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Abstract

Research on the role of time in associative learning has changed our understanding
of what an association is. It is a measurable fact about the distribution of events in
time, not an altered activation-conducting connection in a mind, brain or net. Asso-
ciative learning is the process of perceiving temporal associations and deciding to
act on them. Informativeness— the ratio of a conditional rate to an unconditional
rate—is the essential empirical variable, not the probability of reinforcement. The
communicated information between temporally associated behavioral and reinforcing
events is the log of informativeness. Because the time units in the rate estimates can-
cel, associative-learning is time-scale invariant: Perceivably associated events may
be arbitrarily widely separated. There are no windows of associability nor decaying
eligibility traces. The learning rate—operationally defined as the reciprocal of rein-
forcements prior to the appearance of a conditioned response—is an almost scalar
function of relative temporal separation, as measured by informativeness. The central
role of informativeness unites our understanding of Pavlovian and operant/instrumen-
tal phenomena, revealing unexpected quantitative and conceptual communalities.

Keywords Informativeness - Communicated information - Measure of association -
Strength of evidence - Assignment of credit - Change detection - Time allocation

In 1967, Robert Rescorla reviewed the shortcomings in control procedures then used in
Pavlovian conditioning experiments (Rescorla, 1967). He pointed out that they replaced
one contingency with another. He stressed that in a proper control, “the CS provides no
information about subsequent occurrences of the US” which means that the distribu-
tions of CSs and USs “must be such that the CS occurrences do not predict the occur-
rence of the USs at any time . . .” no matter how remote (p. 74; emphasis in original).
He argued for the truly random control in which reinforcements are programmed
by Poisson processes, which makes them equally likely at every moment in time. He

P< C.R. Gallistel
galliste @ruccs.rutgers.edu; randy.galliste] @ gmail.com

Rutgers Center for Cognitive Science, 152 Frelinghuysen Road, Piscataway, NJ 08854-8020,
USA


http://crossmark.crossref.org/dialog/?doi=10.1007/s40614-025-00442-8&domain=pdf
http://orcid.org/0000-0002-4860-5637

204 Perspectives on Behavior Science (2025) 48:203-239

then used that control to show that associative learning depended on the contingency
between the conditional stimulus (CS) and reinforcement (R), not on their temporal
pairing (Rescorla, 1968, 1969; Rescorla & Skucy, 1969). He pointed out that . . .
the yoked control [in instrumental conditioning] was introduced precisely to deter-
mine what effects are uniquely due to instrumental reinforcement contingencies.”

Rescorla remarked that the contingency was a function of the proportions of USs
(hereafter denoted by R’s for reinforcements) that occurred during the CSs and in its
absence. However, he incorrectly assumed that these proportions could be reduced
to two probabilities, the probability of R occurring during the CS and the proba-
bility of its occurring in its absence. In equating proportions with probabilities, he
failed to distinguish between rate and probability. Over the last half century, we have
learned that the distinction is fundamental. His deep insight into the nature of asso-
ciative learning can only be realized by shifting our attention from the probability of
reinforcement to the rate of reinforcement.

A probability is the proportion between a count of the “successes” (the Rs)
divided by the sum of successes and “failures” (the ~ R’s):

Pr = ”R/("R + ”~R)

A rate is a count divided by the duration (7') of the interval over which the count
is made:

iR =nR/T

The failure to distinguish between probability and rate was and remains common.
It arises in part from the traditional conception of what an association is, psycho-
logical speaking. That conception has roots in the philosophy of mind that go back to
Aristotle. In philosophy, psychology, behaviorist cognitive science, and neuroscience,
associations reside in minds, hence in brains. Their function is to conduct an activat-
ing or deactivating signal from one idea to another, or from one node to another, or
from one neuron to another. It is the concept of the plastic synapse (Hebb, 1949).
Central to this conception is that reinforcements strengthen an activating connection
(a positive association) and nonreinforcements have the opposite effect; they weaken
a positive association and/or strengthen a negative association. This conception is
explicit in the Rescorla-Wagner model and its many descendants (Kang et al., 2024;
Rescorla & Wagner, 1972), that is, in any model that uses delta-rule updating:

AR =al AR) - D AR (1)
i=1

Equation (1) is found in some form in every textbook on associative learning and
in every review of reinforcement learning. It may be read as follows: The change
in the association between a reinforcer, R, and the i conditional stimulus (A;) on
any given trial is proportional to the learning rate, a, times the difference between
A(R) and the sum over all of the associations between R and the CSs present on that
trial. A(R) is the upper limit on the strength of an association to R. R has value, 1
on a trial where R occurs, in which case A(R) # (0. On ~ R trials, A(R) = 0, which
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makes AA;R negative, which causes positive associations to be decremented and
negative associations to be made stronger.

There is a conceptual problem with this formulation closely connected to the
assumption that associative learning depends on the probability of reinforcement. The
problem was already there in the Hullian model on which Rescorla and Wagner (1972)
based their own model. It comes from attributing causal efficacy to ~ R “events.” Non-
reinforcements have no physical attributes. They cannot excite sensors. Events with
causal effects must happen at specifiable times. A failure can cause something to hap-
pen only if there is a specified time at which a success was expected. There are many
circumstances in which there are no such times. When reinforcements are randomly
distributed in time, as they are when scheduled by a Poisson process, there are no such
times because a reinforcement is equally likely at every moment in time (Gallistel,
2021b). The need to attribute causal efficacy to events that cannot be localized in time
explains why the Hullian model and its delta-rule descendants could not and still can-
not explain the quantitative facts about extinction (Dayan & Niv, 2008; Gleitman et al.,
1954; Kang et al., 2024; Kimble, 1961).

The problem became apparent in Rescorla and Wagner’s (1972) article when they
tried to apply Eq. (1) to Rescorla’s contingency-not-pairing results (Fig. 1). Here is
how they tried to circumvent it in their simulation: *. . . to exemplify the application
of the model to this particular case, the experimental session was taken to be divis-
ible into time segments the length of the CS duration. Each segment containing the
CS is thus treated as an AX “trial” [context+CS] and each segment not containing
the CS as an A “trial. [context only] It is possible then to specify the sequence of
reinforcement and nonreinforcement over each of the two kinds of trials” (Rescorla
& Wagner, 1972, p. 88; scare quotes in the original).

In their simulation, they updated the two associative strengths—one for the asso-
ciation between CS and R, the other for the association between context and R—once
and only once on each imaginary “trial.” When the Poisson process was running,
they assumed that there was one reinforcement on 40% of the “trials” (imagined
2-min intervals) and no reinforcements on 60% of them. On reinforced “trials,” they
set A(R) = 1 and incremented the associations between both the context and the CS
in accord with Eq. (1). On unreinforced “trials,” they set A(R) = 0 and decremented

Reinforcement

Highly Informative protocol \ 1-Trial
AN learning in
many Ss
. o . * . * Ss never
learn

Fig. 1. Time lines for the two key protocols in Rescorla (1968). Note. Upper protocol is for the “experi-
mental” group. Lower protocol is for the truly random control group (the group of principal interest).
The durations of the interval-trial intervals when the noise CS was not present (white) varied about a
mean much greater than the fixed duration 2-minute intervals when it was present (gray). The question to
ask oneself when looking at the Highly Informative protocol is, How many nonreinforcements were there
in the intertrial interval and where did they happen?
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both AR and A R when the CS was present but only A R when the CS was absent.
The decrementing of the association between R and context on the many imaginary
trials that occurred during the ITIs in the upper protocol was the key to explaining
why the subjects in that group were much more afraid of the noise (gray) than they
were of the context (white).

It is often remarked that the trouble with simulations is that you are doomed to suc-
ceed. Success comes eventually because one works around certain “minor” details that
seem unimportant but are in fact fatal. The fatal detail here is that Rescorla did not vary
the probability of reinforcement, he varied the rate. In the two protocols in Fig. 1, the
rate was 0.26 shocks/minute. In any 2-min interval, there were anywhere from 0 to 3
shocks (Gallistel, 2021b). The delta-rule updating model in Eq. (1) is not physically
realizable when there are no actual trials, which is to say, during the ITIs when only
the background is present. That is why Rescorla and Wagner (1972) put scare quotes
around the 2-min “trials” they had to imagine to make the averages in their simulation
come out right. No partitioning of protocols into “trials” of equal duration will make
the model work when given the randomly distributed reinforcements the rats in fact
experienced, because the R count does not change as one makes the imaginary “trials”
shorter and shorter but the ~R count goes to infinity. As the count of the imagined ~R’s
goes to infinity, all probabilities—and therefore all associative strengths—go to 0.

Over the 4 decades since the Rescorla-Wagner delta-rule updating model launched
the modern era in the formalization of associative learning (Esber et al., 2025), it has
slowly become apparent that the key to a successful formalization is to focus on the
rate of reinforcement not the probability. The change in focus has led to a change in
the ontological status of an association in psychology, cognitive science, and neurosci-
ence. It's no longer something in the head; it’s a measurable statistical fact out there in
the world, a distal stimulus, not a percept. What is in the head is a percept that repre-
sents the strength of the statistical association out there in the world. I here explain the
computations by which the percept is thought to be generated and the computations by
which it produces measured behavior.

In his 1967 review, Rescorla demurred when it came to specifying a formula for
computing contingency. He had good reason to do so because there was then no for-
mula for computing it in continuous time (Gibbon, 1981; Gibbon et al., 1974). Now
there is (Balsam et al., 2006; Balsam & Gallistel, 2009). The key to finding a formula
was to turn to information theory. Rescorla would have approved because his review
stressed the fact that reinforcement was contingent on a CS just in case it communi-
cated information about where the reinforcement was to be found in time. Information
theory provides the mathematical foundation for our understanding of what informa-
tion is and how it is communicated (Cover & Thomas, 1991; Shannon, 1948).

Measuring Communicated Information

Rescorla realized that to have a quantitative theory of associative learning, we
must measure the distal stimulus, the amount of information communicated. We
need to measure it as soon as there is anything to measure, which means after the
first reinforcement. Probability of reinforcement is useless then, because when the
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reinforcement occurs when both the CS and its context are present, the probabil-
ity of reinforcement is 1 for both predictors. If probability drove associative learn-
ing, learning to respond to the CS after its first reinforcement (one-shot learning)
would be impossible. Learning would have to progress by small changes, which is
sometimes taken as definitional (Richards & Kording, 2023). However, one-shot
associative learning is seen in both Pavlovian and operant protocols when the statis-
tical association is sufficiently strong (Gallistel & Shahan, 2024; Harris & Gallistel,
2024; Jenkins et al., 1981; Revusky & Garcia, 1970).

An extreme example helps us to intuit why one-shot associative learning should
be possible. Suppose a subject has been in a test chamber for 6 hr when a noise
comes on and 1 s later they get shocked. We and the subject would be inclined to
think the noise was associated with the shock. If someone argued it was “just a
coincidence,” most of us would be inclined to respond, “That’s one hell of a coin-
cidence!” The information theoretic computation of the association and its reliabil-
ity given an n of one justify our intuition because they take interval durations into
account. The deep problem with probability of reinforcement is that it does not take
duration into account.

The information-theoretic measure of communicated information is the log of
the ratio of two rates. The rates are counts divided by durations. There are 21,600
s in 6 hr. In the above example, the contextual rate of shock is Agjc = 1/21,600s,
and the rate during the 1-s CS is, Ag,cs = 1/1s. The ratio of the rate of reinforce-
ment conditional on a CS and the rate in the context in which the CS and the rein-
forcement occur is the informativeness of their temporal relationship. It is denoted
by lower case iota (1). In the example at hand 1 = Ag|cs/Ag|c = l/réoo = 21600.
The log to the base 2 of this ratio is 14.4 bits, which, in our example, is the
amount of information communicated by the CS about when to expect the next
shock.

If a receiver assumes that shocks are randomly distributed within the context
in which the shock has occurred—the simplest assumption—then the receiver has
considerable uncertainty about when to expect the next shock (somewhere in 6 hr).
When the noise comes on, it greatly reduces the uncertainty, because it predicts the
shock is imminent (within the next second).

