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Abstract

It has been suggested that the space-time structure as described by the theory of
special relativity is a macroscopic manifestation of a more fundamental quantum
structure (pre-geometry). Efforts to quantify this idea have come mainly from the
area of abstract quantum logic theory. Here we present a preliminary attempt to
develop a quantum formulation of special relativity based on a model that retains
some geometric attributes. Our model is Feynman’s “checker-board” trajectory for
a 1-D relativistic free particle. We use this model to guide us in identifying (1) the
quantum version of the postulates of special relativity and (2) the appropriate
quantum “coordinates”. This model possesses a useful feature that it admits an
interpretation both in terms of paths in space-time and in terms of quantum states.
Based on the quantum version of the postulates, we derive a transformation rule for
velocity. This rule reduces to the Einstein’s velocity-addition formula in the
macroscopic limit and reveals an interesting aspect of time. The 3-D case, time-
dilation effect, and invariant interval are also discussed in term of this new
formulation. This is a preliminary investigation; some results are derived, while
others are interesting observations at this point.

Introduction

Einstein [1], Feynman [2], Schwinger [3], and others have pointed out that there
are fundamental difficulties and inconsistencies inherent in our present-day
quantum theory that treats space-time as a continuum. Wheeler [4] believes that
the lattice approach to space-time is not satisfactory and will not lead to a true
understanding of the quantum nature of space-time (pre-geometry). An
intriguing idea, which is strongly advocated by Weizsacker [5], is that the space-
time structure is an outcome of quantum theory. This idea is further emphasized
by Wheeler [4, 6], Fingelstein [7-9], and many others [10, 11] that the
fundamental rule of nature is governed by quantum theory of information
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(quantum logic), and the apparent space-time structure is inferred only in the
macroscopic limit.

Although the field of quantum logic is quite advanced, the axiomatic
formulation is rather abstract and often lacks “physical semantic” according to
Weizsacker [5]; that is, the mathematical formalism is not given a meaning in
physics. In this paper, we will attempt to bridge the gap and present a physical
model for quantum kinematics. We will focus on the kinematics aspect of special
relativity. Our basic approach is to compare the kinematic “measurements” of a
quantum system by two quantum inertial observers; that is, both the system and
observers are described by quantum principles. Since there is no definitive theory
on quantum measurements, we will have to make some assumptions about the
“measurements”.

Before presenting our model, it is useful to review the essential steps by which
the theory of special relativity for continuous space-time is formulated [12]:

(1) Special relativity is based on two postulates:

Postulate 1: The principle of relativity states that all physical laws must be
invariant with respect to all inertial reference frames.

Postulate 2: The speed of light (¢) has the same value for observers in different
inertial frames [13, 14].

(2) The fundamental coordinates for describing events are assumed to be position
and time.

(3) The Lorentz transformation of coordinates is shown to be consistent with
Postulates 1 and 2.

Our new approach is to identify the following (using a specific model as a
guide):

(1) The quantum version of Postulates 1 and 2.

(2) The appropriate quantum “coordinates”.

(3) The transformation rules for these quantum “coordinates” that are consistent
with the new postulates.

A word of caution is needed. Wheeler has emphasized the importance of not
assuming any a prori geometric properties when one wants to “derive” the
geometric properties of space-time from pre-geometry [4]. This is what
Weizsacker called the “semantical consistency” [5]. However, Weizsacker also
pointed out that in order to describe a “new” theory to someone (who does not
know the theory yet), one must use the “old” language that may not be
completely consistent with the “new” theory. During the course of the
explanation, one modifies the language, in a bootstrap process, to achieve
consistency with the new theory. In our presentation, we will first describe our
physical model in the language of continuous space-time, i.e., with all its
geometric attributes. Once we identify the essence of the physical model, we will
re-cast our quantum version of the postulates in a language that does not make
any reference to geometry. Weizsacker also made a conjecture that no theory at
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the present is fully semantically consistent; perhaps only the “final” theory of
everything would satisfy that requirement. We will point out the loose ends in our
model.

In the Methods section, we will describe the Feynman “checker-board” model
and identify the relevant features that guided us in formulating the quantum
postulates for special relativity. In the Results and Discussion section, we will
derive the velocity transformation rule for 1-D and present the generalization to
3-D. In addition, we will illustrate how the time-dilation effect can be visualized
using Feynman’s model and point out an interesting connection between the
invariant space-time interval and the area of the x-t region that encloses all
allowable paths. In the Conclusions section, we will summarize the key findings
and list some loose ends that need further investigations.

