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Abstract: For the purpose of improving the statistical efficiency of estimators in life-testing exper-
iments, generalized Type-I hybrid censoring has lately been implemented by guaranteeing that
experiments only terminate after a certain number of failures appear. With the wide applications
of bathtub-shaped distribution in engineering areas and the recently introduced generalized Type-I
hybrid censoring scheme, considering that there is no work coalescing this certain type of censoring
model with a bathtub-shaped distribution, we consider the parameter inference under generalized
Type-I hybrid censoring. First, estimations of the unknown scale parameter and the reliability func-
tion are obtained under the Bayesian method based on LINEX and squared error loss functions
with a conjugate gamma prior. The comparison of estimations under the E-Bayesian method for
different prior distributions and loss functions is analyzed. Additionally, Bayesian and E-Bayesian
estimations with two unknown parameters are introduced. Furthermore, to verify the robustness of
the estimations above, the Monte Carlo method is introduced for the simulation study. Finally, the
application of the discussed inference in practice is illustrated by analyzing a real data set.

Keywords: bathtub-shaped distribution; Monte Carlo Markov Chain; E-Bayesian estimation; gener-
alized Type-I hybrid censoring; Bayes estimation

1. Introduction
1.1. Bathtub-Shaped Distribution

Chen [1] used the term ‘bathtub-shaped distribution’ to refer to a lifetime distribution
that possesses an increasing or bathtub-shaped hazard function with two parameters. As it
could depict the lifetimes for multiple mechanical and electrical products, this distribution
is widely used in practice. There have been several further investigations into the study
of bathtub-shaped distribution. Before [1] named the two-parameter lifetime distribution
with the above characteristics of a hazard rate function as a bathtub-shaped distribution, a
reliability distribution with a bathtub-shaped failure rate was proposed by [2], and ref. [3]
employed an effective method to analyze data with a bathtub failure rate by introducing
the exponentiated Weibull family.

Furthermore, ref. [4] considered the Bayes estimations and estimates of two unknown
parameters based on the maximum likelihood method under a bathtub-shaped distribution.
Additionally, a considerable amount of literature has been published on estimations under
bathtub-shaped distribution based on a censoring scheme. The authors in [5] focused
on the maximum likelihood method to calculate point estimators and derived an exact
joint confidence region and confidence interval of parameters based on a progressively
Type-II censoring sample. The researchers in [6] investigated the Fisher information matrix,
maximum likelihood estimates, and confidence intervals for unknown parameters under
hybrid censored data.

The probability density function (pdf) and cumulative distribution function of a
bathtub-shaped distribution take the forms, respectively,
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F(x; A, B) = ABxPLexp{A(—e” +1)+xF},A,B>0, x>0, )

F(x; A, B) = —expiA(—e” + 1)} +1,A,8 >0, x > 0. ?)

The reliability function and hazard rate function are given by

R(t) = exp{A(—e” +1)},A, >0, t >0, ®)
h(x) = A xF~1 08>0, x > 0. @)

For simplicity, we denote the bathtub-shaped distribution as CH D with the parameters
(A, B). The parameter A has few influence on the shape of its hazard rate function; however,
B makes a difference to the hazard rate function instead. /(x) is bathtub-shaped if the shape
parameter § < 1, otherwise it appears as an increasing function. In particular, according
to [7], when = 1, CHD reduces to the exponential power distribution. Figures 1 and 2
and Figures 3-5 show the pdf and & (x) of a bathtub-shaped distribution, respectively.
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Figure 2. pdf of CHD when 8 = 2.
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Figure 3. h(x) of CHD when A < 1,8 = 2.
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Figure 4. h(x) of CHD when 8 < 1,A = 2.
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Figure 5. h(x) of CHD when = 1.

1.2. Generalized Hybrid Type-I Censoring Scheme

There is no doubt that estimations based on complete samples are more accurate.
However, it is inevitable to use censoring for lifetime experiments due to time constraints
and expense reduction. Type-I and Type-II censoring are usually considered as two funda-
mental methods to conduct lifetime experiments, where we terminate these experiments at
a certain time point or upon the occurrence of a certain number of failures. With the rapid
development of science and technology, products have higher reliability and longer life
spans, resulting in a longer time of life-testing to obtain sufficient failure samples.
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In order to cut down the life-testing duration, ref. [8] carried out a hybrid Type-I
censoring scheme that could be considered as a combination of those two fundamental
censoring schemes discussed above. Under this scheme, lifetime experiments operate after
a specific point of time and the number of failures is pre-fixed. As long as either of these
occurs, the test will be terminated. However, this scheme also has limitations as it has a
possibility that extremely few failures occur before the pre-determined time. As a result, it
may be impractical to make statistical inferences under such a scheme.

In order to overcome this disadvantage and improve the efficiency of estimators in
the life-testing experiment as well as to guarantee that a certain number of failures appear
before the end of the experiment as well as saving the time of testing and the cost resulted
from failures of units, ref. [9] introduced a generalized hybrid Type-I censoring scheme.
Generalized hybrid Type-I censoring assures a minimum number of failures, which could
mitigate the short back that exists in hybrid Type-I censoring. For simplicity, we denote
this as Type-I GHCS.

We assume that X7, - - - , Xj;., are n ordered observations of failure lifetime. r and T
are fixed in advance, where r represents the ideal number of failures and T is the timepoint.
These three mentioned censoring models can be expressed as

e Type-I censoring: terminate at T

e Hybrid Type-I censoring: terminate at T* = min{X.,, T'}.

e Type-I GHCS: terminate at T, = max{X.,, min{X,.,, T}} where k < r < n and k is
the minimum acceptable number of failures fixed before the experiment.

In this article, we focus on Type-I GHCS, and it can be divided into three cases:

e Casel: {X1,, <+ < Xgyn},when X, > T.
o Casell: {Xy.,, <+ < Xpn},when Xy < T.
o Caselll: {Xyy, < - < Xy}, when Xp.,, < T < Xy

Ref. [9] introduced exact likelihood estimation of exponential lifetime distribution
based on GHCS. Ref. [10] discussed inferential issues under hybrid censoring schemes
and presented details on developments regarding generalized hybrid censoring. Ref. [11]
studied estimations of a single parameter from a Burr-X distribution under Type-I GHCS.
Furthermore, ref. [12] applied an acceptance sampling plan under Weibull distribution
under GHCS.

Suppose that x;., is the i-th failure time based on samples from a bathtub-shaped
distrubtion under Type-I GHCS. The likelihood function is shown as

e " o B exp{(n —k Awk}ﬁ[xmﬁ 1 Wi)eAwi], D<k
i=1
L(A) = ﬁADﬁD exp{(n — D)AWr} H[xi:nﬁil(l - Wi)e/\wi}, k<D<r, (5
’ i=1
(n n!r)!/vﬁr exp{(n = r))\wr}ﬁ{xtnﬁl(l - Wi)eAWi}/ D>r

where W; = —e¥inf 1, W = —e¥nP 4+ 1, Wy = —eTP +1, W, = —e%F +1, and D repre-
sents the number of failures before timepoint T.
According to (5), the likelihood function is translated into the following form,

L(A) < A" exp(—AQ), (6)
where

YK W, D<k
Q=< -2, W, k<D<r. )
Y W;, D>r
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The MLE of parameter A can be derived by the equation below,
oL

i nA" lexp (—AQ) — QA" exp (—AQ) = 0.

