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Abstract: A non-linear modification to Miner’s rule for damage accumulation is proposed to reduce
the scatter between experimental fatigue life and fatigue life predicted according to the original
Miner’s sum. Based on P-s-n probability distribution and design s-n curves, the modification satisfies
the assumption of equality between the mean damage degree (at the critical level) and fatigue life
random variables, which is not covered in the original formulation. The adopted formulation shows
the discrepancies between the fatigue lives predicted according to the design s-n curves and the
estimated probability distribution. It also proves that it is inappropriate to apply a normal distribution
to fatigue life analysis and that the model becomes non-linear only for non-normal distributions.
The predictions according to the established model were compared to the predictions obtained with
Miner’s rule.
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1. Introduction

The estimation of the degree of accumulated fatigue damage (damage degree) is neces-
sary for the most common deterministic approach for the fatigue life analysis of structural
materials under variable amplitude loading [1,2]. In general, the existing damage accumu-
lation rules are based on models that can be classified into two categories—micro-scale
and phenomenological [1,2]. The modeling of microscale mechanisms is still a challenging
issue due to their complexity arising from the diversity of fatigue crack mechanisms and
the randomness of material microstructures. The data needed for the calculation process
may not be fully available in standard application situations, which, together with their
complexity, makes these models difficult to apply in practical engineering. As an alter-
native, from the phenomenological perspective, fatigue damage is treated as a time- and
loading-dependent process. It is assumed that damage gradually accumulates along with
the loading cycles and that a developing crack will result in failure when the accumulated
damage exceeds its critical value. Estimates of the accumulated damage are obtained
mostly on the basis of the widely available stress–life (s-n) curves. The fact that these
curves have been identified by the least squares method [3] leads to the inappropriate
assumptions that 50% of the experimental lives are on the left side of the reference s-n curve,
and 50% of the experimental lives are on the right side and that the normal distribution is
appropriate for modeling fatigue damage. This issue could be overcome by, for example,
implying a probabilistic stress–life curve, as was done in Reference [4], or a non-linear s-n
curve, as was done in Reference [5], with the median interpolated according to the Weibull
distribution identified by the maximum likelihood estimation. However, the latter can be
viewed as being too complex for engineering approaches, mostly due to the problematic
identification of the likelihood function. Nevertheless, in order to maintain the simplicity
of the widely used ASTM standard [3], the modified approach should correspond to the
existing s-n curves.

While analyzing the failure probability–stress–number of load cycles (P-s-n) non-
normal probability distributions, it can be concluded that the number of cycles corre-
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sponding to the mean damage degree does not correspond to the mean fatigue life. At the
same time, significant scatter of the computed damage degree versus the mean life can be
observed. Although considerable studies have been performed on statistical models of fa-
tigue damage accumulation, they often can be viewed as having a high level of complexity
(e.g., References [6–8]).

The aim of the present study was to propose a simple way to modify the stress-
related damage accumulation rules in order to better reflect the nature of the variance in
experimental fatigue life and, as a result, to decrease the scatter between the predicted
and experimental life. The approach is based on the probability distribution for a one-
stage loading.

2. Relation between Fatigue Damage Accumulation and Fatigue Life

The fatigue life depends on the amount of damage the material can accumulate. Since
this measurement cannot be physically obtained, an appropriate deterministic measure is
usually introduced. Logically, the damage measure should take into account the applied
load (or its result) and the loading duration. The most common measure is the damage
degree, d. In the historically first, phenomenological Miner’s rule, the degree of damage
accumulated during one loading stage, can be obtained according to the following equation:

d = n/n f , (1)

where:
n—the number of cycles in the loading stage;
nf—the s-n curve number of cycles to failure.
In case of a multi-stage loading, it is rewritten as follows:

d =
j

∑
i=1

ni/n f i, (2)

where:
i—the index of the loading stage;
j—the number of loading stages.
Here, the information on the applied load is hidden in the nf value, whereas the

duration of the applied load is given in the n value. The value of the number of cycles to
failure nf is derived according to the s-n curve, relating the applied constant amplitude
load to the fatigue life (Figure 1). Most frequently, in such formulations, it is assumed that
the fatigue failure occurs when the damage degree reaches the critical value of d = dc = 1,
which applies also to Miner’s rule.