Methods

We will use Feynman’s path-integral trajectory for a 1-D relativistic free particle
("checker-board" model) [15] to guide us in formulating the quantum postulates
for special relativity.

Feynman’s Checker-Board Model

Feynman originated this model to derive the 1-D Dirac equation from his path-
integral formulation of quantum mechanics. Jacobson gave a "spinor-chain" path-
integral formulation for the 3-D Dirac equation [16]. Since Feynman’s version has
a more direct connection with space-time, we will describe his model first. Then,
we will re-cast Feynman’s model in terms of a spinor-chain description, which
may be more closely connected with quantum logic.

In the checker-board model, a particle in 1-D moves forward and backward in
space at the speed of light [17]. The trajectory is a zigzag path in the x-t plane (see
Fig. 1), hence the name “checker-board”. The amplitude for the particle to move
from (x,t;) to (xp,t;) has contributions from all possible paths that lie within the
dashed-line rectangle in Fig. 1. (We assume that the particle does not travel
backward in time; see remarks in the last section of this paper.) To facilitate the
enumeration of paths, the time axis is divided into equal steps of width ¢. There
are N, number of positive steps and N_ number of negative steps. The
continuum limit is obtained by letting ¢—0 and N, ,N_ — co. Feynman proposed
that the amplitude is given by [15]

o . R
Kﬁa(X2,X1,t2,t1): %1{)1’(1);) (%) (I)‘[gx(R) <1)

where R is the number of turns in the zigzag path and ®g,(R) is the number of
paths having R turns with o and f denoting the initial and final step directions,
respectively. For example, if the particle leaves x; by taking a forward step and
arrives at x, by taking a backward step, then o=+ and = —. The first factor
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> X
(X1 ,t-|)

Fig. 1. Feynman’s “checker-board” model for the trajectories of a 1-D relativistic particle. The paths
consist of segments with velocities equal to +c. All possible paths are contained inside the dashed rectangle.

doi:10.1371/journal.pone.0115810.9001

imc

o 2\ R, . . .
inside the sum, (W) , is the quantum amplitude for having R turns. Note that if

m=0, then the amplitude for turning is zero. Therefore, a massless particle moves
along a straight path at the speed of light; only particles with finite mass move in
zigzag paths in the x-t plane.

It has been shown [18-20] that the continuum limit of the propagator in Eq.
(1) is equivalent to that derived from the 1-D Dirac equation. Here, we shall focus
only on the kinematics implication of this model. The relevant feature of this
model to our present discussion is that, at the quantum level, there is only one
relative speed, namely the speed of light (c). Put more precisely, the eigenvalues of
the velocity operator along any direction are +c.

To make a connection with measurements at the macroscopic level, we define
an average velocity

<v>= N+ =N-) ¢ (2)

(N++N-)
where the bracket sign, <>, is used to remind us that the velocity is an average
over the entire path. In the macroscopic limit where N ,N_ — o0, we can identify
P,=N,/(Ny+N_)and P_=N_/(N; +N_) as the probability of occurrence
for a positive and a negative step, respectively. Equation (2) can be re-written as

<v>=(P,—P_)c 3)

This definition of the macroscopic velocity does not refer to space explicitly; it
only depends on the probability of occurrence for each velocity quantum state: the
+ state and the - state. We identify the quantum kinematic coordinates to be the
number of + steps (N ) and the number of — steps (N_), or equivalently, the
probabilities P, and P_. Continuous space-time can be recovered in the limit of
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¢—>0and N, ,N_— 0,

xz—xlzgi_{%(N+ —N_)éc and tz—tlzgi_r}%)(N+ +N_)¢ (4)

The + and — step directions are referenced with respect to a given “inertial
observer”. We avoid using the term inertial reference frame. Instead we will take
the viewpoint that kinematics (in fact all physical laws) must be defined in terms
of information available to the observer locally. The observer need not be
macroscopic; an elementary observer is in fact a quantum object which obeys
quantum principles. We consider a free particle obeying Eq. (1) to be an
elementary inertial observer. In classical special relativity theory, one considers
two inertial observers at relative constant velocity. Here, the two quantum
observers do not have a constant relative velocity at the quantum time scale, but
rather an average relative velocity as defined by Eq. (3). Note: At present, we do
not have a theory of measurement that tells us how the observer obtains the
information about the system under observation, so we simply assume that such
information is available to the observer. The important requirement is that such
information obeys the principle of relativity.

Quantum Postulates for Special Relativity
We are ready to state the quantum version of Postulates 1 and 2 of special
relativity:

Q-Postulate 1: The principle of relativity remains valid at the quantum level,
namely, that all physical laws must be invariant with respect to all quantum
inertial observers.

