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Thermal excitation signals 
in the inhomogeneous warm dense 
electron gas
Zhandos A. Moldabekov1,2, Tobias Dornheim1,2 & Attila Cangi1,2*

We investigate the emergence of electronic excitations from the inhomogeneous electronic structure 
at warm dense matter parameters based on first-principles calculations. The emerging modes are 
controlled by the imposed perturbation amplitude. They include satellite signals around the standard 
plasmon feature, transformation of plasmons to optical modes, and double-plasmon modes. These 
modes exhibit a pronounced dependence on the temperature. This makes them potentially invaluable 
for the diagnostics of plasma parameters in the warm dense matter regime. We demonstrate that 
these modes can be probed with present experimental techniques.

An emerging research area where electronic excitations—such as  plasmons1—play a central role is warm dense 
matter (WDM)2–4. Research on WDM has received increased attention due to its relevance for fusion energy 
experiments, novel materials discovery, and high-energy astrophysical phenomena. From a technological point 
of view, warm dense conditions occur in the heating process of inertial confinement fusion  capsules5,6. In terms 
of materials science, understanding WDM propels the discovery of unexplored material properties such as novel 
 chemistry7,8, non-equilibrium  effects9,10, and phase  transitions11. On a fundamental science level, probing warm 
dense conditions is essential for obtaining new insights on astrophysical objects, such as Earth’s  core12,13, the 
interior of both solar  planets14–16 and  exoplanets17,18, the properties of brown and white  dwarfs19,20, and neutron 
 stars21.

One labels the state of matter as WDM when (1) the Fermi energy EF and characteristic thermal energy of 
electrons kBT have the same order of magnitude, i.e., θ = kBT/EF ∼ 1 and (2) electrons are strongly correlated, 
i.e., rs = a/aB ≥ 1 where a denotes mean interelectronic distance and aB the first Bohr  radius22. Additionally, 
WDM phenomena are transient in experiments—covering the range from femtoseconds to picoseconds. Study-
ing WDM phenomena is therefore highly  challenging2,23—common concepts from well-established fields of 
physics do not apply: the persistence of quantum effects and strong coupling renders plasma physics concepts 
inaccurate, while accurate approaches from condensed-matter physics are often infeasible due to the length, 
time, and temperature scales involved.

The aforementioned applications and the intricate nature of WDM have triggered a growing number of 
cutting-edge experimental activities, often in large-scale research  facilities24–29. The array of experimental tech-
niques that probe excitations in WDM include X-Ray absorption  spectroscopy30, emission  spectroscopy31,32, 
X-Ray Thomson  scattering33, resonant inelastic X-Ray  scattering34, and the most recently developed ultrafast 
multi-cycle terahertz measurement  technique35.

Due to its challenging nature, reliable diagnostics of WDM properties (such as temperature and density) 
can only be achieved by joint efforts of experimental campaigns with accurate, first-principles modeling 
 techniques36,37. For example, consider determining the electronic temperature in warm dense samples. In prin-
ciple, the temperature can be obtained from the detailed balance of the dynamic structure  factor38 that is probed 
in X-Ray Thomson scattering. In practice, however, the noise in the measured signals renders a purely experi-
mental temperature determination  inaccurate39.

Historically, WDM modeling has relied on dielectric models such as the random-phase  approximation40, and 
a formally exact formulation of dielectric models is provided by the local field  correction41. Their accurate para-
metrization is provided by quantum Monte-Carlo calculations of the uniform electron gas in its ground  state42,43 
and at finite  temperature44,45. A notable example is the recently introduced effective static  approximation46,47. 
Extensions of dielectric models to take into account electron-ion collisions are based on the Mermin approach 
(MA)48–50, but only in an approximate manner. An alternative simulation method for WDM diagnostics is 
Kohn-Sham density functional theory (KS-DFT)51,52 and its extension to the time  domain53. Similar to dielectric 
models, the electron-electron correlation is approximated in practice, but electron-ion collisions are tackled more 
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directly. These calculations have become the workhorse among modern simulation methods in  materials54,55 and 
most recently also for WDM  modeling56–58.

In prior diagnostics efforts of WDM, a homogeneous electronic structure of the samples has commonly been 
assumed, particularly regarding the modeling aspects. Under this assumption, the electronic temperature of the 
induced WDM states has been determined from X-Ray Thomson scattering signals, for instance, in warm dense 
aluminum either by dielectric  models59 or KS-DFT  calculations57,58,60. Despite the combined efforts of experiment 
and simulation, determining the electronic temperature is still subject to significant  uncertainties61. Assuming 
a homogeneous WDM sample is justified when relaxation effects are considered. Their time scale is typically 
on the order of several  picoseconds22,62. Moreover, this assumption underpins the uniform electron  gas42,45 as a 
paradigm for modeling phenomena in WDM.

