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Extension of the bright high-harmonic photon energy
range via nonadiabatic critical phase matching
Zongyuan Fu1†, Yudong Chen1†, Sainan Peng1, Bingbing Zhu1, Baochang Li2,
Rodrigo Martín-Hernández3, Guangyu Fan4,5, Yihua Wang1,6, Carlos Hernández-García3,
Cheng Jin2,7*, Margaret Murnane8, Henry Kapteyn8, Zhensheng Tao1*

The concept of critical ionization fraction has been essential for high-harmonic generation, because it dictates
the maximum driving laser intensity while preserving the phase matching of harmonics. In this work, we reveal a
second, nonadiabatic critical ionization fraction, which substantially extends the phase-matched harmonic
energy, arising because of the strong reshaping of the intense laser field in a gas plasma. We validate this un-
derstanding through a systematic comparison between experiment and theory for a wide range of laser condi-
tions. In particular, the properties of the high-harmonic spectrum versus the laser intensity undergoes three
distinctive scenarios: (i) coincidence with the single-atom cutoff, (ii) strong spectral extension, and (iii) spectral
energy saturation. We present an analytical model that predicts the spectral extension and reveals the increasing
importance of the nonadiabatic effects for mid-infrared lasers. These findings are important for the develop-
ment of high-brightness soft x-ray sources for applications in spectroscopy and imaging.
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INTRODUCTION
High-harmonic generation (HHG) in atoms and molecules (1–4)
has enabled many advances in attosecond science and technology
(5–7) and, more recently, in quantum optics (8). HHG arises
from the interaction of an intense laser field with an atomic or mo-
lecular gas target. The underlying process at the atomic and
quantum level is based on strong-field ionization of an atom—a
laser field modulates the spatial and temporal wave function of
the outermost electron, leading to a rapidly changing dipole
moment and emission of high harmonics of the driving laser field
(9, 10). Simple predictions of the maximum photon energy can be
made using a semiclassical model (11, 12). In this picture, the lib-
erated electron is accelerated by a laser field and can be driven back
to recollide with the parent ion when the laser field reverses, gener-
ating an extreme ultraviolet (XUV) or soft x-ray photon. The
maximum photon energy achievable is determined by the
maximum kinetic energy of the returning electron, which is given
by the cutoff energy (12): Ecutoff = Ip + 3.17Up. Here, Ip is the ion-
ization potential and Up is the ponderomotive energy,
UpðeVÞ ¼ 0:0933ILðTW cm� 2Þl2

Lðmm2Þ, where IL and λL are the
peak intensity and wavelength of the driving field, respectively.

Extending the bright photon energy range of HHG is important
for many applications in science and technology: First, bright and
broadband soft x-ray radiation spans many element-specific ab-
sorption edges, e.g., the “water-window” energy, and enables
table-top element-resolved spectroscopy and microscopy (13–15).
Second, broader HHG bandwidths can support the generation of
shorter attosecond pulses (16, 17) or powerful broadband imaging
and spectroscopy methods (18). However, the HHG emission from
a single atom exhibits a dipole pattern and is very weak. To generate
a bright and directed high-harmonic beam, the driving laser and the
generated harmonics must both travel at the same phase velocity in
the gas, so that the HHG emission frommany atoms combines con-
structively. Here, the concept of critical ionization fraction (hPMC

c ) is
essential (1, 19, 20). Only when the laser-induced gas ionization is
lower than a critical ionization level hPMC

c , the phase-mismatch
between the fundamental driving field and the harmonic field can
be compensated, allowing for coherent buildup of HHG radiation
along the propagation direction. Typical critical ionization levels
hPMC
c in a gas medium is <5%, which places a limit on the

maximum driving laser intensity for which phase matching is pos-
sible, and thereby determines the phase-matching cutoff (PMC).
Although more exotic schemes can support effective phase match-
ing at very high levels of ionization (21), simultaneously achieving
high photon energy and high brightness is still challenging.

Driving HHG with intense few-cycle pulses has attracted great
interest, because it is one route for generating isolated attosecond
pulses (16, 17, 22–25). When driven by few-cycle pulses, the
maximumHHG photon energy was reported to be greatly extended
(26–28). This is not only because pulse compression can boost the
laser intensity but also because it facilitates phase matching for
high-frequency harmonics by reducing gas ionization—for
example, by reducing the pulse duration from 20 to 5 fs, the PMC
can be extended by ~20%. However, to understand a HHG spec-
trum beyond the PMC, it also needs to consider the substantial re-
shaping of an intense few-cycle pulse in a dispersive plasma. In
Fig. 1A, we plot a simple and intuitive schematic of HHG in such
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a regime, which involves several effects, such as an intensity drop
due to plasma-induced defocusing, deformation of the laser field,
a longitudinal gradient of gas ionization, etc. The emitted harmonic
spectrum is the result of the coherent addition of the emission from
numerous emitters along the propagation direction. Thus, an im-
portant question to address is, What is the maximum achievable
HHG photon energy under these nonadiabatic conditions, which
can support practically usable source brightness, i.e., to realize rea-
sonable phase matching?