Q-Postulate 2: At the quantum scale, the eigenvalues of the velocity operator
along any direction can only be +c or —c. (The crucial point is that this speed is
finite. By the virtue of Q-Postulate 1, this finite speed must be the same for all
inertial observers.)

Results and Discussion

We will derive the velocity transformation rule for 1-D and present the
generalization to 3-D. The transformation rule reveals a very interesting aspect of
time. We will illustrate how the time-dilation effect can be visualized using
Feynman’s model and point out an interesting connection between the invariant
space-time interval and the area of the x-t region that encloses all allowable paths.

Velocity Transformation Rule for 1-D
In our quantum formulation, the probabilities are the fundamental quantities. We
will deduce the transformation rule for the probabilities, which we call the P-
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transformation. The transformation rule must be consistent with Q-Postulate 1
and Q-Postulate 2. Consider three free particles, A, B, and O. Given that A is
moving at a relative average velocity <V,,0> with respect to O, and that B is
moving at a relative average velocity <Vg,o> with respect to O, we wish to find
<Vg/a>. That is, we need to deduce (Pli/ A pB/ 4), given (Pli/ © pb/ 9) and

(P'i/ © pA/ 0). To find the velocity of B with respect to A, we examine the motion of
B “as seen by” A. To facilitate the analysis, we use a bit-string representation of
the paths (see Fig. 2). Heuristically, the bit-strings can be thought of as the
experimental records of the motions of B and A as measured by O. The four
possible pairs of motions of B and A as viewed by O are: (+¢,+¢), (+c¢,—c¢),
(—¢,+¢), and (—c,—c). According to Q-Postulate 2, the only symbols available
to A for describing the motion of B are 4 ¢ and —c. Intuitively, the two processes
(+¢,—¢) and (—c,+c¢) that exhibit relative motions should be assigned + ¢ and
— ¢, respectively. As for the processes (+c,+¢) and (—c, —c), where there are no
relative motions, what symbol can be assigned to these events? We cannot assign
zero to these two events, because zero is NOT an allowed symbol. We cannot
assign +c or —c for the following reason. Suppose we assign +c to (+¢,+c¢). If
we interchange B and A, the relative velocity should change sign, hence we are
forced to assign —c to (4 ¢, +c), which leads to an ambiguous transformation
rule. The only conclusion is that there is no symbol assigned to (+ ¢, +c) or (—c,—c).
A possible interpretation is that nothing is happening or no time has elapsed as far
as B and A are concerned, when O observes (+¢,+¢) and (—c¢,—c¢). These rules
are summarized in Table 1.

The normalized probabilities, (Pli/ A pB/ 4), are defined as
BA pBA

p
B/A + — B/A o+
P/"=——"—— and P/'= — " "—— (5)
pr_ PBf—i— pB_f_f\_ PBf-i—

where P24 is the joint probability for B taking a positive step while A taking a
negative step as viewed by O, while P#4_ is the joint probability for the reverse
directions. In general, the joint probabilities will depend on the pair of paths
under consideration; one must compute the ensemble-average over all possible
pairs. It is difficult to compute the ensemble-average analytically. In the
macroscopic limit where the time of observation, t, —f;, is much longer than the
characteristic time for making a turn, 7/mc?, we assume that the ensemble-
average joint probability can be approximated by the product of probabilities, i.e.,

piA_ —phOpA/O and pBA, —pP/opi/O (6)

This is a reasonable assumption because the motions of B and A are
independent. We will show that the P-transformation stated in Egs. (5) and (6)
leads to the Einstein’s velocity-addition formula. Here are the details:
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B—»
/ B/A=(++--+)

B/O=(++--+-+)
A

/

A/O=(--+-++-)

/

Fig. 2. Bit-string representations of relative motions. The motion of B with respect A (B/A) can be deduced
from the motions of B with respect to O (B/O) and A with respect to O (A/O) using the rules listed in Table 1.

doi:10.1371/journal.pone.0115810.g002

B/O (0]

_ (pB/A _ pBJAY . _
<VB/A>—(P+ PZ7)c pljr/op{/o—i—Pli/OPﬁ/o

(7)

From the definition of velocity and the normalization of probability, P, and
P_ can be expressed in terms of <v>,

p+:%(1+ <v>) and P_=%(1—<V>) (8)

where <v> is expressed in units of ¢ to simply the expressions. Therefore,
B/A (1+ < VB/O>)(]-_ <VA/0>)+(1— < VB/O>)(1+ <VA/0>)

_ <VB/O> — <VA/O>
B 1_<VB/O><VA/O>

which is the well-known Einstein’s velocity-addition formula when <Vg,5> is
parallel to <V ,,0>.