As can be seen, Miner’s rule is based on a linear model of damage accumulation.
Although Miner’s rule is widely used in the case of metallic materials because it is easy to
implement and computationally inexpensive, an issue was raised concerning the scatter of
the critical damage degree [1]. Linear damage accumulation rules, under certain circum-
stances (e.g., sequential loading effects, notches, non-standard environments), can produce
significant and unusual scatter, corresponding to the scatter band equal to three or even
more [9,10]. Non-linear damage accumulation rules offer more accurate or more conserva-
tive predictions than the linear rules [9,10]. They also seem to be physically justified since
the fatigue processes involve crack nucleation, crack propagation, and final failure.

In 1956, Corten and Dolan formulated a power–law relationship for damage accumu-
lation, which allowed for accounting for load effects [11]. Corten–Dolan’s model is also
widely used and, being stress level-dependent, it is considered to be more universal. Nev-
ertheless, the determination of its parameters can be troublesome, as they correspond to
microcosmic damage theory and damage propagation. Later, the model was also adopted
and developed by other researchers, including Marsh and Mackinnon [12], Chen [13], and,
more recently, by Zhu et al. [14]. Their attempts have focused mostly on the re-definition
of the exponent interpreted as the inverse slope of a hypothetical s-n curve. Zhu et al. [14]
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have introduced a dynamic Corten–Dolan’s model and demonstrated the better consistency
of their model, although the determination of the introduced parameters for load interac-
tions can be troublesome (approximates have been given). Furthermore, the definition of
the introduced initial strength parameter seems to lack physical justification.
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Figure 1. An example of an s-n curve.

The s-n curve is also being used in models based on isodamage lines (e.g., by Sub-
ramanyan in Reference [15]). This group of approaches seems to be consistent and easy
to interpret; however, in the underlying assumptions, it can be found that the s-n curve
corresponds to a failure probability equal to 1.

Constant research is also being conducted on the group of damage measures other
than the damage degree, for example, evaluations on the plane of maximum normal
or shear strains, such as the Smith–Watson–Topper (e.g., Reference [16]) and Fatemi–
Socie [17] parameters. Both of them utilize the Coffin–Manson equation as the fatigue
curve. Difficulties of the practical application of these approaches arise mostly because the
algorithm for finding the critical plane orientation is complicated. It also must be noted
that not all of the damage can be evaluated on the critical plane [18].

Apart from those previously mentioned, non-standard approaches are also being
developed (e.g., thermodynamic-based theories [19]), but they are often difficult in practical
applications due to the use of non-standard fatigue curves or the introduction of additional
material constants (e.g., Reference [20]).

From a statistical point of view, the reason for the scatter behavior of the critical
damage degree lies in, among others, not considering the realistic fatigue life distribution.
Another reason lies in the fact that the present formulation does not differentiate the damage
degree between the stress levels, as well as it disregards possible material hardening at the
first loading stages. It may not matter if the load spectra have similar character, but it can
influence the results when the spectra are more diverse [21,22]; however, these effects do
not arise in all materials [23].
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3. Probability-Modified Fatigue Damage Accumulation Model

The linear formulation of Miner’s rule narrows down the possible solutions for a prob-
lem. As an alternative, assume that the damage accumulation rule in the life region before
the knee point follows a power–law formulation, which makes it capable of accurately
modeling the damage accumulation process in the wide range of loading cycles [9]:

d = b · na, (3)

where:
a, b—parameters corresponding to the loading.
In case of a multi-stage loading, it is rewritten as follows:

d =
j

∑
i=1

bi · ni
ai , (4)

where:
ai, bi—values of the parameters for a given loading stage.
Suppose that the parameter b can be defined as

b = 1/n f . (5)