In recent years, there has been renewed interest in studying non-
adiabatic effects in HHG, owing to advances in high-energy few-
cycle mid-infrared lasers (14, 29). Experimentally, it has been
shown that the plasma- and nonlinear pulse reshaping is important
for both several-cycle 4-μm lasers and few-cycle 1.8-μm lasers for
the generation of high-flux >1000- and 600-eV soft x-ray harmon-
ics, respectively (29, 30). Experimentally, the subcycle deformation
of the driving field occurs in many perturbative and nonperturba-
tive nonlinear-optical processes and can be directly measured with
the attosecond streaking technique (31). Theoretically, several

important aspects of nonadiabatic effects have been revealed. It
was shown that the plasma defocusing can clamp the laser intensity,
limiting the harmonic energy (32). In addition, it has also been re-
ported that the electronic trajectories from nonadiabatic drivers are
modified (33), which supports phase matching of high-energy har-
monics significantly higher than PMC (34, 35). Generation of iso-
lated attosecond pulses is also possible (22, 36, 37). It is worth
noting that, thus far, there is no simple and analytical model that
can guide the development of a phase-matched harmonic source
under the nonadiabatic conditions, in contrast to the adiabatic
HHG, where several successful models been developed [see, for
example, (1, 19, 38, 39)].

In this work, we introduce the previously unidentified concept of
nonadiabatic critical ionization fraction (NCIF) that explains the re-
shaping and extension of a phase-matched harmonic spectrum
under the nonadiabatic conditions. Our experimental and theoret-
ical results demonstrate that the concept of NCIF is crucial to un-
derstand and achieve nonadiabatic phase-matched HHG effects,
such as the extension of the spectral roll-offs beyond the PMC.

Fig. 1. Illustration of the general concept. (A) Illustration of the nonadiabatic HHG process driven by an intense few-cycle pulse in a gas cell, which exhibits the effects of
plasma-induced intensity decay, temporal pulse reshaping, and variation of gas ionization along z. The HHG spectrum is the integrations of the emitters along z under a
varying driving field. Inset: Illustration of themodulation of electron trajectories owing to the nonadiabatic field temporal reshaping. The solid line represents the incident
driving laser field. The dashed line represents the field profile deformed by the nonadiabatic effects. The microscopic electron trajectories under two different driving
fields are illustrated. (B) Illustration of the gas ionization fraction at the pulse temporal center, and the relationship among the critical intensities (IPMCc and INCIFc ), critical

ionization fractions (hPMCc and hNCIFc ), and the HHG photon energies (EPMC and E1%). (C to E) HHG spectrum driven by pulse durations of τ = 9, 22, and 170 fs, respectively,
under different laser intensities (IL). (F to H) Results of numerical simulations under similar conditions as in (C) to (E). a.u., arbitrary units.
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Special attention has been paid to HHG driven by intense few-cycle
pulses, which can produce the highest roll-off-energy extension. In
particular, when driven by 9-fs, 1030-nm, and ~ 360 TW cm−2 peak
intensity laser pulses in argon (Ecutoff ≈ 129 eV), the harmonic spec-
trum can be extended to ~125 eV, which is ~50 eV higher than the
corresponding PMC. Moreover, the brightness is between 109 and
107 photons s−1 eV−1, which is sufficient for many applications in
spectroscopy, and compares well with a peak brightness of >1010
photons s−1 eV−1 at lower photon energies under perfect phase
matching conditions. We identify three distinctive intensity
regimes separated by two critical driving intensities, which deter-
mines the harmonic spectral shape: (i) coincidence with the
single-atom cutoff, (ii) strong spectral extension, and (iii) spectral
energy saturation. We have developed an analytical NCIF model
that can precisely predict the spectral reshaping and extension
under different driving-laser intensities, wavelengths, and pulse du-
rations and in different gas species. Furthermore, our model also
reveals that the spectral extension can be much greater when
driven by long-wavelength, mid-infrared few-cycle lasers. Our
results provide an alternative route guideline for extending the har-
monic frequency to >1 keV, well into the soft x-rays, with high
brightness placing nonadiabatic HHG as a practical soft x-ray
source for applications in ultrafast spectroscopy and imaging (29,
40, 41).