It is gratifying that such simple rules (Table 1) for combining velocities at the
quantum scale lead to the Einstein’s velocity-addition formula in the macroscopic
limit. We should emphasize that the normalization of probabilities in Eq. (5) is

Table 1. Rule table for determining relative velocity at the quantum scale.

I O S
+C +C

=> no symbol
+C —c => +C
-c +C => -c
—c —c => no symbol

B/O, A/O, and B/A are motions of B as viewed by O, A as viewed by O, and B as viewed by A, respectively.

doi:10.1371/journal.pone.0115810.t001
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crucial for obtaining the correct denominator in the relativistic velocity-addition
formula (the denominator of Eq. (9)). Recall that the normalization came about
because we must not count “events” where there is no relative motion between B
and A; in fact, as far as B and A are concerned, these events do not exist and no
time has elapsed. At the quantum time scale, t, — t; ~%/mc?, we do not expect that
the ensemble-average joint probabilities can be approximated by Eq. (6), and

therefore, there may be quantum correction to the velocity-addition formula.

Generalization to 3-D

The generalization of the checker-board model to 3-D is not simple. As pointed
out by Rosen [19], one cannot simply define paths on a cubic lattice in space with
two components of velocity equal to zero and the third component equal to +c¢
during each step interval. This is because the three components of velocity do not
commute in the relativistic limit. Jacobson generalized the idea of velocity-
direction change at each corner to quantum-state change in the abstract Hilbert
space. He used spinors to represent the states of the particle. Jacobson was
successful in obtaining a path-integral representation for the 3-D Dirac equation
in terms of these spinor states. Although the space-time picture is not very evident
in the spinor representation, the mathematical connection between spinors and
space-time have been suggested and explored before [21,22].

First, we must clarify what we mean by “the only speed at the quantum level is
¢’ (Q-Postulate 2). From the solution to the Dirac equation, we know that the
velocity operator can be represented by the Pauli spin matrices, and that the
eigenvalues of the velocity along any direction are +c. Since the different
components of velocity do not commute, there is no simultaneous eigenstate for
all three components. At the quantum scale, the precise value of the total velocity
(or the total speed) is not known; only one component of the velocity can be
known precisely at a time, and that velocity component can only be +c.

Now, we generalize our 1-D result to 3-D. The velocity operator (), in units of
G, is given by

Ezaxg—l—ayj—l—azfc (10)

S T (O Il B

We use the eigenvectors along the x-direction as the basis, so that the notation
is consistent with what we have used in the 1-D case. Note that these are not the
conventional definitions of the Pauli matrices. The probabilities (P ,P_) are
generalized to a 2 x 2 density matrix,

where
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(Py,-l— _Py,—)—i(Pz,—i- —PZ,—)
’ (12)
P, _

Px,+

(P}/,"F 7Py,7)+i(PZ’+ 7Pz,7)
2

p=

where P, , is the probability for a measurement of the velocity along the x-
direction would produce the +x eigenstate, and similar definitions for other
directions. The probabilities for each direction sum to 1; i.e., Py + +Px _ =1,
P, +P,_=1,and P, | +P,_ =1. The macroscopic velocity is given by the
trace of pa,

<V>=Tr(p3)=(Pey =Py )i+ (P, —P, )ji+(P. 1 —P. )k  (13)

The probabilities along different directions are NOT independent. We will now
show that the average speed is never greater than c (i.e. no violation of relativity at
the macroscopic scale). Consider the square of the average velocity; it can be
expressed in terms of the trace and the determinant of p,

|<V>[ =(Pes =Py )+ Py =P, ) + (P =P, )

(14)
= [Tr(p))* — 4 det (p)

The trace of p is equal to 1. The determinant can be deduced by finding a basis
such that p is diagonal. Since the diagonal elements are non-negative
(probabilities) and their sum is equal to 1, the determinant of p can only vary
between 0 and 1/4. Since the trace and the determinant are independent of the
basis, Eq. (14) implies that the average speed can never be greater than 1 (in units
of ¢). For comparison, the average of the velocity-squared is given by

<|V|*> =Tr(pGes) =3 (15)

Since the macroscopic measurement of velocity is given by Eq. (14), not Eq.
(15), hence there is no violation of special relativity. Finally, the density matrix
can be re-expressed as

L, <V>ed 1 1+ <V>, <V>,—i<V>,
-7
p 2 2 2| <V>,4i<V>, 1—<V>,

(16)
where I is the identity matrix. Although Eq. (16) is a useful expression for p, we
must remember that p is intrinsically a function of the probabilities.