From the probabilistic point of view, the critical damage degree should be viewed as
the mean of the damage degree probability distribution, d = 1, and it should correspond
to the mean fatigue life, n. Due to the application of the least squares approach in the s-n
curve generation process, the mean fatigue life is equal to the s-n curve number of cycles
to failure only when the mean life in the assumed distribution of the fatigue life is the
same as the median life. This is because the method of least squares is an approach in
regression analysis that assumes the normal distribution of a set of experimental points.
In the case of symmetrical probability distributions, such as a normal distribution, the
mean life and the median life are the same. Normal, as well as log-normal or Weibull,
distributions are usually assumed to be the distributions appropriate for estimating the
probability of failure and the mean life. Due to the reasons already stated, the application
of a normal distribution remains unjustified, which can be seen in Equation (4). Here, the
exponent a would be equal to 1 due to the equality between the mean and the median life,
which automatically implies Miner’s rule with all of its inconveniences. In this way, the
critical damage degree corresponds to the number of cycles from the reference s-n curve.
In the proposed model, it is assumed that the critical damage degree remains at the same
level (i.e., dc = 1), but the corresponding number of load cycles is shifted to lower values
that result from the probabilistic s-n curve. The probabilistic s-n curve has its source in the
appropriate probability distribution for the fatigue life. From the studies performed on
P-s-n distributions (e.g., References [24–27]), it can be found that, in most cases, researchers
have applied different variants of a Weibull distribution. A variant of a Weibull distribution
tailored for a logarithmically distributed random variable of the fatigue life of steel welded
joints in a one-stage loading (i.e., a constant amplitude) was proposed by the author of
Reference [4]. In general, the probability of failure Pf in this variant can be described in the
following manner [28]:

Pf = 1− exp
(
−(log(n)/hl)

gl
)
, (6)

where:
hl = log(nf)—scale parameter, s-n curve fatigue life;
gl = p/log(nf)—shape parameter;
p—parameter of the distribution estimation, constant within the entire s-n curve.
In Equation (6), fatigue lives lying on the s-n curve do not correspond to the 50%

probability of failure (i.e., the median life), which can be seen in Figure 2 and compared to
Figure 1.
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In order to match the mean damage degree d = 1 with the mean fatigue life n,
Equation (3) should be rewritten in a logarithmic space, as follows:

dl = log(b) + a · nl , (7)

where:
dl—logarithm of d, dl = log(d)
nl—logarithm of n, nl = log(n).
It is worth mentioning that Equation (7) can also serve as a linear transfer func-

tion between the logarithm distributions of the fatigue life and the damage measure
random variable.

Due to the fact that the process of fatigue degradation of the material is non-
stationary [29–31], the number of load cycles that represent the mean fatigue life corre-
sponds to the mean damage degree only when it accumulates to its failure threshold—the
damage degree critical value. Thus, the mean fatigue life directly corresponds to the mean
damage degree only at the level of the damage critical value (Figure 3):

dl,c = log(b) + a · nl , (8)

where:
dl,c—the mean damage degree critical value, dl,c = log(1) in a one-stage loading.
Based on the above, a relation for the exponent a in the proposed damage accumulation

rule (Equation (3)) can be formulated as follows:

a = − log(b)/nl . (9)



Materials 2021, 14, 7335 6 of 16

It should be noted that, because the relation for b is a function of stress (Equation (5)),
such a formulation determines parameter a as stress-dependent. From Equation (9), it can
be seen that the exact value of a also depends on the distribution of the fatigue life. While
to some extent, the above approach resembles the one by Sun et al. [32], the considerable
differences can be found in the following underlying assumptions: (i) here, the power–law
exponent a is precisely defined and refers only to the number of cycles at the given loading
stage; (ii) due to the above, the damage degree critical value is assumed to be constant on a
given stress level, which makes the calculations less time consuming.
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Compared to the existing models listed in Section 2, the proposed model has three
advantages—(i) the suggested non-linear formulation is based on the transformed linear
transfer function for the probability distribution of a logarithm random variable rather than
subjective experiences, so it has rigorous derivation, a theoretical basis, and an additional
field of application; (ii) the applied power–law exponent becomes a slope of the linear
transfer function, which makes it constant at a given stress level and constitutes this rule
as capable of quantifying the dispersion of fatigue damage, which is dynamic during the
process of fatigue damage accumulation; and (iii) it can be established based on the basic
fatigue data of the material and the cumulative distribution function of the investigated
stress level.