RESULTS
Harmonic spectrum roll-offs under different driving
conditions
The picture of macroscopic nonadiabatic HHG is depicted in
Fig. 1A. When the driving laser peak intensity IL is high, beyond
the tunnel ionization regime, nonadiabatic effects appear in
HHG. In the intensity regime we are interested, where the target
atoms are not fully ionized, the driving field is reshaped when prop-
agating through the gas cell as follows (42). First, the rear part of the
pulse undergoes spatial defocusing due to gas ionization induced
during the earlier cycles, which leads to a peak intensity drop and
a shift of the envelope peak to the leading edge (see the inset of
Fig. 1A). Second, the rapid subcycle variation of gas ionization
causes a strong frequency blue shift of the pulse leading edge (see
the inset of Fig. 1A) (39).

To investigate how such propagation of the fundamental field
affects phase matching in HHG, we conducted systematic experi-
ments under different laser conditions and in different gas
species. In our experiments, laser pulses with full-width-at-half-
maximum (FWHM) temporal durations of τ = 9, 22, and 170 fs,
and peak intensities above 180 TW cm−2, at a center wavelength
of λL = 1030 nm are focused into a gas cell filled with argon and
krypton. The gas-cell length is d = 1.5 mm. The high-harmonic
spectrum is recorded by an XUV spectrometer after filtering out
the fundamental driving laser with metal thin films. The details
of the experimental setup are summarized in Materials and
Methods and in section S1. In Fig. 1 (C to E), we plot the experi-
mental harmonic spectra in argon driven by τ = 9, 22, and 170 fs
pulses, respectively, and for different intensities. Here, we note
that the reported laser intensities (IL) in this work are those at the
entrance of the gas cell, which can be reduced by plasma-induced
defocusing inside the gas cell (see Fig. 1A). The gas pressures p are
50, 190, and 210 torr, respectively, for the three cases.

Under these high-intensity conditions, as the harmonic spec-
trum is obtained by summing up all the emitters along the propa-
gation direction (z) under a varying field intensity (as illustrated in
Fig. 1A), the classic microscopic cutoff energy (Ecutoff ) is no longer
discernible. To quantitatively analyze the harmonic spectral shape,
we focus on two special harmonic energies (as labeled in Fig. 1, C
and D): (i) the PMC energy (EPMC), which corresponds to the
energy from which the harmonic yield continuously decreases
(30); and (ii) the 1%-intensity energy (E1%) where the spectral in-
tensity decreases to 1% of the intensity at EPMC. The energy differ-
ence ∆E = E1% − EPMC represents the width of the spectral roll-off
beyond the EPMC. As shown in Fig. 1C (τ = 9 fs and IL = 360 TW
cm−2, Ecutoff ≈ 129 eV), ΔE can be as large as ~50 eV, which is com-
parable to the corresponding EPMC (~75 eV), delivering a great
amount of usable high-energy XUV photons beyond the PMC.
The flux at ~125 eV can reach ~2 × 107 photons s−1 eV−1. In con-
trast, the flux at the same energy is reduced by more than two orders
of magnitude when driven by 22-fs, 400 TW cm−2 pulses, becoming
notmeasurablewith the 170-fs, 180 TW cm−2 pulses. For the τ = 22-
and 170-fs cases, ΔE is reduced to ~21 and ~ 14 eV, respectively.

To investigate the physics beyond the experimental results, we
have performed numerical simulations under similar conditions,
as shown in Fig. 1 (F to H). The simulations were performed
within the strong-field approximation (SFA) framework, taking
into account the high-intensity regime (see Materials and
Methods). The ionization rates have been calculated through an em-
pirically modified Ammosov-Delone-Krainov (ADK) model (43) to
take into account laser intensities above the tunnel ionization
regime. Furthermore, the agreement between the SFA and the
three-dimensional time-dependent Schrödinger equation (TDSE)
in the single-atom simulation results further indicates that barrier
suppression effects have limited influence in the intensity range of
our experiments (see fig. S7). We find that, when the driving inten-
sity IL is low (e.g., IL < 200 TW cm−2 for τ = 9 fs), ΔE is typically
10 to 14 eV, which is independent to the laser conditions (duration,
intensity, wavelength, etc.) and the gas species (see section S3). Fur-
thermore, we find that this value is consistent with the single-atom
response (see figs. S6 and S7), indicating that it represents the
quantum limit on the minimum energy extension (ΔEqt). Thus,
the deviation of ΔE from ΔEqt can be attributed to the influence
of macroscopic phase-matching and nonadiabatic effects.

