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© We represent an optical scheme using cross-Kerr nonlinearities (XKNLs) and quantum dot (QD)

: within a single-sided optical cavity (QD-cavity system) to generate three-photon entangled W state
containing entanglement against loss of one photon of them. To generate W state (three-photon) with
robust entanglement against loss of one photon, we utilize effects of optical nonlinearities in XKNLs
(as quantum controlled operations) and QD-cavity system (as a parity operation) with linearly optical
devices. In our scheme, the nonlinear (XKNL) gate consists of weak XKNLs, quantum bus beams, and
photon-number-resolving measurement to realize controlled-unitary gate between two photons while
another nonlinear (QD) gate employs interactions of photons and an electron of QD confined within

. asingle-sided optical cavity forimplementation of parity gate. Subsequently, for the efficiency and

. experimental feasibility of our scheme generating W state, we analyze the immunity of the controlled-

. unitary gate using XKNLs against decoherence effect and reliable performance of parity gate using QD-
cavity system.

Quantum entanglement due to features such as Bell state, Greenberger-Horne-Zeilinger (GHZ) state, and so on
different from classical physics plays a significant role in quantum information processing (QIP) schemes such as
quantum communications'-, quantum computations®~%, quantum entanglement'>-?°, and quantum channel* 2.
However, in the case of multi-qubit entangled state, it is difficult to maintain correlation of entanglement between
all qubits for QIP scheme under the loss of qubit. For example, if one qubit of three qubits in GHZ state is traced
out (or loss), the remaining two qubits cannot be correlated with each other.
From this point of view, to contain entanglement against loss of one qubit eliminated (or traced out) in W
. state'®?6-2%) which can be classified to three-qubit (non-maximally) entangled states as
©|W) = (|001) + |010) + +/2|100))/2 (perfect W state), correlation of two qubits can be preserved. Therefore,
. various QIP schemes, quantum communications***3, computing*~*, and quantum channels®’~* have exploited
. the entangled W states as essential resource for applications in QIP.
: To experimentally implement diverse QIP schemes, cross-Kerr nonlinearities (XKNLs)!2142>40-46 and quan-
. tum dots (QDs) inside micro-cavities (QD-cavity systems)*®7?347-3* have been extensively studied to design
: multi-qubit gate for quantum controlled operations. Furthermore, decoherence effect which is induced by photon
: loss and dephasing*#24¢55-57 jn XKNLs can be decreased by utilizing photon-number-resolving (PNR) measure-
 ment and quantum bus (qubus) beams or displacement operator when increasing the amplitude of coherent
state?!#246, Also, in QDs within cavities (QD-cavity systems) during interaction between photons and QDs, quan-
© tum information (electron spin) can be stored for a long-term by long electron spin coherence time (T§ ~ j15)*%
. for alimited spin relaxation time (T} ~ ms)®*-%? in order to reliable performance for designed QIP schemes.

In this paper, we propose an optical scheme via XKNLs (for controlled operations) and a QD-cavity system
(for parity operation) to generate three-photon W state having the robust entanglement against loss of one photon
(traced out). To generate three-photon W state, our scheme consists of two controlled-unitary
[controlled-Hadamard and controlled-NOT (CNOT)] gates employing weak XKNLs, qubus (probe) beams, and
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Figure 1. Plot schematically represents the interaction of XKNL between a photon and probe beam (coherent
state). After this interaction, the conditional phase shift, 6, in the phase space of coherent state is (or not)
induced by Kerr effect due to polarization (|R) or|L})) of photon. Here, a photon plays the role of control qubit
(signal) which can perform conditional phase shift to target system (probe beam: coherent state).

PNR measurements'>14?>4, and a parity gate using interaction between photons and an excess electron of QD
confined in a single-sided cavity*%”*>%7-* and linearly optical devices [circular polarizing beam splitters (CPBSs),
beam splitters (BSs), and single qubit gates]. For nonlinearly optical gates (using XKNLs and QD-cavity system),
we will analyze the influence to reduce fidelity of quantum state and reliable performance by decoherence effect
in XKNLs and by vacuum noise and sideband leakage and absorption of optical cavity in QD-cavity system.
Consequently, our scheme can be feasible and realized for the generation of three-photon W state as
|W) = (|RRL)yc + |RLR)ypc + ~/2|LRR)ypc)/2 through our analysis of efficiency and performance of nonlin-
early optical gates (XKNLs: controlled-unitary gates and QD-cavity system: parity gate).

Basic Concepts of Interactions in XKNLs and QD-Cavity System

Interaction of XKNL in Kerr medium. We introduce XKNLs Hamiltonian as Hy,,, = hxN;N,, where N;
and y are photon number operator and strength of nonlinearity in Kerr medium. Figure 1 shows the interaction
of XKNL between a photon (control) and probe beam (coherent state: target) to induce phase shift in Kerr
medium. To describe the interaction of XKNL, we assume the input system of a photon, having linear polarization
(|H): horizontal), and coherent state |a). After CPBS splits the polarization of photon with regarding to circular
polarizations (|R): right and |L): left), the input system (step IN) is transformed as

, CBPS 1 1 2 a
|H) © |a)" = ﬁum + 1Y) @ |e)". [IN] W

The operation (Ug,,,: conditional phase shift) between a photon (control) and probe beam (target) by XKNL
is expressed as

it . .
Ugerr|R) ® |@) = enr|R) @ |a) = e™Mo|R) @ |a) = |R) ® |ae™), " Hy,,, = hXNN, @)

where 6 = xt is the magnitude of conditional phase shift, and ¢ is the interaction time in Kerr medium.
Subsequently, when applied to the interaction, Eq. 2, of XKNL, the output state (signal-probe system) is changed
to

