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Abstract

Mechanical interactions between flowing and coagulated blood (thrombus) are crucial in dic-

tating the deformation and remodeling of a thrombus after its formation in hemostasis. We

propose a fully-Eulerian, three-dimensional, phase-field model of thrombus that is calibrated

with existing in vitro experimental data. This phase-field model considers spatial variations

in permeability and material properties within a single unified mathematical framework

derived from an energy perspective, thereby allowing us to study effects of thrombus micro-

structure and properties on its deformation and possible release of emboli under different

hemodynamic conditions. Moreover, we combine this proposed thrombus model with a par-

ticle-based model which simulates the initiation of the thrombus. The volume fraction of a

thrombus obtained from the particle simulation is mapped to an input variable in the pro-

posed phase-field thrombus model. The present work is thus the first computational study to

integrate the initiation of a thrombus through platelet aggregation with its subsequent visco-

elastic responses to various shear flows. This framework can be informed by clinical data

and potentially be used to predict the risk of diverse thromboembolic events under physio-

logical and pathological conditions.

Author summary

Thromboembolism is associated with detachment of small thrombus pieces from the bulk

in the blood vessel. These detached pieces, also known as emboli, travel through the blood

flow and may block other vessels downstream, e.g., they may plug the deep veins of the

leg, groin or arm, leading to venous thromboembolism (VTE). VTE is a significant cause

of morbidity and mortality and it affects more than 900,000 people in the United States

and result in approximately 100,000 deaths every year. Mechanical interaction between

flowing blood and a thrombus is crucial in determining the deformation of the thrombus

and the possibility of releasing emboli. In this study, we develop a phase-field model that

is capable of describing the structural properties of a thrombus and its biomechanical

properties under different blood flow conditions. Moreover, we combine this thrombus
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model with a particle-based model which simulates the initiation of the thrombus. This

combined framework is the first computational study to simulate the development of a

thrombus from platelet aggregation to its subsequent viscoelastic responses to various

shear flows. Informed by clinical data, this framework can be used to predict the risk of

diverse thromboembolic events under physiological and pathological conditions.

Introduction

Under physiological conditions, blood clots form at sites of vascular injury to prevent blood

loss, but they eventually resolve as the vascular wall heals [1, 2]. The situation can be very dif-

ferent in pathological cases, however, in aortic dissection, which represents a severe injury to

the vessel wall that manifests as a delamination that propagates through the media [3], a key

clinical question is whether the thrombosis in the false lumen will remain biologically active or

be resolved or remodeled as part of the healing process. Other pathological conditions, such as

deep vein thrombosis [4–6], pulmonary embolism [7, 8], and atherothrombosis [9, 10], exhibit

excessive and undesirable thrombi within the lumen that can result in partial or complete

thrombotic vessel occlusion. Thrombus formation is a multiscale process [11–13]: upon a vas-

cular injury or adverse hemodynamics, freely flowing platelets in the blood become activated

and form aggregates that cover the thrombogenic area within tens of seconds. Subsequently, a

series of biochemical reactions [14, 15], can contribute to the formation of fibrin from the

blood-borne fibrinogen. Fibrin monomers form a network that strengthens the platelet aggre-

gates and facilitates thrombus maturation within minutes to hours.

Hemodynamics is essential in the process of thrombus growth [16–18]: for example, pro-

longed residence time of blood cells in regions of weak flow promotes the accumulation of

these cells, while high shear rates on the surface of a growing thrombus may alter the morphol-

ogy of the thrombus and inhibit its expansion into the flow field. If not physiologically

degraded, thrombus can begin to undergo a progressive remodeling with replacement of fibrin

with collagen fibers [19–22], causing a dramatic increase in stiffness, strength, and stability

[22, 23]. The mechanical integrity of a thrombus plays an important role in many pathologies.

In deep vein thrombosis [4–6], growth of highly stable thrombus can cause complete vessel

occlusion, whereas formation of an unstable thrombus increases the possibility of thromboem-

bolism—a process where pieces of thrombus detach from their original site, transit with blood,

and block distal blood vessels—causing life-threatening complications [24–26]. Therefore, a

comprehensive understanding of the structural constituents of a thrombus and the corre-

sponding mechanical properties is vital to predict thrombus shape and deformation under var-

ious hemodynamic conditions and to evaluate the risk of thromboembolism and other

pathological consequences.

Extensive experimental studies have increased our understanding of the growth, deforma-

tion, and embolization or resolution of a thrombus under physiological and pathological flows

[27–30]. These studies demonstrated that the deformation of a thrombus and its propensity to

generate emboli depend strongly on thrombus mechanical properties and the hemodynamics.

Whereas, there is a lack of quantitative information for thrombus deformation and emboliza-

tion from in vivo studies [31], computational modeling can complement experimental studies

by simulating thrombus formation while including sub-processes such as platelet aggregation

and coagulation kinetics [32–35], as well as thrombus biomechanics in flow [31, 36–38]; see

also reviews [39–42]. There are, however, few studies dedicated to quantifying the integrated

process of thrombus initiation and development as well as its deformation and possible
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embolization under different hemodynamic conditions due to two primary computational

challenges: first, thrombus formation is a slow biological process, with the time scale of platelet

aggregation on the order of seconds while that of clot remodeling is on the order of days to

weeks; second, a constitutive equation describing poro-viscoelastic properties of blood clots

with different fibrin concentrations is lacking. Experimental investigations [29, 43, 44] show

that a mature thrombus consists of a central core filled with densely packed fibrin and acti-

vated platelets. This core is cove with a shell consisting of loosely packed and partially activated

platelets, allowing interstitial blood flow through. Hence, a thrombus can be considered as

porous medium exhibiting viscoelastic behavior with a fibrous network contributing to both

the viscous and the elastic properties [31, 45, 46].

In contrast to previous computational studies, which primarily focused on modeling either

platelet aggregation or deformation of an existing thrombus, we present a framework that can

capture the integrative process of thrombus formation and its subsequent deformation with

possible generation of emboli under dynamic shear flow conditions. We simulate the aggrega-

tion of platelets by coupling a spectral/hp element method (SEM) [47] with a force coupling

method (FCM) [48], following the strategy in [3, 33]. Once the platelets aggregate becomes sta-

ble, we convert the coarse-grained platelet distribution into a three-dimensional (3D) contin-

uum field to estimate the clot volume fraction and continue the simulation of thrombus

deformation within a blood flow using a phase-field model (see Fig 1), assuming that further

formation of thrombi during the phase-field simulation. The parameters in the phase-field

thrombus model are calibrated using existing in vitro experimental data. The connection

between FCM particle and phase-field continuum simulations is facilitated by the volume

Fig 1. Illustration of the simulation methodology. (a) A multiscale computational framework to simulate the

initiation, growth, and remodeling of a thrombus. (b) Volume fractionFfcm field for 6 planar cross-sections in the false

lumen of a dissecting aortic aneurysm taken along the flow direction from A to F. The platelet Lagrangian distribution

in the aggregate obtained from FCM simulation is converted into continuum fields of thrombus volume fraction,

which serves as an input for the phase-field method to simulate the interaction between flowing blood and thrombus.