Because the reshaping of the harmonic spectrum is most pro-
nounced when the driving pulse duration is short, we now focus
our attention on the results of τ = 9 fs. In Fig. 2, we show the influ-
ence of the gas plasma on the driving field, by plotting the simula-
tion results of the driving field pulse at the entrance (black) and at
the exit (red) of the gas cell for low (A, 200 TW cm−2) and high (B,
700 TW cm−2) values of IL. From the comparison of Fig. 2 (A and
B), we find that the driving field is strongly reshaped by the gas
plasma in the high-intensity regime, resulting in a decrease in the
field intensity, a strong frequency blue shift at the pulse leading
edge, and a shift of the envelope peak to the leading edge by
about one optical cycle. The time-frequency analysis on the numer-
ical results of the corresponding HHG spectra are further shown in
Fig. 2 (C and D). Correspondingly, the high-energy harmonic
photons are dominantly generated at about one optical cycle
before the pulse temporal center when the driving laser intensity
is high (Fig. 2D). This result clearly demonstrates that the nonadi-
abatic effects play an essential role in the generation and phase
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matching of the high-energy harmonics beyond PMC.We note that
the propagation effects have been considered in the numerical sim-
ulations of the HHG spectra. The spectral results are obtained by
integrating across the transverse beam cross section.

Towhat extent the harmonic energy can be extended by the high
laser intensities? To address this question, we measure the HHG
spectrum driven by increasing IL with τ = 9 fs in argon (Fig. 2E)
and krypton (see section S3) with d = 1.5 mm and p = 50 torr.
Here, we will first restrict our discussion to the case where d and
p are optimized for the bright HHG emission around EPMC. The
situations with varying d and p will be discussed later. The energies
of EPMC and E1% can then be labeled in the sameway as illustrated in
Fig. 1 (C to E). As shown in Fig. 2E, we can clearly distinguish three
intensity regimes separated by two critical intensities (IPMC

c and
INCIF
c ): (i) When IL , IPMC

c and the gas ionization is low, the defor-
mation of the driving field is negligible (Fig. 2A), and thereby, EPMC
is in excellent agreement with Ecutoff (the blue-dashed line). Fur-
thermore, ΔE in this regime equals ΔEqt, and, as a result, E1% also
increases linearly (the yellow dashed-dotted line), simply following
E1% = ∆Eqt + Ecutoff(IL). (ii) When IL . IPMC

c , the gas ionization is

high enough to deform the driving field upon propagation. We
identify IPMC

c as the threshold intensity from which nonadiabatic
effects play an important role. In this regime, we find that EPMC sat-
urates at the energy of Esat

PMC ~75 eV, which corresponds to Ecutoff at
IL= IPMC

c (~78 eV in Fig. 2E). In contrast to EPMC, E1% continues to
increase almost linearly in this regime, until IL reaches the next crit-
ical intensity INCIF

c (~300 TW cm−2). In this regime, the harmonic
roll-off, given by ΔE, continues to increase with IL, leading to the
most pronounced spectral reshaping. However, (iii) when
IL . INCIF

c , our results show that E1% eventually saturates at the
energy of Esat

1%
(~125 eV for τ = 9 fs in argon), which corresponds

to the sum of ΔEqt and Ecutoff when IL= INCIF
c . We note that the ap-

pearance of regime (iii) also indicates the saturation of the spectral
reshaping and further increasing the harmonic energy becomes not
possible. As shown in Fig. 2F, these observations can be quantita-
tively reproduced by the numerical simulations, including the
values of IPMC

c and INCIF
c . Moreover, the above three regimes can

be universally observed under different pulse durations, gas
atoms, and wavelengths (see section S3). However, the critical

Fig. 2. Influence of nonadiabatic effects on harmonic spectrum. (A) Temporal field shapes obtained from the numerical simulations at the entrance and the exit of a
gas cell (d = 1.5 mm) under laser intensity of IL = 200 TW cm−2. The gas cell is filled with argon with the pressure (p) of 100 torr. The time for the peak field is labeled by the
solid triangles. (B) Same as (A) for IL = 700 TW cm−2. (C and D) Time-frequency analysis of the HHG generated under the laser conditions in (A) and (B). The emission time
for the highest harmonic orders are labeled by the solid triangles. (E) Experimental HHG spectrum in argon driven by different laser intensity IL with d = 1.5mm and p = 50
torr. The pulse duration is τ = 9 fs. The blue dashed line represents Ecutoff when IL , IPMCc and a constant when above IPMCc . The yellow dashed-dotted line represents

ΔEqt + Ecutoff when IL , INCIFc and a constant when above INCIFc . Three regimes are distinguished by the two critical intensities (IPMCc and INCIFc ). (F) Same as (E) obtained from
the numerical simulations under the same conditions.
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intensities and the corresponding saturation energies can be altered
by these conditions.We note that the absence of low-order harmon-
ics in Fig. 2 (E and F) when IL > 180 TW cm−2 is caused by the use of
a zirconium filter for blocking the driving laser. In the numerical
simulations, the transmission spectrum of a zirconium filter (44)
is implemented for the agreement. For lower driving intensities,
an aluminum filter is used instead (see section S2).

