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ABSTRACT In cell extrusion, a cell embedded in an epithelial monolayer loses its apical or basal surface and is subsequently
squeezed out of the monolayer by neighboring cells. Cell extrusions occur during apoptosis, epithelial-mesenchymal transition,
or precancerous cell invasion. They play important roles in embryogenesis, homeostasis, carcinogenesis, and many other bio-
logical processes. Although many of the molecular factors involved in cell extrusion are known, little is known about the mechan-
ical basis of cell extrusion. We used a three-dimensional (3D) vertex model to investigate the mechanical stability of cells
arranged in a monolayer with 3D foam geometry. We found that when the cells composing the monolayer have homogeneous
mechanical properties, cells are extruded from the monolayer when the symmetry of the 3D geometry is broken because of an
increase in cell density or a decrease in the number of topological neighbors around single cells. Those results suggest that me-
chanical instability inherent in the 3D foam geometry of epithelial monolayers is sufficient to drive epithelial cell extrusion. In the
situation in which cells in the monolayer actively generate contractile or adhesive forces under the control of intrinsic genetic
programs, the forces act to break the symmetry of the monolayer, leading to cell extrusion that is directed to the apical or basal
side of the monolayer by the balance of contractile and adhesive forces on the apical and basal sides. Although our analyses are
based on a simple mechanical model, our results are in accordance with observations of epithelial monolayers in vivo and
consistently explain cell extrusions under a wide range of physiological and pathophysiological conditions. Our results illustrate
the importance of a mechanical understanding of cell extrusion and provide a basis by which to link molecular regulation to phys-
ical processes.
SIGNIFICANCE Epithelial cell extrusion is important for biological processes such as embryogenesis, homeostasis, and
carcinogenesis. Various molecular factors, such as cancer genes and their products, have been reported as key drivers of
epithelial extrusion; however, little is known about how these factors are linked to the mechanical process. A simple
mathematical model based on mechanics can consistently explain cell extrusions under a wide range of physiological and
pathophysiological conditions. The model shows that cells can be extruded from homogeneous sheets, owing to the
inherent mechanical instability of the 3D foam geometry of the epithelial monolayer. When the cells generate active forces,
the forces act to enhance the instability and direct extrusion to either the apical or basal side of the monolayer.
INTRODUCTION

Foam geometry is ubiquitous in nature, appearing in con-
texts ranging from the large-scale structure of the cosmos
to the froth on a glass of beer. Epithelial sheets are an
example of living tissues with foam geometry, referred to
as ‘‘cell packing geometry’’ in biological terms. Epithelial
sheets are monolayers of epithelial cells that have the ability
to dynamically change their shape and three-dimensional
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(3D) configuration, as is widely observed in morphogenesis,
homeostasis, and carcinogenesis (1–4). Epithelial cells usu-
ally possess both an apical surface and a basal surface,
which help to maintain the integrity of the monolayer. Occa-
sionally, a single cell loses its apical or basal surface and is
extruded from the monolayer to the side opposite that of the
lost surface. The process of epithelial cell extrusion is also
referred to as delamination or protrusion. Examples of
epithelial extrusion in vertebrates include the extrusion of
apoptotic cells to the apical side of the monolayer as part
of homeostasis and the extrusion of precancerous cells to
the basal side of the monolayer as part of tumor growth
and carcinogenesis (1). Extrusions to the basal side of the
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monolayer also occur in epithelial-mesenchymal transitions
in vertebrates and invertebrates (2,3).

Epithelial extrusion is a mechanical process of the
epithelial monolayer. Upon extrusion, the epithelial struc-
ture transits from a symmetric monolayer to a multilayer
that is asymmetric relative to the apicobasal axis.
Although many studies have focused on the molecular
mechanisms of cell extrusions in various physiological
contexts, an understanding of the mechanical basis of
cell extrusion is still lacking. Recent studies showed that
mechanical factors play key roles in the regulation of
cell extrusion, including actomyosin contractility and cad-
herin- or integrin-mediated adhesion (5–11), cell crowd-
ing (12–14), and the force balance on the apical
junctional network (12,15,16). Some of the mechanical
factors that regulate cell extrusion are regulated by ge-
netic programs; however, others are based on the geome-
try and stability of the cellular arrangement. During
extrusion, multiple mechanical forces driven by disparate
underlying phenomena act together in 3D space. To gain a
consistent understanding of cell extrusion, it is necessary
to clarify the contribution of each mechanical force within
the 3D multicellular geometry.

The physical approach to understanding cell extrusion is
gradually gathering attention. For example, Saw et al.
modeled the epithelium as an active nematic liquid crystal
and suggested that apoptotic cell extrusions are driven by to-
pological defects of cellular alignments (17). Remarkable
progress has been made in the development of mechanical
descriptions of epithelial cell geometries (18–22). Pioneer-
ing work by Hannezo et al. explained buckling instabilities
of the epithelial sheet on the basis of the 3D force balance
among apical, lateral, and basal components (18). That
and other work used a mean-field approximation of cell
shapes (18–22), which implicitly assumes that cells robustly
maintain a homogeneous monolayer sheet structure. On the
other hand, Hannezo et al. explained how a cell embedded
inside a tissue is moved to the surface of the tissue by using
an in-plane approximation to consider the dynamics of the
apical shapes of single cells (21). Epithelial cell extrusion
occurs locally in epithelial sheets with apicobasal asymme-
try (5–10). Therefore, a discrete and 3D description of
multicellular mechanics (rather than a mean-field or in-
plane description) is needed to elucidate its mechanical
basis.

