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Abstract: By calculating the Kullback-Leibler divergence between two probability measures be-
longing to different exponential families dominated by the same measure, we obtain a formula
that generalizes the ordinary Fenchel-Young divergence. Inspired by this formula, we define the
duo Fenchel-Young divergence and report a majorization condition on its pair of strictly convex
generators, which guarantees that this divergence is always non-negative. The duo Fenchel-Young
divergence is also equivalent to a duo Bregman divergence. We show how to use these duo diver-
gences by calculating the Kullback-Leibler divergence between densities of truncated exponential
families with nested supports, and report a formula for the Kullback-Leibler divergence between
truncated normal distributions. Finally, we prove that the skewed Bhattacharyya distances between
truncated exponential families amount to equivalent skewed duo Jensen divergences.

Keywords: exponential family; statistical divergence; truncated exponential family; truncated normal
distributions

1. Introduction
1.1. Exponential Families

Let (X, %) be a measurable space, and consider a regular minimal exponential fam-
ily [1] £ of probability measures Py all dominated by a base measure p (Py < p):

E={p : 00} 1)

The Radon-Nikodym derivatives or densities of the probability measures Py with
respect to u can be written canonically as

dp,
po(x) = g, () = exp (07 1(x) — F(0) +k(x) ), @)

where 6 denotes the natural parameter, f(x) the sufficient statistic [1-4], and F(6) the log-
normalizer [1] (or cumulant function). The optional auxiliary term k(x) allows us to change
the base measure y into the measure v such that % (x) = ek, The order D of the family is
the dimension of the natural parameter space ©:

0= {9 eRP : /Xexp<9Tt(x) +k(x)) dp(x) < oo}, ©)]

where R denotes the set of reals. The sufficient statistic t(x) = (#1(x), ..., tp(x)) is a vector
of D functions. The sulfficient statistic ¢(x) is said to be minimal when the D + 1 functions
1, t1(x), ..., tp(x) are linearly independent [1]. The sufficient statistics ¢(x) are such that
the probability Pr[X|0] = Pr[X|t(X)]. That is, all information necessary for the statistical
inference of parameter 6 is contained in #(X). Exponential families are characterized as
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families of parametric distributions with finite-dimensional sufficient statistics [1]. Expo-
nential families {p, } include among others the exponential, normal, gamma /beta, inverse
gamma, inverse Gaussian, and Wishart distributions once a reparameterization § = 6(A) of
the parametric distributions {p, } is performed to reveal their natural parameters [1].

When the sufficient statistic #(x) is x, these exponential families [1] are called nat-
ural exponential families or tilted exponential families [5] in the literature. Indeed, the
distributions Py of the exponential family £ can be interpreted as distributions obtained
by tilting the base measure u [6]. In this paper, we consider either discrete exponential
families like the family of Poisson distributions (univariate distributions of order D =1
with respect to the counting measure) or continuous exponential families like the fam-
ily of normal distributions (univariate distributions of order D = 2 with respect to the
Lebesgue measure). The Radon-Nikodym derivative of a discrete exponential family is
a probability mass function (pmf), and the Radon-Nikodym derivative of a continuous
exponential family is a probability density function (pdf). The support of a pmf p(x) is
supp(p) = {x € Z : p(x) > 0} (where Z denotes the set of integers) and the support of
a d-variate pdf p(x) is supp(p) = {x € R? : p(x) > 0}. The Poisson distributions have
support NU {0} where N denotes the set of natural numbers {1,2, ..., }. Densities of an
exponential family all have coinciding support [1].

1.2. Truncated Exponential Families with Nested Supports

In this paper, we shall consider truncated exponential families [7] with nested supports.
A truncated exponential family is a set of parametric probability distributions obtained
by truncation of the support of an exponential family. Truncated exponential families are
exponential families but their statistical inference is more subtle [8,9]. Let Errync = {g0}
be a truncated exponential family of £ = {py} with nested supports supp(g9) C supp(pg)-
The canonical decompositions of densities pg and gy have the following expressions:

po(x) = exp (GTt(x) +k(x) — F(G)), 4)
_pelx)
go(x) = m = exp (OTt(x) +k(x) — Frmnc(ﬂ)), 5)

where the log-normalizer of the truncated exponential family is:
Frrunc(0) = F(0) +log 2™ (6), (©)

where Z*Trune () is a normalizing term that takes into account the truncated support
XTrune- These equations show that densities of truncated exponential families only differ
by their log-normalizer functions. Let X1y n. denote the support of the distributions of
ETrune = supp(qe) and X' = supp(py) the support of £. Family Epync is a truncated
exponential family of £ that can be notationally written as £y, . Family & can also
be interpreted as the (un)truncated exponential family £y with densities py = ps. A
truncated exponential family £y, of £ is said to have nested support when Xty C X.
For example, the family of half-normal distributions defined on the support Xryync = [0,0)
is a nested truncated exponential family of the family of normal distributions defined on
the support X = (—o0,0).

1.3. Kullback—Leibler Divergence Between Exponential Family Distributions

For two o-finite probability measures P and Q on (X, X) such that P is dominated by
Q (P <« Q), the Kullback-Leibler divergence between P and Q is defined by

dp dpP
:Ql= [ log—dP = — 7
DiulP: Q] = [, log 55 dP = En|log 55 |, 7)
where Ep[X] denotes the expectation of a random variable X ~ P [10]. When P <« Q, we set
Dkr [P : Q] = +o0. Gibbs’ inequality [11] Dk [P : Q] > 0 shows that the Kullback-Leibler
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divergence (KLD for short) is always non-negative. The proof of Gibbs’ inequality relies on
Jensen’s inequality and holds for the wide class of f-divergences [12] induced by convex

generators f(u):
I[P Q] :/){f(i%) dpzf</x‘£dp> > £(1). ®)

The KLD is an f-divergence obtained for the convex generator f(u) = — log u.