From the equation above, the MLE of A is obtained as

n

o

By the same method, the MLE of parameter 3 can be derived by the equation,

A= ®)

B
% + ):1'{:1 ln(xi:n)(l + xi:nﬁ) + WL,( ln(xk:n)exk:" xk:nﬁ/ D <k
% + ZzT:I ln(xi:n)(l + xi:nﬁ) + WLT ln(xT:n)exT:”ﬂxT:nﬁ/ k S D <r=0. (9)
% + Z;”:l ln(xi:n)(l + xi:nﬁ) + WLr ln(xr:n)exr:"ﬁxr:nﬁ/ D>r

oL _
8[3_

Previous studies based on bathtub-shaped distribution have always dealt with cen-
sored samples under a typical statistical inference method—maximum likelihood estima-
tion for instance. Ref. [13] investigated the estimation problems of unknown parameters,
reliability, hazard rate functions, and their approximate confidence intervals under the
maximum likelihood method and credible intervals under the Bayesian estimation method.

However, there has been no previous study to coalesce a generalized Type-I hybrid
censoring scheme with a bathtub-shaped distribution under the E-Bayesian method. There-
fore, our main purpose is to investigate estimations of the scale parameters and reliability
function of bathtub-shaped distribution under E-Bayesian and Bayesian methods based
on a generalized Type-I hybrid censoring scheme with the presupposition that the shape
parameter is known.

The remainder of this paper is organized as follows. Section 2 investigates Bayesian
estimations against squared error and LINEX loss functions under Type-I GHCS. Section 3
compares the E-Bayesian estimations derived from three different prior distributions.
Section 4 introduces Bayesian and E-Bayesian estimations with two unknown parameters.
Section 5 establishes the results of a Monte Carlo simulation study with the Metropolis—
Hasting algorithm for the purpose of evaluating the effects of different methods and prior
distributions on estimators. Section 5 presents a numerical example from a real data set for
the purpose of examining the theoretical inference discussed above.

2. Bayesian Estimation

Bayesian estimation measures the uncertainties of unknown parameters by connecting
the prior information from a random sample with certain distributions. Prior distributions
as well as loss functions affect the accuracy of estimation under the Bayesian method.
In this section, under two different loss functions, we assume the parameter f is known
and calculate the estimation of scale parameter A and the reliability function under a
bathtub-shaped distribution based on Type-I GHCS. Then, we derive Bayesian estimations.

First, we suppose that A follows the gamma conjugate prior distribution given by:

b 1,-bA
T(A) = —A""e ", a,b>0. 10

On the basis of the Bayesian method, we multiply (10) by (5) to obtain the posterior

distribution of A

k
k- IAkFa e bATTeMWiexp[A(n —k)W;)], D <k
i=1
D
(M) = { k IAPF LA T TeMiexp[A(n — D)Wr)], k<D <r, (11)
i=1
T
kAl AT TeMiexp[A(n —r)W,)], D>
i=1
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where ¥ = (X1, - - , Xn:n) and x could be written in the following form

400 k

/ ARFa—Le=bATTeMiexp[A(n — k)Wi)]dA, D <k

0 ol
+o0 l_’%

x = / AD+0-1g=bATT M exp[A(n — D)Wr)]dA, k<D <r, (12)
0 i=1

+oo L
/0 /\7+ﬂ716*b)\1—‘[e/\wi exp[)\(}’l — ]’)W;f)] d/\, D Z r
i=1

First, we adopt a symmetrical loss function called the squared error (SE) loss function,
which lays weight equally on overestimation and underestimation. Based on this loss
function, Bayesian estimations are equivalent to the posterior means, which could be
obtained to be, respectively,

K+a

- , D<k
—Y Wi —(n—k)We+b
i=1
Aps = EAE) = [ Am(Alx)dA D o o ksber (13)
e x_/o AR AA= 9 S W (- D)W 4 b ’
B r+a
- , D>r
Y Wi—(n—r)W,+b
=1
R{t)ps = E(R(1)[%)
+0c0
= R(H)7t(A|%) dA
0
k K+a
b—ZWi—(l’l—k)Wk
- i=1 , D<k
=Y Wi—(n—k)Wi+b+ P*

=1

T D+a , (14)

b—Y W;—(n—D)Wr

= 5 i=1 , k<D<r

—Y Wi — (n—D)Wr+b+P*

T
b—Y Wi—(n—rW,
. i=1 ) D>r
—Y Wi—(n—r)W,+b+P*
i=1

where P* = ¢ —1.
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Secondly, we consider a LINEX loss function with an asymmetric shape, which is
commonly used in practice as it is more realistic to illustrate the loss according to ratio. The
Bayesian estimation of A against the LINEX loss function can be given by

A 1 1 Foo
ApL = —ElnE(e_h)‘b?) = —Eln/ e M r(A|%) dA
0

Ktanlqis f . D<k

(15)

Similarly, the Bayesian estimator of R(t),under a LINEX loss function, is derived in
the following form:

R{t)py = — 7 InE(e "R0]9)
e
3 = )| Dk ,
= (g é (F—(;il))l(DfiP Pl k<D<r
=50
e = (r(l:))l(r +rz'p*)b » Dzr

3. E-Bayesian Estimation

Considering that the prior information may be deficient, the E-Bayesian method could
be used to settle the uncertainty by introducing a class of priors. The authors in [14]
demonstrated that, based on a specified prior distribution, the purpose of the E-Bayesian
method is to estimate unknown parameters or to predict values of a sequence of random
variables.

Under SE and LINEX loss functions, we derive E-Bayesian estimators of A and the
reliability function. Additionally, for the purpose of perceiving the effects of prior distri-
butions on E-Bayesian estimations, three different prior distributions are considered. The
authors in [15] indicated that, in order to ensure that 77(A|a, b) is decreasing, the hyper
parameters a and b are chosen. In the case of A, the derivative of 77(A) could be obtained as

dm(A) b*

— = mv”f“[(a —1) — bAJ.

It is apparent that the prior distribution 77(A) is a decreasing function in A when
0 <a <1landb > 0. Assume that the bivariate density function in which a and b are
independent is

7t(a,b) = my(a)my(b).
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According to [16], when the parameter a is given, with the increase of b, the tailed
prior distribution will be thinner, which would likely reduce the robustness of Bayesian
estimations. Therefore, b is selected to be smaller than a pre-determined constant c. In this
case, for parameter A and R(t), the E-Bayesian estimations are obtained as

Aps = E(Ags|%) / / Aps(a,b)7(a, b)dadb, (17)

R{t)pg = E(R{ / / ) s (a, b)7e(a, b)dadb. (18)

Next, for the purpose of exploring the influence of a prior distribution on an esti-
mator under the E-Bayesian method, we derive the estimates under three different prior
distributions. These three different prior distributions are selected as follows:

1 _ _
nl(g/b) = cB(u v) at 1(1 _a)v l/
2(c—b _ _
n2<a'b):c2<B(u,v))au 1(1—a)v 1,0<b<c,0<a<1, (19)
2b _ _
71—3({1/19) = Wﬂu 1(1 . a)v 1,

where B(u,v) is the beta function. 7r1(a, b) is a constant in b, while 715(a, b) is a decreasing
function in b and 7t3(a, b) is an increasing function in b.