In this Report, we break away from the common assumption of a homogeneous electronic structure in WDM 
diagnostics. We (1) show the emergence of yet unexplored modes of electronic excitations in inhomogeneous 
WDM, (2) illustrate the potential utility of these modes for the temperature diagnostics of WDM, and (3) 
numerically demonstrate the emergence of these modes in the inhomogeneous electronic structure imposed 
on warm dense aluminum.

We show that features in the new modes are absent in the spectrum of homogeneous WDM states which 
is dominated by the well-known plasmon mode. The variety of features we observe depends on the degree of 
the density deviation from the homogeneous state. They include satellite signals around the standard plasmon 
feature, transformation of plasmons to optical modes, and double-plasmon modes. We demonstrate that both 
the realization of the required perturbation amplitudes and the observation of the proposed features are feasible 
using present and upcoming experimental  facilities25,63–66. For example, the dynamics of emerging electronic 
structures was recently shown in laser-driven WDM samples where inhomogeneities were imposed by a peri-
odic grating  structure65. Furthermore, spatially modulating electronic structures can also be triggered by free 
 electron25,  VUV67, and THz  lasers66. Therefore, we discuss the temperature dependence of excitation signals in 
the inhomogeneous warm dense electron gas that can be utilized for WDM diagnostics.

Results
Our investigation begins with imposing spatial modulations on the warm dense uniform electron gas (UEG) in 
terms of the Hamiltonian

where N is the total number of electrons and HUEG the standard Hamiltonian of the interacting UEG. Note that 
we adopt Hartree atomic units, where the length is expressed in Bohr and the energy in Hartree. This elementary 
Hamiltonian captures the fundamental physics that leads to the proposed modes. Likewise, it is motivated by the 
fact that electronic oscillations in WDM are well described by the UEG due to the relatively weak electron-ion 
 coupling46,68,69. In Eq. (1), the degree of inhomogeneity is determined by the perturbation amplitude U0 . The 
length scale of the imposed modulations is set by the wave vector Q . This Hamiltonian has been used exten-
sively in prior work to study response properties of ambient and warm dense electrons with respect to local field 
 corrections43,70 and response  functions71,72.

We utilize the electron energy-loss function (EELF) to illustrate the emergence of electronic excitations in 
inhomogeneous WDM

which is defined in terms of the macroscopic dielectric function ε(q,ω)73. Electronic excitations are identified 
by distinct features located at the maxima of the  EELF74.

The EELF is proportional to the double-differential cross section in inelastic electron scattering. It is measured 
directly in electron energy-loss  spectroscopy75. Likewise, the X-Ray Thomson scattering signal is proportional to 
the EELF via the dynamical structure  factor36 obtained from the fluctuation-dissipation  theorem76. The electronic 
excitations we predict are computed using first-principles calculations of the EELF based on the Hamiltonian in 
Eq. (1). We use time-dependent KS-DFT53 as implemented in the GPAW  code77–80 and employ the adiabatic local 
density  approximation81. We corroborate the accuracy of our results based on the electronic density of the initial 
state associated with Eq. (1). For this purpose, we compare our KS-DFT calculations with quantum Monte-Carlo 
calculations. This comparison is meaningful, as the KS states that comprise the total electronic density are used to 
compute the EELF of the perturbed system. We provide all computational details in the “Methods” section. Fur-
thermore, we also rule out a source of systematic errors by providing an extensive analysis of finite size  effects82.

In the following, we consider the typical range of WDM  conditions3 with a density parameter rs = 2 (cor-
responding to an electron number density n ≃ 2× 1023 cm−3 ) and a degeneracy parameter θ in the range from 
0.1 to 1.0.

The choice of amplitude and wave number of the perturbation is grounded in our interest of inhomogenei-
ties on excitations which become relevant when q/qF ≪ 183. We therefore consider U0 in the range from 0.1 to 
1.0 and Q ≃ 0.84qF = 1.5 Å−1 . Furthermore, these perturbation parameters are viable in current experimental 
 setups65,72. For example, available THz lasers with an intensity of 600 kV/cm66 correspond to a perturbation 
amplitude U0 ≃ 0.372. Likewise, free electron lasers with intensities of up to 1022 W/cm225 provide perturbation 

(1)H = HUEG +

N
∑

i=1

2U0 cos (ri ·Q) ,

(2)L (q,ω) = −Im
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1

ε(q,ω)
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amplitudes up to U0 ≈ 2 . Alternatively, periodically inhomogeneous electronic structures can be generated using 
laser irradiation of pre-designed grating  targets65.