1.4. Kullback—Leibler Divergence Between Exponential Family Densities

It is well-known that the KLD between two distributions P, and Py, of & amounts to
computing an equivalent Fenchel-Young divergence [13]:

DKL[Pel : sz] = /X pgl (x) log % dy(x) = YF,F* (92, 7]1), (9)

where 7 = VF(0) = Ep,[t(x)] is the moment parameter [1] and

P b T
VE(0) = [aelp(e)" . .,@F(G) , (10)

is the gradient of F with respect to @ = [6y,...,0p] . The Fenchel-Young divergence is
defined for a pair of strictly convex conjugate functions [14] F(0) and F*(#) related by the
Legendre-Fenchel transform by

Yp,p+ (61, 172) == F(61) + F* (12) — 6] 1. (11)

Amari (1985) first introduced this formula as the canonical divergence of dually flat
spaces in information geometry [15] (Equation 3.21), and proved that the Fenchel-Young
divergence is obtained as the KLD between densities belonging to the same exponential
family [15] (Theorem 3.7). Azoury and Warmuth expressed the KLD Dy [Py, : Py,] using
dual Bregman divergences in [13] (2001):

Dxu [Py, : Py,] = Bp(62: 61) = Bp«(111 : 112), (12)

where a Bregman divergence [16] Bp(6; : 6) is defined for a strictly convex and differen-
tiable generator F(6) by:

Br(6y : 62) := F(0y) — F(62) — (61 — 62) " VF(65). (13)

Acharyya termed the divergence Yr r+ the Fenchel-Young divergence in his PhD
thesis [17] (2013), and Blondel et al. called such divergences Fenchel-Young losses (2020) in
the context of machine learning [18] (Equation (9) in Definition 2). This term was also used
by the author the Legendre-Fenchel divergence in [19]. The Fenchel-Young divergence
stems from the Fenchel-Young inequality [14,20]:

F(61) + F*(112) > 61 2, (14)

with equality if and only if 7, = VF(6;).

Figure 1 visualizes the 1D Fenchel-Young divergence and gives a geometric proof
that Yg p+ (61, 772) > 0 with equality if and only if 7, = F/(6;). Indeed, by considering the
behavior of the Legendre—Fenchel transformation under translations:

e ifF(0) = F(0+t)then Ff(y) = F*(y) —n " tforallt € R, and
* ifF\(6) = F(f) + Athen F{(n) = F*(7) — A forall A € R,
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we may assume without loss of generality that F(0) = 0. The function F’(6) is strictly
increasing and continuous since F() is a strictly convex and differentiable convex function.

Thus we have F(6) = fog F'(9)d6 and F*(y7) = [ F*'(y)dy = [ F Yy dy.

n="VF(@®) g
VF = (VF9)~!
Yi e (01,m2) = F(6h) + F*(n2) — 0112

2 T (01, :
F*(n2) .
LGN )-oo0cco0as0a00aa0s
F(01) :

(0,0) 0 9; '9

F(0h) F*(n) Yr (61, m2)

Figure 1. Visualizing the Fenchel-Young divergence.

The Bregman divergence Br(6; : 6») amounts to a dual Bregman divergence [13]
between the dual parameters with swapped order: Br(6; : 62) = Bp«(12 : 171) where
i = VFE(6;) for i € {1,2}. Thus the KLD between two distributions Py, and Py, of £ can be
expressed equivalently as follows:

Dxu [Py, : Py,] = Yr,p+(62: 171) = Bp(62: 01) = Bp« (171 : 112) = Ype (71 2 772). (15)

The symmetrized Kullback-Leibler divergence Dj[Py, : Py, | between two distributions
Py, and Py, of £ is called Jeffreys” divergence [21] and amounts to a symmetrized Bregman
divergence [22]:

Dj[Py, : Ps,] = D[Py, : Py,] + Dxr[Pe, : Py, ], (16)
= Bg(6; :91)+B1:(91 :92), (17)
= (62— 61)" (72 — 1) := Sp(61,62). (18)

Note that the Bregman divergence B(6; : 6;) can also be interpreted as a surface area:

01
Br(6y:62) = [ (F(6) = F'(62))l. (19)

Figure 2 illustrates the sided and symmetrized Bregman divergences.

n=VF(®) A VF©) = VF* (1)
Moo .
! Bp-(m 2 1
m—1e I
Br(6: 61
woloy Bp(61 : 02)
02 9 0, 01 0=VF*(n)
Br(6; : 65) Br(6s : 61) Sr(01,62)

Figure 2. Visualizing the sided and symmetrized Bregman divergences.
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1.5. Contributions and Paper Outline

We recall in Section 2 the formula obtained for the Kullback-Leibler divergence be-
tween two exponential family densities equivalent to each other [23] (Equation (29)). In-
spired by this formula, we give a definition of the duo Fenchel-Young divergence induced
by a pair of strictly convex functions F; and F, (Definition 1) in Section 3, and prove that
the divergence is always non-negative provided that F; upper bounds F,. We then de-
fine the duo Bregman divergence (Definition 2) corresponding to the duo Fenchel-Young
divergence. In Section 4, we show that the Kullback-Leibler divergence between a trun-
cated density and a density of a same parametric exponential family amounts to a duo
Fenchel-Young divergence or equivalently to a duo Bregman divergence on swapped
parameters (Theorem 1). That is, we consider a truncated exponential family [7] £ of an
exponential family £; such that the common support of the distributions of £ is contained
in the common support of the distributions of £ and both canonical decompositions of
the families coincide (see Equation (2)). In particular, when &; is also a truncated expo-
nential family of £, then we express the KLD between two truncated distributions as a
duo Bregman divergence. As examples, we report the formula for the Kullback-Leibler
divergence between two densities of truncated exponential families (Corollary 1), and
illustrate the formula for the Kullback-Leibler divergence between truncated exponential
distributions (Example 6) and for the Kullback-Leibler divergence between truncated
normal distributions (Example 7).

In Section 5, we further consider the skewed Bhattacharyya distance between densities
of truncated exponential families and prove that it amounts to a duo Jensen divergence
(Theorem 2). Finally, we conclude in Section 6.