In this study, we present a description of epithelial extru-
sion using a 3D vertex model (23–25). First, we consider
the situation in which an extruding cell and its neighbors
possess homogeneous mechanical properties. We analyti-
cally calculate energy landscapes and show that mechanical
instability leading to cell extrusion is inherent in the 3D foam
geometry of the epithelial monolayer. Our results also clarify
the individual effects of mechanical properties, cell density,
and topology on cell extrusion. Second, we consider the sit-
uation in which active forces are generated on the apical,
2550 Biophysical Journal 118, 2549–2560, May 19, 2020
lateral, or basal region of an extruding cell according to
intrinsic genetic programs. Our results show that the active
forces provoke the inherent mechanical instability of the
monolayer to initiate the extrusion process as well as direct
the extrusion to the apical or basal side of the monolayer.
MATERIALS AND METHODS

A model of the 3D foam geometry of epithelial cell
sheets

We created a geometric model of a cell sheet in which the cells are repre-

sented as polyhedrons with average volume V (> 0) within a planar sheet

with homogeneous thickness T (> 0) (Fig. 1 a). We parameterized T by

introducing cell density into the sheet r (> 0) (Fig. 1 b). The effective

area of each individual cell in the sheet is given by V/T, so the in-plane

cell density is given as r ¼ T/V. The in-plane cell density corresponds to

the aspect ratio of the cells, which can be columnar
�
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, or squamous
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in shape. For simplification, we

assumed that the apical and basal surfaces are constrained in the plane

and considered only the movements of a single center cell and its first

neighbors within the sheet (Fig. 1, c and d) while keeping the other neigh-

boring cells fixed in position. Under that approximation, the in-plane cell

density r implicitly reflects the effects of the surrounding cells (i.e., the me-

chanical environment).

We modeled the center cell as an n-sided regular frustum (n R 3) with

volume V, apical surface area Aa (R 0), and basal surface area Ab (R 0)

(Fig. 1 c). The set of n, V, Aa, and Ab uniquely determines the shape of

the center cell. In that geometry, the center cell has an apical surface, a basal

surface, or both and is adjacent to n first-neighbor cells with which it shares

lateral boundary faces. The n first-neighbor cells also share lateral boundary

faces with one another and are aligned radially around the center cell. Addi-

tionally, we introduced several geometric parameters (Fig. 1 d), including

the height of the center cell H (0 < h% T), the apical perimeter of the cen-

ter cell Pc (R 0), the total area of the n boundary faces between the center

cell and its first neighboring cells Ac (> 0), and total area of the n boundary

faces between the first-neighbor cells Ap.

A key part of our model is cell rearrangements in the out-of-plane direc-

tion (Fig. 1 e), in which the surface area of the center cell shrinks to zero at

either the apical surface (Aa¼ 0) or the basal surface (Ab¼ 0) and the cell is

then extruded from the side of the monolayer opposite that of the lost sur-

face. Such rearrangements are expressed by the degree of sharpness

d (Fig. 1, d and e), which is defined as

d ¼ T

H

ffiffiffiffiffi
Aa

p � ffiffiffiffiffi
Ab

pffiffiffiffiffi
Aa

p þ ffiffiffiffiffi
Ab

p (1)

The parameter d characterizes the cell states continuously over topolog-

ical rearrangements of the 3D cell configuration (Fig. 1 e). Thus, the rear-

rangements can be classified as basal extrusion (state B: d < �1), apical

convergence (state aC: d ¼ �1), dual-sided (state D: �1 < d < 1), basal

convergence (state bC: d ¼ 1), or apical extrusion (state A: d > 1). In the

apical and basal convergence states (aC and bC), the cells locally form

pseudostratified structures, as observed in tissues such as neuroepithelia

(26,27) and bronchial epithelia (28).
The mechanical energy of epithelial sheets as a
function of 3D geometric parameters

We model the mechanical energy of the epithelial sheet as follows. First,

we prescribed a fixed volume for each cell because the cell volume has
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FIGURE 1 Mathematical model of the 3D foam

geometry of epithelial sheets. (a) shows the geom-

etry of a cell sheet with thickness T. (b) In-plane

cell density r is introduced to replace T. r is defined

as T/V, where V is the average cell volume. (c) Ge-

ometry of a single center cell embedded in the

sheet is shown. The geometry is defined as a regu-

lar frustum, whose shape is uniquely determined by

the number of topological neighbors n, volume V,

the apical surface area Aa, and the basal surface

area Ab of the center cell. (d) Geometric parameters

of the center cell are shown: H, height of the center

cell; d, degree of sharpness defined by Eq. 1; Pc,

apical perimeter of the center cell; Ac, total area

of n boundary faces between the center cell and

its first neighbors; Ap, total area of n boundary

faces between first-neighbor cells. (e) Physical

states and topology of cells embedded in the planar

sheet characterized by sharpness d are shown.