1
2 3)

In Fig. 1, we can identify the photon state (signal system) according to the result of measuring ancillary sys-
tem (probe beam) without measurement of signal system. This procedure is called quantum non-demolition
measurement!>2>41-46,

(R + L)) @ |yt e %(\R}l ® |ae®) + |LY @ |a)"). [OUT]

Interaction between a photon and QD within cavity (QD-cavity system). QD-cavity sys-
tem*67:2347-54 consists of a single charged QD confined in a single-sided cavity. Figure 2(a) schematically repre-
sents two GaAs/Al(Ga)As distributed Bragg reflectors [DBRs: the bottom DBR is partially reflective and the top
one 100% reflective (single-sided cavity)] and transverse index guiding for the three-dimensional confinement of
light. b, and b, are input and output field (photon) operators, 7 is the decay rate of a negatively charged exciton
(X: consisting of two electrons bound to one hole®), and «; is the side leakage rate of optical cavity as described
in Fig. 2(a). In Fig. 2(b), when the input photon of the left circular polarization |L) (right|R)) is injected into the
QD-cavity system, if the spin state of excess electron is in the state of | ) (| 1 )), the transition is created to the state
of [ [ 1) (|l TU)) coupled the spin state with X~ (hot cavity) due to Pauli exclusion principle. Hot cavity of which
the QD is coupled to the cavity can induce different reflectance, |r;,(w)|, and phase shift, ¢, (w) = arg(R,(w)), of
the reflected photon, as follows:
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Figure 2. (a) Schematics of QD within a single-sided cavity (QD-cavity system): When this system interacts
with photon (b, and b,,), side leakage and energy decay occur from cavity mode and a negatively charged
exciton at rates of x;and . (b) For optical transition (spin selection rule) in QD:|L) and |R) (photons) drive the
transition of|T) — [T M) and||) — || T |), respectively.|T) = |+/2), ||) = |-1/2)are spin states of the
excess electron and| ), |I) (J, = +3/2, —3/2) represent heavy-hole spin states.

n

[i(wx- — w) + V2][i(w, — w) — KI2 + K /2] + g2 — RW).

R = ipy(w)
() = In(fe liwy — w) + v2liw, — w) + K/2 + /2] + §° (4)

Otherwise, cold cavity of which the QD is uncoupled to cavity, i.e.|L)| | ) (|R)|T)), the reflectance, |ro(w)|, and
phase shift, ¢,((w) = arg(Ry(w)), of the reflected photon is given by

Ry(w) = |ry(w)|e™ o = (W, — w) — K2 + KJ2

i(w, — w) + K12 + K2 (5)

where Ry (w) and Ry(w) are reflection coeflicients, w, and w are frequencies of cavity mode and external field, and
« and g are cavity decay rate and coupling strength (X~ «cavity mode). Here, we assume the steady state with
ground state in QD, () ~ —1,andw, = wy- (wx: the frequency of the dipole transition of X~) in weak approx-
imation® to the reflection operator R(w) of the QD-cavity system*7*>48-!_ And when having the side leakage
rate as 1< k and coupling strength as g>> (k, ) with small y(decay rate of X~)*"%5-%% in the QD-cavity system,
reflectances and phase shifts can be achieved to |ry(w)| = |ry(w)| & 1, ¢n(w) =0, and ¢,o(w) = £7/2 by adjusting
frequencies (w — w, =7 #/2). Therefore, we can express the reflection operator, R, for experimentally fixed param-
eters, as follow:

R &~ (RYRI@[I)(L] + L)L T)(T) = i R}RI@|T)(T| + [L){LI@| L)L), (6)

where g/k =24, K~ 0, 7/k=0.1, and w — w.= k/2. Subsequently, we will employ this interaction of the
QD-cavity system (as parity gate) in our scheme to generate three-photon W state.

Scheme of Generating Three-Photon W State Using XKNL and QD

In Fig. 3, we propose an optical scheme for generating three-photon W state which has robust entanglement
against loss of one photon using nonlinearly optical gates (XKNLs: controlled-unitary gates and QD-cavity sys-
tem: parity gate) and linearly optical devices.

To describe the process of generating W state in our scheme, we assume the initial state (three-photon product
state) as|H)3 ® |R)y ® |H)C. As described in Fig. 3, after the initial state passes a CPBS and a BS, state of |0, xpc
is given by

b BS,CPBS

a C 1 C
H)a @ R}y @ |H)e —— [¢o)anc = 5(\R)2\R)13; + [R)A[R)s + LA |R)g + |L)a R)z) ® [H)G- )

Controlled-Hadamard gate (XKNLs). Two photons (A and B) in the state, |¢g),pc> are injected to
controlled-Hadamard gate consisting of controlled-path and merging-path gates by interaction of XKNLs (Sec.
2) using XKNLs, qubus beams, and PNR measurements, as shown in Fig. 4. After the state |,) o5 passes through
the controlled-path gate in Fig. 4, the state, |¢,) s p (Pre-measurement) can be given by
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Figure 3. In our proposed scheme (generation of three-photon W state), critical components are nonlinearly
optical (controlled and parity operations) gates using XKNLs and the QD-cavity system. Two controlled-unitary
(controlled-Hadamard and CNOT) gates consist of weak XKNLs, qubus beams, and PNR measurements.

