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Abstract

The nodes and their connection relationships are the two main bodies for dynamic complex

networks. In existing theoretical researches, the phenomena of stabilization and synchroni-

zation for complex dynamical networks are generally regarded as the dynamic characteristic

behaviors of the nodes, which are mainly caused by coupling effect of connection relation-

ships between nodes. However, the connection relationships between nodes are also one

main body of a time-varying dynamic complex network, and thus they may evolve with time

and maybe show certain characteristic phenomena. For example, the structural balance in

the social networks and the synaptic facilitation in the biological neural networks. Therefore,

it is important to investigate theoretically the reasons in dynamics for the occurrence. Espe-

cially, from the angle of large-scale systems, how the dynamic behaviors of nodes (such as

the individuals, neurons) contribute to the connection relationships is one of worthy research

directions. In this paper, according to the structural balance theory of triad proposed by F.

Heider, we mainly focus on the connection relationships body, which is regarded as one of

the two subsystems (another is the nodes body), and try to find the dynamic mechanism of

the structural balance with the internal state behaviors of the nodes. By using the Riccati lin-

ear matrix differential equation as the dynamic model of connection relationships subsys-

tem, it is proved under some mathematic conditions that the connection relationships

subsystem is asymptotical structural balance via the effects of the coupling roles with the

internal state of nodes. Finally, the simulation example is given to show the validity of the

method in this paper.

Introduction

In 1946, the structural balance concept is proposed originally by F. Heider [1] to model psy-

chologically the dynamic characteristics of connection relationships between individuals, and

has been identified experimentally in society of hyraxes [2]. Specifically, the structural balance

theory begins with the equilibrium analysis of the triad, and is determined by the product of
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the 3 edges: if it is positive, then the triad is structural balance; otherwise, the triad is struc-

tural non-balance. In previous works on the Heider balance, the values of connection

strength are described with integers 0 and ±1 [3,4]. In 2005, the continuous-valued interac-

tion strengths are proposed in [5–8], and then some time-varying dynamic equations for

interaction strengths are discussed in [9–14]. These papers investigate the time evolution

behaviors of the connection relationships and show certain basic features of the long-time

dynamics of connection relationships between individuals. However, these above papers

did not pay attention to the effects of internal state motions of the individuals on the evolu-

tion of connection relationships.

In fact, from the angle of mathematical graph theory, the individuals and their connec-

tion relationships form the complex network described by the complete graph [15], and the

nodes and the connection relationships are regarded as the two basic elements of the com-

plex dynamical networks, they are usually coupled with each other in the evolution of the

network over time, and the dynamical change of any one between the two basic elements

will be transferred to the other through the effective coupling relationships. Therefore, it is

worth studying how the dynamical changes of the nodes’ states affect the structural balance

of connection relationships.

From the angle of large-scale system theory [16], the complex dynamical networks are com-

posed of nodes subsystem and connection relationships subsystem. It is noticed that in the exist-

ing theoretical research results about complex dynamical networks, almost all of them show that

the nodes are the main body resulting in synchronization or stabilization behaviors, and the con-

nection relationships are regarded only as the auxiliary part due to coupling roles between the

nodes. For example, the following cases are considered in [17–27]: (i) the connection relation-

ships of the nodes are known constants. For this case, the control design methods of synchroni-

zation or stabilization with some conditions are proposed for complex dynamical networks in

[17–20], which show the nodes are the main body resulting in synchronization or stabilization

behaviors; (ii) the connection relationships are time varying and continuous deterministic. For

this case, the synchronization or stabilization control problems are discussed with some condi-

tions in [21–24], which show also the nodes are the main body resulting in synchronization or

stabilization behaviors; (iii) the connection relationships are unknown constants. For this case,

by using the parameter adaptive method, the adaptive synchronization or stabilization control-

lers are researched in [25–27], which show also the nodes are the main body resulting in syn-

chronization or stabilization behavior.

It is not hard to see the existing research results about complex dynamical networks such as

[17–27] only focus on the effects of connection relationships on the dynamical behaviors of

the nodes, and ignore the effects of the nodes on the dynamical behaviors of the connection

relationships, such as one important phenomenon called the structural balance. In other word,

the dynamic characteristics of the connection relationships are not concerned in [17–27].