Our central result is illustrated in Fig. 1. It displays a new mode of electronic excitation (solid blue and solid 
green) that emerges in inhomogeneous WDM due to the perturbation in Eq. (1). Additionally, the figure dis-
plays the pronounced temperature dependence of the new mode (solid blue versus solid green). We highlight 
the generality of these new modes by deliberately focusing on the interacting electron gas. Furthermore, we also 
demonstrate the emergence of these modes in isochorically heated Aluminum towards the end.

In Fig. 1, the EELF is shown for q = 0.431 Å−1 . The predicted mode emerges in the direction along the wave 
vector Q . It is shown at two temperatures corresponding to θ = 0.5 (solid blue) and θ = 0.1 (solid green). It 
exhibits a rich structure distinctly different from the well-known plasmon mode (dashed blue and dashed green). 
The new mode exhibits a damped structure close to the position of the plasmon peak and shows several satellite 
peaks. More importantly, the new mode has a strong temperature dependence. The broadened feature in the 
new mode is shifted by about 0.64 eV when the temperature is increased, while the plasmon mode is shifted by 
about 0.45 eV . The shift in the satellite peaks ( A and B ) is stronger, roughly �EA ≈ 0.75 eV and �EB ≈ 0.75 eV . 
Besides their energy shift, we expect the emergence of satellite peaks to be potentially helpful for diagnostics.

Next in Fig. 2, we predict additional modes and features that are observed along the wave vector Q for vari-
ous values of q . These features emerge when we assess a wider range of perturbation amplitudes. We consider 
both a weak perturbation amplitude U0 = 0.1 and a strong amplitude U0 = 1.0 . We simultaneously probe the 
temperature dependence of these new modes for increasing values of the degeneracy parameter, θ = 0.1 (tem-
perature T ≃ 1.25 eV , solid blue), θ = 0.5 ( T ≃ 6.27 eV , solid green), and θ = 1.0 ( T ≃ 12.54 eV , solid red).

First (left panel of Fig. 2), we assess the emerging mode when the perturbation is weak ( U0 = 0.1 ). At low 
temperature ( θ = 0.1 ), the mode remains centered around the same frequency, but its satellite features become 
more separated with increasing q . With increasing temperature the mode peak intensity also rises and shifts to 
higher energies. Conversely, the satellite peaks become increasingly suppressed. This is due to thermal excitations 
that decrease the effect of the inhomogeneity.

Next in the right panel of Fig. 2, we further increase the perturbation amplitude (to U0 = 1.0 ). This leads to 
a transformation of the plasmon mode to an optical mode. The physics behind this transformation is a localiza-
tion effect. Due to the strong perturbation, a large number of electrons becomes localized in the strong density 
enhancement regions. This is a manifestation of electron density oscillations around the center of mass of these 
localized regions. We observe that the energy of the optical mode strongly depends on temperature. For example, 
at the smallest considered wave number q = 0.048 Å , the energy of the optical mode shifts by 0.4 eV from 32 eV 
at θ = 0.1 to 31.6 eV at θ = 0.5 . A further increase of the degeneracy parameter to θ = 1.0 results in a significant 
shift of the optical mode to � 31 eV.

Furthermore, we provide further supporting evidence on the observation of the modes and features predicted 
in Fig. 2. To that end, we provide a detailed analysis of the underlying electronic structure in Fig. 3. There, we 
display the density distribution of orbital densities ni(r) = |φi(r)|

2 (solid grey) and the total density distribu-
tion n(r) =

∑

i fi|φi(r)|
2 (solid black) along Q at θ = 1.0 , where fi denotes the occupation numbers, here a 

Fermi-Dirac distribution. The left panel shows the results for a weak ( U0 = 0.1 ), the right panel for a strong 
( U0 = 1.0 ) perturbation amplitude. While the KS orbitals φi(r) are, strictly speaking, auxiliary quantities, they 
can nevertheless be used to explain the observed behavior of the EELF qualitatively. Furthermore, we confirm 
the accuracy of our KS-DFT calculations by comparing them to accurate quantum Monte-Carlo calculations 

Figure 1.  A novel mode of electronic excitation (solid blue and green curves) that emerges in inhomogeneous 
WDM. The new mode is observed in the EELF along the wave vector. Q when a perturbation amplitude 
U0 = 0.1 is imposed on the electronic structure. The EELF is shown for q = 0.431 Å−1 at temperatures θ = 0.5 
(solid blue) and θ = 0.1 (solid green). The new mode differs significantly from the well-explored plasmon mode 
(dashed blue and green curves). It also has a pronounced temperature dependence.
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based on the Hamiltonian in Eq. (1). As shown, the total density distribution from KS-DFT (solid black) agrees 
very well with the quantum Monte-Carlo results (red circles) throughout.