Figs. (a) and (b) are adopted from [3].

https://doi.org/10.1371/journal.pcbi.1007709.g001
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fraction of the thrombus, which is extracted from the FCM simulation as a continuum field; it

serves as the initial condition for the subsequent phase-field modeling. As a demonstration of

the capability of the proposed framework (FCM + phase-field), we simulate thrombus forma-

tion and subsequent interactions with flowing blood in a dilated circular vessel, mimicking a

blood vessel with a fusiform aortic aneurysm.

This paper is organized as follows: in Results section, we study thrombus biomechanics

while varying its permeability and blood flow-induced shear stresses. Subsequently, we cali-

brate the model parameters that control the permeability and calibrate viscoelastic properties

of thrombus using in vitro experimental data. After that, we employ the phase-field model to

simulate thrombus deformation in an idealized aneurysm following the initial formation and

growth of the platelet aggregate captured by the FCM model. In Discussion section, we discuss

the results, limitations, and strengths of the model. In Methods section, we detail the method-

ology for the proposed 3D framework including the FCM for simulating platelet aggregation

and the phase-field method for simulating subsequent interactions between flowing blood and

a thrombus.

Results

Effects of thrombus permeability and hemodynamics on thrombus

deformation

The relative densities of cross-linked fibrin (fibrous) and platelet aggregates (granular) dictate

thrombus permeability. Prior studies show that thrombus permeability and local blood flow-

induced shear stresses play important roles in both the deformation of [31] and interstitial

flows within thrombus [49]. To examine particular effects of permeability and hemodynamics

on thrombus deformation, we first perform 2D and 3D simulations of blood flow passing a

semi-spherical porous obstacle that consists of a shell and a core region, (see Fig 2), following

the setup used by [31].

Thrombus deformation in 2D rectangular and 3D cuboid channels

First, we compare simulation results between a 2D thrombus model based on a vector poten-

tial ψ (see Eq 1 in Supporting information) and the 3D model based on the deformation

Fig 2. Setup of the simulation for modeling thrombus deformation in a 2D rectangular channel (domainO = {(x,

y)| 0� x� 6, 0� y� 2}). The initial volume fraction distribution of the blood/thrombus is denoted by the phase-field

profile, with the core less permeable than the shell. hs and hc are dimensions of the shell and core regions of the

thrombus, respectively.

https://doi.org/10.1371/journal.pcbi.1007709.g002

PLOS COMPUTATIONAL BIOLOGY Three-dimensional phase-field model of thrombus biomechanics

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007709 April 28, 2020 4 / 24

https://doi.org/10.1371/journal.pcbi.1007709.g002
https://doi.org/10.1371/journal.pcbi.1007709


gradient tensor F (see Eq 5) implemented in the present work. The initial setup of the 3D sim-

ulation is similar to that for the 2D simulation shown in Fig 2 except that we extend the 2D

geometry into the z-direction with a thickness of 1 and impose a periodic boundary condition

in the z-direction. The geometric and mechanical parameters for both simulations are: the

thickness of the shell hs = 0.8, the thickness of the core hc = 0.6, the elastic shear modulus of the

thrombus λe = 0.5, the density ratio of thrombus to blood ρ2/ρ1 = 2, the viscosity ratio of

thrombus to blood η2/η1 = 1, and the maximum inlet velocity 0.75. As shown in Fig 3, under a

steady flow, for both the 2D and 3D simulations, the shell region of the thrombus deforms

more toward the downstream direction of the blood flow than the core region since the shell is

more permeable to the blood flow than the core. Also, Fig 3(a)–3(d) show that the phase-field

and velocity contours obtained from the 3D simulation at cross-section z = 0.5 are similar to

those from the 2D simulation, although they are computed using different mathematical for-

mulations. We also plot the time history of the streamwise u-velocity at three different loca-

tions as well as the L2 norm of the u-velocity field for 2D and 3D simulations in Fig 4, which

suggests that the simulation results for the 2D and 3D models are consistent. These results con-

firm that the general 3D formulation can reduce to the 2D formulation when the third direc-

tion is homogeneous with periodic boundary conditions.

Effect of thrombus permeability on the flow field in a circular vessel

Here we examine thrombi with different permeabilities. The computational domain is a circu-

lar vessel with a unit diameter and length of 10. A semi-spherical thrombus composed of a

core and shell is initially placed in the lumen (see Fig 5). The flow profile at the inlet of the ves-

sel is set to be parabolic with a maximum value of 0.75 and a zero-Neumann boundary condi-

tion is prescribed at the outlet. All relevant model parameters are given in the first row of

Table 1. To isolate the effect of the permeability κs, we do not consider elastic energy in the

permeability tests (i.e., the thrombus is rigid). The core permeability κc = 1e − 4 is fixed for

these simulations. Fig 5 shows the axial velocity field for different values of shell permeability

Fig 3. Comparison of simulation results between 2D and 3D models. The 3D channel has periodic boundaries in

the z-direction. The phase-field and streamwise u-velocity are viewed in an xy-plane at time T = 0.96, specifically at

z = 0.5 in the 3D simulation. First row: (a) 2D (b) 3D phase-field ϕ, with ϕ = 1 for the flowing blood and ϕ = 0 for the

thrombus; second row: (c) 2D (d) 3D u-velocity fields around the deformed thrombus. The shell permeability κs =

10000, the core permeability κc = 1e-4, and the elastic shear modulus for the thrombus λe = 0.5.

https://doi.org/10.1371/journal.pcbi.1007709.g003
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κs of thrombus in xy and xz planes; it is observed that, blood velocity outside the thrombus

increases significantly as shell permeability decreases, suggesting that the microstructure of the

thrombus plays an important role on its neighboring flow field.