From the perspective of dynamics, the dynamical evolution of complex network with time

means that the nodes and connection relationships do the time varying motion together with

their mutual coupling. This implies that any dynamical change of nodes will cause the connec-

tion strength to be changed via the coupling relationships. For example, Gamma oscillations in

neurons (nodes) may cause the synaptic facilitation (connection relationships) in the biological

neural network [28,29]. In the biological community, the changes in niche breadth of species

(nodes) may change the intensity of competition between them (connection relationships)

[30,31]. Therefore, if the complex network is dynamically time varying evolving, similar to the

synchronization or stabilization regarded as dynamic characteristics of nodes, it is of scientific

significance to find the dynamic characteristics of connection relationships.

The structural balance analysis of complex dynamical networks
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In order to use the structural balance theory in this paper, we consider a complete time-

varying complex dynamical network with continuous time values for connection strengths,

where the connection relationships subsystem is described by the Riccati matrix differential

equation possessing the coupling matrix composed of the internal state of the nodes. In this

paper, we focus on the connection relationships subsystem and want to design the coupling

matrix to guarantee the structural balance to be emerged under some mathematic conditions.

It is noteworthy that this paper focuses on the mechanism of generating the structural balance

for the connection relationships, and the dynamical changes of the nodes’ state only play an

auxiliary part by the coupling matrix. This is contrary to the existing researches on synchroni-

zation or stabilization behavior in complex dynamical networks.

This paper is organized as the following sections. In Section II, the mathematic model for

complex dynamical network is proposed, which is composed of the nodes subsystem and the

connection relationships subsystem with their mutually coupling. In Section III, the equilib-

rium state of the complex dynamical network is introduced by using the equilibrium states of

the nodes subsystem and the connection relationships subsystem. In Section IV, the structural

balance matrix is introduced. The coupling matrix in the mathematic model of connection

relationships subsystem is proposed to ensure the structural balance to be asymptotically

achieved. In Section V, the result about asymptotical structural balance is mathematically

proved under some conditions. In Section VI, the illustrative example is presented to demon-

strate the proposed design procedure and validity. The conclusion is given in Section VII.

Network model description

Consider the undirected complex dynamical network with N nodes, in which not only the

nodes are dynamically changing with time, but also the strength of the connection relation-

ships between nodes is dynamical and continuous.

In this paper, we only consider this case that each node is one dimensional continuous

time-varying system, and the dynamical equation of node i can be expressed as:

_xi ¼ fiðxiÞ; i ¼ 1; 2; � � � ;N ð1Þ

where xi 2 R is the state variable of node i, and fi(xi) is a continuous function.

The connection relationship strength between the node i and the node j in the network can

be expressed by the time-varying function pij(t), and pij = pji for undirected networks. Espe-

cially, when i = j, pii indicates the relationship strength of the node itself. Let c 2 R be a given

real number, which represents the common connection relationship strength in the network.

Then the interconnected dynamical equation composed of all nodes reads as

_xi ¼ fiðxiÞ þ c
XN

j¼1

pijðtÞHjðxjÞ; i ¼ 1; 2; � � � ;N ð2Þ

where Hj(xj) is a continuous function.

Remark 1. The dynamical model (2) is a typical complex dynamical network model about

the nodes, if the connection relationship pij is a constant, and pii ¼ �
XN

j¼1;j6¼i

pij is true, the system

(2) is called the time-invariant dissipative coupled complex dynamical network and shown in

[18–20,32]; If the connection relationship pij is time-varying, the system (2) is called time-vary-

ing complex dynamical network and shown in [21–24,33].

The matrix composed of the connection relationships strengths in the network (2) can be

expressed by P = P(t) = (pij(t))N×N 2 RN×N.

The structural balance analysis of complex dynamical networks
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Let the state vector x = [x1 x2 � � � xN]T 2W, where W is a compact set in RN. f(x) = [f1(x1)

f2(x2) � � � fN(xN)]T and H(x) = [H1(x1) H2(x2) � � � HN(xN)]T are continuous vector functions,

then the dynamical Eq (2) can be described by

_x ¼ f ðxÞ þ cPðtÞHðxÞ ð3Þ

where the connection relationships matrix P = P(t) satisfies the Riccati dynamical equation as

follows

_P ¼ AP þ PAT þ FðxÞ ð4Þ

where the matrix A 2 RN×N, and F(x) 2 RN×N represents the coupling matrix with the internal

state of nodes.