The NCIF model
As illustrated in Fig. 1A, in the high-intensity regime we are analyz-
ing, the high-energy HHG photons can only be generated at the
early stage of the driving-laser propagation, before the laser inten-
sity is reduced by plasma defocusing. In this region, the subcycle
deformation of the driving field can play an essential role in
phase matching (31, 34, 35). The wave vector mismatch between
the fundamental driving field and the qth-order harmonic field
can be expressed as a sum of four terms (1, 39)

Dkq ¼ Dkg þ Dkn þ Dkp þ Dkd ð1Þ

Here, ∆kg denotes the geometrical Gouy-phase term due to fo-
cusing. ∆kn and ∆kp account for the pressure-dependent contribu-
tions from the neutral-atom and free-electron dispersions,

respectively, and are given by

Dkn ¼
2pq
lL

p
patm
½1 � hðtÞ�Dd ð2Þ

Dkp ¼ � q
p

patm
rehðtÞNatmlL 1 �

1
q2

� �

ð3Þ

where patm is the atmospheric pressure, η(t) is the ionization frac-
tion, ∆δ is the difference between the indices of refraction of the
neutral gas per atmosphere at the fundamental and x-ray wave-
lengths, re is the classical electron radius, and Natm is the number
density per atmosphere. Last, ∆kd represents the wave vector mis-
match induced by the dipole phase (45). Under the adiabatic con-
ditions, this term is usually small for the phase matching of short-
trajectory harmonics (1, 46). Under the nonadiabatic conditions,
however, due to the strong reshaping of the laser field under prop-
agation, this term can become especially relevant for the phase
matching of high-energy harmonics (31, 34, 35). Here, we derive
that ∆kd is dominantly contributed by the phase mismatch due to
the frequency blue shift of the driving field, which is the result of the

Fig. 3. The NCIF model results. (A) Results of the NCIF model for HHG in argon under different pulse durations (τ). The solid lines are the results of Eq. 5, with Cd = 0.35
(red, green, and blue) and Cd = 0 (black). The dashed lines are the results of Eq. 6. The intersections are labeled by open symbols. The open triangles label the results for
PMC, and the open squares are for the 1%-intensity energy. (B) Comparison between the experimental results of EsatPMC (open triangles), E

sat
1% (open circles), and the NCIF

model results (solid and dashed lines) in argon. The shaded area represents the variation of EsatPMC and Esat1% under different CEP phases (ΔϕCEP). Inset: The illustration of the
driving field waveforms under different ΔϕCEP, with peak-field time labeled. (C) Same as (B) for the results in krypton. (D) NCIF model results under different wavelengths
(λL) in argon, neon, and helium. The symbols represent the results obtained from the numerical simulations. (E) Typical numerical spectrum of HHG in neon. The EPMC and
E1% are labeled. The gas pressure is 100 torr, the cell length is 1.5 mm, and the driving intensity is 1000 TW cm−2.
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subcycle variation of gas ionization (
@h

@t
) (47) by

Dkd � aj
3Upl

3
L

2phc2
p

patm
reNatm

@hðIL; tÞ
@t

ð4Þ

where αj = 3.2 represents the phase coefficient at the cutoff energy
(39), h is Planck constant, and c is the speed of light. The details of
the derivation of Eq. 4 are provided in section S4.

Because ∆kg is negative and independent to the pressure, phase
matching of HHG is only possible when ∆kn + ∆kp + ∆kd >
0. Hence, a critical ionization fraction including the nonadiabatic
effects can be derived

hcðILÞ �

2p
lL

Ddþ Cd
aj

2pc
3Up

Ip þ 3:17Up
l2
LreNatm

@hðIL; tÞ
@t

j t¼0

2p
lL

Ddþ reNatmlL

ð5Þ

Here, we focus on the cutoff energy with

Eq ¼ q
hc
lL
¼ Ip þ 3:17Up and introduce a parameter Cd, with

which we can control the contribution of ∆kd. Under the critical
condition, we have another constraint that the ionization fraction
at the peak of the pulse should just reach ηc

hcðILÞ ¼
ð0

� 1

@hðIL; tÞ
@t

dt ð6Þ

and Eq. 6 can be calculated by the ADK theory (see section S4) (48).
Taking argon as an example, as shown in Fig. 3A, Eqs. 5 and 6 are

solved by finding the points of intersection of the two curves for
different pulse durations, which allows to extract the critical inten-
sities (IPMC

c and INCIF
c ) and the corresponding critical ionization

fractions (hPMC
c and hNCIF

c ). Obviously, when Cd = 0 (solid black
line), the solution of Eqs. 5 and 6 is simply reduced to hPMC

c , and
the intersections (open triangles) of hPMC

c � 2:2% are in excellent
agreement with the previous studies (30). The predicted IPMC

c and
Esat
PMC are also in agreement with the experimental results as shown

in Fig. 3B. The solutions for hNCIF
c and INCIF

c under different driving
pulse durations are further given by the intersections of the two
curves with Cd ≠ 0 (open squares). Here, an energy upshift of ΔEqt-
≈ 12 eV is necessary for the agreement of Esat

1%
, as illustrated in

Fig. 3A. With the above method, we can apply the NCIF model to
fit the experimental results with only one free parameter, Cd. As
shown in Fig. 3x (B and C), remarkably, we find that with Cd = 0.35,
the model can well reproduce the experimental results under differ-
ent pulse durations and in different gas atoms (argon and krypton;
see section S4).