Uncertainty in information theory is measured by the entropy, H, of a random
variable’s distribution, which is the mean surprisal:

H =) plog(1/p)

The amount by which a communicating signal (the noise) can reduce contextual
uncertainty (about when to expect shocks) is the communicated information.

The  (differential) entropy of the exponential distribution is
H=1-1InA=1-1In(1/u), where A is the rate parameter of the exponential dis-
tribution and u is its reciprocal, the mean interval (also called the time constant).
The difference between the entropy of the contextual distribution of intershock inter-
vals and the entropy of the distribution communicated by the noise is the log of the
noise’s informativeness:
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/1R|cs —In HRoR|C

R|C HRoRICS

AH = (1- ln/IRlc) - (1- lanlCS) =In =In(z) )

Equation (2) is the formula that eluded Rescorla because the communicated infor-
mation divided by the available information is the contingency (Gallistel & Latham,
2022). The available information is the amount that removes all uncertainty. It is
communicated by a CS or a response (r) only when they and the R occur simultane-
ously. In the most common Pavlovian protocol, delay conditioning, reinforcement
coincides with CS termination on every trial. In that case, the contingency between
CS termination and reinforcement is 1. It is, however, useless as a warning because
the offset signal comes too late for the subject to make an anticipatory response. The
useful warning comes only from CS onset, provided the delay between onset and
the shock is long enough for the subject to make a shock-anticipatory response, like
freezing or blinking the eye.

For most purposes, what matters in what follows is not the contingency but
rather the communicated information. It measures the strength of the stochastic
association.

What s in the Head

In the head are the percepts: the percepts of rates of reinforcement, informativeness,
associations and their reliability. Percepts are produced by the computations that
extract them from first-order sensory signals. The percept of a color, for example,
is a 3-dimensional vector with signed scalar elements (Grassmann, 1853). The per-
cept of a face is a 50-dimensional vector, also with signed scalar elements (Chang
et al., 2021; Chang & Tsao, 2017). These neurobiological vectors are not the distal
stimuli to which they correspond. The percepts relevant to associative learning are
extracted from counts and durations, neither of which is a sensory event. Counts
require counting and durations require timing. Both are themselves elementary com-
putational operations. Gallistel (1990) reviewed the already extensive experimental
evidence that much learned behavior depends on learned counts, learned intervals,
and on rates, which are counts/durations. The literature has grown much larger in the
interim.

There is now strong experimental evidence that perceived rates of reinforce-
ment are scalar functions of the measured rates of reinforcement, because, under
easily arranged circumstances, the function that maps from measured rates of rein-
forcement to measured rates of responding is scalar over many orders of magnitude
(Fig. 2). The scalar relation between measured reinforcement rate and measured
response rate implies that the computations that produce percepts of rates of rein-
forcement are simpler than for either colors or faces:

Arics = Tries/ Tes ® nrics/ Tes
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Fig.2 a. Hopper entry rate as a
function of expected reinforce-
ment rate in a Pavlovian delay-
conditioning protocol on dou-
ble-logarithmic coordinates. The
red dots are for pokes during
CS:s plotted against the expected
CS reinforcement rate. The
black dots are poke rates during
the never-reinforced intertrial
intervals plotted against the
reinforcement rate expected
when in the test chamber (the
contextual reinforcement rate).
The scales span three orders of
magnitude on both axes (repro-
duced from Figure 5 in Harris
& Gallistel, 2024 by permission
of the authors). b. The rate of
adjunctive (unreinforced) floor
scratching during intervals
when reinforcement was not
accessible plotted against the
contextual rate of reinforcement
in an operant protocol. (Repro-
duced from Killeen & Sitomer,
2003, Fig. 7, p. 52 by permis-
sion of authors and publisher).
c. Key pecking rates plotted
against rates of reinforcement
on concurrent variable interval
schedules of reinforcement
(Reproduced from Herrnstein,
1961, Fig 2, p. 268 by permis-
sion of publisher)
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where and n and T denote cumulative count and cumulative duration. Variables with
hats denote values for percepts in the head, where they are not directly measurable.
The variables without hats are directly measured by counting and timing.

The rate of hopper entry during CSs signaling food reinforcement is a scalar
function of the CS reinforcement rate (red data points in Fig. 2a). The rate of
hopper entry during the never-reinforced intertrial intervals is a scalar function
of the contextual rate of reinforcement present (black dots in Figs. 2a). The con-
textual rate is the rate a subject expects simply from being in the test chamber,
without regard to whether the CS is or is not present. The scale factor, k, is the
same in both cases, k = 18.

A scalar relation spanning orders of magnitude between rate of responding and
rate of reinforcement is evidence that brains compute and remember rates of rein-
forcement from experienced reinforcements separated in time by arbitrarily long
intervals. The argument for this conclusion comes from measurement theory; it
rests on two well-established experimental facts:

(1) rates of responding are proportional to the rates reinforcement (Fig. 2) and;
(2) the rates of learning are proportional to the ratios of rates of reinforcement
(Fig. 4). Together, these results imply a ratio-scale representation of rate of
reinforcement, a representation on which all the basic arithmetic operations are
valid (Krantz et al., 1971; Krantz, 1972; Luce et al., 1990).

The computation of a rate implies a temporal map: when the first reinforcement
in a context occurs, the brain must look back in time to compute the time so far spent
in that context because the duration of its experience of the context is the denomina-
tor of the rate:

ARlC = 1/“R<—>R|C

In Pavlovian and operant protocols, the context is the test chamber. Subjects may
spend hours there prior to the first reinforcement (context habituation). In a Pav-
lovian protocol with partial reinforcement of the CSs, subjects must compute the
cumulative duration of the CSs prior to the first reinforcement in order to compute
the CS rate of reinforcement:

A’RlCS = 1/MR<—>R|CS

In a reinforcement learning protocol with a long delay between response and rein-
forcement (Gallistel & Shahan, 2024; Lett, 1975), the subject must also look back to
the record of its most recent response to compute the prospective and retrospective
informativeness ratios (1):

0= A’R]’F/A’Rlc
and

7= /lrl‘]{//lrlc
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The first informativeness ratio is the rate of reinforcement looking forward from
a response divided by the contextual rate of reinforcement; the second is the rate
of responding estimated by looking back from a reinforcement to the most recent
response divided by the contextual rate of responding.

The temporal map is a time-stamped record of past events (Arcediano et al., 2003;
Balsam & Gallistel, 2009; Cammaerts & Cammaerts, 2022; Chandran & Thorwart,
2021; Eichenbaum & Fortin, 2003; Honig, 1981; Oprisan et al., 2018; Polyanskaya,
2022; Sawa & Kurihara, 2014; Taylor et al., 2014). The raw data record in many
contemporary animal-learning labs instantiates the concept. It is a two-column data
structure with time or duration stamps in the first column and event codes in the sec-
ond. Time stamps record the time as given by the computer’s clock. Duration stamps
record the intervals between successive events. The time as given by a computer
clock (a clock that knows nothing about days, weeks, or months, etc.) may be com-
puted by cumsumming the interevent intervals.

A brain may obtain cumulative elapsed time from a short-period oscillator that
increments a counter at the completion of each cycle. Interval durations may be meas-
ured using either an array of processes that decay exponentially (Cruzado et al., 2019;
Howard, 2018; Howard & Hasselmo, 2020) or as phase differences in arrays of oscilla-
tors with different periods (Gallistel, 1990, 2017a). The temporal map is updated event
by event. Aristotelean associations don’t get updated in this model, because they do not
exist.

The computations that mediate the perception of stochastic associations operate on
the data in the map. The map makes possible looking back in time. Humans constantly
use their memory to look back in time. So do nonhuman animals (Crystal, 2021)—as
will be stressed in the section on the time-scale invariant Learning Rate Law.

How Associations are Perceived

The computation that maps the measured association out there in the world to the cor-
responding percept is simple, explicit, and devoid of free parameters. Consider a basic
Pavlovian delay protocol like the one whose timeline is shown in the upper part of
Fig. 1. The perceived association between the CS and reinforcement may be computed
by:

~ A~ j'\R CS j'R CS
ACS,R) = log(7) = log == » log/l—l (3a)
RIC R|C

In words, the perceived association, K(CS,R), is the log of the perceived infor-
mativeness, which is the log of the perceived rate of reinforcement during the CSs
divided by the perceived rate of reinforcement in the experimental context. The per-
ceived variables, the ones with hats, are approximately equal to the hatless variables,
which we can measure because they are publicly observable. In measurement theory
terminology, Eq. (3a) asserts that brains have a ratio-scale representation of the infor-
mativeness of the prospective relation between CS onset and rate of reinforcement.
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The percept is approximately equal to the log of that ratio. It represents the amount
of information that CS onset communicates about the expected wait for the next
reinforcement.

For an operant example, consider the prospective association between a response
and reinforcement when subjects respond on a variable interval (VI) schedule. A VI
schedule sets up the next reinforcement at exponentially distributed intervals fol-
lowing the harvesting of the previous reinforcement. The prospective association is
the log of the prospective informativeness of a response. The informativeness is the
factor by which the response reduces the expected wait for the next reinforcement:

o m -
A(L,R) = log% ~ logl;R—: = log (i) (3b)
r —

Or, parameterizing the exponential by rate rather than by mean:

N A -
A(T,R) = log ERIr ~ logﬁ = log(7) (3b")
RIC

In Eq. (3b), ug_y is the average interval between reinforcements, and p,_p is
the average interval looking forward from each response to the next reinforce-
ment (see Fig. 3).

Variable interval schedules sustain high and steady rates of responding. Responses
are much more frequent than reinforcements (Fig. 3). To see if a response predicts a
reinforcement, the brain looks forward in time (black arrows in Fig. 3). It compares
the average of these forward intervals to the average interval between reinforcements
(intervals between the open red circles). If the average interval looking forward from
a response to the next reinforcement is substantially shorter than the average interval
between reinforcements, then a response communicates information about where to
find the next reinforcement.

To see if a reinforcement retrodicts a response, the brain looks back from
reinforcements to the most recent response (red arrows in Fig. 3). If the average
interval looking back is substantially shorter than the average interval between
responses, then a reinforcement communicates information about where to find

Fig. 3 Prospective and Retrospective Informativeness when Subjects Respond on VI Schedules. Note.
The black dots mark responses, the red open circles mark reinforcements. Black arrows are intervals
looking forward from a response to the next reinforcement; red arrows are intervals looking back from a
reinforcement to the most recent response
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the most recent response. The equation for the retrospective association between
reinforcement and response is:

A\(r, ﬁ) = logb ~ logh = log(7) (3c)
Mrlﬁ HieR

Or, again parameterizing by rate rather than by mean:

A~

A

X(r, ﬁ) = log—& ~ log$ = log(7) (3¢”)
A r

T

The retrospective contingency was 1 in the control conditions of the Gallistel
et al. (2019) experiments with pigeons pecking on VI schedules, because a rein-
forcement and the peck that triggered it coincided in time. They had the same
time stamp to within 0.01 s. When one found the stamp for a reinforcement in the
data record, there was no uncertainty about where to find the stamp for the most
recent response. The reinforcement communicated all the available information
about response recency. The prospective contingency was 0; making a response
communicated no information about when to expect the next reinforcement.

The role of retrospective contingency in this rate-based model of reinforce-
ment learning captures the intuition that reinforcements act backward in time in
reinforcement learning (Timberlake, 1995). The temporal map also enables the
brain of a rat to look back from its first experience of nausea, induced by radia-
tion delivered hours after it experienced a novel taste (Revusky & Garcia, 1970).
The rats’ in the Revusky and Garcia radiation experiments first experience of nau-
sea occurred when they were months post weanling. The context was their post-
weanling experience in the laboratory. The interval from the nausea back to the
novel taste was very small in comparison to the preceding months without nau-
sea (the comparison interval). One-shot taste-aversion learning with hours-long
delays between taste and nausea is explained without fiddling the parameters of
an hypothesized window of association (Logue, 1979). Poison-avoidance learning
is simply another manifestation of the time-scale invariance of associative learn-
ing. What matters are the relative latencies, not their absolute values.