In regard to the velocity-addition formula, we can pose the problem in the
following way. Suppose A and B are moving at <V, /0> and < Va /0> with
respect to O, respectively. Given the density matrices, p4 /o and pgo, how do we
find pg/4 in terms of p4 o and pgo? In the 1-D case, we were able to compare the
+c and —c¢ symbols and deduce the transformation rules; it is not clear how to
compare the +c and —c¢ symbols for different directions. For the case where
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<V, /0> and < Vs /o> are parallel (equivalent to 1-D), we empirically arrive at
the following generalization,
pB/ oP 0/A

IO when < Vo> //<Vao> 17
T”(PB/OPO/A) B/0 // A/0 ( )

PB/A=

where po/4a=1—p,/o as evident from Eq. (12) or Eq. (16).

For the general 3-D case, our empirical result is

1/2 1/2 12 1/2 12 1/2
PosaPB/oPosa (pB/OpO/A)T(pB/OpO/A)

B a : (18)
Tripyosongs)  Trl(oymps) Gropr)]

PBa

12 12
0/aPo/a=

second expression in Eq. (18) explicitly shows the Hermitian property of the
density matrix. One may be tempted to identify

where p(IJ//ZA is defined by p Poja and is the positive root of p e The

pl/z B (pzlz//zo/):)//zA)
B/AT 172 _1/2 172 _1/2
\/ Trl(pyope ) (5 0P o) (19)

(valid only when <\73/o >// <\7A/0 >)

However, this quantity is not Hermitian unless pllg//zo and pg//zA commute. The

special case of Eq. (17) (when pg,o and pg/, can be diagonalized by the same
basis) is included in Eq. (18).

\i\/e will illustrate Eq. (18) for the case where p, m is diagonal (i.e., choosing
<Vy4/0> to be along the x-direction). For this case, we have

1
P =l1=pajol ? =L~ <Vij0>.0)]"?

N/1_<VA/O>X 0 (20)
0 1/1+<VA/O>x

Sil-

and

1 -
PBj0= E(H_ <Vp/0>e0)

1 14+ <Vgjo>y <VB/O>y—i<VB/O>Z] (21)
2

<VB/O>y+i<VB/O>z 1_<VB/O>x
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Hence,

1/2 1/2
po/ApB/Opo/A_

1 [A=<Vao>)A+<Vgo>x) 7 N(<Vio>,—i<Vgo>2) (22)

41 v U< Vpjo>,+i<Vpo>:) (1+ <Va0>)(1—<Vgo>)

where y~'=,/1— <V,,0>2% and

1
1/2 1/2
Tr(po//ApB/opo//A)= S 1= <Vaj0>x<V/0>s] (23)
Therefore,
1 <VB/O>x*<VA/O>X 1 (<VB/O>)/71‘<VB/O>Z)
1 + [1—<VA/O>x<VB/O>x] [1—<VA/O>x<VB/O>x] 24
pB/A_E 1 (<VB/O>)/+i<VB/O>z) B <VB/O>x*<VA/O>x ( )
[1—<VA/O>x<VB/O>x] [1—<VA/O>x<VB/o>x]

Comparing Eq. (24) with Eq. (16), one can read off the components of the
velocity < Vg /4>, and these components agree with Einstein’s velocity-addition
formula.

Note: Unlike the 1-D case, where we are able to deduce the rules for combining
velocities that are valid at the quantum time scale (Table 1), for the 3-D case we
are only able to state an empirical formula for velocity-addition that is valid in the
macroscopic limit.

Clock and Time-Dilation Effect

A clock signifies the passage of time by a change of its (quantum) state. The
motion of a quantum “free” particle could, in principle, be used as a clock; every
change of direction signifies a “tick” of this clock. In the absence of other clocks,
the interval between ticks will be perceived to be equal. Using the motion of a
quantum free particle as a clock, we can illustrate the time-dilation effect. We
compare the number of ticks from a “moving” clock with that from a
“stationary” clock as viewed by the same observer O. The motions of these two
clocks as viewed by O are depicted in Fig. 3. The moving clock changes its
direction less frequently because it takes unequal numbers of positive and negative
steps. Hence, the moving clock appears to run slower than the stationary clock as
far as observer O is concerned. In fact, if the velocity of the moving clock is ¢, then
there will be no change of direction at all and there will be a complete time
dilation. To quantify the above description, we compute the typical number of
turns, R*, for the stationary and moving clocks. We can evaluate the most
probable number of turns by finding the largest absolute value of the summand in
Eq. (1). Following Jacobson and Schulman [18], the result is
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t
A
(A9 > (x,t)
stationary moving
clock > clock
> X
(0,0