4. Model Validation
4.1. Methods

In order to demonstrate the advantages of the proposed modification, fatigue failure
probability distribution, together with the uniaxial constant amplitude loading fatigue test
data, was adopted from Karolczuk and Palin-Luc [28], Gao and Yuan [33], and Xie et al. [34].
Karolczuk and Palin-Luc investigated the fatigue lives of 1.0570 steel, which allowed them
to estimate the P-s-n Weibull distribution for log fatigue lives (i.e., log(N) ∼ W(hl , gl));
Gao and Yuan re-published the data for the P-n Weibull distribution for the fatigue lives of
aluminium alloy LY12-CZ (i.e., N ∼ W(h, g)), which was originally published by Ji and
Yao [35], while Xie et al. demonstrated the normal P-s-n distribution for the log fatigue
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lives (i.e., log(N) ∼ N(µ, σ)) of aluminium alloy 2524-T3; in their paper, the distributions
were abbreviated as D1, D2, and D3, respectively.

The above data was used to generate cumulative distribution functions at different
stress levels, as well as to investigate the differences between Miner’s damage degree and
the modified damage degree. The cumulative distribution functions were analyzed in
order to:

• determine whether the probability of failure corresponding to the same damage
degree changes along with the change in stress level, that is, whether the proposed
modification is stress level-dependent;

• compare the probabilities of failure: corresponding to the mean damage degree critical
value to the one corresponding to the mean fatigue life, in order to conclude whether
they are equivalent or not; and

• determine the relationship between the damage degree and the failure probability.

Due to the limited applicability of the P-n distribution (D2), validation involved
different stress amplitudes, σa = {200; 300; 350}MPa (distributions D1 and D3) and
σa = {113; 167; 196}MPa (distribution D2). Using the above data, the damage degree d
was calculated according to the following s-n curve model:

n f = (C/σa)
m, (10)

where:
σa—stress amplitude;
C, m—material parameters.
The material parameters concerning 1.0570 steel can be found in Reference [28],

whereas, in the case of the LY12-CZ and 2524-T3 materials, the s-n curve was derived
by the least squares polynomial curve fitting, according to the published test data [33–35].
The corresponding values are shown in Table 1.

Table 1. Parameters of the s-n curve for the considered materials.

Parameters
Material

1.0570 LY12-CZ 2524-T3

C 1117.76 2069.69 8300.00
M 8.32 4.59 3.46

The estimated distribution parameters concerning distribution (D1) and the corre-
sponding test data are widely available and can be found in Reference [28]. The log-Weibull
probability distribution used herein is defined through the scale parameter h = log(nf)
(Equation (6)), determined by the s-n curve in Table 1, and the shape parameter g = p/log(nf),
with a parameter p value of 580, which was estimated as the best correlation between the
experimental and calculated fatigue lives. This fit allowed for the lives for Pf = 0.63 to agree
with the s-n curve fatigue lives (Pf = 1 − exp(−1) = 0.63) and for the scatter band defined
by Pf = {0.05; 0.95} to agree well with the experimental scatter band [28]. The scale and
shape parameters estimated for the considered stress levels can be found in Table 2.

Table 2. Parameters of Weibull distribution for fatigue lives of 1.0570 steel.

Stress Amplitude σa, MPa
Parameters

Scale, hl Shape, gl

200 6.2177 93.2824
300 4.7526 122.0384
350 4.1956 138.2399
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In distribution (D2), failure probability Pf is obtained according to the Weibull cumu-
lative distribution function, as follows:

Pf = 1− exp
(
−(n/h)g), (11)

where:
h—scale parameter,
g—shape parameter.
The parameter estimation results are shown in Table 3 [34].