Sample Size and Reliability

The first reinforcement in a Pavlovian protocol makes possible the perception of an
association between the CS and reinforcement because it defines two rates, the con-
ditional rate and the contextual rate. The same is true for the first reinforcement in
an operant protocol; two relevant rates are immediately defined: the response rate in
that context and the response rate estimated by looking back from reinforcements to
the most recent response. Probabilities are not yet defined when there has been only
one reinforcement and neither is correlation, which is the conventional measure of
stochastic association. There is, however, the obvious issue of the extent to which



214 Perspectives on Behavior Science (2025) 48:203-239

estimates of stochastic parameters obtained from a sample of size 1 may be relied
on.

An information-theoretic measure of reliability, the nDy; statistic, can be com-
puted with a sample size of 1. This computation allows us to judge when one-shot
learning is justified by strong evidence. The same computation is assumed to explain
the circumstances under which brains draw the same conclusion.

The nDy; statistic is the Kullback-Leibler divergence (denoted by Dy, ) of the
conditional distribution from the unconditional distribution multiplied by the effec-
tive sample size (the n in nDy;):

nRics /1R|cs ARlC
nDyy (AricsllAric) = < ><ln + -1 4)

1 + ngjcs/Mr)c ARic ARrics

The effective sample size is the first expression in parentheses in the middle of
Eq. (4); it is a function of the reinforcement counts. In the case we are considering,
both counts are 1, so the effective sample size is 0.5. The Kullback-Leibler diver-
gence is the expression enclosed in the second parentheses. The first term in the
divergence is the log of the informativeness and the second term is the reciprocal of
the informativeness. In the example, we have been considering (21,600s in the con-
text and 1s of noise before the shock), Equation (4) evaluates to 4.5 nats. (The nat is
the unit of information when the base of the logarithm is e rather than 10 or 2.)

When there is no divergence, that is, when the informativeness ratio is 1, Peter
Latham (Gallistel & Latham, 2022) proved that the nDy; statistic is distributed
gamma(.5,1), which allows us to compute a corresponding p value: p=1-gam-
cdf(4.5,.5,1) = .0027. The odds are 370:1 against the hypothesis that the association
between the noise CS and shock is just a coincidence.

The nDy, statistic is crudely analogous to a ¢ test, which is the variance nor-
malized difference between the means of two samples scaled by the square
root of the sample size. It is superior in several respects. First, it applies
when n = 1. Second, the divergence between distributions is asymmet-
ric—nDy (Agjes||Aric) # nDkr (Agjcl|Agjcs —Whereas a difference between two
means is symmetric. The asymmetry in a divergence captures the fact that it takes
more data to detect a divergence in one direction than it does to detect it when it is
in the other direction (Kheifets & Gallistel, 2012). The conventional test does not
capture this fact.

The divergence has physical and neurobiological implications not possessed by
a p value. When converted from nats to bits, the divergence is the average number
of additional bits of memory required to encode the intervals from the conditional
distribution on the erroneous assumption that they come from the contextual dis-
tribution (Cover & Thomas, 1991). This property of the divergence links the new
conception closely to the notion that the purpose of associative learning is predic-
tion. In the literature on the information-theoretic approach to stochastic model
selection, there is a theorem to the effect that the model that best encodes the data
already seen best predicts the data not yet seen when proper account is taken of
model complexity (Griinwald, 2005, Section 2.10).
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The ability to predict data not yet seen depends on a brain’s statistical model.
When the rate predicted by the CS is greater than the rate predicted by the con-
text, the brain has a poor model when it uses its representation of the contextual
distribution to predict what will happen during CSs. The Kullback-Leibler diver-
gence measures how poor the contextual model is. The brain reduces memory
load and improves its ability to predict the next reinforcement when it switches to
a better model of the process generating the reinforcements during CSs.

A final reason to stress the fundamental role of informativeness in associative
learning is that it determines the learning rate, when operationally defined as the
reciprocal of reinforcements to acquisition. Strong evidence for this empirical law
was first published more than 40 years ago. For some reason, it is rarely if ever
mentioned in formalizations of the Aristotelean theory of associative learning.

The Learning Rate Law

In the late 1970s, the Gibbon lab and the Jenkins lab investigated the effect of
varying the interval between CSs (the intertrial interval or ITI for short) on the
rate of learning. The ITI had been largely ignored on the assumption that it was
irrelevant because nothing happens during that interval in most protocols. It turns
out, however, that the duration of the ITI has a dramatic effect on the learning
rate. Jenkins and his co-authors wrote in the opening of their paper in the same
volume: “The effect of trial spacing is so large that no theory of autoshaping [a
form of Pavlovian conditioning] can be considered adequate unless it provides an
account of how spacing exerts its effects” (Jenkins et al., 1981 p. 255).

The Gibbon lab varied both the ITI duration and the CS duration and discov-
ered that what mattered was not the duration of either by itself but rather the
ratio of the cycle duration to the trial duration (Gibbon et al., 1977)—the ratio
now called the informativeness. When reinforcements occur only during the CSs,
that ratio equals the ratio of the average cycle duration, ug gc to the average CS
duration pg g|cs- Gibbon and Balsam (1981) termed this the C/T ratio.

They plotted median reinforcements to acquisition as a function of informa-
tiveness (C/T) on double logarithmic coordinates (asterisks in Fig. 4a) and fit the
data with several different regression models, the simplest of which is plotted
along with their data and some of the data from the Jenkins et al. (1981) experi-
ments (open circles). Also plotted are data from an experiment by Balsam et al.
(2024) with rat subjects and reinforcements scheduled by a Poisson process that
ran only during the ITIs (open pink squares). The same regression model (top of
Fig. 4a) describes all three data sets despite the differences in species and many
protocol details.

The regression model has only one parameter, k. Its value has a simple and
theoretically important interpretation; it is the informativeness that produces one-
trial acquisition in the median subject.

As the informativeness approaches 1 at the left end of the plot, its log, the
association between the CS and reinforcement approaches 0, reinforcements to
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Fig.4 Note. a. Median rein-
forcements to acquisition as a
function of informativeness, on
double logarithmic coordinates.
The regression model was fit to
the asterisks only but it predicts
the Jenkins out-of-sample data
(open circles), which extend

the empirical support to the
analytic limit of acquisition after
1 reinforcement. It also predicts
the results from Balsam et al.
(2024) with rat subjects and
reinforcements only during the
ITIs (open pink squares). b. The
regression model plotted against
linear coordinates to show the
almost scalar relation between
the learning rate and informa-
tiveness. ¢. Data from Harris
and Gallistel (2024) experiments
with rat subjects and R at termi-
nation of variable duration CSs
(medians are the orange circles;
small open circles are individual
rats). The informativeness is the
x axis in all three plots
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acquisition tend toward infinity, and the reciprocal of reinforcements to acquisi-
tion (the learning rate, right axis) tends to 0. The curvilinear log-log plot obscures
what becomes apparent when one replots the regression model on linear coordi-
nates as the learning rate versus informativeness. Taking antilogs on both sides
and reciprocating both sides, one sees that the learning rate is a very nearly scalar
function of informativeness (Fig. 4b). This maximally simple relation between
the learning rate and the informativeness is the Learning Rate Law—Eq. (5).

a= 1/RtoAcq = <_
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Equation (5) applies broadly, but the value for k is at least somewhat dependent
on species and/or protocol details. Burke et al. (2023, their Fig. 1F) report reinforce-
ments to acquisition data for trace conditioning for water reinforcement in thirsty
head-fixed mice at informativeness values of 60 and 600. The median RtoAcq in
the 1 = 60 group was 92 with a range from 59 to 150 for individual subjects. In
the 1 = 600 group, the median RfoAcq was 8.5 with a range from 5 to 14 for the
individual subjects. Given RfoAcqg and solving for k, we have k = RtoAcq(i1 — 1).
This formula gives k = 5428 [-1919 +3450] for the 1 = 60 group and k = 5092
[-2097 +3294] for the 1 = 600 group. These calculations show first that the Law
of the Learning Rate allows us to predict the data from one group given the data
from another despite a tenfold difference in ITI (60s to 600s). They also show that
the informativeness required for one-shot learning in a trace-conditioning protocol
with head fixed mice undergoing neurobiological activity recording is about 20-fold
greater than is required for ordinary conditioning in pigeon and rat. Further research
can determine which factor explains the large difference in k: the species, the trace
protocol, or the fixation of the head for the recording of neural activity. The general-
ization from the pigeon and rat data to these data and to rabbit eyeblink data (Gallis-
tel & Gibbon, 2000, their Fig. 10) means that the form of the law is well-established.
It holds across wide differences in species and protocol. It goes unmentioned in
reviews that focus on the Rescorla-Wagner model and its descendants (Esber et al.,
2025; Kang et al., 2024; Piray & Daw, 2021).

The law also applies to operant protocols (reinforcement learning)—with values
for the one-shot learning constant, &, similar to those obtained from Pavlovian proto-
cols. Inspired by the Pavlovian findings, Gallistel and Shahan (2024) found one-shot
learning of an operant lever-press response in rats. They reduced the contextual rate
of reinforcement and the subjects’ rate of responding by prolonged context extinc-
tion prior to the first appearance of the lever. When the lever finally appeared, a
press by an experimental subject triggered reinforcement after a 2-min delay in a
first experiment and after a 16-min delay in a second. Presses made during the delay
had no effect. Yoked controls received reinforcements at the same times, but their
presses were without effect. In most pairs, the experimental subject pressed more
frequently than the yoked control after the first reinforced press (Fig. 5).

The slopes of the experimental subjects’ cumulative response records in Fig. 5—
their press rates—immediately exceeded those of their yoked controls in most pairs,
which indicated that the experimental subject perceived the association on its first
occurrence and immediately decided to act on it. The prospective and retrospec-
tive informativeness of responses and outcomes for experimental subjects were in
the range of 6 to 32. These values produce one-shot conditioning in some subjects
in Pavlovian protocols (small open circles in Fig. 4c). The nDg; measure of the
strength of the evidence reached conventional levels of significance for experimental
subjects within the first few reinforcement-triggering responses. In short, this model
provides a quantitatively consistent model of associative learning in Pavlovian and
operant (reinforcement learning) protocols.

In the Gallistel and Shahan experiments with long-delay reinforcement, an
act-outcome association experienced only once produced operant responding
despite a delay of reinforcement more than four orders of magnitude longer than
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the conventional delay (< 0.1s). Lett (1975) demonstrated learning of the correct
response in a T maze with a 1-hr interval between the correct response and food
reinforcement. To prevent explanation by secondary reinforcement, he removed his
rat subjects from the chosen arm immediately and returned them to the stem for
reinforcement or nonreinforcement after 1 hr.

In short, prospective and retrospective associative learning are time-scale invari-
ant. The long-held belief that there is a critical window for the formation of an
Aristotelean association, reiterated in most secondary sources as established fact, is
simply false. When informativeness is made large enough, most subjects learn after
one or two reinforced CSs or reinforced responses, no matter how long the interval
between the two events. This is not learning by gradient descent (Richards & Kord-
ing, 2023).

The approximately scalar dependence of the learning rate on time-scale-invariant
informativeness has far-reaching practical and theoretical consequences. As a practi-
cal matter, researchers who crowd trials together in the hope of shortening training
time defeat their purpose. The duration of the training required for a conditioned
response to appear is determined by the choice of the mean latency from CS onset
to reinforcement. With a 5-s CS duration and a 20-min average interval between
reinforced CSs (an informativeness of 250) and a session length just longer than
the wait for the 2nd CS (roughly 40 min), a majority of subjects will make a con-
ditioned response on the 2nd presentation of the CS (one-shot conditioning). Most
subjects will have done so by the end of the second session (4 CS-reinforcement
associations). Shortening the intertrial interval to 5 s produces an informativeness of
(5 + 5)/5 = 2, which moves the regression in Fig. 4 into the region where it curves
upward toward infinity (0 learning rate). Therefore, the number of reinforcements
required will increase by more than a factor of 60. Training will take longer than the
40-80 min it would have taken using well-spaced trials. The reason most researchers
think associative learning is slow is because they are impatient and they erroneously
assume their subjects will take less time to acquire if they give them lots of trials in
little time.