Effect of hemodynamics on the deformation of a thrombus in a circular

vessel

Next, we investigate the effect of hemodynamics on the deformation of a thrombus in a circu-

lar vessel. The same simulation setup as the permeability tests is used except that the elastic

energy of the thrombus is included in the total energy relation. The parameters used in these

Fig 4. Comparison of velocity magnitudes computed from 2D and 3D rectangular models; see Figs 2 and 3. (a) Three points

A, B, C for 2D and 3D velocity comparison. (b)-(d) Time-history of velocity u at three different axial locations in the channel, and

(e) L2 norm of velocity u computed from 2D and 3D models.

https://doi.org/10.1371/journal.pcbi.1007709.g004
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simulations are given in the second row of Table 1. Fig 6 shows that as the blood velocity

increases, the deformation of the shell region becomes more dramatic whereas the deforma-

tion of the core region is not significant due to the increased flow velocity. These observations

are consistent with prior experimental observations [29, 50] and numerical studies [31].

Calibration of thrombus permeability and viscoelastic properties

In the previous section, we did not consider the connection between thrombus local volume

fraction ϕ and its permeability κ or the connection between ϕ and its elastic properties λe
when simulating the deformation of an idealized thrombus. In this section, we define these

connections and calibrate the thrombus permeability and elastic properties by comparing our

simulation results with existing experimental data.

Calibration of the permeability of thrombus model using fibrin gel data

In this section, we use the fibrin gel data reported in [49] to calibrate the permeability of the

thrombus model κ(ϕ) because of the limited experimental data on thrombi. As shown in Fig

7(a) fluid from a reservoir flows through a fibrin gel in a permeation chamber. The pressure is

Table 1. Parameters used for thrombus deformation simulations in a circular vessel in non-dimensional units.

Parameters
r2

r1

Z2

Z1
hs hc λe σ κs κc

10 2 0.5 0.3 0 1e-3 0.005,0.01,1 1e-4

10 2 0.5 0.3 0.5 1e-3 1e-2 1e-4

https://doi.org/10.1371/journal.pcbi.1007709.t001

Fig 5. Velocity field in a circular vessel with a thrombus inside. (a) 3D view of simulation setup. Second row: Axial

velocity field w shown in the xz−plane cut at y = 0. Third row: a cross-sectional xy−plane cut through the center of

thrombus. Here, hs = 0.5, hc = 0.3 and κc = 1e − 4 for all cases. The permeability of the thrombus varied as: (b) κs = 1,

(c) κs = 0.01, (d) κs = 0.005 at time T = 0.9.

https://doi.org/10.1371/journal.pcbi.1007709.g005
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measured before and after the chamber, and the flow rate is calculated by measuring the dis-

placement of the air-buffer interface in the tubing at regular time intervals. The permeability κ
is then calculated using Darcy’s law v = −κΔP/η, where v is the interstitial fluid velocity, η is

the viscosity of the percolating fluid, and ΔP is the pressure drop.

To mimic this experiment, we place a thrombus in the center of a straight cuboid channel

filling the channel, as shown in Fig 7(b). The computational domain isO = {(x, y, z)| 0�

x� 6, 0� y� 2, 0� z� 1}, and no-slip boundary conditions are applied to the upper and

lower walls. Blood flow with a parabolic velocity profile is imposed at the inlet of the channel

and, a zero-Neumann boundary condition is imposed at the outlet. We use the correlation

kð�Þ=a2
f ¼ ½16C

1:5

f ð1þ 56C
3

f Þ�
� 1

[49], also known as Davies’ equation, to calculate the perme-

ability. We vary the initial thrombus volume fraction, and simulate nine cases to calculate

the pressure drop of the flow passing through thrombus. Four initial simulation setups are

shown in Fig 7(c)–7(f). Parameters are density ratio ρ2/ρ1 = 1, viscosity ratio η2/η1 = 2, length

L = 0.76mm, and width H = 0.25mm. The maximum inlet velocity vmax is 1mm/s, which gives a

Reynolds number Re = ρ1vmaxH/η1 = 0.02. Furthermore, the average volume fraction (VF) is

calculated by
R
O[(1 − ϕ)/2]dv/Vtotal. The velocity field and the phase-field contour for the case

of VF = 0.66 are plotted in Fig 7(g) and 7(h), respectively, which shows a notable deformation

of the thrombus. Our simulation results in Fig 7(i) show that the permeability decreases signif-

icantly with the increased VF. We also observe a good agreement between our simulation

results and both the experimental data and the empirical fit (Davies’ equation) [49].

Calibration of thrombus elastic shear modulus λe
In our model, the elastic shear modulus λe depends on the local volume fraction of a thrombus,

which is equivalent to the phase-field variable ϕ in this study. There are few rheometry experi-

ments that used oscillatory shear deformations to measure the viscoelastic properties of throm-

bus as a function of fibrin concentration, although they did not cover a wide range of fibrin

Fig 6. Thrombus shapes in a vessel under different flow conditions. The geometric parameters for thrombus shape

are hs = 0.5 and hc = 0.3. Phase-field profile at different blood velocity: (a) �w ¼ 0:25, (b) �w ¼ 1:0, (c) �w ¼ 1:6 shown at

time T = 0.91. Phase-field plots shown on xz−plane at y = 0 in the first row and on xy−plane in the second row. �w:

Average velocity in z-direction. ϕ = 1 denotes flowing blood and ϕ = 0 denotes solid thrombus.

https://doi.org/10.1371/journal.pcbi.1007709.g006
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concentration. In [51], a small oscillatory shear deformation with amplitude of γ0 = 0.01 and

frequency f = 0.5Hz was used to quantify the viscoelasticity of a fibrin gel at low concentra-

tions, which translates to a small thrombus volume fraction. The oscillatory deformation is suf-

ficiently small to probe the linear viscoelastic regime using a Kelvin-Voigt model that

decomposes shear stress into elastic and viscous contributions. Furthermore, the storage G0

and loss G@ moduli were quantified for the fibrin gel by the experiment. Both moduli may be

combined into a phase angle δ = tan−1(G@/G0) that describes the phase shift between the

Fig 7. Calibration of thrombus permeability κ. (a) Experimental setup for calibrating thrombus permeability, a typical experimental setup contains a reservoir

connected to the permeation chamber via a connecting tube. (b) 3D view of the simulation setup. (c-f) Four initial structures of the thrombus models with

VF = 0.33, 0.45, 0.57, 0.66, respectively. (g) Axial-velocity u in the vessel with thrombus VF = 0.66. (h) Phase-field ϕ in the vessel with thrombus VF = 0.66. (i) κ(ϕ)

as a function of the bulk thrombus VF in logarithmic scale. Red line represents the simulation results of the phase-field model. Black dots represent the

experimental data as reported in [49]. Blue line represents the relation expressed by Davie’s Equation in [49].

https://doi.org/10.1371/journal.pcbi.1007709.g007
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imposed strain and the measured stress. The two moduli are related by

G@ ¼ 2pf ðZ1 þ lsG0Þ; ð1Þ

where f is the frequency of the oscillations, η1 is the fluid viscosity, and λs is the relaxation time

defined as λs = η2/λe with η2 the viscosity of the fibrin gel. Eq 2 describes how the storage and

loss moduli are calculated, i.e.,

d ¼ sin� 1ð
4Ar

pDTsDd
Þ; G0 ¼

DTs
Dd

cosðdÞ; G@ ¼
DTs
Dd

sinðdÞ; ð2Þ

where Ar is the area of the torque-displacement loop, δ is the phase angle, Ts is the torque, and

d is the lateral displacement, following the definition in [52].