3.1. E-Bayesian Estimations Based on SE Loss Function

Based on the SE loss function, the E-Bayesian estimations of A with the prior distribu-
tion 711 (a, b) can be obtained from (13), (17) and (19) as

n 1 pc
AEBST =/ / Ags(a,b)i(a, b)dadb

= // (B8 u-1(1 — )01 dbda

cB( P+b
1 Py (20)
i( U)ln(1+g), D <k

=4 v)ln(l—i——T), k<D<r,
%v+—¢—nnu+P>, D>r

where Pk = Zi‘(:l Wi — (n — k)Wk, PT = ZIE):l Wi — (1’1 — D)WT, Pr = 2;21 Wi — (11 — T)Wy.
Likewise, the E-Bayesian estimations of A under 71, (a, b) and 7t3(a, b) could be written,
respectively, in the following forms:

2 u c
E(K+u+ )1+ —=)1 (1+Fk) 1}, D <k
A 2 u P c
AEBs2 = E(D+u+v) (1+CT)ln(1+PT)—1}, k<D<r. (21)
2 u » c
< o Sy >
2o+ s Dmas -1, Dz
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2 u Pk c

—-(K 1——In(1+ = D <k

c( +u+v) c n( +Pk)}' <
A E(D+ ! )1—P In(1+—~)|, k<D<r (22)
EBS3 = ¢ u+ov c 2 ’

2 u b, c

- 1—-—In(1+—= D >

c(r+u+v) c n( +Pr)}' =7

3.2. E-Bayesian Estimations Based on a LINEX Loss Function

Under a LINEX loss function, the E-Bayesian estimation of A with the prior distribution
11 (a,b) can be obtained from (14), (17), and (19) as

AEBL1

_/ / Apri (a,b)dadb

aﬁzzﬂbk (m+ a)a"~1(1 = )*~In(1 + §p) dbda

1 | h | h | c @3)
—_— 1 P 1+ ——)—Ph 14+ — D
Ly +Jcn(+b+&)+(rH0n(+H+h) dn(+ 3|, D<k
1 c
— " _ oy = <
Ch(D—i- +v) Cln(1+C+PT)+(PT+h)ln(1+PT+h) PTln(l—b—PT)}, k<D<r
1 h c
_r _ _ Ty il >
ch( r+ s )[cln(1+ Pr)+(Pr+h)ln(1+P,+h) P,ln(1+Pr)], D>r
Under the same method, the E-Bayesian estimations of A under 71, (a,b) and 73(a, b)
could be written, respectively, as
AeBLo
1

Il
S—
o\n

>

o)
=
S

i)

S

_Qq

IS

_Q

S

Pi+h
K ) In(=) (Pk—i—c)zln(Pk—l-c) (P + ¢+ h)? n(Pk+h+c)_1 Dot
u+o h c2h Py c2h P+ h cl|’ (24)
_ w (I (P2 Pt (Prdc+h)? . Prah4c. 1
= _ <
(D+u+v h c2h In( Pr ) c2h In( Pr+h ) cl’ k<D<r
u (W) (P4, Potc. (P4c+h)? Pothtc, 1
_ = >
(r+u—|—v h c2h In( P, ) c2h n( P.+h ) cl|’ Dzr
Aeprs
1 pc
=/ / ABL7T3 a,b)dadb
0o Jo
u 1 h sz c (Pk+h)2 c 1
K —In(1 In(1 In(1 D
( +u+v) h n( +c+Pk)+czh ( +Pk) c2h ( +Pk+h) <k (25)
u 1 h Pr? c (Pr+h) c 1
_ 1 o £ = <
(D+u—|—v) hln(1+C+P )+ hl( PT) a7 1(1+PT+h)+C , k<D<r
1 h P2 c (P, + h)? c 1
= _ - >
(r+ )lhln(1+ +Pr)+ 2h1(1+Pr) 2, 1(1+Pr+h)+c , D>r




Entropy 2021, 23, 934 10 of 25

3.3. E-Bayesian Estimations of R(t)

The E-Bayesian estimation of R(t) under an SE loss function can be derived from (15),
(17) and (19) by using the prior distribution 771 (a, b),

A 1 C A
RU) gy = /O /O Rps (£) 711 (a, b)dadb
1 re *

pr K b+ Py
cf ) Balwutuin i), D <k 6
= l/c (1+P7*)7D1: (1,1 +v;1 (M—il%))db k<D< /
¢ Jo by pr/ WAUETOIMGETE T A RS EST
1 fc ps T b+ P,
- - ) ‘In(——1°17 >
C/O 1+ 55p) Ralwutoin(p50)d, D>

where Fy.1 (., .;.) is the generalized hypergeometic function. For more details, one can refer
to [17].

Under 73(a,b) and 7t3(a, b), the E-Bayesian estimations of R(t) are written in the
following forms under the same method.

A 1 C/\
R{)gas2 = || || Ros(t)mala, bydade
———))db, D<k
b+Pk+P*)) : (27)

2 ¢ px k b+ P

;2/0 (C_b)(l‘f‘m) 51:1(u1u+vrm(

_ )2 e Pt - b+ Pr

_J]2 B | 4 b+pPr _

c2/ (c b)(1+b+PT)r Fua(wu+oin(p—p—15))db, k<D <r
2 e pr - . b+ P,

;2/0 (C_b)(l‘f'm) Fi.q(u, u+ v;In( ))db, D>r

o

b+ P, + Px

A 1 CA
R(t)EBS3:/O /0 Rps () 713(a, b)dadb

2 fc px —k b+ Py
C*Z/O b(l+m> Fl:l(”,ﬂ‘i’v,ln(m))db, D <k ' (28)

2 fc px P b+ Pr
=9>/ b(1+—=) F. In(————))db, k<D
cz/o <+b+PT) 1'l(u'u+v'n(b+PT+P*)) » RSP <T

2 e pr b+ P,
il - . . [ — >
cz/o b+ ) Falwutoin(—p5))db, D=

Under a LINEX loss function, the E-Bayesian estimation of R(t) with different prior
distributions can be obtained from (16), (17) and (19) as follows,

R(t)EBL,:/0 /0 Ry (t)75:(a, b)dadb, i = 1,2,3. (29)

The integrals in (26), (27), and (28) are not in simple closed forms. Additionally, the
integrals in (29) are also infeasible to derive. Thus, to further evaluate E-Bayesian estimates
of R(t), the numerical technique should be introduced.

4. Estimation with Two Unknown Parameters
4.1. Bayesian Estimation

In this section, we assume that A and f are independent and follow a gamma prior
distribution:

b ™
T(ay)

(A) = A~ lp=bid ay,by >0, (30)



Entropy 2021, 23, 934 11 of 25

by™
['(az)

Thus, the joint prior distribution is obtained as

n(B) = B2 te P, ay, by > 0. (31)

u1 bzaz

(A B) = < ) (@)

/\al 1[6612 1 —(bl/\+b2,3)l a]/blra2/ b2 > 0. (32)

On the basis of Bayesian method, we multiply (32) by (5) to obtain the joint posterior
distribution

k
k- IAkFa =gkt == (A TT Miexp A (n —k)W)], D <k
i=1
D
T(A|%) = Kfl/\D+a171ﬁD+a27167(b1/\+b2,5 He)\wi exp[A(n — D)Wr)], k<D<r, (33)
i=1

K—l/\r-&-al—1'Br+112—1e—(b1)\+b2/3) Wi exp[)L(n _ T’)Wr)], D>r
=1

=

where ¥ = (X1.;,- - -, Xn:n) and « could be written in the following form

+o0 k
/ / Akt+ai— 1ﬁk+a2 1= (b1 A+b2B) He)xwl exp k)Wk)] dAdB, D <k
i=1
+o0 D
K = / / AD+a1-1gD a1 (012 +hsf) HE/\WI explA(n — DYWp)]dAdB, k<D <r. (34)
i=
+oo r
/ / Artar— lﬁrJruz l — (1A +b2B) e)\Wi exp[)\(n _ T’)Wr)} d)\dﬁ, D>r
i=1

Similarly, we could obtain the Bayesian estimations of two unknown parameters and
R(t) under SE and LINEX loss functions.