There is another way of putting this counterintuitive fact: suppose that for a given
mean CS duration and mean intertrial interval, the median subject begins to respond
after 48 reinforced trials. If one takes another group and presents them with eight
times fewer trials spaced eight times more sparsely, they acquire after the same
amount of training time as the first group (Burke et al., 2023; Gottlieb, 2008); that
is, they acquire after eight times fewer reinforcements. When Gottlieb tried to pub-
lish this result—which he had replicated in six versions of the experiment, some
within- and some between-subjects—an anonymous reviewer wrote, “Only a few
crazies in Gallistel’s lab could believe that the number of reinforcements doesn’t
matter.”! I mention this to emphasize the extent to which most of the research com-
munity erroneously believes that many trials and short intervals between events are
the key to rapid associative learning. That is true for large language models running
on super computers but not for associative learning running in brains.

! And this despite the fact that a majority of Gottlieb’s six experiments were done in Rescorla’s lab.
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The approximately scalar relation between informativeness and the learning rate
explains another equally counterintuitive experimental result: Partial reinforce-
ment—interspersing reinforced trials with unreinforced trials—has no effect on the
number of reinforcements required for the acquisition of the conditioned response
(Gibbon et al., 1980). Partial reinforcement decreases the conditional rate, Agcs.
and the contextual rate, Ag ¢, by the same factor. Their ratio, the informativeness, is
unchanged, and so, therefore, is the learning rate. The CS and the reinforcement are
equally strongly associated; only the time scale has changed—and associative learn-
ing is time-scale invariant!

Perhaps the most counterintuitive experimental result predicted by the Learning
Rate Law is that partial reinforcement in trace conditioning reduces reinforcements
to acquisition (Burke et al., 2023). The gap between CS offset and reinforcement is
the reinforcement-predicting state in trace conditioning (Balsam, 1984; Balsam &
Gibbon, 1982). Put another way, reinforcement is associated with CS offset at the
beginning of the gap state. On trials when no reinforcement follows, there is no gap
state, so those trials do not enter the computation of the rate of reinforcement during
the gaps. The informativeness of a gap is the ratio between the gap rate of reinforce-
ment, 1/gap duration, and the contextual rate. The contextual rate is the cumulative
reinforcement count divided by the cumulative duration of the intertrial intervals,
whether an ITI contains a gap state or not. Partial reinforcement reduces the con-
textual rate without affecting the gap rate, thereby increasing the informativeness,
which reduces reinforcements to acquisition.

The counterintuitive experimental results just summarized are hard to reconcile
with the Aristotelean conception of associative learning. So is one-shot learning
because Eq. (1) is a model for gradient descent. Some modelers in the Aristotelean
tradition believe that if a process is not gradient descent, it is not a neurobiologi-
cal learning process (Richards & Kording, 2023). Gradient descent in a billion-
dimensional weight space is what the back-propagation algorithm in large language
models does. It is slow because the changes on any given trial must be small. This
perhaps explains why the Learning Rate Law, time-scale invariance and one-shot
learning are rarely if ever mentioned in reviews of formal models of the Aristotelean
association-forming process.

Assignment of Credit

Rescorla and Wagner sought an explanation of the assign-of-credit results in asso-
ciative learning experiments when they developed Eq. (1), the delta-rule updating
equation that has dominated formal modeling (Esber et al., 2025). The assignment-
of-credit problem is to determine which predictors get credit for a reinforcement.
More than one predictor is generally present because CSs, responses and reinforce-
ments occur in some context and the context competes with the CS or the response
for credit. When the rate of reinforcement is the same whether the CS is present or
not, the context gets credit for the reinforcements that occur during the CS (back-
ground conditioning; Rescorla, 1968). If a new CS is presented in compound with
an already conditioned CS, the new CS gets none of the credit (blocking Kamin,
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1969). If two CSs are always presented together, one of them gets all of the credit
(overshadowing: Kamin, 1969; Reynolds, 1961). When one CS accounts for all the
explainable variance, it gets all the credit even though it is reinforced no more fre-
quently than the other two (relative validity: Wagner et al., 1968). Subjects seem to
have a statistician in their brain telling them which CSs best predict. Rescorla and
Wagner were trying to describe formally the brain process that enables this display
of intelligence.

Equation (1) has two free parameters, the learning rate, a, which is a scalar and
the asymptotic association, A(R). The latter is a vector-valued function of R; it has
a positive value (typically 1) on reinforced trials and value O on unreinforced trials.
In descendants of Eq. (1), there are many more free parameters (Honey et al., 2020;
Piray & Daw, 2021; Vogel et al., 2019). They are adjusted during simulations to
produce results resembling those obtained experimentally. They are rarely estimated
experimentally, unlike k£ in the Learning Rate Law. The indefensible assumption
that made Rescorla and Wagner’s simulation of Rescorla’s contingency-not-pairing
results appear to work, which has remained almost unchallenged for decades, should
raise suspicions about contemporary simulations that take advantage of even more
free parameters.

There are no difference equations and no free parameters in the rate-based infor-
mation-theoretic approach to associative learning. Because independent rates are
additive, assignment of credit reduces to solving the relevant system of simultaneous
equations. The observed rates of reinforcement are the known (directly observed)
quantities on the right in these equations. The rates to be attributed to the possible
predictors appear on the left under hats and multiplied by hatted coefficients. The
coefficients are temporal probabilities, the ratios of two cumulative durations. For
example, %, which is the cumulative duration of the CS divided by the cumulative

C
duration of the context, is the probability that reinforcements randomly distributed
in the context will fall in a CS. The system of equations is solvable because the sum
of the rates attributed to the different possible predictors when multiplied by the cor-
responding temporal probabilities must equal the observed rates.

The rate observed during the CSs is Ay cs = MRics /Tcs, where ng g is the cumu-
lative count of reinforcements during the CSs and 7-g is cumulative CS duration
(where cumulation extends across sessions). The rate observed in the context is
Aric = Ny /Tc, where ngc is the sum of the reinforcements during CSs and the

reinforcements in their absence (during the intertrial intervals). The system of simul-
taneous equations is

and
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The first equation says that the contextual rate on the right, Ag,c, equals the rate to
be attributed to the context itself, /IC, plus the fractlon of the time the CS was pre-
sent, 2% times the rate to be attributed to the CS, ﬂcs The second says that the

observed CS rate on the right, Ag g, is the sum of the rate attributed to it and the
rate attributed to the context, /IC, because, when the CS is present, so is the context.
In matrix form, the system of equations is written

—1

I Tes -1
R T Aric | _ |1 P(CSIO) ARic (62)
R Toes Tes Arics 11 ARics

TCS TCS

In the conventional notation for a matrix equation, this becomes wonderfully
compact:

T =P, (6b)
where ER denotes the column vector of attributed rates (the unknowns), P~! denotes
the inverse of the conditional probability matrix, and Ay is the column vector of
observed rates of reinforcement (the knowns).

The elements of the matrix are the coefficients of the equations. The coef-
ficients are the conditional temporal probabilities of the potential predictors.
Unlike the most common probabilities, which are ratios of unitless counts, tem-
poral probabilities are ratios of cumulative durations. The temporal units cancel,
leaving unitless, time-scale-invariant temporal probabilities. The temporal prob-
abilities are observed, hence measured. The model assumes hatted variables in
the head approximately equal to the observed probabilities.

The upper left coefficient, =, in the matrix in Eq. (6a) is the probability that the

C
context is present cond1t10na1 on its being present, which is, of course, 1. The upper

right coefficient, ==, is the probability of the CS being present at randomly chosen
C
moments when in the context. When there are no reinforcements other than during
the CS, this ratio is the reciprocal of the informativeness. The lower left coefficient,
Toes - 10 . . L s
, is the probability that the context is present when the CS is present; it is 1

because the CS occurs only in the test chamber. The bottom right coefficient is the
probability that the CS is present given that it is present, which is, of course, 1.

The —1 exponent on the matrix denotes inversion. The matrix is inverted by the
Gaussian row-echelon elimination algorithm, now built into spreadsheets and sci-
entific programming languages. The inverted matrix is a mathematical machine;
it takes observed rate vectors as input and outputs attributed rate vectors. Like all
mathematical machines, its gears are the basic binary operations in arithmetic (+
and X/+).

For illustration, consider the application of Eq. (6a) to Rescorla’s contingency-
not-pairing experiment, in which he employed the truly random control (Rescorla,
1968)—see Fig. 1: an “experimental” group was shocked at a rate of approxi-
mately 0.25/min only during 2 min-long tone CSs that were separated on average
by roughly 18 min. The “truly random control” group—the group of principal
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interest—was shocked at the same rate throughout each session, whether the CS
was present or not. The rats in the experimental group learned to fear the CS; the
rats in the “control” group did not—although they got the same temporal pairings
between CSs and shocks as the experimental group got. They did, however, learn
to fear the chamber. They resisted being placed into it.

For both groups, the CS was present 1/10th of the time, so for the matrix we have:

1.1
p- [ ]
11
Notice that the only element of the matrix not equal to 1 is the reciprocal of the
informativeness. In the new conception of associative learning, informativeness
appears almost everywhere. It ties different problems and results together con-

ceptually. For the experimental group, the contextual rate of reinforcement was
1/10th of the CS rate, so we have:

Ao [rayToes) o
R™I111 2517 |25
Credit for the shocks is attributed entirely to the tone CS. For the truly random
control the observed rates are both 0.25, so we have:

A~ [ra]'[2s] _[25
Ar = [1 1] [.25] - [ 0 ]

Credit for the shocks is attributed entirely to the test chamber (the context). Any-
one with access to a spreadsheet can verify these computations; no simulation is
required.

The rate of reinforcement attributed to the context in the experimental group is
not the same as the contextual rate of reinforcement; the attributed rate is 0, whereas
the contextual rate is 0.025. The nonzero contextual rate of reinforcement explains
why the rats in the experimental group resisted being put into the test chamber even
though they attributed O rate of shock to it. They feared the chamber because it pre-
dicted the CSs during which they sometimes got shocked.

This model of credit assignment distinguishes between what can be expected in a
context—the contextual rate of reinforcement—and the rate attributed to the context
itself. The distinction inheres in the mathematics, because the contextual rate is one
of the knowns in the system of simultaneous equations. If a subject does not esti-
mate it, the subject cannot solve the assignment of credit problem. Its inclusion in
the model enables this model of credit-assignment to explain the black data points in
Fig. 1; the rats’ response rate during the ITIs depends on the contextual rate of rein-
forcement, not on the rate attributed to the context. The simple mathematics in the
new conception connect seemingly unrelated results. They integrate concepts and
results.

Equation (6b) explains all of the results that Eq. (1) is claimed to explain (Gallistel,
1990, ch. 13)—and some results that it is acknowledged not to explain, notably retro-
active blocking and unblocking (Blaisdell et al., 1999; Matzel et al., 1985). Equation
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(1) does not explain Rescorla’s (1968) results; nor do subsequent delta-rule updating
models inspired by it. His scheduling of reinforcements with a Poisson process made
it impossible to specify when nonreinforcements occurred and, a fortiori, how many
there were (Gallistel, 2021b). Any model that decrements something when and at the
time when a reinforcement fails to occur cannot explain those results.

Equation (6b) is explicit and parameter-free, unlike the generally unsolved dif-
ference equations in parameter-rich delta-rule updating models (Honey et al., 2020;
Rescorla & Wagner, 1972; Vogel et al., 2019). There is no wiggle room. It predicts
reinforcement-by-reinforcement in real time the evolution of attributions in indi-
vidual subjects. It is a direct consequence of the insight that associative learning
is driven primarily by the perception of relative rates of reinforcement, not by the
updating effects of reinforcements and nonreinforcements on Aristotelean associa-
tions. Because attributed rates are directly manifest in measurable rates of respond-
ing (Fig. 2), we can track them in real time in individual subjects.