Remark 2. (i) When the fully connected networks with constant connection relationships

are considered, the connection relationships matrix P is a constant matrix, that is _P ¼ 0, so the

constant matrix P can be regarded as a special case of the dynamical Riccati Eq (4). (ii) It is eas-

ily seen that the nodes subsystem (3) and the connection relationships subsystem (4) are mutu-

ally coupling, and the dynamical behavior of the connection relationships (4) is related to the

form of the coupling matrix F(x), moreover, the coupling matrix F(x) is determined by the

nodes’ state. Therefore, this paper mainly focuses on the coupling matrix F(x) by which the

nodes’ state will force the connection relationships matrix P in (4) asymptotically to achieve

structural balance.

Assumption 1. The vector function H(x) is bounded, that is, there exists a known positive

number h satisfying the inequality kH(x)k�h.

Equilibrium state of the network

The equilibrium state of the complex dynamical network is composed of the ones of the sub-

systems (3) and (4), which is denoted as {x�, P�} and satisfies the following algebraic equations:

f ðx�Þ þ cP�Hðx�Þ ¼ 0 ð5Þ

AP� þ P�AT þ Fðx�Þ ¼ 0 ð6Þ

where the equilibrium vector x� ¼ ½ x�1 x�
2 � � � x�N �

T
, and assume x�i 6¼ 0; i ¼ 1; 2; � � � ;N.

It is obvious that x� is the equilibrium vector of the subsystem (3). The Eq (6) is an algebraic

Ricatti equation. If the equilibrium vector x� is given and the matrix A 2 RN×N is a given Hur-

witz matrix, through the literatures [34,35], we can get the equilibrium matrix of the subsystem

(4) is

P� ¼ �
Zþ1

0

eAtFðx�ÞeATtdt ð7Þ

The structural balance of the network

For undirected networks, the concept of the structural balance was proposed originally by F.

Heider [1]. The connection relationships matrix P was described by symmetric matrix in

[5,6,11,12], and the diagonal elements of the symmetric matrix are positive and indicate the

self-identity and the strength of confidence under the sociological sense in [12]. In this paper,

the definition of the structural balance matrix is given as follows.

The structural balance analysis of complex dynamical networks
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Definition 1. If the elements of the real symmetric matrix S = (sαβ) 2 Rn×n satisfy the

inequality sαβsβρsρα> 0, for α,β,ρ = 1,2,� � �,n, where n� 3, then the symmetric matrix S is called

the structural balance matrix.

According to the Definition 1, the asymptotical structural balance of the complex dynam-

ical network can be defined as follows.

Definition 2. Consider the complex dynamical network composed of the subsystems (3)

and (4), and its equilibrium state satisfies the Eqs (5) and (6). The equilibrium matrix P� is a

structural balance matrix with the algebraic Ricatti Eq (6). If PðtÞ !
t!þ1

P�, then the complex

dynamical network composed of the subsystems (3) and (4) is called as asymptotical structural

balance.

Remark 3. (i) From Definition 2, we know that the fully connected network with the posi-

tive constant connection relationships is asymptotical structural balance; this kind of networks

can be called as the trivial asymptotical structural balance. (ii) Obviously, if the Eqs (5) and (6)

are true, the structural balance of the matrix P� is directly related to the specific form of the

coupling matrix F(x) 2 RN×N. In this paper, we consider the following form of F(x).

FðxÞ ¼ � AðxyT þ yxTÞ � ðxyT þ yxTÞA ð8Þ

where y is proposed as the following two forms:

ðiÞ y ¼ x ð9Þ

(ii) We choose a constant vector y = [y1 y2 � � � yN]T in which the sign of each element is

same as the equilibrium vector x� of the subsystem (3), that is, yi satisfies the following inequal-

ity

yix
�

i > 0; i ¼ 1; 2; � � � ;N ð10Þ

Lemma 1. Consider the complex dynamical network composed of subsystems (3) and (4),

and the Eqs (5) and (6) hold. If the coupling matrix F(x) is as shown in (8), then the equilib-

rium matrix P� is structural balance.

Proof. The following two cases are used to prove the Lemma 1.

Case 1. y = x
In this case, the Eqs (6) may be changed to

AP� þ P�AT þ Fðx�Þ ¼ AP� þ P�AT � 2A½x�ðx�ÞT � � 2½x�ðx�ÞT �A ¼ 0

Obviously, P� = 2x�(x�)T is the solution of the above equation, and we easily obtain

p�ijp
�

jkp
�

ki ¼ ð2x
�

i x
�

j Þð2x
�

j x
�

kÞð2x
�

kx
�

i Þ ¼ 8ðx�i x
�

j x
�

kÞ
2
> 0 ð11Þ

According to the Definition 1 and x�i 6¼ 0; i ¼ 1; 2; � � � ;N, we know that the matrix P� = 2x�

(x�)T is structural balance.