Mechanics of Cell Extrusion
been shown to be almost constant during morphological changes in

several organisms (29,30). Even under the constraints of constant cell

volume and planar-sheet geometry, the cell-cell boundaries can move

in principle, so d remains variable. Epithelial sheets typically have a

cortical actomyosin meshwork lining the apical surfaces of the cells

(31) and actin stress fibers and integrin on the basal cell surfaces to an-

chor the cells to the substrate (32). The cortical force is also exerted on

the lateral boundaries between cells (18,24,33). To model the forces

generated by those molecules, we introduced tension and adhesion

onto the individual cell surfaces, depending on the apicobasal polarity

(34). Those surface energies are usually modeled as first-order approxima-

tions proportional to the individual surface areas (18,24,33). We therefore

made the energies of the ith apical and basal surfaces proportional to the

ith apical and basal surface areas (i.e., kaA
i
a and kbA

i
b, respectively, where

ka and kb are positive interfacial tensions; Fig. 2, a and b). Similarly, we

made the energy of the boundary between the ith and jth cells proportional

to the boundary area between those cells (i.e., k1A
ij, where k1 is the inter-

facial tension; Fig. 2 c). Finally, we introduced contractile and adhesive

forces along the apical perimeters of the cells to provide a force balance

that acts to maintain a preferred apical perimeter (Fig. 2 d; (20,31)). Specif-

ically, we modeled the energy of the ith apical perimeter Pi as an elastic

energy around a preferred perimeter value Peq (i.e., ka(P
i � Peq)

2, where

ka is a non-negative elastic modulus (20,22)). Assuming that the cells are

arranged in a planar-sheet geometry, we set Peq so that the cells would

take the shape of a straight prism. The mechanical energy of the entire

epithelial cell sheet is given as

Ue ¼
Xcells
i

kaA
i
a þ

Xcells
i

kbA
i
b þ

Xcells
ij

klA
ij þ

Xcells
i

ka
�
Pi � Peq

�2
(2)

The second and third terms in Eq. 2 are negligible because the total area

of each apical and basal surface is conserved across the entire sheet. On the

other hand, the fourth and last terms are effective; that is, because the po-

sitions of the second and nearest-neighbor cells are fixed, we expanded

the fourth term around the center cell and first-neighbor cells as k1(Ac þ
Ap) (Fig. 1 d). Similarly, we expanded the last term as ka{1 þ (1/n)[1 �
csc(p/n)]2}, where {1þ (1/n)[1 � csc(p/n)]2} is a correction factor that re-

flects the effects of the center cell and first-neighbor cells (Eq. 23). Thus,

Eq. 2 can be rewritten as the mechanical energy of the center cell and

first-neighbor cells in the planar sheet:

Up ¼ ka

�
1þ 1

n

h
1� csc

�p
n

�i2��
Pc � Peq

�2 þ kl
�
Ac þAp

�
(3)

The packing geometry imposes the geometric constraints on the physical

parameters (i.e., Eqs. 11 and 12). We therefore solved Eqs. 1, 11, and 12

simultaneously and replaced T with r, using r ¼ T/V. The calculation

gave H, Aa, and Ab as functions of r, V, and d (Eqs. 13–15). Thus, the set

of parameters that uniquely determines the shape of the center cell was re-

placed with n, r, V, and d. In addition, the geometric parameters Pc, Ac, and

Ap in the energy function U were expressed as functions of n, r, V, and

d (Eqs. 19–21), giving U ¼ U(n, r, V, d). Using the analytical expressions

of U, we then calculated energy landscapes as functions of d under specific

values of n, r, and V. Similarly, we also obtained state diagrams by calcu-

lating the value of d that minimizes U under arbitrary values of n, r, and V.
RESULTS

Mechanical instability is inherent in the 3D foam
geometry of the cell sheet

Cell extrusions occasionally occur even without the active
generation of force by the extruding cells, suggesting that me-
chanical instability inherent in the 3D geometry of the epithe-
lial monolayer might be sufficient to drive cell extrusion. To
analyze the mechanical stability of a theoretical epithelial
monolayer, we focused on the behavior of Eq. 3 around d¼ 0.

Under physiological conditions, extruding cells tend to
lose their apicobasal polarity, and the adherens junction
and apical circumferential belt tend to disappear. The apical
Biophysical Journal 118, 2549–2560, May 19, 2020 2551
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FIGURE 2 Mechanical forces exerted on the center cell and its first

neighbors, as described by Eq. 2. (a) Apical surface tension exerted on

the apical area of each cell is shown. (b) Basal surface energy exerted on

the basal area of each cell is shown. (c) Lateral boundary energy exerted

on the boundary areas among the cells is shown. (d) Apical perimeter

constraint exerted on the apical perimeter of each cell is shown. To see

this figure in color, go online.
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constraint (ka) expresses the summation of the mechanical
forces generated by the adherens junction and the apical
circumferential belt.

By assuming ka ¼ 0, we obtained the McLaurin expan-
sion of Eq. 3 for d as

Up ¼ f0kl þ f2kld
2 þ O

�
d4
�
as � 1<d < 1;

(4)

where f0 and f2 are the zeroth and second-order coefficients
of d as functions of n, r, and V. Equation 4 is an even func-
tion because Eq. 3 is symmetric about d ¼ 0 under ka ¼ 0.
The state at d ¼ 0 is stable when f2 > 0 and becomes unsta-
ble when f2 < 0; that is, state bifurcations occur in a symme-
try-breaking manner, depending on n, r, and V. The
dependence on f2 is transformed to dependence on r by
the analytical expression of f2 (Eq. 24). Thus, the state at
d ¼ 0 is stable when r < r* and unstable when r > r*,
where r* is the critical density described as

r� ¼ 2

0
B@ 3cos

�
p
n

�
nV2

�
2sin

�
p
n

�� 1
�
1
CA

1
3

(5)