Equation (6b) is relevant in Pavlovian protocols where the subject’s behavior has
no effect on the communicated information between CSs and reinforcements. In
operant protocols, assignment-of-credit is solved by the perception of the informa-
tion communicated between responses and reinforcements. The operant contingen-
cies depend on the subject’s behavior. In both types of protocols, informativeness
is the crucial variable. The log of informativeness measures the association and the
nDy; measures the strength of the evidence for it.

Change-Detection

Estimating a rate by dividing the count by the duration over which events were
counted implicitly assumes the rate was constant during the count. The same sta-
tionarity assumption is implicit when estimating a probability. In fact, however, rates
and probabilities may change. The classic example in the experimental study of
associative learning is extinction; when Pavlov stopped delivering food at the termi-
nation of the CS, his dogs eventually stopped salivating to it.

It has always been understood that Hullian models, including the Rescorla-Wag-
ner model and contemporary delta-rule updating reinforcement learning models
inspired by it, do not explain long-standing experimental results on extinction and
recovery from it (Gleitman et al., 1954; Kang et al., 2024; Kimble, 1961; Niv &
Schoenbaum, 2008). Consider the simplest example in which one delivers reinforce-
ments on a Poisson schedule in a test chamber and then stops doing so, either mid-
session or at the start of a new session. During the period when the reinforcements
randomly occur, subjects run around looking for them. The rate at which they run
around is proportional to the rate of reinforcement. When one stops delivering rein-
forcements, they eventually stop running around (Killeen, 2023; Killeen & Sitomer,
2003; Lea & Dow, 1984). One is inclined to attribute the change in their behavior
to the causal effects of nonreinforcements, that is, to a failure of expectations, with
each failure decrementing the association between the context and reinforcement.
But when the reinforcements were randomly scheduled, this attributes causal effi-
cacy to immaterial ~R’s, “events” that have no sensory effects and whose times of
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occurrence cannot be specified. When that is true, the ~R’s cannot be counted and a
~R cannot cause the decrementing of net associative strength. Once again, the prob-
lem is that Eq. (1) takes no account of the durations of the intervals between events.

The most challenging experimental result is the partial reinforcement extinction
effect (Kimble, 1961, p. 286ff). If ~R’s decrement net associative strength, intermin-
gling unreinforced CS presentations with reinforced presentations should weaken
the association at the end of training. It should then require fewer consecutive unre-
inforced CSs to produce extinction. For decades, the opposite has been known to be
true. Partial reinforcement increases the number of consecutive unreinforced trials
required to meet some criterion of extinction. The effect is scalar. When only 1 in 10
training trials is reinforced, it takes 10 times as many consecutive unreinforced CS
presentations to produce extinction (Gibbon et al., 1980).

Subjects responding on concurrent variable interval schedules in which the rela-
tive rates of reinforcement change frequently approximate ideal detectors of the
changes in the relative rates. They adjust to them abruptly and about as quickly as if
they were getting advice from a statistician (Gallistel et al., 2001). This implies that
brains deal with nonstationarity by applying a good real-time parsing algorithm to
the data in the temporal map. The algorithm detects changes and reports an estimate
of when in the past they occurred. This report makes it possible to truncate the data
on which the current estimate of a rate or probability is based at the point just after
the most recent change.

From this perspective, changes are themselves events and are recorded as such
on the temporal map, thereby enabling the brain to detect simple patterns in the
changes (Higa et al., 1991; Ricci & Gallistel, 2017). Truncating the data on which
the current estimate of a rate or probability is based prevents it from becoming an
average over epochs in which there were two very different rates, neither of which
would be correctly represented by the current estimate if it ranged over data from
both epochs. Because they do not parse a temporal map, models inspired by Eq.
(1) average across changes. They do not, therefore, correctly predict extinction and
other examples of the behavioral changes that occur in response to changes in the
parameters of stochastic processes (Lea & Dow, 1984).

The key to effective change-detection is to realize that the point slope of a cumu-
lative record of events is the event rate at that point in time. A cumulative record of
reinforcements is a plot of the count as a function of time (or, for probability change
detection, as a function of trials). A change in the event rate creates a noticeable
elbow in the cumulative record (Gallistel et al., 2004; see the cumulative records in
Fig.5.)

A simple real-time elbow-detecting algorithm uses Eq. (4), the formula for the
nDy; , the statistic that measures the reliability of an association. I have already
assumed that the brain computes it reinforcement by reinforcement to judge the
reliability of perceived associations. As long as the rate has not changed, the nDyg
values bounce around beneath the gamma(.5,1) probability density distribution (see
Peter Latham’s Appendix to Gallistel & Latham, 2022). When the estimates of a
rate of reinforcement span a change, the current estimate will no longer be consist-
ent with earlier estimates. If the change was to a lower rate (a downward elbow in
the cumulative record), the current estimate will be bigger than the actual current
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rate and smaller than the pre-change rate—and vice versa if the change was to a
higher rate (an upward elbow).

The change-detecting algorithm uses Eq. (4) to compare the sequence of previous
rate estimates (in the numerator of the informativeness ratio) to the current rate esti-
mate (in the denominator). The nDy; ‘s get steadily larger up to the point in the tem-
poral map where the change occurred; then they decline all the way to the current
time. The location of the maximum in the nDg; sequence estimates the point in the
past where the change occurred; it coincides with the elbow. The brain sets a deci-
sion criterion on the maximum. When the maximum exceeds the criterion, the algo-
rithm reports a change and where it occurred. Thereafter, the data on which the cur-
rent rate estimate is based go back only to just after that most recent change point.

Because the algorithm operates on an nDy; vector the formula for modelling
change detection is:

max (nDy, ) > k
0 otherwise

i =1, @Dy k) [ @)

The Dy, function embedded in the i.,,, function is distribution-specific; the Dy,
in Eq. (7) has one form for changes in rate and a different form for changes in prob-
ability. Lett = [t,, ¢, ... ,t;, ... ,t,,t] be the time-stamp vector for reinforcements. Its
elements are f,, the time at which the count of reinforcements began, #;, the time of
each counted reinforcement, and ¢, the current time. Leti = [1,2, ..., n] be the inte-

ger indices for the elements of ¢. Then
i
A= ——
t[1 : n]

is a reinforcement-by-reinforcement vector of reinforcement rate estimates;

n

A(t)=t—t
0

is the rate estimate as of the current time ¢; and

no=i/(1+2)
n
is the vector of effective sample sizes.

To compute a change point for a probability, the brain does not count reinforce-
ments that failed to occur. The probability estimation process counts events strongly
associated with reinforcements, for example, the CS offsets in a Pavlovian delay-
conditioning. In those protocols, every reinforcement coincides with a CS offset
(whereas the reverse is not true if CSs are only partially reinforced). The retrospec-
tive contingency is 1, because for every reinforcement there is a CS offset with the
same time stamp. In that case, ¢ is the vector of CS-offset times, not reinforcement
times. Associated with it is the equinumerous vector ngy, which gives the count of
the reinforcements that have coincided with the trial offsets. Then
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p=—
i
is the vector of estimates for pg(i), the probability of reinforcement, as of the ith
trial, and

p(n)

is the current estimate. When estimating rate changes, we then have:
nDy (i) =n [ln— +— -1, (7a)
and when estimating probability changes, we have:

1-
nDy (@) =n [pln p +(1 —p)ln o )] (7b)

()

When there has been no change in the rate, the elements of rDy; in Eq. (7) are
distributed gamma(.5,1) (Gallistel & Latham, 2022). The index returned by the i,
function when it detects a change estimates the reinforcement, hence the ¢;, at which
the change occurred. The only parameter in this model of change detection is the
decision criterion. When Eq. (7) is applied to extinction data, it estimates the deci-
sion criterion. Thereafter, the decision criterion is no longer a free parameter.

Although rate of reinforcement plays the central role in the reconceptualization
of associative learning, subjects do estimate probability of reinforcement when it is
defined. Estimated probability of reinforcement plays a role in determining various
aspects of the resulting behavior (Mallea et al., 2024). For example, the change in
the probability of reinforcement is the key variable in the extinction of Pavlovian
delay conditioning (Bouton et al., 2014; Harris & Andrew, 2017) because reinforce-
ments, when they occur, coincide with CS terminations, so the retrospective contin-
gency is 1.

Equation (7b) predicts the scalar effect of partial reinforcement on trials to extinc-
tion in pigeon autoshaping (Fig. 6), a challenge that has long defeated formal models
of associative learning.

In this model, changes are themselves events, stored in the temporal map. Extinc-
tion is the process of learning that what was once true is no longer true. In other
words, that was then, this is now. The passage of time and any event that indicates
further change induces the temporary return of behavior—on the assumption that
perhaps what once was may have returned to currency (spontaneous recovery,
renewal, reinstatement).

Departure-Rate Equation
In a concurrent VI protocol, the longer the subject dwells at Location I, the more

certain it is that a switch to Location J will produce immediate reinforcement. If
choosing the other location is conceptualized as a choice strengthened in proportion
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Fig.6 Omitted Reinforcements to Extinction Plotted against Trials per Reinforcement during Training.
Note. Dashed plot derived by applying a level curve to Gibbon et al. (1980, Fig. 4, p. 49). Dots connected
by a solid line are the omitted reinforcements to extinction predicted by applying Eq. (8b) to simulated
sequences of binary training data at the 4 different values for probability of reinforcement (.75, .5, .33,
and .1) followed by a long extinction sequence of nonreinforcements (‘0’s). There were 16 simulations
at each of the 4 probabilities of reinforcement. The assumed decision criterion was 3.3 nats, which cor-
responds to odds of 100:1 against the null (no-change) hypothesis

to the immediacy of its reinforcement, and if the elapsing duration of a stay at a
location is taken to be a discriminative stimulus, then the tendency to switch to the
other location should increase with the prolongation of a stay. In fact, however, it
does not; dwell times (visit durations) are exponentially distributed (Gallistel et al.,
2001; Gibbon, 1995; Heyman, 1979; Mark & Gallistel, 1994); the hazard function is
flat; the momentary probability of departing for the other location does not change
as the duration of a stay gets longer. This discovery led Heyman (1982) to suggest
that time allocation when foraging among different locations was not conditioned
behavior; it was a product of an innate policy.

Subsequent experiments by Belke and Gibbon revealed the policy. The first element
of the policy is to schedule departures with a Poisson process to make visit durations
exponentially distributed. Visiting different locations is motivated as much if not more
by information gathering than by food gathering. By visiting locations, subjects learn
the distribution of interreinforcement intervals at each location. If there is a periodic-
ity in their visit schedule, there is risk of aliasing. Aliasing occurs when the sampling
period is similar to a period in the distribution of interreinforcement at the sample loca-
tion, as there is, for example, when there is a fixed-time schedule of reinforcements.
Aliasing makes the wagon wheels appear to turn backwards in the movies when the
stage pulls into town and slows down. The backward turning illusion occurs when the
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frame rate in the camera is close to the wheel rotation rate. Exponentially distributed
visit durations whiten the data, thereby preventing aliasing.

The second element in the policy is to scale the rate constants of the Poisson pro-
cesses by the contextual rate of reinforcement. This adjusts the rate of running around
to the overall frequency of reinforcement in a context. When reinforcements are scarce,
it makes no sense to run around rapidly; when times are good, it makes no sense not to.

The third element in the innate policy is to proportion dwell durations to expected
reinforcement rates (the Matching Law; Herrnstein, 1961). This equates the returns
at the different locations, the amount of reinforcement per unit time invested in visit-
ing them. It also comes close to maximizing overall return (Heyman & Luce, 1979).
It is an evolutionarily stable strategy because no policy adopted by competitors can
do better than this policy (Charnov, 1976).

The elements of an efficient information-gathering policy were drawn together by
Gibbon in his Markov-process model (Gibbon, 1995, his Fig. 2), which yields Eq.
(8), the Dwell Time Equation:

1 1 1 1

Ary k(Agyr + Arpy) - kag)y ®)

C i+ Ary ARji+ARy

where I and J denote locations or mutually exclusive states between which subjects
are free to switch back and forth;

App denotes the departure rate at one of them (departure count/cumulative
dwell time);

Hpj1 denotes its reciprocal, the mean dwell time;
Agjrand Agj;  are the reinforcement rates (~VI parameters);
Ac is the cycling rate (cycles/time);

k is the constant of proportionality between the contextual rate of rein-
forcement and the cycling rate:

Ac = k(g + Ay

ARy
AR+ ARy
Herrnstein’s matching Law follows by simple substitution:

and is the reinforcement rate at J relative to the contextual reinforcement rate.