Case 2. The constant vector y = [y1 y2 � � � yN]T and yix�i > 0; i ¼ 1; 2; � � � ;N.

The structural balance analysis of complex dynamical networks
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In this case, it is easy to see that the solution of the Eqs (6) is P� = x�yT + y(x�)T. Hence, we

can directly calculate and obtain

p�ijp
�
jkp
�
ki ¼ ðx

�
i yj þ yix�j Þðx

�
j yk þ yjx�kÞðx

�
kyi þ ykx�i Þ

¼ ðx�i yjx
�
j yk þ x�i yjyjx

�
k þ yix�j x

�
j yk þ yix�j yjx

�
kÞðx

�
kyi þ ykx�i Þ

¼ ðx�i yiÞðyjx
�
j Þðykx

�
kÞ þ ðx

�
i yiÞyjyjx

�
kx
�
k þ ðykx

�
kÞyiyix

�
j x
�
j

þ ðx�j yjÞx
�
kx
�
kyiyi þ ðyjx

�
j Þykykx

�
i x
�
i þ ðx

�
kykÞx

�
i x
�
i yjyj

þ ðyix�i Þx
�
j x
�
j ykyk þ ðx

�
j yjÞðx

�
kykÞðx

�
i yiÞ

¼ ðx�i yiÞðyjx
�
j Þðykx

�
kÞ þ ðx

�
i yiÞðx

�
kÞ

2y2
j þ ðykx

�
kÞðx

�
j Þ

2y2
i þ ðx

�
j yjÞðx

�
kÞ

2y2
iþ

ðyjx�j Þðx
�
i Þ

2y2
k þ ðx

�
kykÞðx

�
i Þ

2y2
j þ ðyix

�
i Þðx

�
j Þ

2y2
k þ ðx

�
j yjÞðx

�
kykÞðx

�
i yiÞ

¼ 2ðx�i yiÞðyjx
�
j Þðykx

�
kÞ þ ½ðx

�
i yiÞðx

�
kÞ

2
þ ðx�kykÞðx

�
i Þ

2
�y2

jþ

½ðykx�kÞðx
�
j Þ

2
þ ðx�j yjÞðx

�
kÞ

2
�y2

i þ ½ðyjx
�
j Þðx

�
i Þ

2
þ ðyix�i Þðx

�
j Þ

2
�y2

k

ð12Þ

Noticing yix�i > 0; i ¼ 1; 2; � � � ;N, and we can obtain the following inequality from (12)

p�ijp
�

jkp
�

ki > 0 ð13Þ

Finally, Case 1 and Case 2 complete the proof of Lemma 1.

The asymptotical structural balance analysis of the network

Now, we introduce the vec(�) operator in [35] which maps an m ×n matrix B = (bij) onto the

vector composed of the columns of B

vecðBÞ ¼ ð b11; � � � ; bm1; b12; � � � ; bm2; � � � ; b1n; � � � ; bmn Þ
T

ð14Þ

Let us introduce the defining of Kronecker product for matrices.

Definition 3 [35]. If B 2 Rm×n, D 2 Rg×d, then the Kronecker product of B and D, noted as

B
 D 2 Rmg×nd, is defined by the matrix

B
 D ¼

b11D b12D � � � b1nD

b21D b22D � � � b2nD

� � � �

� � � �

bm1D bm2D � � � bmnD

0

B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
A

ð15Þ

In this paper, the following results are given [35]:

i. vec(BXD) = (B
 DT)vec(X);

ii. vec(BX + XD) = (B
 I + I
 DT)vec(X).

For simplicity, the following notations are used. �x ¼ x � x�, �P ¼ P � P� and �F ¼ FðxÞ �
Fðx�Þ denote the errors for corresponding variables, respectively. It is easily to verify the errors �x
and �P satisfy the following dynamic differential equation by using (3)-(6), respectively.