Fig. 3. Typical path for a stationary clock and that of a moving clock as viewed by an observer. Each
directional change is a “tick” of the clock. The time-dilation effect is illustrated very clearly here by the moving
clock changing its direction less frequently than the stationary clock.

doi:10.1371/journal.pone.0115810.g003

R*(<v>)=2\/P+(<v>)P_(<v>)( (25)

)zm

N¢ t
h/mc? h/mc?

The moving clock ticks at a slower rate compared to the stationary clock as
given by the ratio

Rx(v) 5
R*(O)—\/1—<v> (26)

We should clarify the interpretation of this result: it states that, with respect to
the same inertial observer, a stationary clock ticks more frequently than a moving
clock over the same duration At of the observer’s own clock. However, if two
inertial observers in relative motion are observing the same clock then the number
of ticks is invariant because Eq. (25) indicates that the number of ticks is

proportional to the clock’s own proper time interval At1=+v'1— <v>2At.

Invariant Space-Time Interval

We have noticed an interesting connection between the space-time interval,
(cAt)* —(4x)*, and the area of the rectangle in the x—t plane that bounds all
possible paths connecting the initial and final events. Let the coordinates for these
two events be (0,0) and (x,t) in the unprimed frame and (0,0) and (x,t’) in the
primed frame. In these two frames, the possible paths connecting these two events
are bounded inside their corresponding rectangles in the x—t plane (see Fig. 4).
The area of the rectangle in the unprimed frame is given by
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(x,t)

o,t'
T

t+

(0,0)

Fig. 4. Region in x-t plane enclosing all possible quantum paths between two events as viewed in two
reference frames. The area of this region is proportional to the invariant space-time interval; therefore, its
numerical value is independent of reference frames.

doi:10.1371/journal.pone.0115810.g004

2 2

Area= <\/§t+> <\/§t_) = M (c=1) (27)
where we have used the fact that At=t, +t_ and Ax=(t; —t_). Hence, the
invariance of the area enclosing the paths would imply the invariance of the space-
time interval. Now, the question is: Does the invariance of the area follow from
some fundamental principle? An initial guess may be that the area is proportional
to the total number of paths connecting the two events; hence, one could propose
a principle that the number of paths connecting two events is invariant of frames
of reference. This sounds plausible. However, a calculation of the total number of
paths seems to invalidate this presumption. The total number of paths (@) is
given by

(I)= N' %eS(AX,At) (28)
N, N

where
S(4x,4t) = —N{(l-;v) 1n<1-;—v> + (1_:21)) ln<1;v>]; v= % (29)

The number of time steps, N =A4t/¢, is an invariant because both At and ¢
should transform alike. It is evident from Eq. (29) that the total number of paths
is not a relativistic invariant. Our preliminary analysis indicates that one must
take into account that not all paths have the same probability. If we consider only
paths that contribute significantly to the amplitude in Eq. (1), then the number of
significant paths is proportional to the invariant space-time interval. This raises an
issue that the dynamical aspect of a free particle (the amplitude factor in Eq. (1))
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is connected to the kinematical aspect. Such potential connection needs further
investigation.

Conclusions

We conducted a preliminary attempt to develop a quantum formulation of special
relativity based on Feynman’s checker-board model for motion of a free particle at
the quantum scale. Feynman’s model was chosen because of its success in leading
to the well-known Dirac equation. An intriguing feature of Feynman’s model is
that particles move at only one speed, namely the speed of light, at the quantum
scale. We formulated the quantum version of the postulates for special relativity
and derived the rules for determining relative velocity at the quantum scale. These
simple rules lead to Einstein’s velocity-addition formula in the macroscopic limit.
At the quantum time scale, 71/mc?, there may be quantum correction to Einstein’s
velocity-addition formula. We discovered an interesting aspect of time. It is
possible to interpret that when two particles have no relative motion, there is no
elapse of time as far as those two particles are concerned. Typically, one thinks of
time simply marching on, independent of one’s motion. This interesting aspect of
time is worth further investigation. Using the motion of a free particle as a clock,
we provided a simple demonstration of the time-dilation effect.