1
Hpjt kg ’1R|I

1 - £
Hp|y }”RlJ
kg

(8a)

as does the equation for the cycling rate as a function of the two reinforcement rates
(see Fig. 7 for plot):
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Fig.7 Normalized cycling rate 1.0
as calculated from Eq. (8b),
plotted against the ratio of the

lower rate of reinforcement, —~ 0.81
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Equation (8) explains the counterintuitive results obtained first by Belke (1992)
and again by Gibbon (1995). The Belke-Gibbon experiments measured what econo-
mists call revealed preference. They trained pigeons on two concurrent VI protocols.
In each protocol, the pigeons switched back and forth between two “locations:”?
between the blue and red in one protocol (left side of Fig. 8) and between the green
and yellow in the other (right side of Fig. 8). A VI 40s schedule was common to
both protocols. It was associated with the red in one concurrent pair and with the
green in the other. The alternative to VI40s in the red-blue pair was two-fold richer
(VI20s); in the green-yellow pair, it was two-fold poorer (VI80s).

Belke tested well-trained birds for their revealed preference between the red and
green locations, which were associated with the same VI 40s reinforcement rate but
in different pairs, hence different contexts. He did this by presenting them as the
only “choices” on short probe sessions with no reinforcements. The pigeons “pre-
ferred” the green 4:1; they dwelt there four times longer and made four times as
many pecks. Gibbon (1995) replicated this finding. He extended it, by also testing
the birds for their “preference” when the choice was between the blue (VI 20s) and
green (VI 40s). They “preferred” green 2:1, even though it was associated with a
rate of reinforcement only half as good as the alternative.

There are scare quotes around “preferred” and “preference,” because, on the
model in Eq. (8), the pigeons were not choosing between the alternatives offered. At
each location during the revealed preference tests, they ran the same Poisson process
they ran at that location during training. When it timed out, they left. They then went

2 Scare quotes are because in these experiments the pigeons used a change-over key to change the color
and the associated VI schedule on the main key, the key that on which pecks triggered the feeding oppor-
tunities set up by whichever of two VI schedules was operative. A single peck on the change-over key
changed the color of the VI key and put the associated VI in force after a short delay.
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Fig.8 The Belke (1992) and
Gibbon (1995) Revealed-Prefer-
ence Experiments. (The colors
in Fig. 8 are those used by Belke
and by Gibbon, except that blue
in Fig. 8 replaces their white.
They used a change-over key
protocol. Unlike in this illustra-
tion, the alternative key was not
visible when a subject was peck-
ing at a given key color.)

BVi20
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VI 40

VI 40 VI 80

VI 40

VI 40
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VI40 VI40
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VI 20 VI 40
Prefered 1 : 2

to the other active location. There, too, the average duration of their stay remained

the same as during training.

Equation (8) explains their results with quantitative rigor. Solving it for the dwell

times, we have:

1

Uplred = —L_ = Iypg
D kiglblue — k
uplgreen = ——— = 180s
D kg |yellow k
1
lue = = -4
Hp[blue kiglred — & Os

Ignoring k, which is the same in all three cases, we see that the dwell time asso-
ciated with green is four times longer than that associated with red and two times
longer than that associated with blue. The longer dwell times are a consequence of
the longer cycling time in the poorer pair of VIs. The alternative to the VI40s rate in
the richer pair was a VI 20s, whereas for the poorer, it was a VI 80s. The resulting
large difference in the contextual rates of reinforcement produced faster cycling in
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the rich-pair context and slower cycling in the poor-pair context. Faster and slower
cycling translate into shorter and longer dwell times, which is why, to quote Gib-
bon’s title, “Arousal makes better seem worse.” The “seem” in this quote refers to
our perceptions, not those of the pigeons. We compare the rates of reinforcement
at the two locations, between which we suppose them to have been choosing. The
experimental results show that they were not comparing nor choosing; they were
leaving when the Poisson process that schedules departures timed out. Here, too, it
is relative rates—in this case, the departure rates—that enables us to understand the
underlying process, not choice probabilities.

Conclusions

Reconceptualizing associative learning as the perception of measurable temporal
associations yields a mathematically coherent quantitative understanding of a wide
range of experimental results, many of which have resisted quantitative explanation
for decades. The key to the reconceptualization is the realization that for a brain to
perceive a temporal association it must compute the informativeness ratio between
two observed rates, a conditional rate, and the relevant contextual rate. This shifts
the focus onto rate of reinforcement and rate of responding rather than probability of
reinforcement and probability of response.

The shift in focus brings with it a major methodological benefit, because, under
many circumstances, there is a scalar mapping from measured rates of reinforce-
ment to measured rates of responding (Fig. 2). When this is true, we measure the
brain’s representation of a quantitative fact about its experience (rate of reinforce-
ment) when we measure rate of responding. For research on the neurobiological
bases of associative learning, this is a gift.

The ubiquitous role of informativeness brings to the study of associative learning
the power and elegance of information theory because the log of informativeness is
the information communicated between temporally associated events—Eq. (3).
Informativeness is also the variable in the formula for measuring the strength of the
evidence for temporal association—Eq. (4). It is also the variable in the change-
detection equation—Eq. (7)—which gives us a rigorous quantitative explanation of
the partial-reinforcement extinction effect. Informativeness determines the learning
rate—Eq. (5). The reciprocal of informativeness, p(CS) = %, is the key element of

C

the P matrix in credit assignment—Eq. (6a).
Equation (5), the Learning Rate Law, may be rewritten as a trade-off function:

ngi—1)=k

In this form, the equation says that the product of the number of reinforced CSs,
ng, and CS informativeness (1 — 1) must exceed & for a subject to decide to increase
its rate of responding when being trained on a simple Pavlovian protocol in which
the CS predicts reinforcement. The equation specifies combinations of measured
stimulus variables—ny and 1—that have a constant behavioral effect—the onset con-
ditioned responding. The empirical function for omitted reinforcements to extinction
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as a function of trials/reinforcement during training—the dashed plot in Fig. 8—is
also a trade-off function. The stimulus variables are the ~R/trial during training and
the number of consecutive ~R trials during extinction.

Trade-off functions have singular importance in behavioral neuroscience, because
the behaviorally obtained function must obtain for every neurobiological variable
in the causal path from the point in the brain where the effects of the two stimulus
variables combine to observable behavior (Gallistel et al., 1981). For example, the
scotopic spectral sensitivity function obtained from the verbal responses of human
subjects superimposes on the in situ spectral sensitivity of rhodopsin, because the
signal detected by the human observer is jointly determined by the light intensity,
its wavelength and the absorption spectrum of rhodopsin. A simple trade-off experi-
ment makes the absorption spectrum of the key molecule at the beginning of the
causal cascade evident in the behavioral data. Satisfying a behavioral trade-off func-
tion is a powerful test for a linkage hypothesis, for example, the hypothesis that the
isomerization of rhodopsin is the first stage in scotopic vision. A linkage hypothesis
identifies a behaviorally defined variable (e.g., scotopic spectral sensitivity) with a
variable defined by physical chemistry (the absorption spectrum of rhodopsin; see
Teller & Pugh, 1983, for further discussion of linkage hypotheses).

Suppose, for example, one were to conjecture that the mesolimbic dopamine sig-
nal encodes the decision variable for adjusting response rate to the change in rein-
forcement rate predicted by a CS. On that linkage hypothesis, the neurobiological
effect of informativeness and the effect of the number of reinforcements must com-
bine to produce a signal whose value equals a constant when conditioned behavior
appears. One reinforcement with high informativeness must produce the same signal
as several hundred with low informativeness. If this is not the case, then the link-
age hypothesis fails. None of the linkage hypotheses proposed for the mesolimbic
dopamine signal has been subject to such a strong test (see Namboodiri, 2024, for
review).

The reconceptualization of associative learning changes the ontological status of
“association” in the cognitive and neurosciences. Associations are no longer hypo-
thetical mental entities often linked to postulated changes in interneuronal connec-
tions in brains (Brown et al., 1990). Associations are measurable statistical facts
about the distribution of events in time. They exist independently of minds and
brains.?

The percept of a temporal association is no more itself an association than a color
percept is a surface reflectance spectrum. The percepts on which intelligent behavior
in associative learning depends are symbols in memory. They represent perceived
quantitative facts about the environment in which behavior unfolds, such as the con-
ditional and unconditional rates of reinforcement. Quantity-specifying symbols are
the information-carrying physical stuff on which a brain’s computational machinery
operates to generate behavior (Gallistel, 1990, 2021a, b; Gallistel & King, 2010).

3 This assumes scientific realism, the belief that minds are embedded in a world in which events unfold
in time and space, as they do in the theories of physicists.
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The change in the ontological status of “association” within the neurobehav-
ioral study of associative learning has broad implications. It undermines the con-
ceptual foundations for current efforts to determine the neurobiological basis of
memory. Most such efforts use Pavlovian protocols to instill engrams (Poo et al.,
2016; Schultz, 2015). They take for granted the motto of the Society for Neurosci-
ence—“Neurons that fire together, wire together” (Shatz, 2019). They look in brains
for the neurobiological realization of the associative bonds first posited by Aristo-
tle, embraced by British empiricists millennia later, and made the core concept in
behaviorist cognitive science (McClelland et al., 1986).

The realization that associative bonds do not explain Pavlovian and operant/rein-
forcement learning also calls into question connectionist approaches to cognitive
science (Maurer, 2021). It undermines the claim that Large Language Models do
what they do because they work in the same way brains work (Xu & Poo, 2023).
Those who make these claims take it for granted that associative bonds are the foun-
dation of biological intelligence. They correctly insist that associative bonds are not
symbols: they do not encode anything, nor are they elements in a symbol processing
system (Heaven, 2023). Connection weights are the conceptual stuff of Large Lan-
guage Models but they are not the explanation for associative learning as a biologi-
cal phenomenon.*
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are computed by back-propagation. There is no evidence for this computation in brains and it is wildly
implausible because it depends on an omniscient tutor that gives the correct answer after each of the
quadrillions of trials. There is, by contrast, abundant behavioral and neurobiological evidence for the
computation of counts, durations and rates—computations for which no tutor is required.



Perspectives on Behavior Science (2025) 48:203-239 235

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

Alsop, B., & Elliffe, D. (1988). Concurrent-schedule performance: Effects of relative and overall rein-
forcer rate. Journal of the Experimental Analysis of Behavior, 49(1), 21-36.

Arcediano, F., Escobar, M., & Miller, R. R. (2003). Temporal integration and temporal backward
associations in humans and nonhuman subjects. Learning & Behavior, 31, 242-256.

Balsam, P. D. (1984). Relative time in trace conditioning. In J. Gibbon & L. Allan (Eds.), Timing and
time perception (vol. 243, pp. 211-227). New York Academy of Sciences.

Balsam, P. D., & Gallistel, C. R. (2009). Temporal maps and informativeness in associative learning.
Trends in Neurosciences, 32(2), 73-78. https://doi.org/10.1016/j.tins.2008.10.004

Balsam, P. D., & Gibbon, J. (1982). Factors underlying trace decrements in autoshaping. Behaviour
Analysis Letters, 2, 197-204.

Balsam, P. D., Fairhurst, S., & Gallistel, C. R. (2006). Pavlovian contingencies and temporal informa-
tion. Journal of Experimental Psychology: Animal Behavior Processes, 32, 284-294.

Balsam, P. D., Simpson, E. H., Taylor, K., Kalmbach, A., & Gallistel, C. R. (2024). Learning depends
on the information conveyed by temporal relationships between events and is reflected in the
dopamine response to cues. Science Advances, 10(36), eadi7137. https://doi.org/10.1126/sciadv.
adi7137

Belke, T. W. (1992). Stimulus preference and the transitivity of preference. Animal Learning & Behavior,
20, 401-406.