In Eq. 5, r* is positive when n% 6 and negative when nR
7. In other words, the state at d¼ 0 can be unstable when n%
6, depending on r, whereas it is always stable and independent
of r when nR 7. Those results indicate an inherent mechan-
ical instability in the 3D foamgeometry of the cell-cell bound-
aries in the cellular sheet. Because of that inherent instability,
mechanical disturbances in the form of changes in cell topol-
ogy or cell density within the monolayer can induce extrusion
without the application of any additional forces.
Cell density and topology regulate the
mechanical instability within the epithelial sheet

To determine the effects of geometric and physical parame-
ters on cell extrusion in more detail, we analyzed the energy
landscape of Eq. 3 for ka, n, and r.
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As expected from Eq. 4, the energy landscape of Eq. 3 led
to mechanical instability and subsequent extrusion (Fig. 3).
For example, the decrease in ka destabilized the dual-sided
state (D) and stabilized the apical extrusion state (A)
(Fig. 3 a). Both a decrease in n and an increase in r desta-
bilized the dual-sided state (D) and stabilized the apical
and basal extrusion states (A and B) (Fig. 3, b and c). The
state diagram (Fig. 3 d) indicates that the stability of the
dual-sided state (D) and the apical extrusion state (A) de-
pends on all three parameters ka, n, and r. For example,
the dual-sided state (D) can be destabilized by a decrease
in ka, a decrease in n, or an increase in r. On the other
hand, the stability of the basal extrusion state (B) depends
on n and r but not on ka. That is, the number of neighbors
n and the in-plane density r affects all regions of
d (Fig. 3, b and c), whereas the apical perimeter elasticity
ka affects only a specific region of d (> �1) (Fig. 3 a).
The difference in the state stabilities causes several bistable
states (D and B) and tristable states (D, A, and B) (Fig. 3 d).
From a quantitative point of view, the apical and/or extru-
sion states (A and B) can be stabilized for n % 5 and

rT1:3V�2
3 (Fig. 3 d). Specifically, the transition boundary

between stable and unstable for the dual-sided state (D)
obeyed the theoretical boundary of Eq. 5 (dashed line at
ka ¼ 0 in Fig. 3 d). The dependence on ka, n, and r indicates
that the 3D foam geometry of the cellular sheet is inherently
unstable, and cells maintain the monolayer integrity by
regulating their density, topology, and apicobasal polarity.

The state diagram indicates that the apical and basal extru-
sion states (A and B) became stabilized when 5 R n R 4.
Under those conditions, the cells formed rosette-like struc-
tures (illustrated in Fig. 3 d). The rosette-like structures ob-
tained in the model (Fig. 4 c) are also observed in
extruding cells in several physiological contexts (7,12).
Rosette structures have often been observed on the apical
side of epithelial monolayers (35); however, our model sug-
gests that they can also form on the basal surface. The lack of
prior observations of rosette-like structures on the basal sur-
face might be due to the difficulty in observing cell-cell
boundaries on the basal side of live epithelial monolayers.

Active generation of forces on cell-cell
boundaries provokes extrusion

Extruding cells occasionally generate active forces, making
the mechanical properties heterogeneous within the cellular
sheet. For example, actomyosin accumulates along the api-
cobasal axis and generates contractile force, as observed in
invertebrate apoptosis (9), morphogenesis (36), and verte-
brate cell extrusion (10). Because mechanical instability is
inherent in the force balance on cell-cell boundaries, the
active generation of force on those boundaries might
enhance the instability and provoke extrusion.

We assumed that single cells generate forces on the
boundaries with their neighbors (Fig. 4 a). We described
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those forces as a lateral energy k1þAc, proportional to the
lateral boundary area between the center cell and its first
neighbors Ac. The variable k1þ indicates the relative differ-
ence between the lateral forces exerted on Ac and those ex-
erted on Ap. Positive and negative k1þ values represent
contractile and adhesive forces, respectively. Thus, Eq. 2
can be rewritten as

Ul ¼ Up þ klþAc (6)

To analyze the effects of k1þ on cell extrusions, we
focused on jdj � 1 and calculated the Maclaurin series of
a c

b

Eq. 6 at ka ¼ 0. Similarly to Eq. 5, the analytical calculation
gave the critical density r1þ*, described as

rlþ� ¼ 2

0
BB@ 3cos

�
p
n

�
nV2

�
2sin

�
p
n

�� kl
klþklþ

�
1
CCA

1
3

; (7)

where the state at d ¼ 0 is stable when r < r1þ* and unsta-
ble when r > r1þ*. Under the condition with ka ¼ 0,
because Eq. 6 is an even function of d, state bifurcations
FIGURE 4 Effects of active forces exerted on

lateral cell-cell boundaries of extruding cells. (a)

Force specifically generated on the lateral boundary

areas between the center cell and its first neighbors

is shown. (b) The energy landscape of Eq. 6 is shown

with respect to the active lateral force k1þ. Triangles
(:) indicate energy minimum points. (c) State dia-

gram of Eq. 6 with respect to the number of sides

n, the in-plane cell density r, and the active lateral

force k1þ is shown. The color coding in (b) and (c)

is identical to that in Fig. 3, a and d, respectively.

The dashed lines indicate the theoretical transition

boundaries between stable and unstable regions of

two dual-sided states (D), as described by Eq. 7.