Table 3. Parameters of Weibull distribution for fatigue lives of LY12-CZ aluminium alloy.

Stress Amplitude σa, MPa
Parameters

Scale, h Shape, g

113 1,442,370 1.60
167 131,635 6.55
196 59,880.5 5.32

The log-normal distribution was used to obtain the failure probability Pf for the third
material being analyzed (distribution D3):

Pf =
1
2
+

1
2

er f
(
(ln(n)− µ)/√2σ

)
, (12)

where:
erf —Gauss error function;
µ—mean value; here, µ = n [35].
The estimated parameters can be found in Table 4. Mean log life nl was calculated as

a common logarithm of the mean n in Reference [35].

Table 4. Parameters of log-normal distribution for fatigue lives of 2524-T3 aluminium alloy.

Stress Amplitude
σa, MPa

Parameters

Mean Life, n Mean Log Life, nl Standard Deviation, σ

200 376,628 5.57 43,666
300 108,119 5.03 12,876
350 62,882 4.80 5353

The model validation process requires knowledge of the amount of accumulated
damage. The parameter estimation results listed in Tables 1–3 were used to establish
the model characterizing fatigue damage accumulation, which was obtained according
to Equation (3). The underlying principle of the mean value equivalence (Equation (8))
assumes knowledge of the power–law exponent a, which can be quantified by the mean
value of fatigue life. In the condition of a given stress level, the mean value of fatigue life in
the linear space can be predicted with the knowledge of the relation for failure probability,
as follows:

n =
∫ ∞

0

(
1− Pf (n)

)
dn. (13)

In the logarithmic space, it can be predicted by the following:

nl =
∫ ∞

−∞

(
1− Pf (nl)

)
dnl . (14)

The mean values of fatigue life under the investigated stress levels were determined
according to the above equations and are summarized in Table 5. The value ascribed to
distribution (D2) was calculated as a common logarithm of the obtained mean n.
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Table 5. Log mean fatigue lives at the investigated stress levels.

Stress Amplitude σa, MPa
Material (Probability Distribution)

1.0570 (D1) LY12-CZ (D2) 2524-T3 (D3)

113 - 6.11 -
167 - 5.08 -
196 - 4.74 -
200 6.18 - 5.57
300 4.73 - 5.03
350 4.18 - 4.80

The derived mean values, together with the corresponding s-n curves, were then used
to determine the values of the parameter b and exponent a, according to Equations (5) and
(9), respectively. A plot of the values of exponent a changing along the stress amplitude can
be seen in Figure 4. Due to the limited availability of the data concerning the parameters of
distributions (D2) and (D3) at different stress levels, the values were obtained only for the
available data set and are presented in the form of vertical bars.

The investigation into the relationship between the damage degree and the failure
probability involved only the one-stage loading, as this was assumed to provide more
accurate insight into the relationship between the mean damage degree and the failure
probability. As a result, the results are well-established, and issues related to the transition
between different stress levels of constant amplitude cannot affect the results.
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4.2. Results

The proposed probability-based model was applied to predictions of damage degree
in different conditions. Here, the model was established for 1.0570 steel and two alu-
minium alloys, LY12-CZ and 2524-T3, according to Equation (3), the design s-n curves in
Equation (10) and Table 1, and the parameter estimation results listed in Section 4.1, as well
as Tables 2–5. The calculated values of damage degree were further compared to the values
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calculated according to Miner’s rule. The comparison can be seen in a plot of the calculated
values as a function of the number of cycles at the given stress levels, shown in Figure 5.
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In order to verify the ability of the model to meet the aims of the validation process,
a comparative analysis was performed between the degree of accumulated damage d
and the fatigue failure probability Pf. The analysis involved plotting the damage degree
d in the domain of the load cycles at the investigated stress levels on a retained plot
of the corresponding cumulative distribution function. A view of the above functions
obtained during the validation process can be found in Figure 6. The process allowed for
an investigation into the possible correlation between the damage degree and the failure
probability. The probabilities derived at three levels of damage degree d = {0.8; 0.9; 1.0} are
listed in Table 6.
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Figure 6. Comparisons between the probability of fatigue failure and damage degree at the different number of load cycles,
where (a–c) 1.0570 steel. Comparisons between the probability of fatigue failure and damage degree at the different number
of load cycles, where (d–f) LY12-CZ aluminium alloy. Comparisons between the probability of fatigue failure and damage
degree at the different number of load cycles, where: (g–i) 2524-T3 aluminium alloy.