2. Kullback-Leibler Divergence Between Different Exponential Families

Consider now two exponential families [1] P and Q defined by their Radon—-Nikodym
derivatives with respect to two positive measures pp and jig on (X, X):

P = {P:0c0O} (20)
Q = {Qp :0 @} (21)

The corresponding natural parameter spaces are
0 = {9 eRP : /Xexp(QTtp(x) +kp(x))dup(x) < oo}, (22)
0 = {9’ eRP . /Xexp(GthQ(x) +ko(x))dug(x) < oo}, (23)

The order of P is D, p(x) denotes the sufficient statistics of Py, and kp(x) is a term to
adjust/tilt the base measure pip. Similarly, the order of Q is D', to(x) denotes the sufficient
statistics of Qg/, and kg(x) is an optional term to adjust the base measure pg. Let py
and g¢ denote the Radon-Nikodym derivatives with respect to the measures yp and o,
respectively:

pe = I 0Tt (x) — Ep(0) + kp(x), (24)
dup

qo = dQp _ eXp(Q’TtQ(x) —Fo(0') + ko(x)), (25)
dpg

where Fp(6) and Fg(0') denote the corresponding log-normalizers of P and O, respectively.

3
=
I

g [ exp(07 p(2) +kp(x)) (), (26)

o5 [ exp(67to(x) + ko) dio(x) ). @)

)

©

=
I
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Dy [Py : Q]

The functions Fp and Fg are strictly convex and real analytic [1]. Hence, those func-
tions are infinitely many times differentiable on their open natural parameter spaces.

Consider the KLD between Py € P and Qp € Q such that yup = pg (and hence
Py < Qg). Then the KLD between Py and Qg was first considered in [23]:

_ dPy
- b [log(dQef)}’ (28)
= Er, | (07tp(x) 0" talx) = Fp(6) + Fo(0)) +kp(x) ~ko()) T2 |,

——

=1
= Fo(8) = Fp(8) + 07 Ep,[tp(x)] — 0" Ep, [to(x)] + Ep,[kp (x) — ko (x)].

Recall that the dual parameterization of an exponential family density Py is P7 with
1 = Ep,[tp(x)] = VEp(0) [1], and that the Fenchel-Young equality is F(8) + F*(17) = 0y
for # = VF(0). Thus the KLD between Py and Qy can be rewritten as

DxL[Ps : Qo] = Fo(6') + Fp (i) — 6" Ep,[to(x)] + Ep,[kp(x) — ko(x)]. (29)

This formula was reported in [23] and generalizes the Fenchel-Young divergence [17]
obtained when P = Q (with tp(x) = tg(x), kp(x) = kg(x), and F(0) = Fp(0) = Fg(0)
and F* (1) = Fp(n) = F5(n))-

The formula of Equation (29) was illustrated in [23] with two examples: the KLD
between Laplacian distributions and zero-centered Gaussian distributions, and the KLD
between two Weibull distributions. Both these examples use the Lebesgue base measure
for up and pg.

Let us report another example that uses the counting measure as the base measure for

pp and pg.

Example 1. Consider the KLD between a Poisson probability mass function (pmf) and a geometric
pmf. The canonical decompositions of the Poisson and geometric pmfs are summarized in Table 1.
The KLD between a Poisson pmf p) and a geometric pmf q, is equal to

Dii[Pr:Qp] = Fo(8') +Fp(n) = Ep[to(x)] - 0"+ Ep [kp(x) —ko(x)],  (30)
= —logp+AlogA — A —Alog(l—p) — Ep, [log x!] (31)
Since Ep, [—logx!] = = Y32, e’)‘%, we have

,A/\klog k')'

—Ai

A
Dxt [Py : Qp] = —logp + Alog T (32)

Note that we can calculate the KLD between two geometric distributions Qp, and Qp, as

DKL[Qpl : sz} = BFQ(G(PZ) :0(p1)), (33)
= Fgo(0(p2)) — Fo(0(p1)) — (6(p2) — 6(p1))n(p1), (34)

We obtain:

: P1 1 I-pm
Dl @l =8 1) = (15 s 1=
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Table 1. Canonical decomposition of the Poisson and the geometric discrete exponential families.

Quantity Poisson Family P Geometric Family Q
support NU {0} Nu {0}
base measure counting measure counting measure
ordinary parameter rate A >0 success probability p € (0,1)
pmf A exp(—A) 1-p)*p
sufficient statistic tp(x) =x to(x) =x
natural parameter 6(A) =logA 8(p) =log(1—p)
cumulant function Fp(0) = exp(0) Fo(0) = —log(1 —exp(0))
Fp(A)=A Fo(p) = —log(p)
auxiliary term kp(x) = —log x! ko(x) =0
moment 77 = E[t(x)] n=A n= 1ig = % -1

negentropy

Ep(n(A)) = AlogA — A Fo(n(p)) =

/N

1- %) log(1—p) +logp

(F*(n7) =611 —F(0))

3. The Duo Fenchel-Young Divergence and Its Corresponding Duo
Bregman Divergence

Inspired by formula of Equation (29), we shall define the duo Fenchel-Young divergence
using a dominance condition on a pair (F;(6), F2(0)) of strictly convex generators.

Definition 1 (duo Fenchel-Young divergence). Let F;(0) and F,(6) be two strictly convex
functions such that F1(6) > F,(0) for any 0 € @1 = dom(F;) Ndom(F,). Then the duo
Fenchel-Young divergence Yr, r; (6,1") is defined by

e £ (0,7") := Fi(6) + F5 (') — 6 ' (35)

When F;(0) = F,(8) =: F(6), we have F; (1)
ordinary Fenchel-Young divergence [17]:

: F*(5), and we retrieve the

Yepe(0,1) := F(0) + F* (') — 0Ty’ > 0. (36)

Note that in Equation (35), we have " = VF,(8').