Also, a QD within a single-sided optical cavity (the QD-cavity system) plays a role of parity operation which is
implemented by the interaction between photons and a QD. Our scheme can generate three-photon entangled
W state (final state) from three-photon product state (initial state) via nonlinearly optical gates and linear

optical devices.
controlled — path gate 1 c ud
e IR ) on = | (RIS + ILAIRI) ® ) © fajbio)
_lasin®)? 0 (i Ging)”
+e 2 o R)A|R
SO it
+(=D'|L)3|R)) © [H)gy © [a cosb)p|np], (8)

_(a smﬁ)

where | +iq sinf) = e~ % (i’a s'“a) 227 |n) for o € R. When performing PNR measurement on path d of

probe beam (coherent state), if the result (photon number) is |0) (photon number: zero or dark detection), the
output state, |),pc, of controlled-path gate will be as|,) \pc = i (|R) IR);, + |L)3|R)p )y ® [H)¢- Otherwise,
if the result is the state|n)s (1 0), the output state can be transformed to state |,),pc (the case of zero photon)
by feed-forward (PS and path switch, S,) according to the result (photon number #) on path d. Then, as described
in Fig. 4, Hadamard operator performs path 3 of photon B in the state of |;) 5 as follows:

H 1
[eapc = |¥2apc = EQR)}HH)% + D3[R @ [H)

= SURAIRY + [RAILR + “ZILRIRY © |, )

Before the merging-path gate, we can see the method to recycle probe beam (coherent state), which was uti-
lized. In Eq. 8, after PNR measurement, the probe beam (coherent state) still remains to |a)p or | cos6)p due to
PNR measurement in controlled-path gate because PNR measurement is only applied to path d. Thus, we can
recycle the remaining (used) probe beam on path u for the probe beam of merging-path gate. Let us assume to
choose the remaining probe beam, |« cos)p = |5)p, after the measurement of controlled-path gate. Thus, the
state|¢s) spcep (Pre-measurement) is transformed by merging-path gate in Fig. 4, as follows:
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Figure 4. The controlled-Hadamard gate: This gate consists of controlled-path and merging-path gates using
weak XKNLs, qubus beams, and PNR measurements. Paths of photons A and B are particularly arranged after a
controlled-path gate. Hadamard operation is then performed on path 3 of photon B. Subsequently, the merging-
path gate can merge to single path b of photon B. Finally, entire gates (controlled-path and merging-path) and
an operation (Hadamard) can facilitate the controlled-Hadamard operation in terms of the state of two photons
A and B. Also, probe beams (coherent state: «) used in the controlled-path gate can be recycled to utilize probe
beams of merging gate.

merging—path gate
T =

3 >ABC®P

—5l 5 IRAIR — IRAILY + VZIWAIRR ® )% ® |3)310)

|SO2 >ABC

_asing)? > (ice sin0)"
e 2 —_—

N
+2IL3IRE) © [H)Ey @ |6 cosO)p|m)p), (10)

E(\Rmx‘a + AL}

where| cos)s = |(a cosB)cosh)b. If the result of PNR measurement on path b is in the|0)$ (zero photon), the
output state, |¢3),pc, can be given by [¢;),5c = S HR)A[R); — [R)|L) + ~Z|L)Z[R)) @ [H)E- Also, if the
result is in the state |n), (1= 0), the output state can be transformed to state| ;)5 (the case of zero photon) by
feed-forward (PF and path switch, S,) in Fig. 4 due to the result (photon number #) on path d. Error probabilities
PSP and PYY of controlled-path and merging-path gates in Fig. 4 can be calculated by probabilities to measure | O)S
(zero photon) in |+ia sin 0)3 (controlled-path gate) and |3 sin 9)3 merging-path gate) on path d of qubus beams
(Fig. 4), as follows:

Pecrf = %exp(—azsinzﬁ) ~ %exp(—azﬂz),
Pﬁfrp = %exp(—ﬂzsinzé) = %exp(—(azcoszé’)sinzﬁ) B = acosf

Q

1 292
_ —a‘f R
Zep- ) (1

where a’sin’f ~ a?6* and a’cos’0 ~ o for > 10 and 0 <<0.1. If parameters (c: amplitude of coherent state and
0: magnitude of conditional phase shift) are fixed as a0 =2.5(." 0 < 1072), error probabilities (P and PMP) can

err err

be obtained as P$Y ~ PMP < 107, Moreover, when we increase the amplitude of coherent state with fixed

6 <107% in controlled-path and merging-path gates, error probabilities (Pecrf and Pﬁfrp ) can be approaching zero.

Consequently, we can see the operation of controlled-Hadamard (controlled-path and merging-path gates) by
compare input state, | ;) 5, and output state, | ;) ,pc» as follows:
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Figure 5. The parity gate: This parity gate utilizes the interaction which can be described by reflection operator
R in Eq. 6, between two photons (B and C) and an electron 1 in QD1 (QD-cavity system) for g/k =2.4, k=0,
7/k=0.1, and w — w,= k/2. This gate can arrange polarizations of two photons B and C, such as {|R})|L), |L}|R}}
(odd) and {|R})|R), |L}|L)} (even). Switches (S1 and S2) are also controlled to transmit or reflect photons (B and
C), due to a time table.

1
lPolee = E(|R>}§|R>% + [R)R)g + [DAIR) + IL:IR)E) © [H)G
controlled —Hadamard
—
1
—ledee = S(=IRLIRYE — IRALE + 2ILRIRE © [H):
1

b b b b
= 3= IRAIH)E — [RYA[H)E + [DAIR)g + L;IR)E) @ [H)E. (12)
From this equation, we can confirm that the input state, | )5 is transformed to the output state, | ;)5 by

controlled-Hadamard gate in Fig. 4. If a photon A is in the state |R),, the operation of Hadamard is applied to
photon B.