_�x ¼ f ðxÞ � f ðx�Þ þ c½PðtÞHðxÞ � P�Hðx�Þ� ð16Þ

The structural balance analysis of complex dynamical networks
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_�P ¼ A�P þ �PAT þ �F ð17Þ

By (13), (14) and the properties of Kronecker, the dynamic differential Eq (17) can be trans-

formed to

vecð _�PÞ ¼ vecðA�P þ �PATÞ þ vecð�FÞ ¼ ðA
 I þ I 
 AÞvecð�PÞ þ vecð�FÞ ð18Þ

For simplicity, let ~A ¼ A
 I þ I 
 A.

Assumption 2. The vector function H(x) satisfies Lipschitz condition on a compact set W,

that is, there exists a positive constant δ such that kHðxÞ � Hðx�Þk � dk�xk for x,x� 2W.

Remark 4. If
@HjðxjÞ
@xj

, j = 1,2,� � �, N, are continuous on W, then Lipschitz constant δ in

Assumption 2 may be regarded as d ¼ sup
x2W










@HðxÞ
@xT

� �

N�N








, where k•k expresses the Euclidean

norm of a matrix.

Assumption 3. The vector vecðFðxÞÞ ¼ ~AvecðxyT þ yxTÞ ¼ ~A½�11ðxÞ; � � � ; �ijðxÞ; � � �,
ϕNN(x)]T, where ϕij = xiyj + xjyi, satisfies Lipschitz condition on a compact set x 2W, that is,

there exists a positive constant L such that kvecðFðxÞÞ � vecðFðx�ÞÞk � Lk�xk for x,x� 2W.

Remark 5. If
@�ijðxÞ
@xi

, i = 1,2,� � �,N; j = 1,2,� � �,N, are continuous on W, then Lipschitz constant

L in Assumption 3 may be regarded as L ¼ sup
x2W










@vecðFðxÞÞ
@xT

� �

N2�N








 ¼ sup

x2W










~A @�ij
@xT

� �

N2�N








, and

because










~A @�ij
@xT

� �

N2�N








 � k

~Ak








@�ijðxÞ
@xT








 ¼ k

~Ak

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XN

i¼1

½ð2yiÞ
2
þ 2ðN � 1Þy2

i �

s

, we can choose

L ¼ k~Ak sup
y2 �W

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XN

i¼1

½ð2yiÞ
2
þ 2ðN � 1Þy2

i �

s

.

Assumption 4. Consider the dynamical Eq (1). For a given positive matrix �Q 2 RN�N , there

exists one positive definite symmetric matrix K 2 RN×N such that the following Lyapunov

equation is true on W.

JTK þ KJ ¼ � �Q ð19Þ

where J ¼ @f ðxÞ
@xT is the Jacobian matrix.

Assumption 5. Consider the dynamical equation of the subsystem (4). The matrix A in (4)

is Hurwitz stable, that is, all the eigenvalues of matrix A have negative real parts.

From Assumption 5 and the results in [35], we know matrix ~A is also Hurwitz stable, there-

fore, there exists one positive symmetry matrix M 2 RN2�N2

such that the following Lyapunov

equation is true for a given positive matrix Q 2 RN2�N2

.

M~A þ ~ATM ¼ � Q ð20Þ

Theorem 1. Consider the complex dynamical network composed of subsystems (3) and

(4), and its equilibrium state and the coupling matrix F(x) satisfy the Eqs (5), (6) and (8),

respectively. If Assumption 1-Assumption 5 hold, and the inequality lminðQÞ½lminð
�QÞ �

2cdkKP�k� � ðLkMk þ hckKkÞ2 > 0 is true, then the complex dynamical network is asympto-

tical structural balance.

Remark 6. In Theorem 1, λmin(Q) and lminð
�QÞ represent the minimum eigenvalues of

given positive matrices Q and �Q, and the matrices K and M can be obtained by solving the

The structural balance analysis of complex dynamical networks
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Lyapunov Eqs (19) and (20), respectively; The given constant c represents the common con-

nection relationship strength in the network dynamical model (2); The parameters h, δ and L
can be obtained by Assumptions 1, 2 and 3, respectively; the equilibrium matrix P� can

obtained by Eqs (6) and (8).