Property 1 (Non-negative duo Fenchel-Young divergence). The duo Fenchel-Young diver-
gence is always non-negative.

Proof. The proof relies on the reverse dominance property of strictly convex and differen-
tiable conjugate functions:

Lemma 1 (Reverse majorization order of functions by the Legendre-Fenchel transform).
Let F1(0) and F,(0) be two Legendre-type convex functions [14]. Then if F1(6) > F,(0) then we
have F5 (1) = Fy (i)-

Proof. This property is graphically illustrated in Figure 3. The reverse dominance property
of the Legendre—Fenchel transformation can be checked algebraically as follows:

Ff(n) sup{n'0 —F(0)}, (37)
0cO®

= 16, —F(6) (with = VF(61)), (38)

< 576 —FE(6), (39)

< sup{y'0—F(0)} = F (). (40)

0c®
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Thus we have Fy'(17) < F;(17) when F;(0) > F»(0). Therefore it follows that Y, r; (6,1
> 0 since we have
Ye g (0,7) = RO)+E@)-0"y,
> FR(0)+F () =0Ty =Yrr(67) >0,

(41)
(42)

where Y, p- is the ordinary Fenchel-Young divergence, which is guaranteed to be non-
negative from the Fenchel-Young inequality. [

slope n = VF(0)

F={(0,0logh) : 6 R}

F(0)

F(0) — 0= —F*(n)

(a)

(b) v
Figure 3. (a) Visual illustration of the Legendre-Fenchel transformation: F*() is measured as the
vertical gap (left long black line with both arrows) between the origin and the hyperplane of the
“slope” 11 tangent at F(6) evaluated at 6 = 0. (b) The Legendre transforms F;' (1) and F;(17) of two
functions F; (8) and F>(6) such that F; (§) > F,(0) reverse the dominance order: F; (17) > F; (17).

We can express the duo Fenchel-Young divergence using the primal coordinate sys-
tems as a generalization of the Bregman divergence to two generators that we term the duo

Bregman divergence (see Figure 4) :

Br g, (6:6') == Y, £ (6,17') = F1(6) — F2(6") — (6 — 6') T VE,(6"), (43)

with ' = VE(¢).
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This generalized Bregman divergence is non-negative when F; () > F,(6). Indeed,
we check that

Brp(0:0) = F(8)-F(0)-(0-6¢) VE(®), (44)
> B0)-EK(O)—(0-0) VE(@)=Bg(0:0)>0. (45)
A Fl (9)

74 0
Figure 4. The duo Bregman divergence induced by two strictly convex and differentiable functions F;
and F, such that F; (6) > F,(6). We check graphically that B, £, (0 : 6') > Bp, (0 : 6') (vertical gaps).

Definition 2 (duo Bregman divergence). Let F;(0) and F,(6) be two strictly convex functions
such that F1(8) > F,(0) for any 6 € ©1, = dom(F;) N dom(F,). Then the generalized Bregman
divergence is defined by

Br, 5, (0:60") = Fi(6) —F(0") — (6 — 0') ' VE(6') > 0. (46)

Example 2. Consider Fy(0) = 562 for a > 0. We have y = a6, 0 = 1, and
. 2 2 2
Fl(ﬂ)z%—ﬁ—zﬂ—. (47)

Let F,(0) = 102 so that F(0) > F,(0) for a > 1. We check that Ff () = 1 < F;(n) when
a > 1. The duo Fenchel-Young divergence is

a 1
Yrr (0,1") = 592 + 577' — 0y’ >0, (48)

when a > 1. We can express the duo Fenchel-Young divergence in the primal coordinate systems as
Br p, (6,0)) = gez n %9’2 s (49)
When a = 1, F{(0) = F(0) = 362 := F(0), and we obtain Bp(0,0') = 10 — 0'||3, half the

squared Euclidean distance as expected. Figure 5 displays the graph plot of the duo Bregman
divergence for several values of a.
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theta”2/2-eta*theta+eta”2/2

b b ek ek b

SNADON DO

(a)

theta”2-eta*theta+eta”2/2
z

(b)

theta”2/4-eta*theta+eta”2/2
z
eta
(c)

Figure 5. The duo half squared Euclidean distance D2(0 : §') := 46% + 16’ 2_00'is non-negative
when a > 1: (a) half squared Euclidean distance (2 = 1), (b)a =2, (c)a = %, which shows that the
divergence can be negative then since s < 1.

Example 3. Consider F;(0) = 62 and F,(8) = 6* on the domain ® = [0,1]. We have Fy () >
F(0) for 6 € ©. The convex conjugate of Fy (17) is F; () = 1%. We have

Fi(n) =1} ((1) - (}L)g) i (50

with 11,(0) = 463. Figure 6 plots the convex functions Fy(0) and F»(6), and their convex conjugates
E;(n) and F;(n). We observe that F1(0) > F,(0) on 6 € [0,1] and that F(n) < F; () on
H=10,2]

We now state a property between dual duo Bregman divergences:
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1 T T T T 1.2 T T T
theta”2 —— etan2/4 ——
08| theta~4 i 1+ (3*eta”(4/3))/47(4/3)
0.8 - —
0.6 - i
06 |- ]
04 - .
04 |- 1
0.2 |- . 0.2 | s
O 1 Il L 0 Il Il Il
0 02 04 06 08 1 0 05 1 15 2
theta eta
Convex functions F;(6) > F,(6) Conjugate functions F; (17) < F; (1)

Figure 6. The Legendre transform reverses the dominance ordering: F; () = 62 > F,(0) = 6* <
Ff () < Fj(y) for 6 € [0,1].