Parity gate (the QD-cavity system). As shown in Fig. 5, the QD-cavity system (QD1) confined in a
single-sided cavity sequentially can interact with two photons (B and C) in the state of | @) s 5. For interaction of
photons-electron in the parity gate using the QD-cavity system, we prepare an excess electron-spin state as |+, ),
[+,) = (|T) £ |1))/~2]. Subsequently, photons and electron 1 of the input state, |+, ), ® |¢3)spc> Will sequen-
tially interact in the QD-cavity system, according to the time table shown in Fig. 5. After interactions in the
QD-cavity system, the output state (photons-electron) is given by
parity gate
l+eh © [eshec ™ —  [@adiacs
—1i 1
=51 RNGIRAIDER)S — IRAIREILYS + VZILAILEIR)]

1
+ﬁ|_e>

where interactions between photons and an electron 1 can be expressed by the reflection operator R in Eq. 6 for
g/k=2.4, k,=0,v/k=0.1, and w — w,= k/2. Based on the result, | —Q—e)l or | — )1, of measurement in electron-spin
state 1, we can know the output state | s04+)ACB (0dd:|RL)¢ps | LR)¢p) Or | @4 acp (even:|RR)p, |[LL)p), of photons A,
B, and C. Here, let us suppose that the output state from parity gate is in the state|,") _ according to the result
|—|—e)1 01£ an electron-spin state 1. As described in Fig. 3, after the state, \ij)A cp Passes a BS, the state \go;)
given by

S RARIEIRY — [RAILEL — VZILAREIR) )

is
ACB

BS
|904+)ACB - ‘¢5+>ACB
1.1
:ﬁ[g(—lR&IL)f:IR)E — [RLIRILYE + ~Z LA LY R)R)

2 (< IRAILERE — [RAREILE + ZIRILERD. "

CNOT gate (XKNLs). In Fig. 6, two photons (A and C) in the state, \go;)ACB, are injected to CNOT gate via
XKNLs, qubus beams, and PNR measurements. As described in Fig. 6, construction of this gate is almost identical
to that of controlled-Hadamard gate. CNOT gate in Fig. 6 is also comprised of controlled-path and merging-path
gates. It performs PNR measurement on path d in probe beam and feed-forwards for the transformation of output

state. Besides, it can recycle the probe beam (unmeasured) on path u. The state of | 906+)ACB®P can be transformed

from the state of | 905+)ACB by controlled-path gate in Fig. 6, before PNR measurement, as follows:
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controlled-NOT (CNOT) gate
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Figure 6. CNOT gate: This gate is constructively the same as controlled-Hadamard gate in Fig. 4. The SF
operator between controlled-path and merging-path gates plays the role of NOT gate. Similar to controlled-
Hadamard gate, probe beams (coherent state: o) used in controlled-path gate can also be recycled to be utilized
as probe beams of merging gate.

+ controlled —path gate
|<p5 )ACB

1
+ _
—lvs )ACB®P -5

d
@ |a)p 0)p

%(—\R)X\L)sclR)E — [R)AREIL)S + ~/2 L)L [L)EIR)5)

_lasin®? = (jy sin@)" (1 b b
re 3y LI LR EIRY — IRAIRIE L)

n=0 M
+ C"V2Z|LAIL IRy © |a cos)p |n)p]. (15)

After PNR measurement, as described in Fig. 6, the output state \QOJZ)ACB of controlled-path gate can be
obtained as |('06+>ACB = (—[R)} \L)f:|R)]b3 — |R)y \R)SC\L)E + A2 |L); L)% |R)p)/2 by feed-forward or not, due to
result of PNR measurement. Then, SF (spin flipper) operator performs path 5 of photon C in the state of| ;")

ACB’
as follows:

SF 1 b b b
e hen = 167 scn = SRR — [RA L + ZILR SRR, o

Subsequently, we can recycle the remaining (used) probe beam on path u as in the controlled-Hadamard gate.
Thus, we also assume the remaining probe beam as|« cos0)p = |3)p. After the state|,") cp Passes through the

A
controlled-merging gate in Fig. 6, the state | ")

ACBeP (pre-measurement), will be given by

+ merging —path gate
o7 ace -
1

— s mpcer = ﬁ[§<|R>z|R>%|R>}; + [RLLYILYE + 2L LR @ [8)5]0)5

7(asin9)2 SN 2] n 1
Ll Zowg(—\mmams — [RAILEILYS + V2L DR}

Tt
® |8 cos O)}|m)p), (17)

where |3 cosB)p = |(a cosB)cosB)p. After PNR measurement, as described in Fig. 6, the output state |<,08+)ACB of
merging-path gate can be obtained as \cp;')ACB = ([RLREIR) + |RAILIE|L) + ~2|LYA|L)E|R)E)/2 by
feed-forward or not, due to result of PNR measurement. Error probabilities P5* and P of controlled-path and
merging-path gates in Fig. 6, are the same as those with the aforementioned gates, Eq. 11, of controlled-Hadamard

gate in Fig. 4. Finally, by comparing with input state, | "05+)ACB in Eq. 14 and output state, | <'08+)ACB’ we can confirm

the operation of CNOT gate. If a photon A is in the state|R) ,, the operation of spin flip is applied to photon C.
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Subsequently, as described in Fig. 3, a photon A in the state|(;") , passes through a CPBS. Then SF is oper-
ated to a photon C by feed-forward (red-dotted box in Fig. 3) accoréﬁng to the result of parity gate in Fig. 5 (we
assumed the result of electron-spin state as|+,),). Finally, after crossing paths between photon B and C, we can
acquire the final state, | sDF+>ACB (three-photon W state), as follows:

CPBS 1

|05 Doy —— 5(\R)Z|R)EIR)§ + [RIILEIL)S + ~2[L) IL)E R)E)
feed—forward 1
— 5(\R)Z|L)°CIR)E + [RRIGIL) + ~2|L)3 IR)CIR)R)
crossing path 1
T o s = S(RARBILE + [RAILEIRE + ZLARRIRE, o

Also, if we suppose that the result of parity gate using the QD-cavity system is in the state| —, );, then we can
obtaintheoutputstate| oy ),cof ONOTgateas! 2, )acp = (— R [LIEIR); + [R)h [RIEILIE — 2 |L)3 [RIE [R)3)/2.
To generate W state as shown in Eq. 18, we should apply PF (phase flipper) to a photon B by feed-forward
(red-dotted box in Fig. 3).

So far, we have designed an optical scheme to generate three-photon W state with robust entanglement against
loss of one photon using XKNLs and QD-cavity system. In the next section, we will analyze the efficiency and
performance of nonlinearly optical gates for its implementation in practice.

Analysis of Performance and Efficiency in Nonlinearly Optical Gates Using XKNLs and
QD-Cavity System

Controlled-path and merging-path gates under decoherence. In optical fibers (practice), the deco-
herence effect inevitably results in photon loss and dephasing of coherent parameters*#24¢55-7 when nonlinearly
optical gates (controlled-path and merging-path gates) are realized in Kerr medium. This influence (decoher-
ence)**2% on nonlinearly optical gates using XKNLs can be analytically represented by the solution of master
equation® to describe an open quantum system, as follows:

opt) _ 1

ot - H, p] + /\[upa+ + %(tﬁap + pata)|, o Jp=dapa", Lp= —%(tfap + pata)

(19)
where A, t (=0/x), and a* (a) are energy decay rate, interaction time, and creation (annihilation) operator, respec-
tively. The solution of master equation can be calculated as p(t) = exp[(J + L)t]p(0)*®. Thus, we can introduce
the process model*"**“ of decoherence effect (photon loss and dephasing), D,, and conditional phase shift (6) by
XKNLs, X,, from the solution of master equation in signal-probe (photon-coherent state) system, as follows:

N . .
Du XN H)(V] © |a)(al = exp{—of(l — e M ITe MDA Y (V] @ |Aae){Aal, (20)
n=1 20

where X,|H)|a) = |H)|ae") and D,X, = (DyXx,)" for the divided interaction time At (=t/N) with
0= xt=xNAt=NAQ. A,= e *? is the rate of remaining photon in probe beam, due to photon loss in Kerr
medium*#24, To analyze the process model, we take pure silica core fibers’®’!, that require a length of about
3000 km for conditional phase shift, § =7, by XKNL**>46 with signal loss of x/A=0.0303 (0.15 dB/km), to exper-
imentally realize controlled-path and merging-path gates, in practice. By the process model (Eq. 20) considering
the decoherence effect on nonlinearly optical gates, output states (Eqs 8, 10, 15 and 17) can be evolved to mixed
states, as follows:

1 [KCP [Lf ocP ledascer (Eq- 8) = p
L _1JKCP 1 JocP  LP L1 1 |CP #shecer (Ba. 10) = py
T T 0 jor 1 e T T 0 e (B 15) = g
locf [Lf  [McP 1 |05 mepep (Eq. 17) = pf:r @1

where off-diagonal terms in matrices are called coherent parameters. Also, p, and p6+ of controlled-path gate (p;
and p;" of merging-path gate) are identical forms of density matrices. They are defined by different basis sets, as
follows:
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u u
Py {IR)}\\R)EIH)& ® |Afa),0)p. L) R)5[H)G © [Afa),|0)p,
d
IR)LIR)3|H). ® [Afa cosB) |iA7ar sind),

IR [RIIHIE @ [AZa cosb)’ HihZa sine)i},
P {%dmmam — [R)L[R)E[L)) @ [AFa), 0}, (L) ILIEIR) @ [Afa),[0),
T ARALEIR — IRAIRIEILE) @ Al cosdliaa sind)
LR ILEIRY @ [Afa costlyinia sind), ),
o {SCARAIRY — [RAIL) + 2 LR R HIE © A3 0},
SORAIRYE -+ IRILY + VZILR R G & 4,3 costl i3 sinof |
o'+ {SRAIRIEIRS + [RALIEIL + 2 LR LR ) 390}
L ERIIRIEIRS — RIAILIEILS + 2L [LIE IR )

® |A,B cosB)p|iN' B sinﬁ)g}, 22)

where A, = e~**? is the rate of remaining photon through controlled-path gate and A’,= e~*"*2 is the rate of

remaining photon through merging-path gate, assuming the probe beam, as|« cos8), = |3)p, of merging-path
gate after measurement in the controlled-path gate as described in Sec. 3. Then we can calculate coherent param-
eters of (C, M, L, O, K, and C’) in Eq. 21 from the process model (Eq. 20), as follows:

2 N .
C = eXp[_%(l _ e*/\At)Ze*/\At(rI*I)(l _ emAG)]’

n=1

2 N
M = exp[_%e*)\t(l _ e*)\Af)Ze*)\At(nfl)(l _ el(nA€+9))]’

n=1

2 N
L= exp[_%e*At(l AT gindd))

n=1

2 N
0 = expl—S-e V(1 — &)1 = &)y Se MY,
n=1

2 N
K= exp[_%e*)\t(l _ e*)\At)Ze*)\At(rI*I)(l _ e*l(ﬂAQ*&))])

n=1

c— exp[—ﬂ—z(l _ ewm)ﬁ’:[mtmﬂ)(l o emAe)],
2 =1 (23)

where DX, = (Dy Xx,)" and 0= xyt= xNAt=NAG for divided interaction time At (=t/N) with o € R. We can
quantify the influence of decoherence effect (photon loss and dephasing) to calculate fidelities of output states of
nonlinearly optical gates for the reliable performance and efficiency of controlled-path and merging-path gates in
our scheme (generation of W state). To analyze the influence of the decoherence effect, we take to fix the param-
eters af) = axt=2.5 (for PSY ~ PMF < 107%) and N=10? (for a good approximation) with a:>10 and 6<0.1,
and assume to realize the nonlinearly optical gates in optical fiber’! having the signal loss of 0.15 dB/km
(x/A=0.0303). Figure 7 shows high efficiency and reliable performance of controlled-path and merging-path
gates under the decoherence effect to acquire high rates of A, (of controlled-path gate) and A’ (of merging-path
gate) of the remaining photon with increasing fidelities of F* (of controlled-path gate) and FM* (of merging-path
gate) by using strong amplitude, e > 10%, of coherent state via our analysis from the process model of Eq. 20. Here,
rates of the remaining photon and fidelities are given by
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F'* ~0.9978

- PE~P¥ <10° = af=ayt=25, N=10°, 0.15ds/km(y/2A=00303)

a  0(=zt) hemim) AL A2 FF FM?

10° 2.5%x107? 2.4 0.192 0.152 0.7735 0.8937
10° 2.5x10°° 2.4x10™ 0.848 0.914 0.9167 0.9788
10* 2.5%x107* 2.4x107 0.983 0.992 0.9895 0.9978

10° 2.5x107° 2.4x107° 0.998 0.999 0.9989 0.9998

Figure 7. Big (small) diagram represents the density matrix, p, or p, + (psor p, ") of output state, which applied
to the process model in Eq. 20, after controlled-path (merging- path) gate. These diagrams obviously show that
values of coherent parameters approach 1 and fidelities F* (of controlled-path gate) and F (of merging-path
gate) are increased when using strong (large amplitude) coherent state for af = ayt=2.5 and N=10° with
signal loss of 0.15 dB/km (/A= 0.0303) in optical fiber”". In the Table, fidelities and the rate of A4 (A 2) of the
remaining photon in probe beams of controlled-path gate (merging-path gate) are calculated in accordance w1th

differences in amplitude, o, of coherent state. In addition, when a = axt = 2.5 is fixed for PS® ~ PMP < 1077,
the magnitude of conditional phase shift, 6, and length of optical fiber needed are also listed in Table.
controlled — path: A, = e M2,
FP = [ [alplen] = [l le]|
1
= —|J1 + |LP + |OCP + (KCP + [MCP)/2],
merging — path: A/t = %t/z
B = I\/ oo = [Y(@sloy 18 |
= —=[y1+[C[|,
W1+ 1CF | o1

where fixed parameters are afl = axt=2.5 (PSF ~ PMP < 107%) and N= 10* with signal loss as 0.15 dB/km
(x/A=0.0303) in optical fiber. Thus, we can take parameters (including conditions of af = axt=2.5, N=10%
and x/A=0.0303) into Eq. 23 (coherent parameters) and 24 to analyze the influence (photon loss and dephasing)
of decoherence effect, such as =2.5/a (A0 =2.5/10%- ), \t=2.5/0.0303 - v (AAt=2.5/0.0303-10%- ), and
Nt=2.5/0.0303- 3 (N Atr=2.5/0.0303-10°- ) for 3 = « cos. When strong amplitude of coherent state is
employed in nonlinearly optical gates, we can confirm that values of coherent parameters in density matrices (p,,

ps and p.1) increase as shown in diagrams of Fig. 7. This means that we can obtain high fidelities (F°F,
Fq"IP —1), and also maintain output states into pure states against decoherence effect for reliable performance.
Moreover, as shown in the Table of Fig. 7, after interactions of XKNLs, rates of remaining photon approach 1
(A}, A’* — 1: decreasing rate of loss) if amplitude of coherent state for aff = ayt=2.5 and N=10? is increased
with signal loss of 0.15 dB/km (/A =0.0303). Furthermore, as listed in Table, if we increase the amplitude of
coherent state, the magnitude of conditional phase shift is smaller (weak XKNL) and also the length of optical
fiber is shorter (a short optical fiber length for XKNL) to drive conditional operation in Kerr medium (i.e., if
a=10% needed conditions as #=2.5 x 10~° and 0.0024 km). Namely, his result also demonstrates the feasibility
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of experimental implementation of nonlinearly optical gates by using weak XKNL and short length of optical
fiber. As a result, we can obtain high efficiency and reliable performance (high rates of remaining photon and high
fidelities, as described in Fig. 7) of nonlinearly optical gates, in practice, to increase the amplitude of coherent
state (strong probe beam) for af = axt=2.5 and N=10° in optical fiber having signal loss of 0.15 dB/km
(x/A=0.0303) under the decoherence effect.