+o00 +oo
Aps, = E(A / / (A, B|%) dAdB

+00 k
/ / Akt getaz =1, (1A -+b2p) HeAw, exp[A(n — K)W,)]dAdS, D <k

- -5 (35)
= / / AP RS T e explAs = D)Wr)) dAdf, k<D <r

‘N

+o0
/ / P ﬁrJruz 1 — bl)\erz/S) eAW,v exp[/\(n o V)Wr)] d/\dﬁ, D>r
=1

Apr, = — hlnE( e %) 7111/ / e M (A, B|%) dAB

/+oo/ /\k-&-ul—l‘gk-&-az 1 —((b1+h)/\+bzﬁ He lexp[ ( k)Wk)]d}\d‘B, D<k
o =1 : (36)
= ,/ / AD+a1-1 gD a1 (b1 1) +b2f) He)\w,- exp[A(n — D)Wr)]dAdB, k<D <r
i=1

+00 r
/ / At 1ﬁr+a2 1 —((b1+h)A+b2B) He lexp (71 _ V)Wr)] d)\d,B, D>r
i=1
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Prs, = E(BI%) = / / (A, B|%) dAdB
+o0 k
,/ / Ak+ﬂ1—1ﬁk+a26_(b1/\+bzﬁ He/\Wl exp k)Wk)] d)\d‘B, D <k
oo b . (37)
— / / A1 gD 2= (40 [T A exp[A (1 — D)Wr)| dAdf, k<D <7
=1

—+o0
/ / ATta—l grta o (bl’HbZﬁ) eAW" exp[A(n —r)W,)] dAdB, D>r

Nﬁ

>_n

R +o0 +00
Bar, = —ﬁlnE( e B| %) = —fln/ / e (A, BI7) dAdB
+o0
/ / AkJru] 1ﬁk+a2 l —(b1A+(by+h) ﬂv)He ’exp (1’1 _ k)Wk)] d)Ld‘B, D<k
- (38)
= / / AD+“1—1’BD+’12 1 —(b1/\+ by+h) [S)He 'exp[ ( D)WT)] d)Ldﬁ, k<D<r
—+00
,/O A Ar-‘r[ll—llBi’-l-az—l —(bl)t+(b2+h He lexp[ (T’l o r)wr)] d/\d‘B, D Z r
i=
R{b)gs, = E(R(t)[7)
+00 +oo
:/0 O (A, BI%) dAdB
+oo ptoo k+a;—1pgk+ar—1 k
/ A B [Te™explA(n— k)Wy)]dAdp, D <k
0 JO b AtbyBrherd—e) T . (39)

eb1/\+bzﬂ+he)\(1fetﬂ’) i=1

+0o  p4o0 r+a1—1gr+a,—1 r
/ / A B ' [1e* exp[A(n —r)W,)]dAdB, D >r
0 0 ehl)\+b2ﬁ+he)‘(1*€r ) i1

1
K
1 j+o p+oo A\D+a;—1gD+a,—1 D
- ;/ / P [TeM exp[A(n — D)Wr)|dAdB, k<D <r
0 0
1
K

We could not directly calculate these above integrals in simple closed form, but the
approximate Bayesian estimators could be derived under Lindley’s aprroximation. For
more details, one can refer to [18].

4.2. E-Bayesian Estimation

According to E-Bayesian estimation with unknown parameter A, we select the prior
distributions for parameter A and B as follows,

1 _ _
mii(Alay, by) = Wﬂlul 1(1 —ﬂl)vl 1,
2(c1—b _ _
ma(Aay, by) = c12(Bl(ulzl;1))alul T1—a)" 7 0<b <c,0<a <1, (40)
2by

miz(Alay, by) = a1 —ap)" 7,

c1?B(uy,v1)
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1 — —
7T21(IB|Q2, bZ) = mazul 1(1 _ az)’(}z l,
2(cp—b B B
71.’22(:8|112/ bZ) = sz(Bz(uzlsz))aZHZ 1(1 — az)liz 1 ,0< by <cp,0<ap <1, 41)
us b = L uz—l 1 _ 7)2_1
23(:8|a2r 2) = CZZB(L[Z vz)a2 ( 112) ,

where B(u1,v1) and B(up, vp) are beta functions. Under an SE loss function, the E-Bayesian
estimations can be obtained from (40), (41), (35), and (37) as,

o 1 rep
/\EBSi:/O/O Apsmi(ay, by)daidby, (42)

« 1 re
‘BEBSi:/O/O Bpsti(ay, by)daydby (43)

Under a LINEX loss function, the E-Bayesian estimations can be obtained from (40),
(41), (36), and (38) as,

. 1 [N
AELSi :/o /0 Apri(az, by)daydb,, (44)
« 1 reo
ﬁEBSi:/O /0 Bpr7ti(az, by)daydbs. (45)

Similarly, we could use the MCMC method to compute E-Bayesian estimations.

5. MCMC Method and Simulation Study

According to the Markov Chain Monte Carlo algorithm, we could approximate the
integral when it cannot be generated explicitly for multidimensional problems. Therefore,
the MCMC algorithm is a widely used and effective method to obtain samples from
complex posterior distributions. We apply the Monte Carlo simulation under Type-I
GHCS in this section to compute E-Bayesian estimates of A and R(f) against different prior
distributions and loss functions.

According to (11), the full conditional posterior probability density function of the
parameter A is written as,

k
/\k-t,-u—le—b/\ne/\wi exp[)\(i’l — k)Wk)]/ D <k
i=1

D
T (Mx) = { AP+ bA T T eMiexp[A(n — D)Wr)], k<D <r. (46)
i=1

-
Artale AT TeMiexp[A(n —1)W,)], D =>r
i=1

As the conditional posterior PDF of A is complex, we introduce the MCMC method to
obtain random samples by considering a normal distribution as the proposal distribution.

The MCMC approach is shown in Algorithm 1. We could refer to [19,20] for more
details regarding the implementation of MCMC algorithm.
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Algorithm 1 MCMC algorithm.

1:
2:
3:
4:

10:
11:
12:
13:
14:
15:

16:

17:

Set the initial value A(%) be equal to the MLE A.
Setv = 1.
repeat
Take N(A, Var(A)) as the proposal distribution and generate A(*) from it at iteration
v.
Obtain the samples under Type-I GHCS from Uniform(0,1) distribution.
it @=DIA()) = mi 77(*(A(*)|3?)
Compute the acceptance probability: p(A A1) = min [ T AT 1].
if u < p then
A0 = A (%)
else
A0) = p(0-1)
end if
Compute the value of R(®)(t) as R()(t) = exp{A(®)(1 — exﬁ)}.
untilv = N
Set 6 = £ as the burn-in period.
Based on the SE loss function,

7

7

Aps— 1 3 AW
B N-9 v=0+1 '
; LI S
R(t)ps N_3 ; RY(t)
v=0+1

and
R\ RO wa-3))-

where [a] = {[a] € Z, [a] < a}, 7y is the significant level, and N is the amount of draws.

For Bayesian and E-Bayesian methods, for the purpose of evaluating and comparing

the performance of estimators against different loss functions, we perform simulation
comparisons with data derived from different scenarios. We assume that parameter f is
fixed as constant 1. Given a particular value to ¢, 2 and b can be obtained according to
(19). The algorithm of generating and analyzing data based on Type-I GHCS under the
bathtub-shaped distribution is shown in Algorithm 2.
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Algorithm 2 The algorithm of generating and analyzing data.

1: Generate samples under Type-I GHCS from CHD(A, B):

i) Generate n independent variables U = (Uy, Uy, - - - , Uy) from Uniform(0,1) distri-
bution.
1. For givenr,k, T, set m as,

k D<k
m=<r k<D<r. 47)
d D>r

2. Generalized Type-I hybrid censored samples X = (Xi.,,, - -+ ,Xm:n) are derived
1

_ B

by the inverse function method: X = |In(1 — M) .

2: Repeat the simulation for N = 11,000 times.
3: Discard ¢ = 1000 iterations (the burn-in) in each chains.
4: Use the values of parameter A from the sampler to generate Bayesian and E-Bayesian

estimates.
5. Compare the effectiveness of different methods according to the mean square error
MSE of A and R(t), where
MSE() = —— ¥ (R, — 1)
- X7 < v 7
N-9 v=0+1
R 1N 2
MSE(R(D) = 75 L (R(t), —R()"
N-9 v=0+1

Steps 2—4 are corresponding to steps 1-16 in Algorithm 1.