Fig 8(a) shows the experimental setup for the oscillatory shear test for the viscoelastic prop-

erties of a thrombus sample [53], where the diameter of the rheometer disk is 50mm and the

gap width is 300 μm. Fig 8(b) and 8(c) show the computational domain, which is a 3D channel

with O = {(x, y, z)| 0� x� 6, 0� y� 1, 0� z� 1}. The upper plate moves at a sinusoidal

velocity v = 0.2 sin(1.2πt), with a periodic boundary condition for velocity in the z-direction

Fig 8. Calibration of thrombus elastic shear modulus λe. (a) Experimental setup for a typical oscillatory shear test.

(b) 3D view of the simulation setup. (c) 2D view of the simulation setup. Third and Fourth rows: Stress-displacement

loop for different λe. Quantities are all in non-dimensional units. Third row (d-g): VF (volume fraction) = 0.3419;

Fourth row (h-k): VF = 0.5129. Points are data and lines are the fits. Displacement and stress are nondimensionalized

with the characteristic velocity and length scales 3.33 × 10−3 m/s and 3 × 10−4 m, respectively.

https://doi.org/10.1371/journal.pcbi.1007709.g008
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and a no-slip boundary condition on the lower plate. In our simulations, the characteristic

velocity and length scales (required for non-dimensionalization of the equations) are

3.33 × 10−3 m/s and 3 × 10−4 m, respectively. Zero-Neumann boundaries are imposed for the

phase-field variable and for the deformation related variable ψ in 2D, specifically, we impose n

� rϕ = 0, n � r(Δϕ) = 0, and n � rψ = 0. The thrombus is considered to be in the middle of the

channel and three different initial volume fractions VF = 0.3419, 0.5129, and 0.6335 are exam-

ined. At the frequency of 0.5Hz, the velocity of the upper plate is estimated to be 6.67 × 10−4

m/s with the fluid kinematic viscosity η1 = 1e-6 Pa � s and density ρ1 = 1000 kg/m3. We com-

pute the displacement at the thrombus interface, and the shear stress (including the viscous

and the elastic contributions) acting on the surface where the thrombus contacts the upper

plate. All parameters for the simulations are listed in Table 2.

We construct the stress-displacement loops as shown in Fig 8(d)–8(k). For the same volume

fraction shown in each row, the shear stress increases as the elastic shear modulus increases.

Moreover, for the same elastic shear modulus on each column, the shear stress increases with

increasing volume fraction. Our simulation results in Fig 9 show both G0 and G@ increase as

the concentration of fibrinogen increases.

Fig 10 shows the results of calibrating the relaxation time for the rheometry experiment.

The dotted green line shows the relaxation time computed based on experiments correspond-

ing to initial fibrinogen concentrations of 1, 3 and 6mg/mL, where G0 ¼ 102:6�log10ðcFbg Þþlog10ð10Þ.

In addition, we estimate G@ ¼ 101:7�log10ðcFbg Þþlog10ð0:7Þ, and the relaxation time is calculated using

λs = [G@/(2πf) − η1]/G0 [51]. The solid lines show the relaxation time from extrapolation and

extension from our simulations, where we use a linear fit for the simulation data (only the two

points corresponding to VF = 0.3419 and 0.5219) and extrapolate to the concentration range

of 1 − 6mg/mL. By comparing our simulation results with experimental data (see Fig 10), we

select λe = 0.44 Pa. As a result, we set the relaxation time as lsð�Þ ¼ 10� 0:7172�log10ðcFbg Þ� 1:1140 in

the following 3D simulation.

Simulation of thrombus formation and deformation in an idealized

aneurysm

In the case of an abdominal aortic aneurysm (AAA), the low shear rate region inside the most

enlarged region combined with a long shear history experienced by the entering platelets can

promote activation and aggregation of the platelets and thus thrombus initiation [54, 55].

Thrombus, in turn, causes further enlargement of the AAA and possible thromboembolic

events [56, 57]. To demonstrate the capability of the proposed framework in predicting throm-

bus deformation and possible embolism, in this section, we model the initiation and develop-

ment of a thrombus in an idealized AAA as well as the subsequent interaction between the

thrombus and blood flow.

Table 2. Parameters used for oscillatory shear simulations in dimensional units.

Frequency (Hz) Velocity (m/s)
r2

r1

Z2

Z1
λe (Pa)

case1 0.5 6.67e-4 2 2 0.22

case2 0.5 6.67e-4 2 2 0.44

case3 0.5 6.67e-4 2 2 0.67

case4 0.5 6.67e-4 2 2 0.89

https://doi.org/10.1371/journal.pcbi.1007709.t002
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Modeling thrombus formation with FCM

To avoid solving directly the spatio-temporal “thrombus deposition potential” [54, 55], we

compare three realistic platelet deposition sites for illustrative purposes, namely, on the proxi-

mal and distal neck and the bottom of the aneurysm, respectively, as shown by the blue patches

in Fig 11. Initially, passive platelets (particles) are distributed uniformly inside the aneurysm

(Fig 11(a)). When the passive platelets interact with the deposition sites, they become triggered

and change to an activated state after a delay time τact = 0.1 − 0.3s [33, 48]. Upon activation,

the platelets begin to adhere at deposition sites and to other activated platelets, then modeled

as pseudo-platelets (i.e., platelets and associated fibrin) growing in size to an effective radius

reff (as illustrated by the schematic in Fig 11(b)). This coarse-grained approach reduces the

computational cost by simulating fewer platelets than the physiological concentration, follow-

ing our prior work [3]. The Reynolds number of the flow is Re = 181.9, which is calculated

Fig 9. Estimating viscoelastic properties of thrombus using the phase-field model. (a) Storage (G0 and (b) loss moduli (G@) as a function of fibrinogen

concentration cFbg at different λe computed from simulation results.

https://doi.org/10.1371/journal.pcbi.1007709.g009
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based on blood viscosity 3.77 × 10−3 Pa � s and blood density 1060 kg/m3. A generic pulsatile

blood flow is prescribed at the inlet for which the average velocity profile within one cardiac

cycle is shown in Fig 11(c).