The physical parameters were set to ka ¼ 0, n ¼ 6,

and r ¼ 2:5V�2
3 in (a) and ka ¼ 0 in (b). To see

this figure in color, go online.
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occur in a symmetry-breaking manner at r ¼ r1þ*, depend-
ing on n, r, V, and the force balance between k1 and k1þ.

To analyze cell behaviors across a wide range of d, we
calculated energy landscapes and state diagrams using Eq.
6 (Fig. 4). The energy landscapes demonstrated that simi-
larly to increases in r, the generation of lateral force induces
instability leading to extrusion (Fig. 4 b). The dependencies
of the stability of dual-sided state (D) on r, n, and k1þ (Fig. 4
c) are quantitatively consistent with the theoretical bound-
aries of Eq. 7. The state diagrams obtained from Eq. 6 indi-
cate that lateral constriction (k1þ > 0) causes extrusion even
when n R 7, whereas lateral adhesion (k1þ < 0) suppresses
extrusion even when n % 6 (Fig. 4 c). Thus, active lateral
constriction leads to cell extrusion independently of the
foam geometry of the epithelial sheet.
Asymmetrical force generation directs extrusion
to the apical or basal side of the cellular sheet

We investigated the individual roles of forces generated on
the apical and basal sides of an extruding cell. Under phys-
iological conditions, the apical and basal regions of an
extruding cell generate forces such as myosin-induced
contraction and cadherin-mediated or integrin-mediated
adhesion (5–7,9,10). The geometric regions where the
forces are exerted are asymmetric: the apical forces are ex-
erted on the apical perimeter, whereas the basal forces are
exerted on the whole basal surface.

We considered the additional apical and basal energies
separately by making the additional apical energy, laþPc,
proportional to the apical junction length Pc (Fig. 5 a) and
a b

c d
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the additional basal energy, kbþAc, proportional to the basal
surface area Ab (Fig. 5 b). Thus, Eq. 6 could be rewritten as

Ua ¼ Ul þ laþPc þ kbþAb (8)

To understand roles of the apical and basal forces cell
extrusion, we calculated energy landscapes using Eq. 8.
The landscapes demonstrated that apical and basal adhe-
sions (laþ < 0, kbþ < 0) stabilized the apical and basal
extrusion states (A and B), respectively (Fig. 5, c and d).
Basal constriction (kbþ > 0) maintained the dual-sided state
(D), whereas apical constriction (laþ> 0) stabilized the api-
cal convergence state (aC), allowing the cells to stably
maintain a pseudostratified structure. Those results indicate
that the force regulation in apicobasal regions determines
the direction of cell extrusion to either the apical side or
the basal side of the cellular sheet.

Under physiological conditions, the active forces on the
apical, lateral, and basal regions of the cells in epithelial
sheets are often intertwined. For example, the expression
of Rho family proteins that downregulate actomyosin activ-
ity is deteriorated in human tumors (37,38), upsetting the
balance among the apical, basal, and lateral forces. To un-
derstand the combined effects of the separate active forces,
we calculated state diagrams using Eq. 8. The state diagrams
demonstrated that the combination of active apical, basal,
and lateral forces induces several bifurcations of the stable
cell states (e.g., the bistable states (A, B), (D, A), (D, B),
and (D, aC) in Fig. 6). Overall, as k1þ increased, the stable
region of the dual-sided state (D) gradually shrunk (white
region in Fig. 6, a–c). A decrease in either the apical laþ
FIGURE 5 Individual effects of active forces ex-

erted on the apical and basal sides of extruding cells.

(a) Active force specifically exerted on the apical

perimeter of the center cell is shown. (b) Active force

specifically exerted on the basal area of the center

cell is shown. (c and d) Energy landscapes of Eq. 8

with respect to apical laþ and basal kbþ forces,

respectively, are shown. Triangles (:) indicate en-

ergy minima. Physical parameters were set to ka ¼
0, n ¼ 6, and r ¼ 1:5V�2

3. To see this figure in color,

go online.
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FIGURE 6 Combined effects of active forces ex-

erted on the apical, basal, and lateral sides of

extruding cells. (a–c) State diagrams of Eq. 8 with

respect to apical laþ, basal kbþ, and lateral k1þ
forces are shown. Physical parameters were set to

ka ¼ 0, n ¼ 6, and r ¼ 1:5V�2
3. The cell states are

color coded: white, unistable state (D); red, unistable

state (A); blue, unistable state (B); light gray, unista-

ble state (aC); light red, bistable state (D, A); light

blue, bistable state (D, B); dark gray, bistable state

(D, aC); purple, bistable state (A, B); light purple,

tristable state (D, A, B). The abbreviations of states

(D), (A), (B), and (aC) are identical to those in Fig. 1

e. (d and e) Energy landscapes of Eq. 8 with respect

to the apical energy laþ and kbþ, respectively, are
shown. Triangles (:) indicate energy minima.

Physical parameters were set to n ¼ 6, r ¼
1:5V�2

3, and k1þ ¼ 0. To see this figure in color,

go online.
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force or the basal kbþ force directed extrusion selectively to
the apical (A) or basal (B) side, respectively (Fig. 6, a–c).