The NCIF model also explains why there is a limit to the spectral
extension under high driving laser intensity, as shown in Fig. 2 (E
and F). Under the nonadiabatic conditions, the transient phase
matching process can contribute a large amount of positive wave
vector mismatch to compensate the negative contribution from
the plasma dispersion in Eq. 1, supporting the generation of har-
monic orders well above the PMC when the driving laser field is
strong and the laser-induced ionization level is high. However,
this phase-matching capability has its limit. When IL . INCIF

c , the
gas ionization becomes so high that this compensation is no longer

possible. This critical point corresponds to hNCIF
c � 13% for τ = 9 fs

and λL = 1030 nm, which is several times higher than hPMC
c in argon.

This explains the large energy extension of ΔE ~ 50 eV (Fig. 1C).
When driven by the longer pulses, hNCIF

c are greatly reduced
(hNCIF

c �3.8% for τ = 22 and ≈2.4% for τ = 170 fs), as shown in
Fig. 3A. The reason is twofold: First, the accumulated gas ionization
rises faster for the longer pulses; and second, the time derivative of

the gas ionization (
@h

@t
) also reduces when the ionization is high (see

section S4), which makes the bending down of the curve for Eq. 6 to
occur at lower intensities (Fig. 3A).

The influence of the carrier-envelope phase (CEP) ∆φCEP is in-
vestigated with the NCIF model as shown in Fig. 3 (B and C). We
find that the harmonic spectrum varies with a period of π as a func-
tion of ∆φCEP, consistent with the previous studies (29, 49, 50). The
model shows that ∆φCEP has great effects when driven by few-cycle
pulses, while its influence becomes negligible when the duration is
longer than five optical cycles (τ ~ 17 fs for λL = 1030 nm). Mean-
while, the energy of E1% is much more strongly affected than EPMC.
Our results show that, when DwCEP ¼

p

2
with the peak field shifted

to the pulse leading edge (inset of Fig. 3B), the ionization rate can be
reduced, and thereby, the curves of Eqs. 5 and 6 cross at stronger
laser intensity, generating higher-energy harmonics. In contrast,
when ∆φCEP approaches �

p

2
, the ionization increases because of

more optical cycles before the peak field, which yields lower critical
intensity in the model. We note that, using the NCIF model, we
reveal the phase-matching aspects of the CEP effects, but this
model cannot explain the details of the spectral shapes under the
modulation of electron trajectories (49). It also worth noting that
the model results represent the upper limit of the EPMC and E1% var-
iations, when the laser intensity (IL) is sufficiently higher than INCIF

c .

Extension to mid-infrared few-cycle lasers
Here, we extend the NCIF model to longer driving wavelengths and
to the gas atoms of neon and helium, which are of great interest for
generating high-energy soft x-ray harmonics (29, 40, 41, 49, 51, 52).
In Fig. 3D, we plot the predicted Esat

PMC and Esat
1%

by the NCIF model
for different laser wavelengths (λL). The FWHM duration is fixed to
be 2.6 cycles and ∆φCEP = 0 in the calculation. To verify our model
results, we conducted a series of numerical simulations with differ-
ent λL in neon and heliumwith IL . INCIF

c (solid symbols in Fig. 3D,
and see section S3). A typical HHG spectrum obtained from our
numerical simulations is plotted in Fig. 3E. The gas pressure is set
in the range of 100 to 500 torr for different gas atoms and driving
conditions. The three intensity regimes as shown in Fig. 2 (E and F)
can also be ubiquitously observed under long-wavelength driving
fields (see fig. S5). As shown in Fig. 3D, the NCIF model can
yield excellent agreement with the numerical results. We find that
the energy extension (ΔE) increases monotonically as a function of
λL. When driven by a λL ~ 2-μm laser in helium, ΔE could reach ~1
keV, much higher than the corresponding EPMC (~570 eV), leading
to an HHG spectrum exceeding 1.5 keV. This is because the contri-
bution of the nonadiabatic dipole-phase term grows quadratically
with respect to λL (see Eq. 5), which makes the nonadiabatic
phase matching play an increasingly important role for longer
driving wavelengths. Meanwhile, our model also predicts that, to
generate and phase-match these high-energy harmonics, the
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driving laser intensity needs to exceed INCIF
c �1300 TW cm−2 (see

fig. S12), and the corresponding Ecutoff is ~1.6 keV in helium when
λL ~ 2 μm.