Proof. Consider the following positive definition function

V ¼ vecð�PÞTMvecð�PÞ þ �xTK�x: ð21Þ

Then the orbit derivative of V along (16) and (17) reads as

_V ¼ vecð _�PÞT Mvecð�PÞ þ vecð�PÞTMvecð _�PÞ þ _�xTK�x þ �xTK _�x

¼ ð~Avecð�PÞ þ vecð�FÞÞTMvecð�PÞ þ vecð�PÞTMð~Avecð�PÞ þ vecð�FÞÞ

þ ff ðxÞ � f ðx�Þ þ c½PðtÞHðxÞ � P�Hðx�Þ�gTK�x þ �xTKff ðxÞ � f ðx�Þ þ c½PðtÞHðxÞ
� P�Hðx�Þ�g

¼ vecð�PÞTð~ATM þM~AÞvecð�PÞ þ vecð�FÞTMvecð�PÞ þ vecð�PÞTMvecð�FÞ þ ðJ�xÞTK�x
þ �xTKJ�x þ 2c�xTKf½PðtÞHðxÞ � P�Hðx�Þ�g

¼ � vecð�PÞTQvecð�PÞ þ 2vecð�PÞTMvecð�FÞ þ �xTJTK�x þ �xTKJ�x þ 2c�xTKfPðtÞHðxÞ
� P�HðxÞ þ P�HðxÞ � P�Hðx�Þg

¼ � vecð�PÞTQvecð�PÞ þ 2vecð�PÞTMvecð�FÞ þ �xTJTK�x þ �xTKJ�x þ 2c�xTKf�PðtÞHðxÞ
þ P�½HðxÞ � Hðx�Þ�g

� � vecð�PÞTQvecð�PÞ þ 2kvecð�PÞTkkMkkvecð�FÞk � �xT �Q�x þ 2ck�xTK�PðtÞHðxÞk
þ 2ck�xTKP�½HðxÞ � Hðx�Þ�k

� � lminðQÞkvecð�PÞk2
þ 2Lkvecð�PÞTkkMkk�xk � lminð

�QÞk�xk2
þ 2hckKk � k�xkk�Pk

þ 2cdkKP�k � k�xk2

¼ � lminðQÞðkvecð�PÞk2
�

2LkMk
lminðQÞ

kvecð�PÞTkk�xk þ
lminð

�QÞ
lminðQÞ

k�xk2
Þ þ 2hckKk � k�xkk�Pk

þ 2cdkKP�k � k�xk2

¼ � lminðQÞðkvecð�PÞk2
�

2LkMk þ 2hckKk
lminðQÞ

kvecð�PÞkk�xk þ
lminð

�QÞ � 2cdkKP�k
lminðQÞ

k�xk2
Þ

¼ � lminðQÞ½ kvecð�PÞk k�xk �Y
kvecð�PÞk

k�xk

2

6
4

3

7
5 ð22Þ

where Y ¼

1 �
LkMk þ hckKk

lminðQÞ

�
LkMk þ hckKk

lminðQÞ
lminð

�QÞ � 2cdkKP�k
lminðQÞ

2

6
6
6
4

3

7
7
7
5

.

From (22), when the constant matrix Θ is positive definition, that is, the inequality

lminðQÞ½lminð
�QÞ � 2cdkKP�k� � ðLkMk þ hckKkÞ2 > 0 hold, then _V is negative definition.

Therefore, we can get that �x and �P are bounded, and �x > !
t!þ1

0 and �P > !
t!þ1

0, that is, x >

!
t!þ1

x� and P > !
t!þ1

P�. This means that the complex dynamical network composed of the sub-

systems (3) and (4) is asymptotical structural balance. This completes the proof of Theorem 1.

Remark 7. Theorem 1 shows that the nodes subsystem converges to its equilibrium point

when the complex network achieves the asymptotical structural balance. This implies that the

overall network comes into balance. From a social point of view, the result may be explained as
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the connection relationships achieve asymptotical structural balance when all individuals

come asymptotically into stability in the sense of Lyapunov stability.

Simulation example

We consider an undirected fully connected complex dynamical network consists of 10 neurons

(nodes), and the dynamical behavior of each neuron is described as the dynamical model of

neuron self-excitation without delays in [36]. The dynamical equations of the nodes read as

_x ¼ f ðxÞ þ cPðtÞHðxÞ ð23Þ

The dynamical equation of the connection relationships subsystem is chosen as

_P ¼ APþ PAT � AðxyT þ yxTÞ � ðxyT þ yxTÞA ð24Þ

where:

f(x) = [f1(x1) f2(x2) � � � f10(x10)]T, fi(xi) = −xi+(0.25+0.05i)tanh(xi−(−1)qi); H(x) = [H1(x1)

H2(x2) � � � H10(x10)]T, Hi(xi) = 0.1sin(xi). q is a positive integer.