Parity gate using the QD-cavity system with noise.  For reliable performance of the QD-cavity system
that can realize nonlinearly optical gate (parity gate in Sec. 3) between photons and an electron, we should con-
sider reflection coefficient R(w) (hot cavity: R, (w) and cold cav1ty Ry(w)) with the noise N(w) and leakage S(w)
coefficients*? in practice. For the practical reflection operator, Rp, of the QD-cavity system, cavity mode operator
@ and the dipole operator 5_ of X~, including noise, sideband leakage, and absorption can be expressed by
Heisenberg equation of motion and input-output relations®, as follows:

da Ko, K w=b — RS

— = —|ilw,—w) +=+=2]a - go_ — JREby — /RS

" [i( ) 5 2] 8
d/\ A AA A
_;t_ = —lilwy-—w) + %]07 — 8074 + .[yON,

/b\out = /b\in + '\/K?a> §out = ‘/S\in + K}(/l\, (25)

where $,.(S,,0) is an input (output) field operator from leaky modes due to sideband leakage and absorption, and
N is vacuum noise operator for 5_. From Eq. 25, noise N(w) and leakage S(w) coefficients** are calculated as

N(w) = IR
li(w, — w) + Y/2)[i(w, — w) + KI2 + KJ2] + g
— JRFliw, — w) + /2]
li(w, — w) + /2] [i(w, — w) + KI2 + KJ2] + g* (26)

S(w) =

ot = R(W)by,, + S(w)$,,, + N(w)N and ground state in QD, (6,) =~ —1, with
w, = wy- in weak approximation®. Then, we can calculate noise |n,(w)| and leakage |s,(w)| rates from coefficients
in Eq. 26, in the hot cavity, g= 0 (coupled with QD and cavity), as follows:

where output field operator b

Ny(w) = N(w) = |ny(w)]en@), 8, (w) = S(w) = |s(w)|e ), 27)

where ¢, (w) = arg(N(w)) and ¢4 (w) = arg(S,(w)) are phase shifts by noise and leakage. Also, in the cold cav-
ity, g= 0 (uncoupled with QD and cavity), noise |ny(w)| and leakage |s,(w)| rates are given by
— JRR

Ny(w) = [ny(w) ) = 0, Sy(w) = |sy(w) e 0@ — ,
0 |no(w)] 0 Iso(w)] i(w, — w) + KI2 + K,J2 (28)

where ¢, ((w) = arg(Ny(w)) and p(w) = arg(S,(w)) are phase shifts by noise and leakage. In Sec. 2, reflection
coefficients, R, (w) = R(w) and Ry(w), are shown in Eqs 4 and 5, respectively. Therefore, we can establish practical
reflection operator Rp, which can describe the interaction between a photon and an electron in QD of the reflected
photon and the confined QD in cavity after interaction in the QD-cavity system with practical conditions, as
follows:

Rp = (Ry + Ny, + S)(RNRI®|L){L] + [L)L| @ [T)(T])
+(Ry + SPURNR| @ [THT] + [ILMLI®| L ){L]s (29)

where Ry (w), Ny (w), and S, (w) are reflection, noise, and leakage coefficients, respectively, in Eqs 4 and 27. Ry(w),

Npy(w), and Sy(w) are reflection, noise, and leakage coeflicients, respectively, in Eqs 5 and 28. Compared to reflec-
tion operator R (Eq. 6) omitting vacuum noise N and leaky modes S, we can analyze effects of noise and leakage
and the performance of the interaction in the QD-cavity system via practical reflection operator Rp. In our
scheme (generation of W state), the parity gate, in Sec. 3, using the QD-cavity system should be performed to
acquire the output state as

R)T) = —iR)T), R} L) =R} L) [D)[T) — (D)), L)L) = —iL)|]). (30)

In the case of reflection operator R (Eq. 6), this result can be obtained from parameters of g/x =2.4, £~ 0,
y/k=0.1, and w — w, = x/2. However, in the reflection operator R (Eq. 6), effects of vacuum noise N and leaky
modes Sare not taken into account. For practical feasibility to analyze practical reflection operator R, with noise
N and leakage S, let us assume that the input state of a photon and an electron spin is |H) ® |+ ). After interac-
tion in the QD-cavity system, we can acquire the ideal output state, | ¢, 4), from Eqs 6 or 30 and the practical output
state, |¢p,), from Eq. 29, as follows:
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Figure 8. The plot represents the fidelity F (the QD-cavity system) of the output state according to side
leakage rate ./ and coupling strength g/x with fixed v/ =0.1 and w — w, = x/2. Values of fidelity, reflectances,
noise rates, leakage rates, and phase shifts are listed in the Table, according to differences in g/« and /x. This
plot and Table obviously show that fidelity approaches 1 when g/« (coupling strength between QD and cavity)
increases, and r,/k (side leakage rate of cavity) simultaneously decreases, despite occurred vacuum noise N in
dipole operation and sideband leakage, absorption S in cavity.

1|1 i
b = (R + N1 = (R + 14D
1L [Ry+ N+ S (Ry + o)
on) = o SIS g1y )y -+ LES gy 4 ) -

where N =|R, 4+ N + S|+ | Ry + So|% Then, we can quantify the affection of noise N and leakage $ in the
QD-cavity system by comparing fidelity (FI°) between |¢4) (ideal case: no noise and leakage) and |¢5,) (practical
case).

FP

|\I <¢Id| ¢Pr><¢Pr| ¢Id> |

ﬁu[mb Nyt Sp) + iRy + SOIRY + Ny + ) — iRg + S1 .