DISCUSSION
We note that the Cd parameter is empirically determined in the an-
alytical model. The fact that Cd < 1.0 indicates that the nonadiabatic
dipole-phase mismatch (Δkd) is not fully taken into account (see Eq.
5). First of all, the choice of Cd = 0.35 is related to the fact that we
have focused on the phase-matching condition of the 1%-intensity
HHG region (E1%), because that is sufficient for routine applications
in spectroscopy and imaging. For the 10%-intensity HHG region,
the same fitting procedure yields Cd ≈ 0.27 and lower hNCIF

c (see
fig. S4). This is expected, because the low-order harmonics can be
generated when the driving laser intensity is reduced by the plasma
defocusing from the incident intensity of IL, where both the gas ion-
ization and pulse reshaping become less significant. Second, in the
experiments and in the numerical simulations, the HHG may be
generated at large beam radii (29) or in optical cycles not at the tem-
poral peak, where the driving field intensity is less than IL. These
averaging effects are also empirically considered with this Cd pa-
rameter. Although empirical, it is unexpected that a single Cd pa-
rameter can be used to characterize the HHG spectral reshaping
under the strong nonadiabatic conditions driven by different laser
parameters and in different gas media (see Fig. 3, B to D). We
believe that the definition of such a parameter, whose interpretation
can be justified as explained above, gives an insight on how the non-
adiabatic phase matching can be understood. Of course, further de-
tailed analysis should be performed to identify the relationship ofCd
with the experimental parameters, but it is beyond of our grasp so
far. We further note that, in this work, we have used the geometry
where the gas cell is located behind the beam focus. A different Cd
parameter may be necessary when a different focusing geometry
(31) or transverse beam reshaping (53) is implemented in the exper-
iments. These methods can influence the dynamics of driving-pulse
reshaping, which is the key for the nonadiabatic phase matching
of HHG.

In fig. S12, we summarize the results of E1% observed in the pre-
vious experiments driven by few-cycle pulses with different λL (14,
28, 29, 31, 34, 41, 49–51) and compare them with the NCIF model.
We find that, for λL in the near-infrared region (800 and 1030 nm),
the experimental E1% agrees very well with the NCIF model, while,
for the mid-infrared wavelengths (λL > 1500 nm), the results are in
better agreement with Esat

PMC of the model. We believe this can be
attributed to two reasons: First, it is still challenging to produce
high-intensity few-cycle mid-infrared pulses to exceed INCIF

c in the
experiments. The typical field intensity reported in these works for
λL > 1500 nm is <500 TW cm2, which is far below the predicted
INCIF
c (~1300 TW cm−2 for helium and ~800 TW cm−2 for neon,
see fig. S12). Second, our model also shows that the phase-matching
pressures for Esat

PMC and Esat
1% can be increasingly different for the

mid-infrared driving fields. For example, we estimate that the
phase-matching pressure of helium at the Esat

PMC energy is ~2 atm
when λL is 800 nm. This pressure grows to tens of atmosphere
when the wavelength is increased to 4 μm, in agreement with the
previous experiments (30). However, in contrast, because of the in-
creasing contribution of the nonadiabatic dipole phase under long
driving wavelengths, the phase-matching pressure for Esat

1%
decreases

from 1 to 0.1 atm when λL changes from 800 nm to 4 μm (see fig.
S11). This makes it very challenging to simultaneously phase-match
both energy regions under a constant gas pressure when the driving
wavelength is long. Usually in the experiments, one may focus on
the phase matching of the Esat

PMC energy to yield the highest harmon-
ic flux, and hence, the harmonic emission beyond PMC can be ex-
tinguished by the phase and group velocity mismatches (54) under
the high gas pressure. In the future, special phase-matching tech-
niques, including predesigned gas cells and gas-filled waveguides
(55), which can provide inhomogeneous distribution of gas pres-
sure, may be useful to solve this problem. Our results here deliver
an optimistic message that it is possible to greatly enhance and
extend the HHG brightness and energy to cover the entire soft x-
ray range (100 eV to 5 keV) with further development of few-
cycle, mid-infrared, and high-intensity lasers. Recent great advances
in power-scaling laser technology (56), few-cycle pulse-generation

Fig. 4. The nonadiabatic spatial integration effects. (A) HHG spectrum in argon obtained under different gas-cell lengths (d ) and gas pressure (p). The driving intensity
IL is fixed to be 400 TW cm−2 and the pulse duration τ = 9 fs. The energy of EPMC is labeled by solid triangles. (B) Peak intensity of the driving field as a function of the
propagation distance in the gas cell (z), obtained from the numerical simulation. The critical intensities are labeled for τ = 9 fs, λL = 1030 nm in argon, obtained from the
NCIF model. (C) Same as (B) for different d and p.
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techniques (57, 58), and novel wavelength-scaling techniques (59,
60), in combination could achieve this goal in the near future.