Table 6. Correlation between the damage degree and probabilities of failure at different stress levels, where Pf is the
probability of failure (arithmetic mean), ∆Pf is the difference between the mean probability of failure and probabilities at
the given stress level, and σa is the stress amplitude.

Damage Degree d, -

Material (Probability Distribution)

1.0570 (D1) LY12-CZ (D2) 2524-T3 (D3)

σa, MPa Pf ∆Pf σa, MPa Pf ∆Pf σa, MPa Pf ∆Pf

1.0 200 0 113 0.08 200 −0.02
300 0.43 0 167 0.49 −0.06 300 0.50 −0.01
350 0 196 −0.02 350 0.30

0.9 200 0.07 113 0.15 200 0.02
300 0.17 −0.01 167 0.35 −0.11 300 0.17 0.03
350 −0.06 196 −0.05 350 −0.05

0.8 200 0.06 113 0.19 200 0.01
300 0.06 −0.02 167 0.24 −0.12 300 0.02 0.12
350 −0.04 196 −0.07 350 −0.02
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5. Discussion

In this study, a non-linear modification of the well-known Miner’s rule was proposed
with the aim of reducing the scatter of the damage degree and investigating the relationship
between the accumulated damage and the probability of failure. The proposed solution
demonstrated superiority over Miner’s rule in two areas—determining the relationship
between the failure probability and the damage degree and illustrating the tendency of the
fatigue life random variable.

The results were obtained according to the underlying assumption of equivalence in
the mean values of distributions of the fatigue life and the damage degree on the failure
life level. As a result of this principle, the damage critical value corresponds to the mean
fatigue life in any distribution, not only the standard normal distribution. In the case of
this distribution, the model was reduced to the original Miner’s rule, which can serve as
evidence for the inappropriateness of applying a normal distribution to fatigue analysis
and relating the 0.5 probability to the fatigue life of the s-n curve. The mean value of the
distributions used in the validation process in each case corresponded to probabilities
other than 0.5, whereas, in the case of the distribution of a logarithm random variable,
the results were found to have less scatter amongst the different stress levels. Comparing
the probabilities that correspond to the damage degree values of 0.8 and 0.9 at different
stress levels, it can be found that the probability differs amongst them, which validates the
model as capable of reflecting the nature of the load–material interaction, which varies with
different stress levels. In the case of the obtained damage degree, the biggest differences
arose at the LCF region, as can be seen in Figure 5, which makes it consistent with the
theory that damage in the LCF and HCF does not accrue at the same rate, and nor does it
accrue linearly with the applied cycle fraction, as it was underlined by Halford [36]. This
is the main advantage of the present model over the traditional Miner’s rule due to the
fact that applying Miner’s rule usually provides unsatisfactory results with the history of
loadings corresponding to the LCF region. In the case of such load histories, the predicted
fatigue life is non-conservative [9,36], whereas the biggest differences between Miner’s rule
and the proposed model were demonstrated to be in this region specifically. In the case of
the log(N) ∼W(hl , gl)) random variable at the critical damage degree, the difference at
the stress amplitude σa = 200 MPa was about 1.5 × 105 load cycles.