Under different (n, (r,k), T, B), we draw samples from every simulation, and values
of MLE are computed. Additionally, we obtain the MLE and Bayesian estimation under
each simulation.

In order to facilitate the simulation, according to [21], we take the special case

mt(a,b) = 1, (48)

c

where ¢ > 0.
In this case, the E — MSE of A could be obtained as,

2k +1
- D<k
e
E — MSE(Aggs) / / MSE(Ags) 7e(a, b)dadb — Wﬁc) k<D<r. (9
2r+1
—— D>r
2Q(Q+c)
R 1 pc R
E — MSE(AgpL) = / / MSE(Agy)7t(a, b)dadb
+k h2 +k+1 +b +b
(a fo e Wlathet) 1 o b)z + b+Q In 720 + (In th+h) dadb 50)
+D ¢ h*(a+D+1 b b
= e fO aLH—D ) In (Q+b)2 + b+Q In ther + (ln h8Q+b) dadb

’”r ¢ I (atr+1) Q+b Q+b
fO a+tr In (Q+b)2 + b-l-Q In RrO+b + (In h+Q+b) dadb
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The sample size (n, (1, k), T) is fixed from the data under Type-I GHCS and is set to
n = 50,80,120 with three sets of fixed numbers (r, k) = (40, 30), (60,40), (90,60) presented
respectively for each size. Simultaneously, for the purpose of studying the reliability
function under a bathtub-shaped distribution, we set T as T = 0.2,0.4.

Based on the tabulated estimates and the mean square errors of the estimations whose
statistical inference processes are computed from software R, the following conclusion can
be drawn from Tables 1-6 and Tables 7-9, in which the true value of A takes 4.37 and 2.5,
respectively, and E — MSE represents the mean square error of the E-Bayesian estimations.
Tables 1-4 show the results of estimations when A = 4.37, 8 = 1 in detail. Tables 5-9
guarantee the robustness of the conclusion. See more details on the MCMC outputs in
Appendix A.

Table 1. Estimations of A = 4.37 under an SE loss function when p = 1,h = 1.5,c = 1,4 = 0.6119,
and b = 0.1523.

n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 0.4 0.2 0.4
Ags 44335 4.4768 43911 4.4303 43831 44187
MSE(Ags) 0.6119 0.5065 0.3862 0.3293 0.2570 0.2179
min 1.7563 2.5385 2.9202 2.9999 3.4522 3.5749
max 7.1331 6.2912 5.9283 5.7578 5.3641 5.2460
length 5.3767 3.7527 3.0081 2.7579 1.9120 1.6711
n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 0.4 0.2 0.4
AEps 43613 4.4168 4.3447 4.3908 4.3519 43923
E — MSE(Aggs) 0.5942 0.4943 0.3790 0.3240 0.2538 0.2155
min 2.1555 2.5336 2.9889 3.1245 3.3145 3.5509
max 6.3399 5.8610 5.5518 5.4765 5.3042 5.0982
length 4.1844 3.3274 2.5628 2.3520 1.9897 1.5473

Table 2. Estimations of R(t) under an SE loss function when g = 1,h = 1.5,¢c = 1,a = 0.6119,
b =0.1523, and t = 0.07.

n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 0.4 0.2 0.4
R(t)ps 0.73977 0.73287 0.74154 0.74467 0.74416 0.74291
MSE(R(t)ps) 0.00109 0.00088 0.00057 0.00038 0.00019 0.00012
min 0.61717 0.65334 0.66958 0.67735 0.69564 0.70122
max 0.88796 0.84219 0.82072 0.81631 0.7917 0.78515
length 0.27079 0.18885 0.15113 0.13895 0.09607 0.08394
n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 0.4 0.2 0.4
R(t)Eps 0.74913 0.74328 0.74888 0.74962 0.74867 0.74657
E— MSE(R(t)ggs)  0.00096 0.00077 0.00047 0.00033 0.00017 0.00011
min 0.65119 0.67264 0.68686 0.69037 0.69846 0.70826
max 0.864300  0.84247 0.81691 0.80945 0.79911 0.78643

length 0.213100 0.16983 0.13005 0.11908 0.10065 0.07817
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Table 3. Estimations of A = 4.37 under a LINEX loss function when f =1,h =1.5,c = 1,4 = 0.6119,

and b = 0.1523.
n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 0.4 0.2 0.4
}LBL 4.0436 4.1358 4.1247 4.2005 4.2009 4.2630
MSE(}\BL) 0.7860 0.6341 0.4601 0.3856 0.2911 0.2432
min 1.2176 1.2062 2.2857 2.5972 2.9827 3.2330
max 7.2472 7.137 5.8513 5.6587 5.2302 5.0823
length 6.0296 5.9308 3.5656 3.0615 2.2475 1.8493
n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 0.4 0.2 0.4
)A\EBL 3.9688 4.0837 4.0831 4.1645 4.1720 4.2382
E — MSE(;\EBL) 0.7590 0.6160 0.4502 0.3785 0.2870 0.2403
min 0.8753 1.5263 2.3519 2.5144 2.9413 3.3233
max 6.3150 5.9493 5.5490 5.6569 5.2711 5.0406
length 5.4397 4.4230 3.1970 3.1425 2.3298 1.7173
Table 4. Estimations of R(¢) under a LINEX loss function when § = 1,h = 1.5,¢c = 1,a = 0.6119,
b =0.1523, and ¢ = 0.07.
n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 04 0.2 0.4
ﬁ(t)BL 0.76178 0.75368 0.75179 0.75539 0.75372 0.75066
MSE(R(t)s1) 0.00173 0.00128 0.00073 0.00055 0.00028 0.00016
min 0.61242 0.61700 0.67308 0.68191 0.70197 0.70903
max 0.92092 0.92163 0.85672 0.83885 0.81725 0.80353
length 0.30850 0.30463 0.18364 0.15694 0.11529 0.09450
n 50 80 120
(r,k) (30,40) (60,40) (90,60)
T 0.2 0.4 0.2 04 0.2 0.4
R (*)EBL 0.77050 0.76209 0.75857 0.76036 0.75788 0.75433
E— MSE(R(t) EBL) 0.00141 0.00107 0.00064 0.00047 0.00026 0.00015
min 0.65229 0.66863 0.68699 0.68199 0.70003 0.71103
max 0.94250 0.90189 0.85289 0.84356 0.81954 0.79863
length 0.29021 0.23325 0.16590 0.16157 0.11952 0.08761

Table 5. Estimates of parameter A = 4.37 for different loss functions when § = 2,h = 1.5,a = 0.6119, and b = 0.1523.