Once the simulation begins, the platelets close to the deposition sites become activated and

adhered to the wall. As the simulation continues, increased numbers of activated platelets

adhere to the aggregates. We find that platelet aggregates become stable after simulating 15

cardiac cycles. As shown in Fig 12(a), platelet aggregates are mainly located around the platelet

deposition sites at the neck and bottom of the aneurysm, consistent with findings from prior

computational modeling [54]. Next, as illustrated in Fig 12(b), we convert the Lagrangian dis-

tribution of the platelet aggregates to volume fractions that can be used as an initial condition

for the subsequent phase-field modeling of interactions between the thrombus and blood flow

with possible embolization.

Multiphase continuum modeling of a thrombus

After the initial phase of platelet aggregation modeled by FCM, we simulate the interaction of

blood and thrombus under the same flow conditions using the phase-field model. We assume

that platelets will no longer accumulate on the thrombus or wall. The permeability κ(ϕ) calcu-

lated by the Davies’ equation and the thrombus viscoelastic properties λe(ϕ) estimated in

Results section are used to represent the biomechanical properties of the thrombus.

Fig 13 shows a sequence of snapshots of the thrombus shape under the pulsatile flow in dif-

ferent cross-sectional planes, where the detachment of small pieces of thrombus due to the

interaction with blood flow is observed at different axial locations. There is mild pinch-off at

both the upstream x� 5cm and downstream x� 8.5 cm of the thrombus, while moderate

thrombus contraction occurs proximal to the aneurysm at x� 5.5 cm, 6.5 cm, and 7.5 cm.

Thrombus volume fraction VF is low close to the center of the vessel and distal to the aneu-

rysm higher in the deeper regions of the aneurysm. We also perform simulations with a steady

inflow boundary condition to investigate the effect of pulsatility on the results. As shown in

Fig 6 in Supporting information, our simulations show that a thrombus under steady flow

does not release emboli, which is different from the case of pulsatile flow shown in Fig 13. This

difference suggests that pulsatility of the blood flow could be important in thromboembolic

events secondary to intraluminal thrombus in AAAs.

Fig 10. Relaxation time as a function of fibrinogen concentration cFbg corresponding to different λe. Simulation results are represented by

solid lines (data are fitted and extrapolated) and experimental result is represented by the green dotted line [51].

https://doi.org/10.1371/journal.pcbi.1007709.g010
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Discussion

In this work, we present a multiscale framework that combines FCM with a phase-field

method to model both the initial formation of a thrombus through platelet aggregation and

fibrin deposition and subsequent interactions between the flowing blood and the thrombus.

Such modeling is challenging because of the multiphysics and multiscale biomechanics.

Neither the popular ALE approach for fluid-structure interactions nor the level-set method

have been applied to model these aspects of a thrombus due to the difficulty in capturing the

complicated rheology at the interface of the thrombus and blood flow. The phase-field method,

on the other hand, can capture these effects naturally because it is fully-Eulerian and able to

capture the interfacial rheology and the shear stress on the thrombus surface. A recent numeri-

cal study [31] simulated thrombus deformation with a 2D phase-field model, but did not con-

sider how the viscoelastic properties of the thrombus affect its deformation. In this work, we

implemented a 3D phase-field model to investigate effects of the permeability and viscoelastic

Fig 11. Geometry and boundary condition for simulating thrombus formation in a fusiform aortic aneurysm. (a),

(b) Passive platelet particles are initially distributed throughout the computational domain, including within the

aneurysm, while new platelets are inserted into the proximal domain and outgoing platelets are deleted from distal

domain.Upper inset: passive platelets as spherical particles of radius rp = 1.5 μm. Pseudo-platelets change their size

once they come into contact with the deposition sites and become activated, catalyzing the conversion of blood borne

fibrinogen into semi-solid fibrin. Lower inset: activated platelets with increased effective radius reff = 60rp. (c) Pulsatile

flow profile imposed at the inlet; a zero pressure condition is prescribed at the outlet.

https://doi.org/10.1371/journal.pcbi.1007709.g011
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properties of a thrombus on its deformation in a flow field. Our simulations show that the per-

meability and the elastic shear modulus are essential in determining the responses of

the thrombus. Our simulations of the rheology and flow-induced shape changes of the throm-

bus were consistent with results in a prior computational study [31] and experimental observa-

tions [29, 50], suggesting the potential of this approach in predicting the risk of thrombotic

and thromboembolic events under physiologic and pathological conditions. Indeed, even

though we used the volume fraction of a thrombus to define the phase-field variable ϕ, which

leads to a finite thickness interface in our simulations that may compromise the original

phase-field assumption of a thin smooth transition layer, our assumption simplified the model

and yielded a reasonable congruence with available additional data [49].

A unique feature of the proposed framework is the combination of a phase-field method

with FCM by converting the volume fraction of platelet aggregation into a phase-field variable,

which enables consistent modeling of thrombus initiation, development, and deformation

under blood flow. When simulating thrombus formation in an idealized aortic aneurysm, our

FCM simulations suggest that the thrombus does not grow uniformly; moreover, the volume

fractions of the blood and thrombus also vary spatially. Portions of thrombus with lower vol-

ume fractions VF have a larger propensity to deform toward the downstream direction of the

blood flow. Small pieces even can detach from the bulk thrombus and flow downstream, simi-

lar to the process of thrombus embolization.

We note that thrombus can form via different mechanisms that lead to different composi-

tions and stability [58, 59]. The composition of thrombus in AAAs is even more complex.

Intraluminal thrombus may contain layers with different compositions, representing blood

cells that were captured over multiple time scales [60]. Complexities similarly arise in intramu-

ral thrombus in the aortic dissection, with some regions demonstrating remodeling of fibrin-

rich thrombus into collagen-rich fibrotic tissue [21]. In this work, we considered the formation

of a thrombus in an idealized AAA, in which the low shear rate region inside the aneurysm

combines with a long shear history experienced by the platelets to promote local platelet depo-

sition [54, 55]. The aim of our simulations was thus not to predict the differential formation of

Fig 12. Platelet aggregation modeled by the FCM and the initial conditions for the phase-field model. (a) Side and

top views of the simulated platelet aggregates in the aneurysm after 15 cardiac cycles. (b) The corresponding input for

the phase-field simulation, where the top row is the central cross-section of the vessel and the bottom row is the view

from the top.

https://doi.org/10.1371/journal.pcbi.1007709.g012
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a thrombus in aneurysms, but rather to demonstrate the capability of the proposed framework

to simulate the formation of thrombus that initiated via platelet activation and deforms due to

both external and interstitial blood flow. Finally, we calibrated both the permeability and vis-

coelasticity of the model using data from fibrin gels given the lack of data on the viscoelastic

properties of platelet-rich thrombus. These parameter values can be refined when new experi-

mental data become available.