An important aspect of the present formulation is that it makes no explicit
reference to space (or its geometric properties). For example, the definition of
velocity in Eq. (3) requires only the existence of velocity eigenstates and a
definition for the probability of occurring in each velocity eigenstate. This
approach is in line with Wheeler’s idea of pre-geometry.

There are few loose ends that we should mention:

(1) We have considered only paths that move forward in time. Paths that are
allowed to move backward in time have been discussed in a paper by Ord [23]
in connection with quantum interference arising from charge conservation.
At present, we are uncertain how to deal with this type of path in determining
relative velocity.

(2) We made an observation that the area of the rectangle in the x—t plane
enclosing all the possible paths is proportional to the space-time interval (Eq.
(27)). The total number of paths within the rectangle is not proportional to
the space-time interval. However, the number of significant paths is
proportional to the space-time interval. Significant paths are those maximize
the summand in Eq. (1). The potential connection between the dynamical
aspect and kinematical aspect of motion needs further investigation.

(3) Unlike the 1-D case, we are unable to directly derive the velocity
transformation rule for the 3-D case from the postulates. Basically, by
“reverse engineering”’, we arrived at an empirical formula (Eq. (18)) that
gives the correct result in the macroscopic limit.
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We have presented some preliminary ideas on how relativistic kinematics may

be viewed at the quantum scale. Much more work is needed to find a complete
self-consistent formulation. We hope that these preliminary results will inspire
others to pursue further investigations.

Author Contributions

Conceived and designed the experiments: PKL. Performed the experiments: PKL.
Analyzed the data: PKL. Contributed reagents/materials/analysis tools: PKL.
Wrote the paper: PKL. PKL.

References

1. Einstein A (1945) The Meaning of Relativity. Princeton, New Jersey: Princeton University Press, 135 p.

2. Feynman RP (1985) QED, the strange theory of light and matter. Princeton, New Jersey: Princeton
University Press. 158 p.

3. Schwinger J (1958) Selected Papers on Quantum Electrodynamics. New York: Courier Dover
Publications. 424 p.

4. Wheeler JA (1980) Pregeometry: Motivations and Prospects. In: Marlow AR, editor. Quantum Theory
and Gravitation. New York: Academic Press. pp. 1-11.

5. von Weizsacker CF (1975) The philosophy of alternatives. In: Castell L, Drieschner M, von Weizszcker
CF, editors. Quantum Theory and Structure of Time and Space. Munchen: Carl Hansen Verlag. pp. 213—
230.

6. Wheeler JA (1989) Information, physics, quantum: the search for links in Complexity, entropy and the
physics of information. In: W. HZurek, editor. The proceedings of the workshop on complexity, entropy,
and the physics of information held May 29-June 10, 1989 in Santa Fe, New Mexico. Addison-Wesley
Publishing Co. pp. 3-28.

7. Finkelstein D (1969) Space-time code. Phys. Rev. 184: 1261-1271.

8. Finkelstein D (1989) Quantum net dynamics. Int. Journal of Theoretical Physics, Vol. 28, No.4: 441—
467.

9. Finkelstein D and Halliday WH (1991) An algebraic language for quantum-spacetime topology. Int.
Journal of Theoretical Physics, Vol. 30, No.4: 463-486.

10. Selesnick SA (1991) Corresponding principle for the quantum net. Int. Journal of Theoretical Physics,
Vol. 30, No.10: 1273-1292.

11. Marlow JR (1980) An Axiomatic General Relativistic Quantum Theory. In: Marlow JR, editor. Quantum
Theory and Gravitation. New York: Academic Press. pp. 36—69.

12. Einstein A (1905) On the electrodynamics of moving bodies. Annalen der Physik, 17: 891-921. For an
English translation, see Lorentz HA, Einstein A, Minkowski H, Weyl H (1952). The Principle of Relativity:
New York: Dover Publications, Inc. pp. 35-65,

13. Michelson AA, Morley EW (1887) On the relative motion of the Earth and the luminiferous ether. Am. J.
Sci. 134: 333-345.

14. Landau LD, Lifshitz EM (1996) The Classical Theory of Fields, Fourth Revised English Edition.
Butterworh-Heinemann: p. 2. According to L. D. Landau, the second postulate of special relativity can be
stated in a different way: “the maximum speed is finite (as compared to infinity in Newtonian relativity)”.
Landau argued that the constancy of the maximum speed follows from postulate 1, the principle of
relativity.

15. Feynman RP, Hibbs AR (1965) Quantum Mechanics and Path Integrals. New York: McGraw-Hill Book
Company. p. 35.

16. Jacobson T (1984) Spinor chain path integral for the Dirac equation. J. Phys. A 17: 2433-2451.

PLOS ONE | DOI:10.1371/journal.pone.0115810 December 22, 2014 15716



@'PLOS | ONE

Special Relativity at the Quantum Scale

17.