Blaisdell, A. P, Gunther, L. M., & Miller, R. R. (1999). Recovery from blocking achieved by extinguish-
ing the blocking CS. Animal Learning & Behavior, 27, 63-76.

Bouton, M. E., Woods, A. M., & Todd, T. P. (2014). Separation of time-based and trial-based accounts of
the partial reinforcement extinction effect. Behavioral Processes, 101(1), 22-31. https://doi.org/10.
1016/j.beproc.2013.08.006

Brown, T. H., Kairiss, E. W., & Keenan, C. L. (1990). Hebbian synapses: biophysical mechanisms and
algorithms. Annual Review of Neuroscience, 13(8), 475-511.

Burke, D. A., Jeong, H., Wu, B., Lee, S. A., Floeder, J. R., & Namboodiri, V. M. K. (2023). Few-shot
learning: Temporal scaling in behavioral and dopaminergic learning. bioRxiv. https://doi.org/10.
1101/2023.03.31.535173

Cammaerts, M.-C., & Cammaerts, R. (2022). Ants’ capability of associating odors with time periods of
the day. Journal of Ethology, 41, 79-89. https://doi.org/10.1007/s10164-022-00770-1

Chandran, M., & Thorwart, A. (2021). Time in associative learning: A review on temporal maps. Fron-
tiers in Human Neuroscience, 15(167). https://doi.org/10.3389/tnhum.2021.617943

Chang, L., & Tsao, D. Y. (2017). The code for facial identity in the primate brain. Cell, 169, 1013-1028.
https://doi.org/10.1016/j.cell.2017.05.011

Chang, L., Egger, B., Vetter, T., & Tsao, D. Y. (2021). Explaining face representation in the primate
brain using different computational models. Current Biology, 31(13), 2785-2795. https://doi.org/
10.1016/j.cub.2021.04.014

Charnov, E. L. (1976). Optimal foraging: The marginal value theorem. Theoretetical Population Biology,
9, 126-136.

Cover, T. M., & Thomas, J. A. (1991). Elements of information theory (2nd ed.). Wiley Interscience.

Cruzado, N. A, Tiganj, Z., Brincat, S. L., Miller, E. K., & Howard, M. W. (2019). Conjunctive represen-
tation of what and when in monkey hippocampus and lateral prefrontal cortex during an associa-
tive memory task. bioRxiv. https://doi.org/10.1101/709659


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.tins.2008.10.004
https://doi.org/10.1126/sciadv.adi7137
https://doi.org/10.1126/sciadv.adi7137
https://doi.org/10.1016/j.beproc.2013.08.006
https://doi.org/10.1016/j.beproc.2013.08.006
https://doi.org/10.1101/2023.03.31.535173
https://doi.org/10.1101/2023.03.31.535173
https://doi.org/10.1007/s10164-022-00770-1
https://doi.org/10.3389/fnhum.2021.617943
https://doi.org/10.1016/j.cell.2017.05.011
https://doi.org/10.1016/j.cub.2021.04.014
https://doi.org/10.1016/j.cub.2021.04.014
https://doi.org/10.1101/709659

236 Perspectives on Behavior Science (2025) 48:203-239

Crystal, J. D. (2021). Event memory in rats. In A. B. Kaufman, J. Cal, & J. C. Kaufman (Eds.), Cam-
bridge handbook of animal cognition (pp. 190-209). Cambridge University Press.

Dayan, P., & Niv, Y. (2008). Reinforcement learning: The good, the bad and the ugly. Current Opinion in
Neurobiology, 18(2), 185-196.

Eichenbaum, H., & Fortin, N. (2003). Episodic memory and the hippocampus: It’s about time. Current
Directions in Psychological Science, 12(2), 53-56.

Esber, G., Schoenbaum, G., & Iordanova, M. D. (2025). The Rescorla-Wagner model: It is not what you
think it is. Neurobiology of Learning & Memory, 217, 108021. https://doi.org/10.1016/j.nlm.2025.
108021

Gallistel, C. R. (1990). The organization of learning. Bradford Books/MIT Press.

Gallistel, C. R. (2017). Finding numbers in the brain. Philosophical Transactions of the Royal Society
(London) Series B, 373(1740), 1-10. https://doi.org/10.1098/rstb.2017.0119

Gallistel, C. R. (2017). The neurobiological bases for the computational theory of mind. In R. G. D.
Almeida & L. Gleitman (Eds.), On concepts, modules, and language (pp. 275-296). Oxford Uni-
versity Press.

Gallistel, C. R. (2021). The physical basis of memory. Cognition, 213, 104533. https://doi.org/10.1016/j.
cognition.2020.104533

Gallistel, C. R. (2021). Robert Rescorla: Time, information and contingency. Revista de Historia de la
psicologia, 42(1), 7-21.

Gallistel, C. R., & Gibbon, J. (2000). Time, rate, and conditioning. Psychological Review, 107(2), 289—
344. https://doi.org/10.1037/0033-295X.107.2.289

Gallistel, C. R., & King, A. P. (2010). Memory and the computational brain: Why cognitive science will
transform neuroscience. Wiley/Blackwell.

Gallistel, C. R., & Latham, P. E. (2022). Bringing Bayes and Shannon to the study of behavioral and neu-
robiological timing. In C. R. Gallistel & P. E. Latham (Eds.), Timing & time perception (pp. 1-61).
Brill Press. https://doi.org/10.1163/22134468-bjal0069

Gallistel, C. R., & Matzel, L. D. (2013). The neuroscience of learning: Beyond the Hebbian Synapse.
Annual Review of Psychology, 64, 169-200.

Gallistel, C. R., & Shahan, T. A. (2024). Time-scale invariant contingency yields one-shot reinforcement
learning despite extremely long delays to reinforcement. Proceedings of the National Academy of
Sciences USA, 121(30), €2405451121. https://doi.org/10.1073/pnas.2405451121

Gallistel, C. R., Shizgal, P., & Yeomans, J. S. (1981). A portrait of the substrate for self-stimulation. Psy-
chological Review, 88(3), 228-273. https://doi.org/10.1037/0033-295X.88.3.228

Gallistel, C. R., Mark, T. A., King, A., & Latham, P. E. (2001). The rat approximates an ideal detector of
changes in rates of reward: Implications for the law of effect. Journal of Experimental Psychology:
Animal Behavior Processes, 27, 354-372. https://doi.org/10.1037/0097-7403.27.4.354

Gallistel, C. R., Balsam, P. D., & Fairhurst, S. (2004). The learning curve: Implications of a quantitative
analysis. Proceedings of the National Academy of Sciences, 101(36), 13124-13131.

Gallistel, C. R., Craig, A., & Shahan, T. A. (2019). Contingency, contiguity and causality in conditioning:
Applying information theory and weber’s law to the assignment of credit problem. Psychological
Review, 126(5), 761-773. https://doi.org/10.1037/rev0000163

Gibbon, J. (1981). The contingency problem in autoshaping. In C. M. Locurto, H. S. Terrace, & J. Gib-
bon (Eds.), Autoshaping and conditioning theory (pp. 285-308). Academic Press.

Gibbon, J. (1995). Dynamics of time matching: Arousal makes better seem worse. Psychonomic Bulletin
and Review, 2(2), 208-215.

Gibbon, J., & Balsam, P. D. (1981). Spreading associations in time. In C. M. Locurto, H. S. Terrace, & J.
Gibbon (Eds.), Autoshaping and conditioning theory (pp. 219-253). Academic Press.

Gibbon, J., Berryman, R., & Thompson, R. L. (1974). Contingency spaces and measures in classical
and instrumental conditioning. Journal of the Experimental Analysis of Behavior, 21(3), 585-605.
https://doi.org/10.1901/jeab.1974.21-585

Gibbon, J., Baldock, M. D., Locurto, C., Gold, L., & Terrace, H. S. (1977). Trial and intertrial dura-
tions in autoshaping. Journal of Experimental Psychology: Animal Behavior Processes., 19(2),
264-284. https://doi.org/10.1037/0097-7403.3.3.264

Gibbon, J., Farrell, L., Locurto, C. M., Duncan, H. J., & Terrace, H. S. (1980). Partial reinforcement in
autoshaping with pigeons. Animal Learning & Behavior, 8, 45-59. https://doi.org/10.3758/BF032
09729

Gleitman, H., Nachmias, J., & Neisser, U. (1954). The S-R reinforcement theory of extinction. Psycho-
logical Review, 61(1), 23-33.


https://doi.org/10.1016/j.nlm.2025.108021
https://doi.org/10.1016/j.nlm.2025.108021
https://doi.org/10.1098/rstb.2017.0119
https://doi.org/10.1016/j.cognition.2020.104533
https://doi.org/10.1016/j.cognition.2020.104533
https://doi.org/10.1037/0033-295X.107.2.289
https://doi.org/10.1163/22134468-bja10069
https://doi.org/10.1073/pnas.2405451121
https://doi.org/10.1037/0033-295X.88.3.228
https://doi.org/10.1037/0097-7403.27.4.354
https://doi.org/10.1037/rev0000163
https://doi.org/10.1901/jeab.1974.21-585
https://doi.org/10.1037/0097-7403.3.3.264
https://doi.org/10.3758/BF03209729
https://doi.org/10.3758/BF03209729

Perspectives on Behavior Science (2025) 48:203-239 237

Gottlieb, D. A. (2008). Is the number of trials a primary determinant of conditioned responding? Journal
of Experimental Psychology: Animal Behavior Processes, 34(2), 185-201. https://doi.org/10.1037/
0097-7403.34.2.185

Grassmann, H. (1853). Zur Theorie der Farbenmischung. Annalen der Physik und Chemie, 165(5),
69-84. https://doi.org/10.1002/andp. 18531650505

Griinwald, P. (2005). A tutorial introduction to the minimum description length principle. In P. Griin-
wald, J. I. Myung, & M. A. Pitt (Eds.), Minimum description length: Theory and applications. MIT
Press.

Harris, J. A., & Andrew, B. J. (2017). Time, trials and extinction. Journal of Experimental Psychology:
Animal Learning & Cognition, 43(1), 15-29.

Harris, J. A., & Gallistel, C. R. (2024). Information, certainty and learning. eLife, 13, RP102155. https://
doi.org/10.7554/eLife.102155.1

Heaven, W. D. (2023). Geoftrey Hinton tells us why he’s now scared of the tech he helped build. MIT Tech-
nology Review. https://www.technologyreview.com/2023/05/02/1072528/geoffrey-hinton-google-why-
scared-ai/. Accessed 13 Mar 2025.

Hebb, D. O. (1949). The organization of behavior: A neuropsychological theory. Wiley.

Herrnstein, R. J. (1961). Relative and absolute strength of response as a function of frequency of rein-
forcement. Journal of the Experimental Analysis of Behavior, 4,267-272.

Heyman, G. M. (1979). A Markov model description of changeover probabilities on concurrent variable-
interval schedules. Journal of the Experimental Analysis of Behavior, 31, 41-51.

Heyman, G. M. (1982). Is time allocation unconditioned behavior? In M. Commons, R. Herrnstein, & H.
Rachlin (Eds.), Quantitative analyses of behavior: Matching and maximizing accounts (vol. 2, pp.
459-490). Ballinger Press.

Heyman, G. M., & Luce, R. D. (1979). Operant matching is not a logical consequence of maximizing
reinforcement rate. Animal Learning & Behavior, 7, 133—140.

Higa, J. J., Wynne, C. D., & Staddon, J. E. (1991). Dynamics of time discrimination. Journal of Experi-
mental Psychology: Animal Behavior Processes, 17,281-291.

Honey, R. C., Dwyer, D. M., & Iliescu, A. F. (2020). A model for Pavlovian learning and performance
with reciprocal associations. Psychological Review, 127(5), 829-852. https://doi.org/10.1037/rev00
00196

Honig, W. K. (1981). Working memory and the temporal map. In N. E. Spear & R. R. Miller (Eds.),
Information processing in animals: Memory mechanisms (pp. 167-197). Lawrence Erlbaum
Associates.