Taken together, we developed a 3D phase-field model for simulating blood-thrombus inter-

actions. Calibration of model parameters was achieved by comparing the simulation results

Fig 13. Physiologic phase-field modeling of thrombus deformation in an idealized aneurysm. Contours of thrombus volume fraction in the aneurysm shown

using the phase-field variable at (a) T = 0s (black lines indicate planar cross-sections at x = 5, 5.5, 6.5, 7.5, and 8.5 cm), (b) T = 0.92s, (c) T = 1.53s, and (d) T = 2.88s.
Rows 3-6: phase-field contours plotted at different x locations (e) x = 5cm (f) x = 5.5 cm (g) x = 6.5 cm (h) x = 7.5 cm (i) x = 8.5 cm varying with time. Third row:

T = 0.25s; Fourth row: T = 1.17s; Fifth row: T = 1.87s; Sixth row: T = 2.88s.

https://doi.org/10.1371/journal.pcbi.1007709.g013
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with existing in vitro experimental data for the poro-viscoelastic behavior. The proposed 3D

phase-field model can be combined with FCM to simulate the process from platelet activation

and deposition to subsequent deformation while exposed to steady or pulsatile blood flow.

Guided by patient-specific clinical data, such as lesion geometry and the local blood flow rate,

this multiscale framework has the potential to predict the risk of thrombotic-embolic events,

which are responsible for significant morbidity and mortality. Furthermore, this framework

can be further expanded by combining it with models for thrombus remodeling [61–63] to

improve our understanding of how changes of biomechanical properties of a thrombus during

its maturation affect its role in both physiology and pathophysiology.

Methods

Platelet transport and aggregation

We simulate the transport of platelets within flowing blood and their aggregation on deposi-

tion sites using FCM integrated with SEM [33]. FCM is used to describe the motion of platelets

and their (bi-directional) interactions with the flowing blood, which is determined using

SEM to solve the flow field on a fixed Eulerian grid. This multiscale approach has been success-

fully used in modeling platelet aggregation in venules [48], stenotic channels [33], and intra-

mural aortic dissections [3]. In our simulations, platelets exhibit three different states, namely

passive, triggered, or activated. In passive or triggered states, platelets have their physiological

radius rp = 1.5 μm and are non-adhesive. Once platelets in the passive state interact with acti-

vated platelets or a deposition site, they switch to a triggered state and then activate after a

delay time τact = 0.1 − 0.3 s [48]. After activation, pseudo-platelets of platelets embedded in a

local fibrin network) grow to an effective radius reff* 60rp. This approach allows us to use

fewer platelets than the physiological concentration when modeling thrombus formation in

large computational domains [3].

The margination of platelets due to collisions with blood cells in flowing blood has been

studied extensively, both experimentally and theoretically, for straight channels and idealized

vessels [64–68]. To avoid the added complexity of simulating blood cells explicitly in the blood

flow, we account for platelet margination by using a master profile for platelet distribution

within the aorta, quantified in in [64] when platelet particles are inserted into the inlet of a ves-

sel. The interactions amongst the platelets as well as between the platelets and the deposition

sites are then described by a Morse potential (attractive interactions between platelets) and an

exponential repulsion potential (exclusive effects of the platelet particles) (see S5 Text). The

adhered platelet particles are considered to be ‘stationary’ or part of the thrombus when their

moving distance within one cardiac cycle is less than 1/100 of their diameter. The interaction

forces are shear-rate dependent; the force values were calibrated using data from four indepen-

dent studies, including two in vivo [3, 27] and two in vitro [69, 70] experiments, which mea-

sured platelet aggregation at different shear rates. More detailed information of the FCM

model can be found in S5 Text and in [3, 33].

To compute the volume fraction of the formed thrombus VF (i.e., the local volume occu-

pied by the thrombus divided by the volume of blood), we first use a continuum representation

of the adhered platelets from FCM simulations to evaluate the local volume fraction of pseudo-

platelet particles as Cfcmðx; tÞ ¼
PN

n¼1
Vn

pDðx � YnðtÞÞ; where Vn
p is the volume of each

pseudo-platelet, x is the position of the background Eulerian grid, and Yn is the position of

each FCM particle. Knowing the local concentration of fibrinogen and platelets and using the

computed Cfcm field, we estimate the thrombus volume fraction as VF = [Cf(cFbg)+ Cp(cplat)]
Cfcm, where Cf is the volume fraction of fibrin and Cp is the volume fraction contribution of

platelets [3, 49]. Cf can be computed by an empirical relation Cf = cFbg/[ρFbg(0.015 log(cFbg) +
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0.13)], where cFbg (mg/mL) is the concentration of fibrinogen and ρFbg = 1.4 g/mL is the density

of a single fibrinogen molecule [49]. Cp can be evaluated directly based on each platelet’s vol-

ume and the local platelet number density [49].

Modeling clot deformation using the phase-field method

Various computational methods have been implemented to model interactions between fluids

and viscoelastic solids, including the arbitrary Lagrangian Eulerian formulation (ALE), and

the immersed boundary method as well as, level set, volume-of-fluid, and phase-field methods

[71–73]. An advantage of phase-field approaches in modeling multiphase systems is that they

describe the system by characterizing the free energy. In this way, different physical/biological

phenomena can be considered through an appropriate modification of a unified set of govern-

ing equations for the free energy formulated over the entire computational domain [71]. The

phase-field method has been used to address interactions between flowing blood and throm-

bus as well as between the flowing blood and a biofilm [31, 38]. These studies were limited,

however, to 2D simulations for predefined thrombus and biofilm shapes. Other studies eluci-

dated the roles of thrombus permeability on its deformation and embolization [31], but did

not include effects of spatial variability of the volume fraction of the thrombus. In the current

study, we extend the prior work by performing new 3D simulations of interactions between

the thrombus and flowing blood, while considering both the spatially variable permeability

and viscoelastic properties of a thrombus. We believe that this approach provides more biolog-

ically realistic and physically consistent results.