Choose the parameters of simulation as follows: the common connection relationship

strength c = 10−6; the constant matrix A 2 R10×10 can be generated by the following rules in

Matlable: (i) The matrix A is randomly generated with its each element to be an integer in the

range [−1,1]; (ii) The matrix A generated in Step (i) must be a Hurwitz matrix, or repeat Step

(i).

When q = i, i=1,� � �,10, we can obtain the following Jacobian matrix

J ¼ diagð� 3�ðtanhðx1 þ 1ÞÞ
2
=10 � 7=10; � 7�ðtanhðx2 � 2ÞÞ

2
=20 � 13=20;

� 2�ðtanhðx3 þ 3ÞÞ
2
=5 � 3=5; � 9�ðtanhðx4 � 4ÞÞ

2
=20 � 11=20; � ðtanhðx5 þ 5ÞÞ

2
=2 � 1=2;

� 11�ðtanhðx6 � 6ÞÞ
2
=20 � 9=20; � 3�ðtanhðx7 þ 7ÞÞ

2
=5 � 2=5; � 13�ðtanhðx8 � 8ÞÞ

2
=20 � 7=20;

� 7�ðtanhðx9 þ 9ÞÞ
2
=10 � 3=10; � 3�ðtanhðx10 � 10ÞÞ

2
=4 � 1=4�:

When q = 2i−1,i = 1,� � �,10, we can also obtain the following Jacobian matrix

J ¼ diagð� 3�ðtanhðx1 þ 1ÞÞ
2
=10 � 7=10; � 7�ðtanhðx2 þ 2ÞÞ

2
=20 � 13=20;

� 2�ðtanhðx3 þ 3ÞÞ
2
=5 � 3=5; � 9�ðtanhðx4 þ 4ÞÞ

2
=20 � 11=20; � ðtanhðx5 þ 5ÞÞ

2
=2 � 1=2;

� 11�ðtanhðx6 þ 6ÞÞ
2
=20 � 9=20; � 3�ðtanhðx7 þ 7ÞÞ

2
=5 � 2=5; � 13�ðtanhðx8 þ 8ÞÞ

2
=20 � 7=20;

� 7�ðtanhðx9 þ 9ÞÞ
2
=10 � 3=10; � 3�ðtanhðx10 þ 10ÞÞ

2
=4 � 1=4�

Obviously, the above matrices J are negative definition. Therefore, there exist positive matrices

�Q and K satisfying (19).

According to the coupling matrix F(x), the simulation is divided into two cases.

Case 1: y = x

The universe of discourse W ¼
Y10

k¼1

Uk, Uk = [−2,2], and we choose Q = I and assume K =

1011I, then we can obtain h = 0.32, δ = 0.32, L ¼ 29:7k~Ak, λmin(Q) = 1, lminð
�QÞ � 0:5� 1011,

kP�k�80, and we can always choose a Hurwitz matrix A to make the inequality lminðQÞ�
½lminð

�QÞ � 2cdkKP�k� � ðLkMk þ hckKkÞ2 > 0 hold. Finally, initial values of states xi(0) and

pij(0),i, j = 1,2,� � �,10 are chosen as the random numbers in the range (−2,2). Fig 1 shows the

results of simulation which divided into two cases of q = i and q = 2i−1.

Case 2. y ¼ ½Z1signðx�1Þ; Z2signðx�2Þ; � � � ; Z10signðx�10
Þ�

T
, where ηi,i = 1,� � �,10 are the random

number generated in the range (0, 5).
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The universes of discourse W ¼
Y10

k¼1

Uk, Uk = [−2,2] and �W ¼
Y10

k¼1

�Uk,
�Uk ¼ ð0; 5Þ. We

choose Q = I and assume K = 1011I, then we can obtain h = 0.32, δ = 0.32, L ¼ 74:2k~Ak,
λmin(Q) = 1, lminð

�QÞ � 0:5� 1011, kP�k<200, and we can also always choose a Hurwitz matrix

A to make the inequality lminðQÞ½lminð
�QÞ � 2cdkKP�k� � ðLkMk þ hckKkÞ2 > 0 hold. Finally,

initial values of states xi(0) and pij(0),i, j = 1,2� � �,10 are chosen as the random numbers in the

range (−2,2). Fig 2 shows the results of simulation which divided into two cases of q = i and

q = 2i−1.