The introduced modified damage accumulation rule reflects the central tendency of the
fatigue life random variable, which could help in reducing the scatter of the accumulated
damage. At the same time, the approach maintains the simplicity of its traditional version,
applying standard design s-n curves into the calculation process. Additional attention
may be needed in more complex applications, such as random loading or high–low/low–
high multi-stage loadings. The formulation of parameter b remains open and can be
reformulated without additional re-definitions of the other parts of the model since the
power–law exponent a is a function of not only the mean fatigue life, but it also depends
on the value of this parameter.

The adopted form of the proposed relation for the damage degree could help in the
future advancement of research undertaken in the field of the probability distribution of
the damage degree for multi-stage loading. While the phenomena of damage accumulation
cannot be directly quantified, the appropriate distribution should be transformed from
the distribution of the fatigue life random variable. The approach requires the probability
distribution to be of the same type during the entire loading history, which imposes linear
transfer functions as the appropriate relation to adopt in order to transform the fatigue
life distribution into the distribution of damage measure, such as the damage degree. At
the same time, linear transfer functions impose linear damage accumulation rules, the
application of which remains questionable, as was stated previously. A logarithmically
distributed random variable may be the solution, which would allow for the linear transfer
function to be maintained, while the applied damage accumulation rule is non-linear and
described according to the proposed relation. The function proposed for quantifying the
fatigue damage becomes linear when transformed into the log-space, which allows for
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an easy transformation of the distribution of logarithm random variables, for example,
the log(N) random variable. Additional future research and fatigue tests are required in
order to apply the developed damage accumulation rule and validate it as a probability
distribution transfer function.

6. Conclusions

Based on the results obtained in one-stage loading conditions, the following conclu-
sions can be drawn:

• The model evidenced the inappropriateness of applying a normal distribution to the fa-
tigue life analysis of metallic materials, whereas non-linear growth of the accumulated
damage was assumed in the cases of the other distributions.

• By applying the suggested modification, the mean critical damage degree at different
values of stress amplitude in each case was found to correspond to the probability of
failure other than the 0.50 probability in the original approach.

• The logarithmic definition of the fatigue life random variable demonstrated better
consistency in the comparison results of the damage degree and failure probability.

• In each case of the material-loading combination, the values of damage degree
d = [0.8; 0.9] at different values of stress amplitude correspond to different failure
probabilities; thus, the modification was demonstrated to be capable of being stress
level-dependent, in contrast to Miner’s rule.

• The proposed model reflects the central tendency of the fatigue life random variable,
which may help to reduce the statistical scatter of the damage degree; at the same
time, the approach retains the simplicity of Miner’s rule.

• The assumed relation for the damage degree may find the application as a transfer
function, thereby enabling an estimation of the distribution of the damage degree
random variable, followed by the distribution of the fatigue life random variable in
multi-stage loading conditions.
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Abbreviations

a power–law exponent,
b loading parameter,
C s-n curve material parameter,
d degree of accumulated fatigue damage,
dc critical value of accumulated fatigue damage,
dl common logarithm for the degree of accumulated fatigue damage,
dl,c critical value of mean damage degree (in log space),
D degree of accumulated fatigue damage (random variable),
g, gl shape parameter,
h, hl scale parameter,
n number of load cycles,
nf number of cycles until fatigue failure,
n mean number of load cycles,
nl mean number of load cycles (in log space),
N number of load cycles (random variable),
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m s-n curve material parameter,
σ standard deviation,
σa stress amplitude, MPa,
Pf failure probability.

References
1. Fuchs, H.O.; Stephens, R.I.; Saunders, H. Metal Fatigue in Engineering (1980). J. Eng. Mater. Technol. 1981, 103, 346. [CrossRef]
2. Zhu, S.; Hao, Y.; Correia, J.A.D.O.; Lesiuk, G.; De Jesus, A.M. Nonlinear fatigue damage accumulation and life prediction of

metals: A comparative study. Fatigue Fract. Eng. Mater. Struct. 2019, 42, 1271–1282. [CrossRef]
3. E08 Committee Practice for Statistical Analysis of Linear or Linearized Stress-Life (S-N) and Strain-Life (-N) Fatigue Data; Book of

Standards Volume: 03.01; ASTM International: West Conshohocken, PA, USA, 2008. [CrossRef]
4. Blacha, Ł.; Karolczuk, A. Validation of the weakest link approach and the proposed Weibull based probability distribution of

failure for fatigue design of steel welded joints. Eng. Fail. Anal. 2016, 67, 46–62. [CrossRef]
5. Esposito, L.; Bertocco, A.; Cricrì, G.; Rosiello, V. Welding-repair effect on F357-T6 aluminum castings: Analysis of fatigue life. Int.