The key idea of the phase-field approach is to use a phase-field variable ϕ to describe a two-

phase system, with the interface between two different phases modeled by a thin smooth tran-

sition layer [71]. In our simulation of a vascular lumen O containing a thrombus, ϕ = 1 repre-

sents the blood, 0< ϕ< 1 represents a mixture of blood and thrombus, and ϕ = 0 represents

thrombus only. The phase-field equation is derived by minimizing the total energy Etot of the

blood-thrombus system, which is the sum of the kinetic energy, cohesive energy of the mix-

ture, and the elastic energy of the fibrin network and platelets in a thrombus. The cohesive

energy Ecohesive of the mixture is adopted from Cahn & Hilliard [74]. We describe the viscoelas-

tic fibrin network in thrombus using a Kelvin-Voigt type model where a neoHookean relation

is used to describe the elastic behavior and a dashpot is used to describe the viscous behavior

[51, 75].

The total free energy for the blood-thrombus system can thus be written by adding the

cohesive and elastic energies, respectively, as

Etot ¼
Z

O

½
l

2
jr�j

2
þ

l

2h2
�

2
ð� � 1Þ

2
�dx þ

Z

O

½
le
2
trðFTF � IÞ�dx; ð3Þ

where λ is the mixing energy density, λe is the elastic shear modulus, h is a characteristic length

scale of the interface thickness, tr is the trace of a matrix and I is the identity matrix. Relative

to an Eulerian reference frame, the deformation gradient tensor Fðx; tÞ ¼ @x̂=@X satisfies the

following evolution equation [75] (it can be shown thatr � F = 0 ifr � F0 = 0 at time t = 0):

@F
@t
þ u � rF ¼ ru � F; ð4Þ

where u is the velocity, x̂ and X are the current and original locations of a material point. In

prior 2D models [31, 38], an auxiliary vector ψ was introduced to calculate the deformation

gradient tensor F through F =r × ψ and the corresponding equation for ψ is @c

@t þ u � rc ¼ 0:
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To improve the computational efficiency in 2D, we solve for ψ = [ψ1, ψ2] instead of the four

components of Eq 1 in Supporting information.

The governing equations for the 3D phase-field model are summarized as follows

rð
@u
@t
þ u � ruÞ þ rp � r � ðZð�ÞruÞ ¼

r � ðleð1 � �ÞðFF
T � IÞÞ � lr � ðr��r�Þ � Zð�Þ

ð1 � �Þu
kð�Þ

;

ð5aÞ

r � u ¼ 0; ð5bÞ

@F
@t
þ u � rF ¼ ru � F ð5cÞ

@�

@t
þ u � r� � tDm1 ¼ 0; ð5dÞ

m1 ¼
dEtot
d�
¼ � lD�þ lgg1ð�Þ þ

le
2
trðFTF � IÞ; ð5eÞ

where u, p(ϕ), ρ(ϕ), η(ϕ), κ(ϕ) are the velocity, pressure, mass density, dynamic viscosity and

permeability, respectively, with the phase-field variable ϕ 2 [0, 1]. Furthermore, γ is a constant

interfacial mobility of the phase-field, τ is a relaxation parameter, and g1(ϕ) is the derivative of

the double well potential ϕ2(ϕ − 1)2/2h2. Eq 5(a) and 5(b) account for linear momentum bal-

ance and mass balance, respectively. Eq 5(c) calculates the deformation gradient tensor F and

Eq 5(d) computes the phase-field variable ϕ. The free energy potential μ1 for the blood-throm-

bus system is expressed by Eq 5(e), which is derived by taking the derivative of the total free

energy Etotal with respect to ϕ.

Following Dong et al. [71], our model and algorithms have several attractive features. The

governing equations are solved on the entire domain with a fixed Eulerian grid and all key var-

iables, such as the velocity u, the phase-field ϕ and the deformation gradient tensor F are

decoupled. The resulting coefficient mass and stiffness matrices are constant and thus can be

computed at the beginning of each simulation to increase the computational efficiency. Fur-

thermore, the 4th order phase-field equation (i.e., Cahn-Hilliard equation [74]) is reformulated

into two second-order Helmholtz equations, which can be solved by the spectral or finite ele-

ment method. We use an entropy viscosity method to stabilize the hyperbolic Eq 5(c) for F (or

vector ψ in 2D) [76].

The surface tension parameter σ is related to the mixing energy density λ in Eq 5 using

l ¼ 3

2
ffiffi
2
p sh. We tested different values of the surface tension (λ changes accordingly) with

other parameters fixed, and found that the effect of σ on the mechanical properties of the

thrombus is negligible. Therefore, we assume a weak surface tension force in the momentum

Eq 5(a) compared to the viscous and elastic forces.

Supporting information

S1 Text. Governing equations in 2D.

(PDF)
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S3 Text. Sensitivity tests of interface width & surface tension.

(PDF)

S4 Text. Simulation of thrombus deformation under steady flow.

(PDF)

S5 Text. Modeling platelet transport and aggregation using FCM.

(PDF)

S1 Fig. Permeability test in a 2D channel. Stream-wise velocity field u for case 3 (see Table 1)

with hs = 1.4 and hc = 0.6 at (a) κs = 1, (b) 0.1, (c) 0.01, and (d) 0.005 shown at time T = 0.7.

(TIFF)

S2 Fig. Shear stress acting on the clot surface in a 2D channel. Shear stress (normalized by

the stress F0 calculated with κs = 5e − 3) acting on the surface of the thrombus as a function of

κs, with case 2 (black line) and case 3 (line) corresponding to different sizes of shell sub-

domain of the thrombus.

(TIFF)

S3 Fig. Thrombus shapes in a 2D channel at different flow velocities. Impact of the flow

velocity u on thrombus deformation with hs = 0.6 and hc = 0.3. Phase-field contour of the

thrombus at different shear rates are plotted for (a) u = 0.2, (b) 0.5, (c) 1.0 and (d) 2.0 at time

T = 0.48. u is the maximum velocity at the inlet.

(TIFF)

S4 Fig. Sensitivity of interface width on the deformation of thrombus in a 2D channel. 1st

row: axial velocity and 2nd row: phase-field profile at T = 1. h is the interface width.

(TIFF)

S5 Fig. Sensitivity of surface tension on the deformation of blood clot in a 2D channel.

Phase-field profile at T = 1. σ is the surface tension.

(TIFF)

S6 Fig. Thrombus deformation under a steady flow.