Property 2 (Dual duo Fenchel-Young and Bregman divergences). We have

Yrp;(0:1') = B R (0:0") = By pr (' 1) = Yey (7' 1 6) (51)

Proof. From the Fenchel-Young equalities of the inequalities, we have Fy (6) = 0"y — F; (17)
fory = VE(0) and H,(¢') = 0" yf/ — Fy (n') with " = VF,(6). Thus we have

Brp(0:0) = F(0)—F(6)— (0-6) VE(6), (52)
= 0y —F () -0 g +E0) - @)1, (53)
= FE@)-Fu) -0 -n'e, (54)
= Bge( ). (55)

Recall that F;(0) > F,(6) implies that F;'(17) < F; () (Lemma 1), 8 = VF; (), and
therefore the dual duo Bregman divergence is non-negative:
/. - * (! * / T
Bey (' o) = F(n)—F @)= —n)6,
> F()—Fm -0 —n VK@)

By ('17)20

O

4. Kullback-Leibler Divergence between Distributions of Truncated
Exponential Families

Let & = {Py : 6 € ©1} be an exponential family of distributions all dominated by u
with Radon-Nikodym density pg(x) = exp(8t(x) — F(8) + k(x)) du(x) defined on the
support Xj. Let & = {Qg : 0 € ®,} be another exponential family of distributions all
dominated by y with Radon-Nikodym density gq(x) = exp (6" t(x) — F2(8) + k(x)) du(x)
defined on the support X, such that X; C X,. Let fig(x) = exp(6"t(x) + k(x)) du(x) be
the common unnormalized density so that

po(x) = Z’i((z; (56)
and ~ 7.0
() = D = 28 (o), &7

with Z1(0) = exp(F;(0)) and Z(8) = exp(F,(0)) being the log-normalizer functions of &
and &, respectively.
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We have

Dxu[pe, : q6,] = /X1 pe, (x) log Zzl 8 du(x), (58)
_ pe, (x) Z5(6>)
= /X] Poy () log () + /X1 pe (%) log< zl(ez)>d”(x)' (59)
= DKL[P91 : pgz] + log Z2(92) — log 71 (92) (60)

Since Dxy [pe, : po,] = Br, (62 : 61) and log Z;(6) = F;(#), we obtain

Dxu[pe, : 96,] = Br(62:61)+ F2(62) — Fi(62), (61)
= Fi(62) — Fi(61) — (62— 61) "VFi(61) + F2(62) — Fi(62),  (62)
= F(62) — Fi(61) — (62— 601) 'V (61) =: B, (62:601).  (63)

Observe that since A7 C X2, we have:
F2(60) = log | po(x) du(x) = log [ po(x) du(x) := Fa(6). (64
J A 1

Therefore ®,; C ©1, and the common natural parameter space is @1 = ©1 N O, = O,.
Notice that the reverse Kullback-Leibler divergence Dg; [py, : 96,] = Dx1[q0, : Po,] =
+o0 since Qp, K Py, .

Theorem 1 (Kullback-Leibler divergence between truncated exponential family densities).
Let & = {qq, } be an exponential family with support X, and &, = {pg, } a truncated exponential
family of & with support Xy C X,. Let Fy and F, denote the log-normalizers of &1 and &, and
11 and 1o the moment parameters corresponding to the natural parameters 61 and 6. Then the
Kullback-Leibler divergence between a truncated density of &1 and a density of £, is

Dxulpe, : 90,] = Yr,r; (62 :111) = Bp, 1y (02 : 61) = Bpy gy (111 : 112) = Yre i, (171 : 62). (65)

For example, consider the calculation of the KLD between an exponential distribution
(view as half a Laplacian distribution, i.e., a truncated Laplacian distribution on the positive
real support) and a Laplacian distribution defined on the real line support.

Example 4. Let R,y = {x € R : x > 0} denote the set of positive reals. Let &, = {p,(x) =
Aexp(—Ax), A € Riq,x > 0} and & = {g)(x) = Aexp(—Alx|),A € Ry, x € R} denote
the exponential families of exponential distributions and Laplacian distributions, respectively. We
have the sufficient statistic t(x) = —|x| and natural parameter 6 = A so that pg(x) = exp(—|x|6).
The log-normalizers are F1(6) = —log and F,(0) = —log0 + log2 (hence F,(0) > F;(6)).
The moment parameter 1 = VFi(0) = VE(0) = —§ = —1. Thus using the duo Bregman
divergence, we have:

Dxilpe, : 90,] = Br,r(62:61), (66)
= Fx(62) — Fi(61) — (62— 61) "VEi(61), (67)
_ Mo A
= log2+log " + X 1. (68)

Moreover, we can interpret that divergence using the Itakura—Saito divergence [24]:
Dis[Ag : Ap] == — —log— —12>0. (69)

we have
Dkt [pe, : 96,] = Dis[A2 : A] +10g2 > 0. (70)
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We check the result using the duo Fenchel-Young divergence:

Dxv[pe, = 96,] = Yr, rz (62 : 11), (71)
with Ff(n) = -1 +log(—%):
Dxulpe, :96,] = Yrr;(62:1m1), (72)
= —logA; +log2—1+logig + %, (73)
1
_ Mo A
= log P + B9 +log, —1. (74)

Next, consider the calculation of the KLD between a half-normal distribution and a
(full) normal distribution:

Example 5. Consider £, and &, to be the scale family of the half standard normal distributions and
the scale family of the standard normal distribution, respectively. We have pg(x) = exp (— %)

with 7Z,(0) = (T\/g and Z»(8) = o\/2m. Let the sufficient statistic be t(x) = —%2 so that
the natural parameter is 6 = % € R4y. Here, we have both ®, = ©, = R,y. For this
example, we check that Z1(0) = % Z»(0). We have F1(0) = —}log6 + 1 log Z and F,(0) =
—1log6 + §log(2m) (with F,(0) > Fy(0)). We have j = — 55 = — 0. The KLD between two
half scale normal distributions is

Dxw[pe, : po,] = Br(62:61), (75)
I
- 2<log012+(7221 : (76)

Since Fy(0) and F,(0) differ only by a constant and the Bregman divergence is invariant under an
affine term of its generator, we have

Dki[qe, : 96,] = Br(62:61), (77)

1 o2 o?