J. Adv. Manuf. Technol. 2019, 102, 3699–3706. [CrossRef]
6. Jimenez-Martinez, M. Fatigue of offshore structures: A review of statistical fatigue damage assessment for stochastic loadings.

Int. J. Fatigue 2020, 132, 105327. [CrossRef]
7. Zhao, M.; Fan, X.; Wang, T. Fatigue damage of closed-cell aluminum alloy foam: Modeling and mechanisms. Int. J. Fatigue 2016,

87, 257–265. [CrossRef]
8. Zhao, Y.; Dong, S. Probabilistic fatigue surrogate model of bimodal tension process for a semi-submersible platform. Ocean Eng.

2021, 220, 108501. [CrossRef]
9. Fatemi, A.; Yang, L. Cumulative fatigue damage and life prediction theories: A survey of the state of the art for homogeneous

materials. Int. J. Fatigue 1998, 20, 9–34. [CrossRef]
10. Hectors, K.; De Waele, W. Cumulative Damage and Life Prediction Models for High-Cycle Fatigue of Metals: A Review. Metals

2021, 11, 204. [CrossRef]
11. Corten, H.T.; Dolan, T.J. Cumulative fatigue damage. In Proceedings of the International Conference on Fatigue of Metals,

London, UK, 10–14 September 1956; pp. 235–246.
12. Marsh, K.J.; Mackinnon, J.A. Random-Loading and Block-Loading Fatigue Tests on Sharply Notched Mild Steel Specimens. J.

Mech. Eng. Sci. 1968, 10, 48–58. [CrossRef]
13. Chen, D.G. The method of determining the exponent d in the Corten–Dolan’s fatigue damage formulary. J. Mech. Strength 1996,

18, 21–24. (In Chinese)
14. Zhu, S.-P.; Huang, H.-Z.; Liu, Y.; He, L.-P.; Liao, Q. A Practical Method for Determining the Corten-Dolan Exponent and Its

Application to Fatigue Life Prediction. Int. J. Turbo Jet-Engines 2012, 29, 79–87. [CrossRef]
15. Subramanyan, S. A Cumulative Damage Rule Based on the Knee Point of the S-N Curve. J. Eng. Mater. Technol. 1976, 98, 316–321.

[CrossRef]
16. Curiel, F.F.; Ambriz, R.R.; García, M.A.; Ramírez, M.C.; García, S. Smith Watson and Topper Model in the Determination of the

Fatigue Life of an Automotive Steel. In Proceedings of the 17th International Conference on New Trends in Fatigue and Fracture,
Cancún, México, 25–27 October 2017; Springer: Cham, Switzerland; pp. 197–207.

17. Fatemi, A.; Socie, D.F. A CRITICAL PLANE APPROACH TO MULTIAXIAL FATIGUE DAMAGE INCLUDING OUT-OF-PHASE
LOADING. Fatigue Fract. Eng. Mater. Struct. 1988, 11, 149–165. [CrossRef]

18. Albinmousa, J.; Al Hussain, M. Polar damage sum concept for constant amplitude proportional and nonproportional multiaxial
fatigue analysis. Forces Mech. 2021, 4, 100025. [CrossRef]

19. Risitano, A. Cumulative damage evaluation of steel using infrared thermography. Theor. Appl. Fract. Mech. 2010, 54, 82–90.
[CrossRef]

20. Cheng, G. A fatigue damage accumulation model based on continuum damage mechanics and ductility exhaustion. Int. J. Fatigue
1998, 20, 495–501. [CrossRef]
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