method is not only parsimonious but also
exhibits favorable properties within the Bayesian framework, taking the minimum value of the risk function. Finally, using
this prediction method, we established forecasting probability density functions (both Bayesian and non-Bayesian). After
creating the probability density functions (PDFs) and drawing insights from statistics published by healthcare institutions like
the CDC, we refined these PDFs. Additionally, we proposed a method to address the challenge of lacking data at the beginning
of the year when forecasting for all months of the year. Based on this suggested method, we obtained Bayesian credible
intervals and forecasting probability density functions for all states of the US. Finally, using logarithmic-probabilistic metrics,
we offered empirical evidence of the accurate results obtained with the proposed method. Although we have initially
configured our forecasting model based on the Poisson probability density function, future research may involve exploring
the optimal prior distribution to maximize accuracy.
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