= Bp1(92:91)=2<10g22+12— ) (78)
o

Moreover, we can interpret those Bregman divergences as half of the Itakura—Saito divergence:

1
Dxv[pe, : Po,] = DxL[qe, : 90,] = B, (02: 01) = §D15[012 L 03] (79)

It follows that

Dxilpe, 1 90,] = Brr(02:01) =F(62) —F(61) — (62— 01) 'VFi(61),  (80)
1 oz 0F
= Dxw[qs, : q0,] +log2. (82)

Since log2 > 0, we have DKL[p@1 : qp,) > Dxr [qgl : qo,)-

Thus the Kullback-Leibler divergence between a truncated density and another den-
sity of the same exponential family amounts to calculate a duo Bregman divergence on the
reverse parameter order: Dy [pe, : 9o,] = Br,,r, (62 : 61). Let Dgy [p : q] := Dxi[q : p] be
the reverse Kullback-Leibler divergence. Then D, [qq, : pe,] = Bk, r, (62 : 61).
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Notice that truncated exponential families are also exponential families but those

exponential families may be non-steep [25].
Let & = { pgl’bl} and & = {pgz'bz} be two truncated exponential families of the
exponential family £ = {py = d—l;f} with log-normalizer F(6) such that

it () = po(x) (83)

with Z, ;. (8) = ®g(b;) — Pg(a;), where Pg(x) denotes the CDF of pg(x). Then the log-
normalizer of &; is F;(8) = F(0) + log(®g(b;) — Py(a;)) fori € {1,2}.

Corollary 1 (Kullback-Leibler divergence between densities of truncated exponential fam-
ilies). Let & = {pgi’bi} be truncated exponential families of the exponential family € = {pp}
with support X; = [a;, b;] C X (where X denotes the support of £) for i € {1,2}. Then the
Kullback—Leibler divergence between p“l’bl and p(f b2 g infinite if [a1,b1] ¢ [az, by and has the
following formula when [a1,by] C [ap, bz}

62)
D ul,bl az, hz D lll,bl . ulrbl + 10 ﬂz b2< . 84
KLPo ™ : Pey 1 = Dilpy ™ < Py +log 72 gy (84)
ay,by _ Pp aby ax,by a4y, bl ay, bl(e)
Proof. We have p,'"! = o @ and pp** = Z, bz( 7 Therefore p,”™? = p, ATk
Thus we have
b b b po (%)
Dilpg™ = vy, = [ v (x)log ;az 5, du(x), (85)
6>
a1,by
b p@ ( ) b (9 )
= [ etog ™ ) log 2L (s6)
92 ﬂl 1
6>)
—  Duy [ . by 4 % 7
KL[Pel pez ]+ 0g Zal,bl (9 ) (87)
O
Thus the KLD between truncated exponential family densities p91 b1 and paz 2 amounts

to the KLD between the densities with the same truncation parameter ‘with an additive term
depending on the log ratio of the mass with respect to the truncated supports evaluated
at 6. We shall illustrate with two examples the calculation of the KLD between truncated
exponential families.

Example 6. Consider the calculation of the KLD between a truncated exponential distribution

pf\l’bl with support Xy = [aq,b1] (by > ay > 0) and another truncated exponential distribution

pf’\z’hz with support X, = [ap,by] (by > a; > 0). We have p)(x) = Aexp(—Ax) (density of

the untruncated exponential family with natural parameter 0 = A, sufficient statistic t(x) = —x
. b

and log-normalizer F(6) = —log0), p”l ' = ml’)\l( x), and pi” = mm(x}-

Let ®,(x) = 1 — exp(—Ax) denote the cumulative distribution function of the exponential
distribution. We have Z, (1) = ®p(A) — Py (A) and

Ep(A) = F(A) +1og(®p(A) — @a(A)) = —log A +log(e " — 7). (88)
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If [a1,b1] & [ag, by] then Dy [py, @ qa,] = +00. Otherwise, [ay,b1] € [az, by|, and the exponential
family {p,} is the truncated exponential family {q, }. Using the computer algebra system Maxima
(https://maxima.sourceforge.io/ accessed on 15 March 2022), we find that

(14 Ab)eM — (14 Aa)ett
—Ep,[x] =
/\(e/\b _ e/\a)

= F.,(A). (89)

Thus we have:

DKL[pg\llhl :quz bz] = BF2 Fl( ) (90)

A2
= uzhz( ) al b]()\l) (/\ A1) ay, b] ()\1)1
e~ M _ oAb

= log - -I— (/\2 — /\1) El’)q [x] + log 91)

e*/\]ﬂ] _ ef)\lbl :

When a1 = ap = 0and by = by = 400, we recover the KLD between two exponential
distributions py, and p,,:

Dirlpa, :pr,) = Br(Aa:Aq), (92)
= F(6) — (91) — (62— 61)F'(61), (93)
= %—1 g/\fl—l—DIs[/\z Al] (94)

Note that the KLD between two truncated exponential distributions with the same truncation
support X = [a, b] is

D1, (b) — ‘DA (a)
D[y’ pyl) = log/\— +log . (5) 2 By (0) + (A2 = M)E g 1] (95)
1
We also check Corollary 1:
Zay b (A2)
Dia[piy™ i) = Dl + o] +log 72 7 (%)
1.Y1

The next example shows how to compute the Kullback-Leibler divergence between
two truncated normal distributions:

Example 7. Let N, ;(m,s) denote a truncated normal distribution with support the open interval
(a,b) (a < b) and probability density function defined by:

a 1 - 2
Pl (x) = Zos(m,5) eXP((sz;n)) 97)

where Z, ,(m, s) is related to the partition function [26] expressed using the cumulative distribution
function (CDF) @, 5(x):