n (r,k) T c Ass MSE(Ags) Aess E — MSE(Aggs) AL MSE(AgL) Arbr E — MSE(Agst)
50 (40,30) 0.2 05 4.5025 0.6847 4.4226 0.6627 4.0575 0.9078 3.9910 0.8723
0.4 4.4863 0.6670 4.4081 0.6462 4.0509 0.8746 3.9856 0.8418
80  (60,40) 0.2 44771 0.5060 44172 0.4937 4.1365 0.6330 4.0844 0.6150
0.4 4.4097 0.4456 4.3564 0.4360 4.1060 0.5420 4.0590 0.5286
120 (90,60) 0.2 4.4369 0.3304 4.3972 0.3250 4.2064 0.3870 4.1703 0.3799
0.4 4.3957 0.2976 4.3598 0.2933 4.1866 0.3427 4.1536 0.3371
50  (40,30) 0.2 1 4.5057 0.6857 4.4257 0.6637 4.0601 0.9093 3.9935 0.8738
04 4.4867 0.6669 4.4085 0.6462 4.0513 0.8748 3.9860 0.8419
80  (60,40) 0.2 4.4645 0.5037 4.4049 04916 4.1254 0.6303 4.0735 0.6123
0.4 4.4041 0.4448 4.3509 0.4353 4.1009 0.5409 4.0540 0.5275
120 (90,60) 0.2 4.4302 0.3291 4.3907 0.3238 4.2005 0.3852 4.1646 0.3781
04 4.3878 0.2969 4.3519 0.2926 41791 0.3417 4.1462 0.3362
50 (40,30) 0.2 15 4.4795 0.6779 4.4003 0.6563 4.0386 0.8973 3.9726 0.8624
0.4 4.4829 0.6657 4.4049 0.6450 4.0484 0.8729 3.9831 0.8401
80  (60,40) 02 4.4681 0.5038 4.4085 0.4917 4.1289 0.6298 4.0770 0.6119
0.4 4.4199 0.4470 4.3665 0.4374 41152 0.5440 4.0681 0.5305
120 (90,60) 0.2 4.4341 0.3298 4.3945 0.3245 4.2040 0.3861 4.1680 0.3791
0.4 4.4051 0.2986 4.3691 0.2943 4.1953 0.3440 4.1622 0.3384
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Table 6. Estimates of parameter A = 4.37 for different loss functions when g = 3, = 1.5,a4 = 0.6119, and b = 0.1523.

n (7’, k) T c ABS MSE(/\Bs) AEBS E— MSE(Aggs) ABL MSE(ABL) AEBL E— MSE(AEBL)
50 (40,30) 0.2 0.5 4.5097 0.6869 4.4295 0.6648 4.0633 09114 3.9966 0.8757
0.4 4.4996 0.6837 4.4198 0.6618 4.0552 0.9063 3.9887 0.8709
80  (60,40) 0.2 44523 0.5004 4.3930 0.4884 41152 0.6249 4.0637 0.6071
0.4 4.4692 0.5041 4.4095 0.4920 4.1298 0.6303 4.0779 0.6123
120 (90,60) 0.2 4.4306 0.3292 4.3911 0.3239 4.2009 0.3854 4.1649 0.3783
0.4 4.4220 0.3280 4.3826 0.3227 4.1931 0.3837 4.1573 0.3767
50 (40,30) 0.2 1 4.5168 0.6895 4.4363 0.6673 4.0688 0.9161 4.0020 0.8802
0.4 4.4953 0.6826 4.4156 0.6607 4.0515 0.9044 3.9852 0.8691
80  (60,40) 0.2 4.4642 0.5032 4.4046 0.4910 41254 0.6290 4.0736 0.6111
0.4 4.4663 0.5038 4.4066 0.4916 41271 0.6301 4.0752 0.6121
120 (90,60) 0.2 4.4228 0.3282 4.3834 0.3229 4.1938 0.3840 4.1580 0.3770
0.4 4.4383 0.3306 4.3986 0.3252 4.2077 0.3873 4.1716 0.3802
50 (40,30) 0.2 15 4.5030 0.6847 44231 0.6628 4.0579 0.9078 3.9914 0.8723
0.4 4.4950 0.6821 44154 0.6603 4.0515 0.9033 3.9852 0.8681
80 (60,40) 0.2 4.4738 0.5053 4.4140 0.4931 4.1336 0.6321 4.0816 0.6140
0.4 44621 0.5029 4.4025 0.4908 41234 0.6289 4.0717 0.6110
120 (90,60) 0.2 4.4304 0.3292 4.3908 0.3239 4.2007 0.3853 4.1647 0.3782
0.4 4.4410 0.3310 4.4013 0.3257 42101 0.3879 4.1740 0.3808
Table 7. Estimates of parameter A = 2.5 for different loss functions when g = 1,h = 1.5,a = 0.6119, and b = 0.1523.
n (rk) T c Ass MSE(Ags) Args E — MSE(Agss) Asr MSE(AgrL) Arsr E — MSE(Aggr)
50 (40,30) 0.2 0.5 2.6002 0.2284 2.5691 0.2237 2.443 0.2564 2415 0.2505
0.4 2.5623 0.1843 2.5368 0.1812 2.4334 0.2021 2.41 0.1984
80 (60,40) 0.2 2.5758 0.166 2.5529 0.1635 2.459 0.1808 2.4378 0.1778
0.4 2,538 0.1144 2522 0.1131 2.4559 0.1214 2.4408 0.1201
120 (90,60) 0.2 2.549 0.1087 2.5339 0.1076 2.4709 0.1151 2.4565 0.1139
0.4 2.5278 0.0753 25172 0.0748 2473 0.0784 2.4627 0.0779
50 (40,30) 0.2 1 2.5973 0.2279 2.5663 0.2232 2.4405 0.2558 24125 0.25
0.4 2.5545 0.1831 2.5291 0.1801 2.4263 0.2007 2.4031 0.1971
80  (60,40) 0.2 2.5708 0.1654 2.5479 0.1629 2.4543 0.1801 24332 0.1772
0.4 2.5338 0.114 2.5178 0.1128 2452 0.121 2.4369 0.1196
120 (90,60) 0.2 2.5494 0.1087 2.5342 0.1076 24712 0.1151 2.4569 0.1139
0.4 2.529 0.0754 2.5184 0.0749 2.4741 0.0785 2.4639 0.0779
50 (40,30) 0.2 15 2.6051 0.2291 2.5739 0.2244 2.4474 0.2573 2.4194 0.2514
0.4 2.5485 0.1826 25232 0.1796 2.4207 0.2001 2.3975 0.1965
80 (60,40) 0.2 2.5743 0.1658 2.5514 0.1633 2.4575 0.1806 2.4364 0.1777
0.4 2.5402 0.1144 2.5243 0.1132 2.4581 0.1215 2.443 0.1202
120 (90,60) 0.2 2.5516 0.1088 2.5364 0.1077 2.4733 0.1153 2.4589 0.1141
0.4 25217 0.075 25111 0.0745 2.467 0.0781 2.4569 0.0776
Table 8. Estimates of parameter A = 2.5 for different loss functions when g = 2,h = 1.5,a = 0.6119, and b = 0.1523.
n (r,k) T c Ass MSE(Ags) Agss E — MSE(Aggs) AL MSE(ApL) ArBL E — MSE(Aggr)
50 (40,30) 0.2 0.5 2.6032 0.2288 2.5720 0.2240 2.4457 0.2568 24177 0.2510
0.4 2.6071 0.2298 2.5758 0.2250 2.4490 0.2583 2.4209 0.2524
80 (60,40) 0.2 2.5813 0.1683 2.5581 0.1657 2.4629 0.1838 2.4415 0.1807
0.4 2.5817 0.1682 2.5586 0.1656 2.4634 0.1835 2.4420 0.1805
120 (90,60) 0.2 2.5466 0.1088 2.5315 0.1077 2.4684 0.1154 2.4540 0.1141
0.4 2.5556 0.1096 2.5403 0.1085 2.4768 0.1163 24623 0.1150
50 (40,30) 0.2 1 2.5997 0.2283 2.5686 0.2236 2.4426 0.2562 2.4146 0.2504
0.4 2.6085 0.2299 25773 0.2252 2.4503 0.2583 2.4222 0.2524
80  (60,40) 0.2 25714 0.1670 2.5484 0.1645 2.4539 0.1823 2.4326 0.1792
0.4 2.5718 0.1670 2.5487 0.1644 2.4543 0.1821 2.4330 0.1791
120 (90,60) 0.2 2.5544 0.1095 2.5391 0.1084 2.4756 0.1162 24612 0.1149
0.4 2.5541 0.1094 2.5389 0.1083 2.4754 0.1160 2.4610 0.1148
50  (40,30) 0.2 15 2.5966 0.2279 2.5655 0.2232 2.4397 0.2560 24118 0.2501
0.4 2.6042 0.2294 2.5730 0.2246 2.4464 0.2578 24183 0.2519
80 (60,40) 0.2 2.5766 0.1678 2.5535 0.1652 2.4586 0.1831 2.4373 0.1801
0.4 2.5842 0.1687 2.5610 0.1661 2.4655 0.1843 2.4441 0.1812
120 (90,60) 0.2 2.5479 0.1089 25327 0.1078 2.4696 0.1155 2.4552 0.1142
0.4 2.5490 0.1090 2.5339 0.1079 2.4707 0.1156 2.4563 0.1143
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Table 9. Estimates of parameter A = 2.5 for different loss functions when g = 3,1 = 1.5,a = 0.6119, and b = 0.1523.
n o (rk) T c Ags MSE(Ags) Aess E — MSE(Agss) AsL MSE(ApL) Asr E — MSE(AgpL)
50 (40,30) 0.2 0.5 2.6063 0.2295 2.5750 0.2247 24484 0.2578 2.4203 0.2519
0.4 2.6006 0.2286 2.5695 0.2239 2.4433 0.2568 2.4153 0.2509
80  (60,40) 0.2 2.5750 0.1675 2.5519 0.1649 24572 0.1827 2.4359 0.1797
04 2.5793 0.1681 2.5562 0.1655 24611 0.1835 2.4398 0.1805
120 (90,60) 0.2 2.5610 0.1101 2.5456 0.1090 2.4818 0.1168 2.4673 0.1155
0.4 2.5565 0.1097 2.5412 0.1086 24776 0.1163 2.4632 0.1151
50 (40,30) 0.2 1 2.6065 0.2296 2.5753 0.2249 2.4485 0.2581 2.4204 0.2522
0.4 2.6147 0.2311 2.5833 0.2263 2.4558 0.2598 2.4275 0.2538
80  (60,40) 0.2 2.5758 0.1675 25527 0.1650 2.4579 0.1828 2.4366 0.1798
0.4 2.5810 0.1682 2.5579 0.1656 2.4627 0.1836 2.4413 0.1806
120 (90,60) 0.2 2.5532 0.1094 2.5379 0.1083 2.4746 0.1160 2.4601 0.1147
0.4 2.5505 0.1091 2.5353 0.1080 24721 0.1157 2.4577 0.1145
50  (40,30) 0.2 15 2.6066 0.2296 2.5753 0.2249 2.4485 0.2581 2.4204 0.2522
0.4 2.6105 0.2306 2.5792 0.2258 2.4519 0.2593 2.4237 0.2534
80  (60,40) 0.2 25752 0.1673 25522 0.1648 2.4575 0.1826 2.4362 0.1795
0.4 2.5788 0.1680 2.5557 0.1654 2.4607 0.1833 2.4393 0.1803
120 (90,60) 0.2 2.5443 0.1086 2.5291 0.1075 2.4662 0.1151 24518 0.1139
0.4 2.5531 0.1094 2.5378 0.1083 2.4745 0.1160 2.4600 0.1147