Howard, M. W. (2018). Memory as perception of the past: Compressed time in mind and brain. Trends in
Cognitive Sciences, 22(2), 124-136.

Howard, M. W., & Hasselmo, M. (2020). Cognitive computation using neural representations of time and
space in the Laplace domain. arXiv, 2003.11668. https://doi.org/10.48550/arXiv.2003.11668
Jenkins, H. M., Barnes, R. A., & Barrera, F. J. (1981). Why autoshaping depends on trial spacing. In C.
M. Locurto, H. S. Terrace, & J. Gibbon (Eds.), Autoshaping and conditioning theory (pp. 255—

284). Academic Press.

Kamin, L. J. (1969). Predictability, surprise, attention, and conditioning. In B. A. Campbell & R. M.
Church (Eds.), Punishment and aversive behavior (pp. 276-296). Appleton-Century-Crofts.

Kang, P., Tobler, P. N., & Dayan, P. (2024). Bayesian reinforcement learning: A basic overview. Neurobi-
ology of Learning & Memory, 211, 107924. https://doi.org/10.1016/j.nlm.2024.107924

Kheifets, A., & Gallistel, C. R. (2012). Mice take calculated risks. Proceedings of the National Acadenty
of Science, 109, 8776-8779. https://doi.org/10.1073/pnas.1205131109

Killeen, P. R. (2023). Theory of reinforcement schedules. Journal of the Experimental Analysis of Behav-
ior, 120(3), 289-319.

Killeen, P. R., & Sitomer, M. T. (2003). MPR. Behavioral Processes, 62(1-3), 49-64. https://doi.org/10.
1016/S0376-6357(03)00017-2

Kimble, G. A. (1961). Hilgard and Marquis’ conditioning and learning. Appleton-Century-Croft.

Krantz, D. H. (1972). Measurement structures and psychological laws. Science, 175(4029), 1427-1435.

Krantz, D., Luce, R. D., Suppes, P., & Tversky, A. (1971). The foundations of measurement Vol. 1: Addi-
tive and polynomial representations. Academic Press.

Lea, S. E. G., & Dow, S. M. (1984). The integration of reinforcements over time. In J. Gibbon & L. Allan
(Eds.), Timing and time perception (pp. 269-277). Annals of the New York Academy of Sciences.

Lett, B. T. (1975). Long delay learning in the T-maze. Learning & Motivation, 6(1), 80-90. https://doi.
org/10.1016/0023-9690(75)90036-3


https://doi.org/10.1037/0097-7403.34.2.185
https://doi.org/10.1037/0097-7403.34.2.185
https://doi.org/10.1002/andp.18531650505
https://doi.org/10.7554/eLife.102155.1
https://doi.org/10.7554/eLife.102155.1
https://www.technologyreview.com/2023/05/02/1072528/geoffrey-hinton-google-why-scared-ai/
https://www.technologyreview.com/2023/05/02/1072528/geoffrey-hinton-google-why-scared-ai/
https://doi.org/10.1037/rev0000196
https://doi.org/10.1037/rev0000196
https://doi.org/10.48550/arXiv.2003.11668
https://doi.org/10.1016/j.nlm.2024.107924
https://doi.org/10.1073/pnas.1205131109
https://doi.org/10.1016/S0376-6357(03)00017-2
https://doi.org/10.1016/S0376-6357(03)00017-2
https://doi.org/10.1016/0023-9690(75)90036-3
https://doi.org/10.1016/0023-9690(75)90036-3

238 Perspectives on Behavior Science (2025) 48:203-239

Logue, A. W. (1979). Taste aversion and the generality of the laws of learning. Psychological Bulletin,
86(2), 276-296.

Luce, R. D., Krantz, D. H., Suppes, P., & Tversky, A. (1990). Foundations of measurement Vol. III: Rep-
resentation, axiomatization and invariance. Academic Press.

Mallea, J., Schulhof, A., Gallistel, C. R., & Balsam, P. D. (2024). Both probability and rate of reinforce-
ment can affect the acquisition and maintenance of conditioned responses. Journal of Experimental
Psychology: Animal Learning & Cognition, 50(4), 254-266.

Mark, T. A., & Gallistel, C. R. (1994). Kinetics of matching. Journal of Experimental Psychology: Ani-
mal Behavior Processes, 20(1), 79-95.

Matzel, L. D., Schachtman, T. R., & Miller, R. R. (1985). Recovery of overshadowed association achieved
by extinction of the overshadowing stimulus. Learning & Motivation, 16(4), 398-412.

Maurer, H. (2021). Cognitive science: Integrative synchronization mechanisms in cognitive neuroarchi-
tectures of the modern connectionism. CRC Press.

McClelland, J. L., Rumelhart, D. E., & Hinton, G. E. (1986). The appeal of parallel distributed process-
ing. In J. L. McClelland, D. E. Rumelhart, & The PDP Research Group (Eds.), Parallel distributed
processing: Explorations in the microstructure of cognition. Vol. 1: Foundations. (pp. 365—422).
MIT Press

Namboodiri, V. M. K. (2024). “But why”: Dopamine and causal learning. Current Opinion in Behavioral
Sciences, 60, 101443.

Niv, Y., & Schoenbaum, G. (2008). Dialogues on prediction errors. Trends in Cognitive Sciences, 12(7),
265-272. https://doi.org/10.1016/j.tics.2008.03.006

Oprisan, S. A., Aft, T., Buhusi, M., & Buhusi, C. V. (2018). Scalar timing in memory: A temporal map
in the hippocampus. Journal of Theoretical Biology, 438(February 7), 133—142. https://doi.org/10.
1016/j.jtbi.2017.11.012

Piray, P., & Daw, N. D. (2021). A model for learning based on the joint estimation of stochasticity and
volatility. Nature Communications, 12(1), 6587. https://doi.org/10.1038/s41467-021-26731-9

Polyanskaya, L. (2022). Cognitive mechanisms of statistical learning and segmentation of continuous
sensory input. Memory & Cognition, 50(5), 979-996. https://doi.org/10.3758/s13421-021-01264-0

Poo, M.-m., Pignatelli, M., Ryan, T. J., Tonegawa, S., Bonhoeffer, T., Martin, K. C., ..., & Stevens, C.
(2016). What is memory? The present state of the engram. BMC Biology 14, 40. https://doi.org/10.
1186/s12915-016-0261-6

Rescorla, R. A. (1967). Pavlovian conditioning and its proper control procedures. Psychological Review,
74, 71-80. https://doi.org/10.1037/h0024 109

Rescorla, R. A. (1968). Probability of shock in the presence and absence of CS in fear conditioning. Jour-
nal of Comparative & Physiological Psychology, 66(1), 1-5. https://doi.org/10.1037/h0025984

Rescorla, R. A. (1969). Conditioned inhibition of fear resulting from negative CS-US contingencies.
Journal of Comparative & Physiological Psychology, 67, 504-509.

Rescorla, R. A., & Skucy, J. C. (1969). Effect of response-independent reinforcers during extinction.
Journal of Comparative & Physiological Psychology, 67, 381-389.

Rescorla, R. A., & Wagner, A. R. (1972). A theory of Pavlovian conditioning: Variations in the effective-
ness of reinforcement and nonreinforcement. In A. H. Black & W. F. Prokasy (Eds.), Classical
conditioning II (pp. 64-99). Appleton-Century-Crofts.

Revusky, S., & Garcia, J. (1970). Learned associations over long delays. In G. H. Bower & J. T. Spence
(Eds.), The psychology of learning and motivation (vol. 4, pp. 1-89). Academic Press.

Reynolds, G. S. (1961). Attention in the pigeon. Journal of the Experimental Analysis of Behavior, 4,
203-208.

Ricei, M., & Gallistel, C. R. (2017). Accurate step-hold tracking of smoothly varying periodic and ape-
riodic probability. Attention, Perception & Psychophysics, 79, 1480—1494. https://doi.org/10.3758/
s13414-017-1310-0

Richards, B. A., & Kording, K. P. (2023). The study of plasticity has always been about gradients. Jour-
nal of Physiology, 601(15), 3141-3149. https://doi.org/10.1113/JP282747

Sawa, K., & Kurihara, A. (2014). The effect of temporal information among events on Bayesian causal
inference in rats. Frontiers in Psychology, 5. https://doi.org/10.3389/fpsyg.2014.01142/full

Schultz, W. (2015). Neuronal reward and decision signals: From theories to data. Physiological Reviews,
95(3), 853-951. https://doi.org/10.1152/physrev.00023.2014

Shannon, C. E. (1948). A mathematical theory of communication. Bell Systems Technical Journal,
27(379-423), 623-656. https://doi.org/10.1002/j.1538-7305.1948.tb01338.x


https://doi.org/10.1016/j.tics.2008.03.006
https://doi.org/10.1016/j.jtbi.2017.11.012
https://doi.org/10.1016/j.jtbi.2017.11.012
https://doi.org/10.1038/s41467-021-26731-9
https://doi.org/10.3758/s13421-021-01264-0
https://doi.org/10.1186/s12915-016-0261-6
https://doi.org/10.1186/s12915-016-0261-6
https://doi.org/10.1037/h0024109
https://doi.org/10.1037/h0025984
https://doi.org/10.3758/s13414-017-1310-0
https://doi.org/10.3758/s13414-017-1310-0
https://doi.org/10.1113/JP282747
https://doi.org/10.3389/fpsyg.2014.01142/full
https://doi.org/10.1152/physrev.00023.2014
https://doi.org/10.1002/j.1538-7305.1948.tb01338.x

Perspectives on Behavior Science (2025) 48:203-239 239

Shatz, C. (2019). Fire together, wire together: Carla Shatz on scientific breakthroughs. Neuronline.
https://neuronline.sfn.org/scientific-research/fire-together-wire-together-carla-shatz-on-scientific-
breakthroughs. Accessed 13 Mar 2025.

Taylor, K. M., Joseph, V., Zhaoc, A. S., & Balsam, P. D. (2014). Temporal maps in appetitive Pavlovian
conditioning. Behav Processes, 101, 15-22. https://doi.org/10.1016/j.beproc.2013.08.015

Teller, D. Y., & Pugh, E. N. J. (1983). Linking propositions in color vision. In J. D. Mollon & L. T.
Sharpe (Eds.), Colour vision: Physiology and psychophysics. Academic Press.

Timberlake, W. (1995). Reconceptualizing reinforcement: A causal-system approach to reinforce-
ment and behavior change. In W. O’Donohue & L. Krasner (Eds.), Theories of behavior therapy:
Exploring behavior change (pp. 59-96). American Psychological Association.

Vogel, E. H., Ponce, F. P, & Wagner, A. R. (2019). The development and present status of the SOP
model of associative learning. Quarterly Journal of Experimental Psychology, 72(2), 346-374.
https://doi.org/10.1177/1747021818777074

Wagner, A. R., Logan, F. A., Haberlandt, K., & Price, T. (1968). Stimulus selection in animal discrimina-
tion learning. Journal of Experimental Psychology, 76(2), 171-180. https://doi.org/10.1037/h0025
414

Xu, B., & Poo, M.-M. (2023). Large language models and brain-inspired general intelligence. National
Science Review, 10(10), nwad267. https://doi.org/10.1093/nsr/nwad267

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.


https://neuronline.sfn.org/scientific-research/fire-together-wire-together-carla-shatz-on-scientific-breakthroughs
https://neuronline.sfn.org/scientific-research/fire-together-wire-together-carla-shatz-on-scientific-breakthroughs
https://doi.org/10.1016/j.beproc.2013.08.015
https://doi.org/10.1177/1747021818777074
https://doi.org/10.1037/h0025414
https://doi.org/10.1037/h0025414
https://doi.org/10.1093/nsr/nwad267

	Reconceptualized Associative Learning
	Abstract
	Measuring Communicated Information
	What is in the Head
	How Associations are Perceived
	Sample Size and Reliability
	The Learning Rate Law
	Assignment of Credit
	Change-Detection
	Departure-Rate Equation
	Conclusions
	Acknowledgements 
	References