The dependence of cell states on the apical (laþ) and
basal (kbþ) forces was asymmetric (Fig. 6); that is, the dia-
grams involved the bistable apical state (D, aC), but not the
bistable basal state (D, bC). The asymmetry emerges from
the difference in the geometric regions where the apical
and basal forces are exerted. The geometric difference leads
to a difference in stable cell states via mechanical energy. To
clarify the effects of the apical and basal forces on the me-
chanical instability of the apical and basal convergence
states, we focused on the behaviors of Eq. 8 around d ¼
�1 and d ¼ 1. Because the apical and basal forces affect
cell states under conditions in which d R �1 and d % 1,
respectively, we narrowed the range of d to �1 % d % 1.
In addition, because Eq. 8 is discontinuous at d ¼ �1 and
d ¼ 1, we considered the behaviors around the limits d /
�1þ and d / 1� under ka ¼ 0 and k1þ ¼ 0. In the absence
of the basal force (kbþ ¼ 0), the Taylor series of Eq. 8
around d ¼ �1þ is written as

Ua ¼ klg0 þ

0
BB@klg1 þ laþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ntan

�
p
n

�
r

s 1
CCAðdþ 1Þ

þ O
�½d þ 1�2�as � 1<d < 1 (9)
In Eq. 9, g0, g1, and g2 are the zeroth, first-order, and sec-
ond-order coefficients of the lateral energy (k1) as functions
of n, r, and V. In the absence of the apical force (laþ ¼ 0),
the Taylor series of Eq. 8 around d ¼ 1� is written as
Ua ¼ klh0 þ klh1 d � 1ð Þ þ klh2 þ 3kbþ
4r

	 

d � 1ð Þ2

þ O d � 1½ �3� �
as� 1<d < 1 (10)

In Eq. 10, h0, h1, and h2 are the zeroth, first-order, and sec-
ond-order coefficients of the lateral energy (k1) as functions
of n, r, and V. Eqs. 9 and 10 show the different dependences
of the energy functions on laþ and kbþ. Because the lowest
order of the apical energy (laþ) around d ¼ �1þ is linear
and similar to that of k1, the stability of the apical conver-
gence state (d ¼ �1) strongly depends on laþ. On the other
hand, because the lowest-order term of the basal energy
(kbþ) around d ¼ 1� is higher than that of k1, the stability
at the basal convergence state (d ¼ 1) slightly depends on
kbþ. These results indicate that even when the convergence
states are not stable under the influence of the lateral energy
(k1), the apical energy (laþ) has a potential to stabilize the
apical convergence state (d ¼ �1), as observed in Fig. 6.
Therefore, the asymmetric localization of mechanical fac-
tors in the subcellular level leads to forming the asymmetric
layer structures of epithelial sheets in the apicobasal axis.
DISCUSSION

We described the discrete and 3D multicellular mechanics
of epithelial sheets and analytically demonstrated that there
is inherent instability in the 3D foam geometry of those
structures that is sufficient to drive cell extrusion. Our re-
sults indicate that the maintenance of cellular monolayers
requires a proper 3D cell geometry and force balance, which
are ignored in most two-dimensional models (18–20,22).
Biophysical Journal 118, 2549–2560, May 19, 2020 2555
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Our results suggest that the stability of cellular monolayers
depends on the cell geometry and the generation of various
active forces under in vivo and in vitro physiological condi-
tions, indicating a deep interdependence among the 3D
foam geometry, cellular force generation, and multicellular
integrity in epithelia. Furthermore, our results suggest that a
mechanical instability is the fundamental mechanism that
drives and determines the direction of cell extrusions. Our
model also explains various epithelial geometries such as
rosette structures and pseudostratified structures, suggesting
that it might be applicable to other phenomena such as
epithelial homeostasis (4) and the formation of layered
structures (26–28). The simple condition in Fig. 3 corre-
sponds to the physiological situation in which an extruding
cell and its neighbors possess homogeneous mechanical
properties. The resulting dependences on ka, n, and r agree
well with experimental observations, suggesting that me-
chanical instability is a determinant of the 3D foam geome-
try of epithelial sheets. For example, epithelial sheets
usually have a hexagonal packing geometry n z 6 and
contain few cells with n¼ 3 (29,30). Upon extrusion in vivo,
most cells reduce their number of topological neighbors
from n z 6 to n z 3 (12). That dependence on n under
physiological conditions is qualitatively consistent with
the dependence of the stability of the dual-sided state (D)
on n in our model (Fig. 3, b and d). Furthermore, under
physiological conditions, extrusion is accompanied by an
increase in cell density (12–14), which is qualitatively
consistent with the dependence of the stability of the dual-
sided state (D) on r in our model (Fig. 3, b and d). The
parameter ranges of n and r surveyed in our study approxi-
mately correspond to those observed in various physiolog-
ical contexts. The transition from the dual-sided state to
the extrusion state under physiological conditions is accom-
panied by a loss of apicobasal cell polarity (5,6), which cor-
responds to a decrease in ka in our model (Fig. 3 d). The
many agreements between our model and observations in
living systems suggest that the relationship between me-
chanical instability and cell extrusions that exists in our
model also exists in living systems.