Zyp(m,s) = V2715 (O 5 (b) — Py s(a)), (98)
with .
Dy 5(x) = 2<1+erf< s >) (99)

where erf(x) is the error function:

erf(x) = —— / (100)
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Thus we have erf(x) = 2 ®(1/2x) — 1 where ®(x) = dg1(x).
The pdf can also be written as
1 (")
a,b
Ts(x) = , 101
Prn,s (X) S o )7(1)(“;,,1) (101)
where ¢(x) denotes the standard normal pdf (¢p(x) = py 1~ TR (x)):
1 x?
— _2), 102
o) = = exp( = ) (102
and ®(x) = &gq(x) = [ ¢(t) dt is the standard normal CDF. When a = —oo and b = +oo,

we have Z,oo,oo(m,s) = /27 s since ®(—o0) = 0 and ®(+o0) = 1.
The density p%’s(x) belongs to an exponential family &,, with natural parameter 6 =

(Sﬂz, —ﬁ), sufficient statistics t(x) = (x, x2), and log-normalizer:

92
Fop(0) = +log Z,,(6) (103)
46,
The natural parameter space is @ = R x R__ where R__ = {x € R : x < 0} denotes the set of

negative real numbers.
The log-normalizer can be expressed using the source parameters (m,s) (which are not the
mean and standard deviation when the support is truncated, hence the notation m and s):

2
m
Fop(m,s) = 55 +logZyy(m,s), (104)
m? 1 5
= 52 T 5 10827s" +log(Pus(b) — Prus(a))- (105)

We shall use the fact that the gradient of the log-normalizer of any exponential family distribu-
tion amounts to the expectation of the sufficient statistics [1]:

VEp(0) = E s [t(x)] = 7. (106)

Parameter 1 is called the moment or expectation parameter [1].
The mean p(m,s;a,b) = E il [x] = %P »(0 )andthevarianceaz(m s;a,b) =E o, [x?] —

? (with E it [x?] = as E,»(0 )) of the truncated normal ps can be expressed using the followmg
formula [26 27] (page 25):

¢(B) — ¢(a)
m,s;a,b) = m—s—~4t—T1-~, (107)
s, 0) ()~ @)
2
2 sab) = 2[1- Bp(B) —ap(a) ( P(B) —¢(a) > ’ (108)
i) ()@@ \®()— o)
where « := "™ and B := b’sm‘ Thus we have the following moment parameter 1 = (11, 172) with
nm(m,s;a,b) = EP ob [x] = u(m,s;a,b), (109)
n2(m,s;a,b) = EP o [¥°] = 02 (m,s;a,b) + p*(m,s;a,b). (110)
Now consider two truncated normal distributions pm1 J, and pf,%z 2, with [al, by] C [ay, by)
(otherwise, we have DKL[pZ}IbSll pz%zbszz] +o0). Then the KLD between pml o, and pf,%Zhszz is

equivalent to a duo Bregman divergence:
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b b
DKL[PLrlnll Sll p?ﬂzz 522] - Fm2,52 (92) - Fm1,51 (61) - (92 - Gl)TVle,Sl (91)/
o Z o, (M2,52) iy m1
= 2T g b P20 (TR 1(m1,s1;a1, b1
22 22 V87 )\ 3 2 ) )
(1 1>77(m s1;a1,b1) (111)
—\ 53 — 53 |12(m1, 81,41, 01).
287 285

Note that Fy, s,(0) > Fiy,s, (6).
This formula is valid for (1) the KLD between two truncated normal distributions, or for (2) the
KLD between a truncated normal distribution and a (full support) normal distribution. Note that

the formula depends on the erf function used in function ®. Furthermore, when a; = ay = —oo
and b1 = by = +o0, we recover (3) the KLD between two univariate normal distributions, since
Zay by (M2,52) 0 17 03
lo Zap iy (M151) log G} = zlog o2
1 $5 0% (mg—my)?
DKL[pmpSl : pm2752] -5 log % + 712 + % -1 (112)
2 T 05 S5
Note that for full support normal distributions, we have u(m,s; —oo;+00) = m and

02(m,s; —o0; +00) = 52,

The entropy of a truncated normal distribution (an exponential family [28]) is h[pﬁfs] =

fb ph (x) log phhdx = —F*(y7) = F(0) — 87 1. We find that
lﬂpzi]::log(xﬂznesob<ﬁ>—-¢wa>>)+—£ﬁ§$§3"§§gzg. 113)

When (a,b) = (—o0,00), we have ®(B) — ®(a) = 1 and ap(a) — Bp(B) = O since p = —a,
¢(—x) = ¢(x) (an even function), and limg_, | . BP(B) = 0. Thus we recover the differential

entropy of a normal distribution: h[p,,] = log( 27‘[60’).

5. Bhattacharyya Skewed Divergence Between Truncated Densities of an
Exponential Family

The Bhattacharyya a-skewed divergence [29,30] between two densities p(x) and g(x)
with respect to y is defined for a skewing scalar parameter a« € (0,1) as:

Dghata[p : 9] :—log/ ) dp(x), (114)

where X" denotes the support of the distributions. The Bhattacharyya distance is

Donat[P, 4] = Doy 3 [P 0] = ~10g [ /p(x)a(x) dn(x). (115)

The Bhattacharyya distance is not a metric distance since it does not satisfy the triangle
inequality. The Bhattacharyya distance is related to the Hellinger distance [31] as follows:

ulp,4q) \/ / F x) dp(x \/1—e><p (=Dpratlp.gl)-  (116)

The Hellinger distance is a metric distance.

Let Iy[p : q] == [, p(x)*q(x)!=* dp(x) denote the skewed affinity coefficient so that
Dghatalp @ q] = —log L [P q] Smce Ielp = q) = h-alg : pl, we have Dgpata[p : 4] =
Dghat1-[q : p]-
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Consider an exponential family € = {py} with log-normalizer F(6). Then it is well-
known that the a-skewed Bhattacharyya divergence between two densities of an exponen-
tial family amounts to a skewed Jensen divergence [30] (originally called Jensen difference
in [32]):

Dgpatalpe, : Po,] = Jra(61 2 62), (117)

where the skewed Jensen divergence is defined by
Jea (61 62) = aF(61) + (1 — a)F(62) — F(aby + (1 — a)02). (118)

The convexity of the log-normalizer F(0) ensures that Jr,(01 : 62) > 0. The Jensen
divergence can be extended to full real a by rescaling it by ﬁ, see [33].