(TIFF)
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62. Karšaj I, Humphrey JD. A mathematical model of evolving mechanical properties of intraluminal throm-

bus. Biorheology. 2009; 46(6):509–527. https://doi.org/10.3233/BIR-2009-0556 PMID: 20164633

PLOS COMPUTATIONAL BIOLOGY Three-dimensional phase-field model of thrombus biomechanics

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007709 April 28, 2020 23 / 24

https://doi.org/10.1002/wsbm.1160
https://doi.org/10.1002/wsbm.1160
http://www.ncbi.nlm.nih.gov/pubmed/22246734
https://doi.org/10.1182/blood-2013-08-523860
http://www.ncbi.nlm.nih.gov/pubmed/24335500
https://doi.org/10.1182/blood-2014-01-550319
http://www.ncbi.nlm.nih.gov/pubmed/24951426
https://doi.org/10.1016/S0006-3495(72)86156-3
https://doi.org/10.1016/S0006-3495(72)86156-3
http://www.ncbi.nlm.nih.gov/pubmed/5056964
https://doi.org/10.1007/s10237-015-0686-9
http://www.ncbi.nlm.nih.gov/pubmed/26045142
https://doi.org/10.1016/j.bpj.2013.02.055
https://doi.org/10.1016/j.bpj.2013.02.055
http://www.ncbi.nlm.nih.gov/pubmed/23601328
https://doi.org/10.1016/j.bpj.2014.05.035
http://www.ncbi.nlm.nih.gov/pubmed/25028892
https://doi.org/10.1152/ajpcell.00562.2006
https://doi.org/10.1152/ajpcell.00562.2006
http://www.ncbi.nlm.nih.gov/pubmed/17428838
https://doi.org/10.3233/BIR-130643
https://doi.org/10.3233/BIR-130643
http://www.ncbi.nlm.nih.gov/pubmed/24398609
https://doi.org/10.1098/rsfs.2012.0089
https://doi.org/10.1098/rsfs.2012.0089
http://www.ncbi.nlm.nih.gov/pubmed/24427532
https://doi.org/10.1016/j.jvs.2005.01.004
https://doi.org/10.1016/j.jvs.2005.01.004
http://www.ncbi.nlm.nih.gov/pubmed/15874920
https://doi.org/10.1115/1.4023437
https://doi.org/10.1115/1.4023437
http://www.ncbi.nlm.nih.gov/pubmed/23445056
https://doi.org/10.1063/1.5115554
http://www.ncbi.nlm.nih.gov/pubmed/31768485
https://doi.org/10.1007/s10439-015-1332-5
https://doi.org/10.1007/s10439-015-1332-5
http://www.ncbi.nlm.nih.gov/pubmed/25986953
https://doi.org/10.3233/BIR-2009-0556
http://www.ncbi.nlm.nih.gov/pubmed/20164633
https://doi.org/10.1371/journal.pcbi.1007709


63. Humphrey JD, Holzapfel GA. Mechanics, mechanobiology, and modeling of human abdominal aorta

and aneurysms. Journal of Biomechanics. 2012; 45(5):805–814. https://doi.org/10.1016/j.jbiomech.

2011.11.021 PMID: 22189249

64. Aarts P, Van Den Broek S, Prins GW, Kuiken G, Sixma JJ, Heethaar RM. Blood platelets are concen-

trated near the wall and blood cells, in the center in flowing blood. Arteriosclerosis: An Official Journal of

the American Heart Association, Inc. 1988; 8(6):819–824.

65. Zhao H, Shaqfeh ES. Shear-induced platelet margination in a microchannel. Physical Review E. 2011;

83(6):061924.

66. Reasor DA Jr, Mehrabadi M, Ku DN, Aidun CK. Determination of critical parameters in platelet margin-

ation. Annals of Biomedical Engineering. 2013; 41(2):238–249. https://doi.org/10.1007/s10439-012-

0648-7 PMID: 22965639

67. Jordan A, David T, Homer-Vanniasinkam S, Graham A, Walker P. The effects of margination and cell

augmented platelet diffusivity on platelet adhesion in complex flow. Biorheology. 2004; 41(5):641–653.

PMID: 15477670

68. Zhao R, Kameneva MV, Antaki JF. Investigation of platelet margination phenomena at elevated shear

stress. Biorheology. 2007; 44(3):161–177. PMID: 17851165

69. Westein E, van der Meer AD, Kuijpers MJ, Frimat JP, van den Berg A, Heemskerk JW. Atherosclerotic

geometries exacerbate pathological thrombus formation poststenosis in a von Willebrand factor-depen-

dent manner. Proceedings of the National Academy of Sciences. 2013; 110(4):1357–1362.

70. Li M, Ku DN, Forest CR. Microfluidic system for simultaneous optical measurement of platelet aggrega-

tion at multiple shear rates in whole blood. Lab on a Chip. 2012; 12(7):1355–1362. https://doi.org/10.

1039/c2lc21145a PMID: 22358184

71. Dong S, Shen J. A time-stepping scheme involving constant coefficient matrices for phase-field simula-

tions of two-phase incompressible flows with large density ratios. Journal of Computational Physics.

2012; 231(17):5788–5804.

72. Zheng X, Babaee H, Dong S, Chryssostomidis C, Karniadakis G. A phase-field method for 3D simula-

tion of two-phase heat transfer. International Journal of Heat and Mass Transfer. 2015; 82:282–298.

73. Zheng X, Karniadakis G. A phase-field/ALE method for simulating fluid–structure interactions in two-

phase flow. Computer Methods in Applied Mechanics and Engineering. 2016; 309:19–40.

74. Cahn JW, Hilliard JE. Free energy of a nonuniform system. I. Interfacial free energy. The Journal of

Chemical Physics. 1958; 28(2):258–267.

75. Lin FH, Liu C, Zhang P. On hydrodynamics of viscoelastic fluids. Communications on Pure and Applied

Mathematics. 2005; 58(11):1437–1471.

76. Guermond JL, Pasquetti R, Popov B. Entropy viscosity method for nonlinear conservation laws. Journal

of Computational Physics. 2011; 230(11):4248–4267.

PLOS COMPUTATIONAL BIOLOGY Three-dimensional phase-field model of thrombus biomechanics

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007709 April 28, 2020 24 / 24

https://doi.org/10.1016/j.jbiomech.2011.11.021
https://doi.org/10.1016/j.jbiomech.2011.11.021
http://www.ncbi.nlm.nih.gov/pubmed/22189249
https://doi.org/10.1007/s10439-012-0648-7
https://doi.org/10.1007/s10439-012-0648-7
http://www.ncbi.nlm.nih.gov/pubmed/22965639
http://www.ncbi.nlm.nih.gov/pubmed/15477670
http://www.ncbi.nlm.nih.gov/pubmed/17851165
https://doi.org/10.1039/c2lc21145a
https://doi.org/10.1039/c2lc21145a
http://www.ncbi.nlm.nih.gov/pubmed/22358184
https://doi.org/10.1371/journal.pcbi.1007709