1.  Both estimates are close to their theoretical values under different methods and loss
functions.

2. The mean square errors of the E-Bayesian estimations of parameter A and R(t) are
smaller than those of the Bayesian estimations. Therefore, the efficiency of the E-
Bayesian method is higher in the sense of a smaller MSE.

3. The MSEs of estimations under an SE loss function are less than those based on a
LINEX loss function. Thus, the SE loss function is more efficient to generate estimates.

4. As(n,(r,k),T) increases, the MSE of the estimate decreases, and the average interval
length of CRIs reduces. To conclude, the performance of estimates will improve with
the size of the sample increases.

6. Illustrative Example

In order to clarify the algorithms and examine the accuracy and robustness of the
theoretical results discussed above, we analyze a real data set of the number of cycles to
failure from the electrical devices given by [22]. The authors in [4] divided each data point
by 1000 in order to compute effectively, and they tested and concluded that the hazard rate
of this data set was bathtub-shaped. Table 10 illustrates the electrical lifetime data in detail
in which the unit of the data is the number of cycles.

Table 10. Real data set of 60 observations of electrical appliances.

0.014 0.034 0.059 0.061 0.069 0.080 0.123 0.142 0.165 0.210
0.381 0.464 0.479 0.556 0.574 0.839 0.917 0.969 0.991 1.064
1.088 1.091 1.174 1.270 1.275 1.355 1.397 1.477 1.578 1.649
1.702 1.893 1.932 2.001 2.161 2.292 2.326 2.337 2.628 2.785
2.811 2.886 2.993 3.122 3.248 3.715 3.790 3.857 3.912 4.100
4.106 4.116 4.315 4.510 4.580 5.267 5.299 5.583 6.065 9.701

When analyzing this data set under Type-I GHCS, we assume that (n, (r,k),T) =
(60, (18,15),2) and evaluate estimates against SE and LINEX loss functions.

Under this assumption, Xy., = Xj5.60 = 0.917 < T.

Thus, the terminated time will be T, = min(X;., = 1.064, T =2) = 1.064, and the

number of failures is 18. According to (8), the MLE of parameter A is obtained as: A = % =
n
—Xia Wi
According to Tables 11 and 12, the good performance of Bayesian and E-Bayesian
estimations against different loss functions can be certified. The estimates are consistent
with the real data sets. Similarly, we can determine that the MSEs of parameter A and R()
based on the E-Bayesian approach are smaller than those under the Bayesian approach. It

= 0.3870718.
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is also more efficient to evaluate estimates against the SE loss function. These are consistent
with the statistical inference and numerical simulation results. Thus, it is reasonable to
conclude that the theoretical results discussed above are accurate and robust.

Table 11. The results of estimates of A for the real data set.

c Ass MSE(Ags) AEBs E — MSE(Aggs) ABL MSE(Apr)  ArsL E — MSE(Agpr)
025 03931 0.003801 0.3921 0.003796 0.3903 0.003812  0.3893 0.003804
050 03931 0.003801 0.3916 0.003787 0.3903 0.003812  0.3888 0.003795
1.00 03931 0.003801 0.3912 0.003778 0.3903 0.003812  0.3884 0.003785
125 03931 0.003801 0.3907 0.003769 0.3903 0.003812  0.3879 0.003776
150 03931 0.003801 0.3902 0.003759 0.3903 0.003812  0.3874 0.003771

Table 12. The results of estimates of R(t) for the real data set.

c R(t)ps R(t)pr R(t)Eps R(t)gpr
0.25 0.730308 0.731945 0.730892 0.732531
0.50 0.730308 0.731945 0.731185 0.732823
1.00 0.730308 0.731945 0.731419 0.733058
1.25 0.730308 0.731945 0.731711 0.733351
1.50 0.730308 0.731945 0.732004 0.733644

Figures 6 and 7 show the relationship between c, A, and MSE(A). As c increases, the
value of Arp decreases and the value of E — MSE(A) reduces.

1 —— lambdahatEBS
—— lambdahatEBL

Value
0.388 0.389 0.390 0.391 0.392 0.393

Figure 6. The relationship between ¢ and AeBs, AEBL-

— E-MSEBS
— E-MSEBLL

Value
0.00378 0.00380
1 1 1 1

0.00376
|

Figure 7. The relationship between c and E — MSE(Agps), E — MSE(AgpL).

7. Conclusions

The bathtub-shaped distribution is crucial in mechanical and electronic research. In
addition, it is more efficient to estimate parameters under Type-I GHCS for product testing
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situations in practice, as this could save the time of testing and the cost resulting from
failures of units.

In this article, in order to make estimations under a bathtub-shaped distribution, the
Bayesian and E-Bayesian methods were introduced. According to Bayesian theory, we
could generate statistical inference from the prior information. With the assumption that
the prior distribution follows a gamma distribution, we could derive the estimates of
parameter and reliability functions under different loss functions.