Remark 1. The Bhattacharyya skewed divergence Dynat o [p : q) appears naturally as the negative
of the log-normalizer of the exponential family induced by the exponential arc {r,(x) x € (0,1)}
linking two densities p and q with r,(x) o p(x)*q(x)'=%. This arc is an exponential family of
order 1:

ro(x) = exp(alogp(x)+ (1—a)logq(x)—logZs(p:q)), (119)
= exp (cx log Zéjz)) - qu(ﬂé)) g(x). (120)

The sufficient statistic is t(x) = Zg;? , the natural parameter « € (0,1), and the log-normalizer

Fypg() = logZa(p : q) = log [ p(x)*q(x)1"*dp(x) = —Dppatalp : g). This shows that
Dghat« [P : q] is concave with respect to w since log-normalizers Fyq () are always convex. Griin-
wald called those exponential families the likelihood ratio exponential families [34].

Now, consider calculating Dgpata[ps, : q6,] Where pg, € & with & a truncated

exponential family of & and g9, € & = {gg}. We have g4(x) = 252; po(x), where Z;(0)

and Z,(0) are the partition functions of & and &, respectively. Thus we have

Z1(6)\ ¢
Inlpe, = q6,] = (Z;EGE;) In[pe, : po,l, (121)

and the a-skewed Bhattacharyya divergence is

DghatalPe, : 96,] = DBhatalPo, : Po,] — (1 —a)(F1(62) — F2(62))- (122)

Therefore we obtain

Dghatelpo, : 96, = Jra(f1:602) — (1 —a)(Fi(62) — F2(62)), (123)
= aFf (91) + (1 — Oé)Fz(Gz) — Fl(ocﬂl + (1 — Dé)@z), (124)
= Jr,Fa(b1:62). (125)

We call Jr, r, (01 : 62) the duo Jensen divergence. Since F,(6) > F;(6), we check that

Jr, B (01 02) > Jr o612 62) > 0. (126)

Figure 7 illustrates graphically the duo Jensen divergence Jr, r, (61 : 62).
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Fi(0)

0, aby + (1 — a)02 0o

Figure 7. The duo Jensen divergence Jr, , (61 : 62) is greater than the Jensen divergence Jr, (61 : 62)
for F,(0) > Fi(0).

Theorem 2. The a-skewed Bhattacharyya divergence for o € (0,1) between a truncated density of
& with log-normalizer Fy () and another density of an exponential family & with log-normalizer
F,(0) amounts to a duo Jensen divergence:

Dghat«[Po, : 96,] = IR (01 : 62), (127)

where Jr, r,«(01 : 62) is the duo skewed Jensen divergence induced by two strictly convex functions
F1(0) and F,(0) such that F,(0) > F,(0):

]ph]:z/,x(el : 92) = (XFl(Ql) + (1 — &)Fz(@z) — Fl(lkel + (1 — 0()92). (128)

In [30], it is reported that

Dxi[pe, : pe,] = Br(62:61), (129)
1 1
= lim — 0r:01) =lim —Jp1_,(61:6 1
Lim —Jpa (021 61) = Um —Jp 1o (61 : 62), (130)
1 o1
= lim —Dgraa[pe, : po,] = lim — Dppnat1—alpe, : po,]-  (131)

Indeed, using the first-order Taylor expansion of

F(6; +a(6; —67)) ot F(6y) +a(6; — 61) " VF(6y) (132)

when & — 0, we check that we have

%]F,a(Gz:(?l) . F(91)+“(F(92)—F(QQ)—F(91+“(92—91)), (133)
Equutigl (132) M«I» (X(F(Gz) — F(@l)) *M* 06(92 - 91)TVF(91) (134)
a—0 o !
F(62) — F(61) — (62— 61) " VF(61), (135)
= BF(GZ : 91). (136)

Thus we have lim,_,q %]p,a(ez :601) = Bp(6: 67).
Moreover, we have

1
lim —Dppat1-o[p : 9] = Dxrlp : 9] (137)
a—0
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Similarly, we can prove that

. 1
lim T2 A Ra(01:62) =B, (621 61), (138)

which can be reinterpreted as

. 1
lim T DBhata [po, : 96,] = Dxr[pe, : 96, (139)

a—11—«

6. Concluding Remarks

We considered the Kullback-Leibler divergence between two parametric densities
pe € &1 and gy € & belonging to truncated exponential families [7] & and &, and we
showed that their KLD is equivalent to a duo Bregman divergence on swapped param-
eter order (Theorem 1). This result generalizes the study of Azoury and Warmuth [13].
The duo Bregman divergence can be rewritten as a duo Fenchel-Young divergence using
mixed natural/moment parameterizations of the exponential family densities (Definition 1).
This second result generalizes the approach taken in information geometry [15,35]. We
showed how to calculate the Kullback-Leibler divergence between two truncated normal
distributions as a duo Bregman divergence. More generally, we proved that the skewed
Bhattacharyya distance between two parametric densities of truncated exponential families
amounts to a duo Jensen divergence (Theorem 2). We showed asymptotically that scaled
duo Jensen divergences tend to duo Bregman divergences generalizing a result of [30,33].
This study of duo divergences induced by pair of generators was motivated by the for-
mula obtained for the Kullback-Leibler divergence between two densities of two different
exponential families originally reported in [23] (Equation (29)).

It is interesting to find applications of the duo Fenchel-Young, Bregman, and Jensen
divergences beyond the scope of calculating statistical distances between truncated ex-
ponential family densities. Note that in [36], the authors exhibit a relationship between
densities with nested supports and quasi-convex Bregman divergences. However, those
considered parametric densities are not exponential families since their supports depend
on the parameter. Recently, Khan and Swaroop [37] used this duo Fenchel-Young di-
vergence in machine learning for knowledge-adaptation priors in the so-called change
regularizer task.
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