(32)

Figure 8 shows fidelities F? of the QD-cavity system and values of reflectances (|r,| and |ry|), noise rates (|ny|
and |ny|), leakage rates (|s,| and |s|), and phase shifts (¢.1,, Prg» Pun Pro» Depo a0d G) for k. /k and g/ with fixed
~v/k=0.1 and w — w,= /2. In our analysis**, when the QD-cavity system has experimental parameters g>> (x,
) and k< x with small 7% and wy - = w,, the noise rates and the phase shifts (|n|, ¢,,) and (|rg], Pp), leak-
age rates and phase shifts (|s,|, ¢g,) and (|sy|, ¢5) can be ignored, as shown in Fig. 8. For example, as listed in the
Table, if experimental parameters are £,=0.01 and g/x =2.5 with 7/k =0.1 and w — w,= /2, we can obtain high
fidelity (FQ” ~0.996), due to [n,| ~ [so| =2 0.14, || = |s,| = 0.00, and b, = h0 = 0.00, g, ~ 1.72, g = —2.36 from
the Table. Namely, the affections of vacuum noise N on dipole interaction and leaky modes S, (sideband leakage
and absorption) in cavity mode can be reduced by choosing parameters g>> (x, 7) (strong coupling) and rk, < k
(small side leakage)**° for reliable interaction, parity operation, of the QD-cavity system. Consequently, we can
achieve high efficiency and reliable performance (high fidelity by reducing affection of noise and leakage, as
described in Fig. 8) of the QD-cavity system, in practice, to choose strong coupling strength g>> (k, ) and small
side leakage 1, < k in optical cavity for parity gate in our scheme (generation of W state).
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Conclusions

In this paper, we designed an optical scheme to generate three-photon W state having robust entanglement
against loss of one photon using XKNLs (controlled-Hadamard and -NOT gates) and QD-cavity system (parity
gate) and linearly optical devices. To acquire high efficiency, reliable performance, and experimental feasibility of
generation of W state, we employed two critical components of nonlinearly optical gates as XKNLs and QD-cavity
system in our scheme.

In the case of controlled-unitary (Hadamard and NOT) gates using XKNLs, to acquire immunity under the
decoherence effect (photon loss and dephasing), we employed qubus beams and PNR measurements with strong
(large amplitude) coherent state based on our analysis in Sec. 4. This usage (qubus and PNR) with strong coherent
state can prevent the evolvement from pure state to mixed state caused by the decoherence effect* >, and also
only apply the positive conditional phase shift, 6. Thus, for experimental feasibility, our gates via XKNLs don’t
need minus conditional phase shift, which is known challenging task to change the sign of conditional phase shift
(—6—0)%, and large magnitude of conditional phase shift (natural XKNLs are extremely weak, 6~ 107187%) by
increasing the amplitude of coherent state (in our analysis, Fig. 7). Moreover, in Sec. 3, the probe beam (coherent
state) in controlled-path gate can be recycled for merging-path gate, as |3 cos0)p, for the efficiency since PNR
measurements are applied on the probe beam of path d in controlled-path and merging-path gates. Also, for the
sufficient large strength of XKNL, the various experimental technologies in XKNL have been proposed, such as
electromagnetically induced transparency (EIT)”*7>, circuit electromechanics’®, an artificial atom”’, and
three-dimensional circuit quantum electrodynamic architecture’®. And to realize the strong phase shift, Friedler
et al.”® showed the large nonlinear interactions between ultraslow-light pulses or two stopped light pulses® in the
regime of EIT. For preventing losses of large absorption in single-photon pulse®, He et al.” showed to employ EIT
and long range interaction for using weak XKNL.

From practical reflection operator, ﬁp, of the QD-cavity system in Sec. 4, if the coupling strength, g/, is strong
as g> (K, y) and side leakage rate x,/x is small as x,<< k with 7/k =0.1 and w — w, = k/2, we can obtain high
fidelity (F®° — 1) of the output state by reducing effect of vacuum noise N in dipole interaction and leaky modes
S, (sideband leakage and absorption) in cavity mode. For these requirements of g>> (k, %) and k, < k, by optimiz-
ing the etching process (or improving the sample growth)®® with g/(k,+ k) ~ 2.4, side leakage rate, x,, can be
decreased when In; (Ga,.,As (QDs) has g~ 80 eV and Q =40000. Also, a small side leakage rate can be acquired
by improving the quality factor to Q =215000 (x = 6.2 neV)32. Moreover, in a micropillar cavity at d = 1.5 pm for
quality factor Q = 8800, the coupling strength can be achieved to have g/(x,+ k) ~0.5%". The coupling strength
can be experimentally increased to have g/(k,+ x) & 2.4 for Q =40000%. Bayer et al.** have also demonstrated
that micropillars with d =1.5pm and v/k ~ 1 peV (the decay rate of X~) could be acquired from In, (Ga, ;As/
GaAs (QDs) with temperature T a2 K for strong coupling.

Here, we demonstrated that nonlinearly optical (controlled-Hadamard and -NOT) gates using XKNLs should
employ a strong coherent state to acquire high efficiency (low error probability) and reliable performance (high
fidelity) under the decoherence effect, due to our process model in Sec. 4. In the previous works (controlled-path
and merging gates)**#>-%, the affection (photon loss and dephasing) of the decoherence effect have been over-
looked in practice. In this point of view, we analyzed the decoherence effect through master equation, in Sec. 4,
and proposed the method to enhance affection of photon loss and dephasing by utilizing strong coherent state
(probe beam). Thus, compared with the previous works*#- (including to other schemes'®*%* for generation
W state using XKNLs), our scheme for the generation of W state will be more robust against the decoherence
effect.

Consequently, we proposed a scheme of deterministic generation of three-photon W state using XKNLs (con-
trolled operations) and QD-cavity system (parity operation). Furthermore, through our analysis, we demon-
strated the efficiency (with performance) and experimental feasibility of nonlinearly optical gates with strong
coherent state (XKNLs) and strong coupling at small side leakage rate (QD-cavity system) for our scheme to
generate W state.
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