We presented the MCMC method in simulation and with a real lifetime example
of electronic data to illustrate the statistical inferences discussed above. Under different
sample sizes, parameter values and loss functions, we observed that the E-Bayesian method
and SE loss function were more efficient in terms of the mean square error. Our study
is useful and efficient for experimenters to examine the quality of industrial products.
Additionally, this research can be further developed to address practical problems based
on multiple censoring schemes.
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Appendix A. MCMC Outputs

According to Figure Al, we can determine than the sample density of A approxi-
mately obeys the law of normal distribution. Figures A2—A4 show the stationarity of the
Markov Chain.

1.0

I —— lambdaBS
lambdaEBS

0.8
|

0.6
|
~
/////

0.2
|
N
/// -
/’/

Figure A1. The sample density of A when N = 10, 000.
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Figure A2. The sequence of white noise in the draws.
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Figure A3. The autocorrelation coefficient of A in the draws.
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Figure A4. The partial autocorrelation coefficient of A in the draws.
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Appendix B. The Robustness of the Simulation with Different h

Tables A1 and A2 show that the difference of estimations between different 1 values
is relatively small, and the results still follow the statistical inference discussed above.
Therefore, the robustness of the simulations with different i values is verified.

Table A1. Estimates of parameter A = 2.5 for different loss functions when 8 = 1,h = 3,a = 0.6119, and b = 0.1523.

n (T,k) T c ;\BS MSE(igs) AEBS E—MSE(AEBs) ;\BL MSE(XBL) ;\EBL E—MSE(;\EBL)
50 (40,30) 0.2 0.5 2.6054 0.2292 2.5742 0.2245 2.3134 0.3251 2.2878 0.3166
0.4 2.5541 0.1832 2.5287 0.1801 2.3135 0.2450 2.2920 0.2399
80 (6040) 0.2 2.5796 0.1665 2.5567 0.1640 2.3585 0.2193 2.3387 0.2152
0.4 2.5377 0.1142 2.5217 0.1130 2.3804 0.1402 2.3661 0.1384
120 (90,60) 0.2 2.5481 0.1085 2.5329 0.1074 2.3981 0.1324 2.3844 0.1308
04 2.5221 0.0751 2.5115 0.0745 2.4158 0.0867 2.4060 0.0860
50 (40,30) 0.2 1 2.6092 0.2299 2.5779 0.2251 2.3164 0.3262 2.2908 0.3177
0.4 2.5552 0.1833 2.5298 0.1802 2.3145 0.2451 2.2930 0.2401
80 (60,40) 0.2 2.5645 0.1646 2.5418 0.1621 2.3457 0.2163 2.3261 0.2123
0.4 2.5385 0.1143 2.5226 0.1131 2.3812 0.1403 2.3668 0.1385
120 (90,60) 0.2 2.5523 0.1089 2.5371 0.1078 2.4018 0.1329 2.3881 0.1313
0.4 2.5243 0.0752 2.5137 0.0747 2.4179 0.0869 2.4080 0.0862
50 (40,30) 0.2 1.5 2.6017 0.2285 2.5706 0.2238 2.3105 0.3237 2.2850 0.3153
0.4 2.5570 0.1835 2.5316 0.1805 2.3161 0.2456 2.2945 0.2406
80 (60,40) 0.2 2.5778 0.1663 2.5548 0.1638 2.3569 0.2190 2.3372 0.2150
0.4 2.5392 0.1144 2.5233 0.1132 2.3818 0.1404 2.3675 0.1386
120 (90,60) 0.2 2.5416 0.1080 2.5266 0.1069 2.3924 0.1316 2.3788 0.1300
0.4 2.5258 0.0752 2.5153 0.0747 2.4193 0.0869 2.4095 0.0863

Table A2. Estimates of parameter A = 2.5 for different loss functions when 8 = 1,h = 0.5,a2 = 0.6119, and b = 0.1523.

n (r, k) T c ;\35 MSE(iBs) 1535 E—MSE(XEBS) ABL MSE(XBL) AEBL E—MSE(;\EBL)
50 (40,30) 0.2 0.5 2.6014 0.2285 2.5703 0.2238 2.5460 0.2320 2.5160 0.2272
04 2.5572 0.1835 2.5318 0.1804 2.5124 0.1857 2.4877 0.1825
80 (60,40) 0.2 2.5721 0.1656 2.5493 0.1631 2.5316 0.1674 2.5094 0.1648
04 2.5373 0.1142 2.5213 0.1130 2.5092 0.1150 2.4935 0.1138
120 (90,60) 0.2 2.5559 0.1092 2.5407 0.1081 2.5290 0.1100 2.5140 0.1088
0.4 2.5281 0.0754 2.5175 0.0748 2.5095 0.0757 2.4990 0.0752
50 (40,30) 0.2 1 2.6168 0.2312 2.5854 0.2265 2.5607 0.2348 2.5304 0.2299
0.4 2.5595 0.1837 2.5341 0.1806 2.5146 0.1859 2.4900 0.1827
80 (6040) 0.2 2.5747 0.1659 2.5519 0.1634 2.5342 0.1677 2.5119 0.1651
04 2.5361 0.1141 2.5201 0.1129 2.5079 0.1150 2.4923 0.1137
120 (90,60) 0.2 2.5527 0.1089 2.5376 0.1078 2.5259 0.1097 2.5110 0.1086
04 2.5216 0.0750 2.5111 0.0745 2.5030 0.0754 2.4926 0.0748
50 (40,30) 0.2 1.5 2.6069 0.2297 2.5757 0.2249 2.5512 0.2332 2.5211 0.2283
04 2.5543 0.1831 2.5290 0.1801 2.5096 0.1853 2.4850 0.1821
80 (60,40) 0.2 2.5765 0.1661 2.5536 0.1636 2.5359 0.1679 2.5136 0.1653
0.4 2.5309 0.1138 2.5149 0.1126 2.5028 0.1146 2.4872 0.1134
120 (90,60) 0.2 2.5459 0.1084 2.5308 0.1073 2.5192 0.1091 2.5044 0.1080

0.4 2.5283 0.0754 2.5177 0.0749 2.5096 0.0757 2.4991 0.0752
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Appendix C. MCMC Method for Two Unknown Parameters

Algorithm A1 The MCMC algorithm for two unknown parameters.

1. Set the initial value A(?), () be equal to the MLE A, MLE §.

2: Setv = 1.

3: repeat

4 Take N(A,Var(A)) and N(B, Var(p)) as the proposal distribution and generate A(*)
and B*) from it at iteration .

5:  Obtain the samples under Type-I GHCS from Uniform(0,1) distribution.
6:  Compute the acceptance probability:
w0 (%) | = *(B(4)| %
(0—-1) 1 (#)) — mirr | T (A]) (0-1) (20 — i | T (BY]X)
pADIA) mm[nwv—nm'l p2(BVIB) = min) T

7. ifu < pjand u < p; then
AR) = A0, gl0) = gix);

. else
10: )L(v) — /\(v—l)’ﬁ(v) _ lB(v—l);
11: end if

122 Compute the value of R (t) as R®) (t) = exp{A(®)(1 — ") }.
13: untilo = N

14: Setd = % as the burn-in period.

15: Based on an SE loss function,

5 1 X " 1 X 5
Aps = AW, Bpg = —— BY), R(t)ps = - RO ().
N—(SUEH N L BN L

16: Based on a LINEX loss function,

o _71 1 _m@ | 5 _71 1 —hp®
/\BL— hln[N_é Z e ]/ﬁBL— hln[N—é Z e ,

17: Obtain ay, a, by, and by from Beta(uq,v1), Beta(uy,v2), U(uq,v1), and U(uy, v3), respec-
tively. Based on steps 15-16, (42)—(45), we can obtain the E-Bayesian estimations.
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