The conditions modeled in Figs. 4, 5, and 6 correspond
to the situation in which an extruding cell actively gener-
ates forces according to an intrinsic genetic program. The
resulting dependences on k1þ, laþ correspond to a wide
range of physiological conditions. For example, apoptotic
cells accumulate actomyosin along the apicobasal (lateral)
axis (9), implying that they actively cause lateral constric-
tion (positive k1þ) to help drive the extrusion process
(Fig. 4). Similar actomyosin accumulation is observed in
several other physiological contexts (10,36). Apoptotic
cells also form an actomyosin ring along the boundary
with their neighbors (5–7,9,10), implying that they actively
cause constriction on either the apical side or the basal side
(positive laþ or positive kbþ), thus determining the direc-
tion of extrusion (Figs. 5 and 6). E-cadherin knockdown
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in normal cells that surround Ras-positive cells reduces
the frequency of apical extrusion of the Ras-positive cells
while promoting basal protrusion formation and invasion
(8). Because cadherin-mediated cell-cell adhesion is
coupled to actin accumulation along adherens junctions,
the knockdown of E-cadherin reduces the apical contrac-
tility of the normal cells surrounding the Ras-positive cells,
which corresponds to the relative increase in the apical
contractility of the center cell (i.e., laþ) in our model
(Fig. 6). The initial state of basal cell invasion, correspond-
ing to the basal extrusion state (B) in our model, is accom-
panied by integrin-mediated adhesion (11), which
corresponds to a relative increase in the basal adhesion
of the center cell (i.e., decrease in kbþ) in our model
(Fig. 6). Thus, the effects of apical, lateral, and basal forces
(laþ, k1þ, and kbþ in Figs. 4, 5, and 6) in our model are
consistent with local accumulations of mechanical factors
such as actomyosin, cadherin, and integrin in living sys-
tems. Those results indicate that cells can exert forces
within epithelial sheets to utilize the mechanical instability
inherent in the 3D foam geometry of the monolayer. There-
fore, the spatial distributions of the molecules that produce
those forces should be rigorously regulated at the subcellu-
lar level. Furthermore, it is possible that defects in those
distributions lead to pathologies related to epithelial integ-
rity and extrusion. Although our model recapitulates phys-
iological processes, it is limited by some approximations.

First, the geometry of the cells in the model is simplified
as a flat sheet, whereas epithelial sheets can be curved by
forces that produce invagination or branching (39,40).
Such curvatures might affect the mechanical stability of
epithelial sheets. For example, a recent study suggested
that the curvature of an epithelial sheet affects whether a
given cell is extruded to the apical or the basal side (41).
Another recent study suggested that the cell geometry in
curved sheets can vary more widely than that in flat sheets
(39). Moreover, from a topological point of view, it is
known that pentagon-like and heptagon-like defects accu-
mulate in regions with positive and negative curvatures,
respectively (42). Although it is challenging to analyze
the effects of curvatures on the mechanical stability of
epithelial sheets, it might be possible to conduct such an
analysis by regarding the sheet curvature as a constraint
condition. A second approximation that limits our model
is that individual cell shapes are simplified as polyhedrons
with flat surfaces, whereas actual cell surfaces can be
curved. The same simplification is employed in vertex
models, which nevertheless have succeeded in recapitu-
lating various developmental processes (43). We applied
our model to qualitatively analyze cell extrusions under
conditions representing various physiological conditions
(Fig. 3, 4, 5, and 6). More quantitative analyses might be
made possible by taking into account changes in cell sur-
face curvatures. A third limitation of our model is that
the mechanical energies of the apical and basal surfaces
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are simply expressed as linear terms of the surface areas,
and their contributions to the total energy in the flat cellular
sheet are ignored. Although simple functions are often used
in the modeling of mechanical cell behaviors (23,24,44),
higher-order terms might also affect the instability of the
cell sheet, which could be addressed by modifying the me-
chanical energy function. A fourth limitation of our model
is that it focuses on steady states of single-cell behavior.
Under physiological conditions, there are temporal changes
in active force generation during the extrusion process
(8,10,11). Moreover, cell extrusions can sometimes be
coupled to surrounding cell behaviors such as proliferation,
apoptosis, and motility or migration. Such dynamic and
multicellular behaviors can be modeled by computational
simulations using 3D vertex models (23,24,44,45), which
have the ability to link the basic insights gained through
our model to specific physiological contexts. Despite its
limitations, our model provides a guide to understanding
the wide range of epithelial physiology that occurs in
morphogenesis, homeostasis, and carcinogenesis.
CONCLUSIONS

We presented a theoretical model that describes the me-
chanical stability of cellular monolayers. The model shows
that the cellular monolayer has inherent mechanical insta-
bility that is sufficient to cause cell extrusion without any
additional provoking factors, even when the cells have ho-
mogenous mechanical properties. Analytical calculations
show that the instability depends on the cell density, topol-
ogy, and mechanical properties within the monolayer. The
active generation of forces by an extruding cell can pro-
voke extrusion and direct the extrusion to the apical or
basal side of the monolayer, suggesting that cells utilize
the mechanical instability of the epithelial geometry to
regulate extrusion.
APPENDIX

Derivation of the mechanical energy functions

When the center cell shape is expressed as a regular frustum, it is uniquely

determined by a set of n, V, Aa, and Ab (Fig. 1 c). The volume of the frustum

is calculated as

V ¼ H
�
Aa þ

ffiffiffiffiffiffiffiffiffiffi
AaAb

p þ Ab

�
3

(11)
The topology of the center cell depending on d (Fig. 1 e) gives8<
:

Aa ¼ 0 when d%� 1

H ¼ T when �1%d%1

Ab ¼ 0 when dR1

(12)
We simultaneously solved Eqs. 1, 11, and 12 and obtained H, Aa, and Ab

as functions of T, V, and d. By replacing Twith r using r¼ T/V, we obtained

H, Aa, and Ab as functions of r, V, and d as follows:

Hðr;V; dÞ ¼

8>>>>><
>>>>>:

�rV

d
d%� 1

rV �1<d < 1

rV

d
dR1

; (13)

8>> 0 d%� 1
Aaðr; dÞ ¼
>>><
>>>>>:

3ðd þ 1Þ2
rðd2 þ 3Þ �1<d < 1

�3d

r
dR1

; (14)

8>>> �3d
d%� 1
Abðr; dÞ ¼
>>><
>>>>>>:

r

3ðd � 1Þ2
rðd2 þ 3Þ �1<d < 1

0 dR1

(15)

The geometric parameters Pc, Ac, and Ap in the energy function U are

described as functions of n, H, Aa, and Ab as follows:

Pcðn;AaÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nAatan

�p
n

�r
; (16)

Ac n;H;Aa;Abð Þ ¼
ffiffiffiffiffi
Aa

p
þ

ffiffiffiffiffi
Ab

p� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aa � 2

ffiffiffiffiffiffiffiffiffiffi
AaAb

p
þ Ab þ H2ntan

p

n

� �r
;

(17)

Ap n;H;Aa;Abð Þ ¼ C� H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� �r ffiffiffiffiffi

Aa

p
þ

ffiffiffiffiffi
Ab

p� �
;

2sin 2p
n

(18)

where C is a constant that represents the total area of the boundary faces

between neighbor cells and the cross sections in the center cell (Fig. 7).

Because Ap is incorporated into the energy function in Eq. 2 as the first or-

der (i.e., k1Ap), C is negligible. Therefore, we set C ¼ 0 for simplification.

By substituting Eqs. 13–15 into Eqs. 16–18, we obtained Pc, Ac, and Ap as

functions of n, r, V, and d as follows:

Pcðn; r; dÞ ¼

8>>>>>>>>>><
>>>>>>>>>>:

0 d%� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3nðd þ 1Þ2tan

�p
n

�
rðd2 þ 3Þ

vuut �1<d < 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ndtan

�p
n

�
r

vuut
dR1

;

(19)
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FIGURE 7 3D foam geometry of the center, first-neighbor, and second-

neighbor cells in a planar sheet. The center cell shape is represented by a

deformable regular frustum. The center axis is defined as the axis of the

center cell aligned along the normal direction to the sheet. The boundary

faces between the first-neighbor cells are aligned radially from the center

axis. These boundary faces connect to the second-neighbor cells, whose ge-

ometry is fixed in position. The cross sections are defined as the regions

bounded by the center axis and the lateral edge of the center cell (colored

dark gray). The total area of n cross sections is represented by As. The

boundary faces between the first-neighbor cells are defined as the regions

bounded by the edge of the center cell and the lateral edge of the second-

neighbor cells (colored light gray). The total area of n boundary faces is

represented by Ap. Because the center axis and the second-neighbor cells

are fixed in position, the total area of As þ Ap (¼ C) is constant. Therefore,

Ap is derived as C � As. To see this figure in color, go online.

Acðn; r;V; dÞ ¼

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9d2
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�
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�
d
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d%� 1

2

rðd2 þ 3Þ
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�
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Okuda and Fujimoto
Apðn; r;V; dÞ ¼

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3nV2r

2dsin
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�
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(21)
2558 Biophysical Journal 118, 2549–2560, May 19, 2020
Therefore, by substituting Eqs. 14, 15, and 19–21 into Eqs. 3, 6,

and 8, we obtained analytical expressions of the individual energy

functions.
Derivation of the local apical perimeter energy

Assuming that more cells than just the first-neighbor cells are fixed

in position, we considered the positions of the center and first-

neighbor cells. The perimeter of the first-neighbor cells is represented

by Pp. Therefore, the contribution of the apical perimeter energy is

given as

Ua ¼ ka
�
Pc � Peq

�2 þ nka
�
Pp � Peq

�2
(22)

For simplification, we assume that Pp ¼ Peq when Pc ¼ Peq. By calcu-

lating the change in Pp by the change in Pc, Pp is described as a function of

Pc, Peq, and n by

Pp ¼ Peq þ
1� csc

�
p
n

�
n

�
Pc � Peq

�
; (23)

where the coefficient of the second term (1 � csc[p/n])/n indicates the

ratio of the apical perimeter strain of the first-neighbor cell to that of the

center cell. By substituting Eq. 23 into Eq. 22, we obtained the term of

the apical perimeter energy in Eq. 3. Notably, the results (Fig. 3, b and c,

part of Fig. 3 d, Figs. 4, 5, and 6) are independent of the approximation

used in the derivation of the apical perimeter energy because ka is set to

zero.
Analytical calculation of the critical density

By assuming the condition with jdj � 1 and ka ¼ 0, we obtained the Ma-

claurin series of Eq. 3 for d as Eq. 4. The expression of f2 in Eq. 4 is given

as

f2ðn; r;VÞ ¼ 1

3nr4V

	
12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nr3cot

hp
n

ir

� V2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n3r9tan

hp
n

ir 

þ Vcsc

�
p
n

�
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nrtan

hp
n

ir
;

(24)

where the first and second terms are associated with Ac and Ap, respec-

tively. By solving f2 ¼ 0 using Eq. 24, we obtained the critical density
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described by Eq. 5. The critical density of Eq. 7 is obtained in the same

way.
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