From Figs 1 and 2, we can obtain the following conclusions:

i. The complex dynamical network with neurons (23) and connection relations (24) is asymp-

totical structural balance.

ii. From Figs 1C and 2C, we can see that the connection relations between the neurons are

divided asymptotically into two parts with the dynamical changes of internal state of the

Fig 1. The simulation results of the case 1 (y = x). (A) The response curves of nodes group (q = i). (B) The response

curves of nodes group (q = 2i−1). (C) The response curves of P(t)(q = i). (D) The response curves of P(t)(q = 2i−1). (E)

The error response curves of �Pðq ¼ iÞ. (F) The error response curves of �Pðq ¼ 2i � 1Þ.

https://doi.org/10.1371/journal.pone.0191941.g001
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neurons and the coupling matrix. This implies that all neurons are partitioned asymptoti-

cally into two factions, such that all links between neurons of the same faction are positive

and all links of the two different factions are negative. Finally, the structural balance of the

network is achieved. It is also observed from Figs 1D and 2D that the connection relations

between the neurons are all positive, it means that all neurons are in the same faction. This

kind of network is called as the trivial structural balance. The above observed results coin-

cide in the ones in [3,6,8]. It is noted that the similar results is not possible for some models

in earlier literature, because these models contain so-called jammed states that could trap a

social network before it reached a two-faction configuration [37,38].

In this paper, there are three reasons to result in the above conclusion (ii): (a) The form of

P� is determined by the form of coupling matrix F(x) shown in (8). That is, if the equilibrium

state {x�,P�} exists, then we can obtain P� = x�yT + y(x�)T; (b) If q = i, the signs of the equilib-

rium points in the subsystem (23) are different with positive and negative ones, and thus there

Fig 2. The simulation results of the case 2 ðy ¼ ½Z1signðx�1 Þ; Z2signðx�2 Þ; � � � ; Z10signðx�10
Þ�

T
, where ηi,i = 1,� � �,10 are

the random number generated in the range (0, 5)). (A) The response curves of nodes group (q = i). (B) The response

curves of nodes group (q = 2i−1). (C) The response curves of P(t)(q = i). (D) The response curves of P(t)(q = 2i−1). (E)

The error response curves of �Pðq ¼ iÞ. (F) The error response curves of �Pðq ¼ 2i � 1Þ.

https://doi.org/10.1371/journal.pone.0191941.g002
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must be existing both positive and negative elements in the matrix P�, which leads to the con-

nection relationships are divided asymptotically into the two factions. If q = 2i−1, there only

exist positive equilibrium points in the subsystem (23), and thus each element of the matrix P�

is positive, which leads to the connection relationships form only one faction. (c) If q = i, the

numbers of positive and negative equilibrium points are equal in the subsystem (23), and thus

the numbers of positive and negative elements in the matrix P� are also equal. This implies

that the two factions divided have the same members. A more general form is given here, if the

coupling matrix F(x) is shown in (8), and the Eqs (5) and (6) hold, we assume that the number

of the positive equilibrium points is �N ð �N � NÞ in the subsystem (3), then we obtain the num-

ber of the positive elements in matrix P� is �N 2 þ ðN � �N Þ2, and the number of the negative

elements is 2 �NðN � �NÞ. Obviously, �N 2 þ ðN � �NÞ2 � 2 �N ðN � �N Þ, the equality is true if and

only if �N ¼ N
2
. This shows also that the numbers of the curves is the same in the two factions in

Figs 1C and 2C.

Conclusion

In this paper, we have analyzed and proved the asymptotical structural balance for a class of

complex dynamical networks by designing the coupling matrix under some conditions, that is,

we mainly pay attention to the dynamic mechanism by which the nodes act as the connection

relationships subsystem to generating the structural balance. We presented mathematically the

dynamic models for the nodes and connection relationships subsystems in which their equilib-

rium points exist. It is found in this paper that the coupling matrix in the connection relation-

ships equation plays an important role in the structural balance to be achieved. The links with

positive and negative values may make the connection relationships to be divided asymptoti-

cally into the two factions, which is explained by using a network with neurons. These links in

the network evolve according to the nodes’ dynamics, in the sense of society, which reflect an

individual desire to drive the social relations into the structural balance via personal behavior.

Therefore, this method proposed in this paper makes up the deficiencies of researches methods

on the structural balance theory in social networks. This enriches the research contents of

complex dynamical networks and structural balance theory.
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