18.

19.

20.

21.
22,
23.

This is consistent with the Dirac equation that the eigenvalues of the velocity operator along any direction
are +c.

Jacobson T, Schulman LS (1984) Quantum stochastics: the passage from a relativistic to a non-
relativistic path integral. J. Phys. A 17: 375-383.

Rosen G (1983) Feynman path summation for the Dirac equation: An underlying one-dimensional
aspect of relativistic particle motion. Phys. Rev. A, Brief Reports 28: 1139.

Gersch HA (1981) Feynman’s relativistic chessboard as an Ising model, Int. Journal of Theoretical
Physics, Vol. 20, No. 7, 491-501.

Hestenes D (1966) Space-time algebra, Gordon and Breach Science Publishers, New York.
Penrose R, Rindler W (1984) Spinors and Space-time. Cambridge, New York: University Press. 443 p.
Ord GN (1993) Quantum interference from charge conservation. Phys. Lett. A, 173: 343-346.

PLOS ONE | DOI:10.1371/journal.pone.0115810 December 22, 2014 16 /16



	Section_1
	Section_2
	Section_3
	Equation equ30
	Equation equ31
	Equation equ32
	Equation equ33
	Equation equ34
	Equation equ1
	Equation equ35
	Equation equ36
	Equation equ37
	Equation equ38
	Equation equ39
	Equation equ40
	Equation equ42
	Equation equ2
	Equation equ43
	Equation equ44
	Equation equ45
	Equation equ3
	Equation equ46
	Equation equ47
	Equation equ48
	Equation equ49
	Equation equ50
	Figure 1
	Equation equ41
	Equation equ51
	Equation equ4
	Section_4
	Section_5
	Section_6
	Equation equ52
	Equation equ53
	Equation equ54
	Equation equ55
	Equation equ56
	Equation equ57
	Equation equ58
	Equation equ59
	Equation equ60
	Equation equ61
	Equation equ62
	Equation equ63
	Equation equ64
	Equation equ65
	Equation equ66
	Equation equ67
	Equation equ68
	Equation equ69
	Equation equ70
	Equation equ71
	Equation equ72
	Equation equ73
	Equation equ74
	Equation equ75
	Equation equ76
	Equation equ77
	Equation equ5
	Equation equ78
	Equation equ79
	Equation equ80
	Equation equ81
	Equation equ6
	Equation equ7
	Equation equ82
	Equation equ83
	Equation equ8
	Equation equ9
	Figure 2
	TABLE_1
	Equation equ84
	Section_7
	Equation equ85
	Equation equ86
	Equation equ87
	Equation equ88
	Equation equ10
	Equation equ11
	Equation equ89
	Equation equ12
	Equation equ90
	Equation equ91
	Equation equ92
	Equation equ93
	Equation equ94
	Equation equ13
	Equation equ95
	Equation equ14
	Equation equ96
	Equation equ97
	Equation equ98
	Equation equ15
	Equation equ16
	Equation equ99
	Equation equ100
	Equation equ101
	Equation equ102
	Equation equ103
	Equation equ104
	Equation equ105
	Equation equ106
	Equation equ107
	Equation equ108
	Equation equ109
	Equation equ17
	Equation equ110
	Equation equ18
	Equation equ111
	Equation equ112
	Equation equ113
	Equation equ19
	Equation equ114
	Equation equ115
	Equation equ116
	Equation equ117
	Equation equ118
	Equation equ119
	Equation equ20
	Equation equ21
	Equation equ22
	Equation equ120
	Equation equ23
	Equation equ24
	Equation equ121
	Section_8
	Equation equ25
	Equation equ26
	Equation equ122
	Equation equ123
	Section_9
	Equation equ124
	Equation equ27
	Figure 3
	Equation equ125
	Equation equ126
	Equation equ127
	Equation equ28
	Equation equ29
	Equation equ128
	Equation equ129
	Equation equ130
	Figure 4
	Section_10
	Equation equ131
	Section_11
	Reference 1
	Reference 2
	Reference 3
	Reference 4
	Reference 5
	Reference 6
	Reference 7
	Reference 8
	Reference 9
	Reference 10
	Reference 11
	Reference 12
	Reference 13
	Reference 14
	Reference 15
	Reference 16
	Reference 17
	Reference 18
	Reference 19
	Reference 20
	Reference 21
	Reference 22
	Reference 23