The deformation of HHG spectrum resulting from the driving-
intensity variation along z (see Fig. 1A) can be clearly demonstrated
by the experiments in argon with different medium lengths (d) and
gas pressures ( p), as shown in Fig. 4A. The incident IL is ~400 TW
cm−2, and the corresponding Ecutoff is ~140 eV. We find that, when
d is reduced from 1.5 to 0.7 mm at low pressure ( p = 25 torr), the
propagation in the gas medium is not long enough that the laser
intensity remains much higher than IPMC

c throughout the propaga-
tion (see Fig. 4C). The high ionization level precludes the phase
matching for the harmonics around PMC ~ 75 eV. The harmonic
spectrum is reshaped, and we can observe a subsequent upshift of
EPMC. We note that, although the pressure-length product is
reduced only by a factor of ~8 here, the HHG yield at ~75 eV is
reduced by approximately two orders of magnitude (Fig. 4A), high-
lighting the significant influence of the nonadiabatic effect on the
HHG spectral shape. On the other hand, by increasing p to 150
torr at d = 0.7 mm, EPMC and the harmonic yield can be nearly re-
covered (Fig. 4A). In this case, our simulations show that the in-
creased pressure accelerates the laser-intensity drop along z,
making it reduced to around IPMC

c within the 0.7-mm propagation,
and this facilitates the phase matching around EPMC. We find that,
under all these conditions, the brightness of HHG around E1%
(~120 eV) is almost unaffected. This can be explained by the fact
that, in all the three cases, IL can cross INCIF

c within the gas
medium lengths (see Fig. 4, B and C), which produces these high-
energy photons.

In summary, on the basis of the systematic experimental and the-
oretical investigations of HHG under different driving conditions,
we develop a NICF model taking the nonadiabatic effects on the
HHG phase matching into account. The model can precisely
predict the reshaping and extension of a harmonic spectrum,
which is especially important when driven few-cycle mid-infrared
lasers. Our results have potential for great impact and widespread
use considering the recent great advances in high-energy few-
cycle mid-infrared lasers as the driving sources of HHG.

MATERIALS AND METHODS
Experimental setup
The schematic of the experimental setup is shown in the fig. S1.
Laser pulses with different pulse durations at a repetition rate of
10 kHz are obtained by compressing the fundamental 170-fs
pulses with all-solid-state compressors, which use the soliton man-
agement in periodic layered Kerr media (26, 61). In all the experi-
ments, the driving laser beam is focused to a waist (w0) of 40 to 50
μm through a gas cell with an inner diameter of d = 1.5 or 0.7 mm.
The gas cell is typically ~1.5 mm behind the beam focus to ensure
the phase matching of short trajectories. The harmonic spectrum is
recorded by an XUV spectrometer after filtering out the fundamen-
tal driving laser with aluminum or zirconia thin films. The bright-
ness of the harmonic orders is measured with a calibrated
photodiode (see section S2).

Numerical simulation
In our numerical simulations, a well-established approach has been
used to calculate the electric field of high harmonics emitted from a

macroscopic gas target (39). Its validity has also been confirmed
against experimentally measured HHG spectra from atoms and
molecules (62, 63). To fully simulate high harmonics measured in
experiment, one needs to consider both single-atom response and
macroscopic response from all emitters. First, to calculate the single
atom–induced dipole moment caused by the interaction of an atom
with the local laser electric field, i.e., single-atom response, the
TDSE of the atom under dipole approximation and single-active-
electron approximation is solved. We use the quantitative rescatter-
ing model to obtain the solution of TDSE, in which the accurate
photorecombination cross section obtained in a time-independent
manner is applied to replace that in the SFA. An empirically mod-
ified ADKmodel was implemented to take into account the ground-
state depletion due to the barrier suppression effect (43). Second, to
take into account of macroscopic response of gas medium, Max-
well’s wave equations (MWEs) for both fundamental driving laser
and generated high-harmonic field are solved (63). When calculat-
ing the propagation of spatiotemporal fundamental driving laser
inside the gas medium, the nonlinear effects of diffraction, nonlin-
ear self-focusing, ionization, and medium dispersion are included.
Then single atom– induced dipoles at different spatial points are fed
into MWEs of the high-harmonic field to account for the propaga-
tion effects and phase matching of high harmonics. Meanwhile, the
dispersion and absorption of gas medium are included in the
MWEs of high-harmonic field. Last, macroscopic HHG spectra
can be obtained by integrating high-harmonic yields over the exit
plane of gas medium.

Supplementary Materials
This PDF file includes:
Sections S1 to S7
Figs. S1 to S12
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