At U0 = 0.1 , most of the orbitals are spread across the simulation domain and several orbitals show a signifi-
cant deviation from uniformity. This leads to the formation of satellite peaks around the plasmon peak observed 
in the left panel of Fig. 3. At U0 = 1.0 , most of the orbitals are localized at the central region. This causes the 
formation of an optical mode due to the collective oscillation of these orbitals around the center of the localiza-
tion region. Further increase in U0 leads to a stronger signal from optical modes.

So far, we discussed emerging modes along the direction of Q . However, in the transpose direction to Q , 
the EELF of the inhomogeneous system exhibits a mode similar to the standard  plasmon82. Next, in Fig. 4, we 
demonstrate the formation of a double-plasmon mode at an angle of 45° to Q . The EELF is plotted for a per-
turbation amplitude of U0 = 1.0 at various temperatures. The double plasmon signal appears at well separated 
energies. For example, at q = 0.136 Å one signal emerges around 10.7 eV and the other in the range from 29.1 eV 
to 30.1 eV . The plasmon excitation at larger energies is particularly sensitive to thermal effects. It shifts by about 
0.9 eV when θ increases from 0.1 to 1.0.

Figure 2.  Novel modes in the EELF at weak and strong perturbation amplitudes. An optical mode emerges at a 
strong perturbation amplitude U0 = 1.0 . The dependence of these modes on q and on the degeneracy parameter 
θ (solid blue denotes θ = 0.1 , solid green θ = 0.5 , and solid red θ = 1.0 ) is strong and depends on the imposed 
perturbation amplitude U0 . The vertical grey line is a guide to the eye and helps to observe that at U0 = 1.0 the 
dispersion shifts to lower frequencies with increasing wave vector q.

Figure 3.  Analysis of the electronic structure for a weak ( U0 = 0.1 ) and strong ( U0 = 1.0 ) perturbation 
amplitude at a degeneracy parameter θ = 1.0 . The orbital density (solid grey) and the total density (solid black) 
distributions from KS-DFT calculations provide an explanation for the emergence of the collective modes and 
features illustrated in Fig. 2. For illustrative purposes, the orbital density is scaled by the number of electrons. 
Furthermore, the comparison with quantum Monte-Carlo calculations (red circles) demonstrates the accuracy 
of our KS-DFT results.
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We conclude this Report by demonstrating the emergence of these novel modes in isochorically heated alu-
minum. To this end, we impose an inhomogeneous electronic structure by applying the same perturbation as 
in Eq. (1). The final results of our analysis are shown in Figs. 5 and 6. Figure 5 illustrates the EELF in aluminum 
without any perturbation (dashed blue) and when the perturbation in Eq. (1) is imposed (solid blue). This is 
compared against the uniform (dashed black) and the perturbed electron gas (solid black) as defined in Eq. (1). 
In Fig. 6, we illustrate the temperature dependence of the predicted features in aluminum. The peak of the feature 
in aluminum shifts by about 0.4 eV when the temperature increases from 1.25 eV (solid blue) to 6.27 eV (solid 
green). The results for an unperturbed electronic structure in aluminum are provided as a reference (dashed blue 
and green). The comparison between solid and dashed curves further illustrates the effect a perturbed electronic 
structure has—while the peak position in the unperturbed case (dashed blue vs. dashed green curves) does not 
change significantly with temperature, a clear shift is observed in the perturbed case (solid blue vs. solid green 
curves).

Experimental feasibility
We demonstrate that the resolution achieved in present experiments is sufficient to measure the predicted 
electronic excitations that emerge in inhomogeneous WDM. To that end, in Fig. 7 we show the EELF at the 
wave-number at which the plasmon signal was detected in a recent experiment on  Aluminum84. We observe 
that, first of all, our calculations in the homogeneous system reproduce the plasmon position (black curve) 
measured in the experiment (purple data point). Secondly, our predicted features in inhomogeneous WDM 
(blue curve) can be resolved with the current experimental accuracy, i.e., the uncertainty in the experimentally 
measured plasmon energy (dashed purple) is sufficiently small. Importantly, this example is as an illustration and, 

Figure 4.  The emergence of a double-plasmon mode is observed at an angle of 45° to Q . The EELF is shown 
at a perturbation amplitude U0 = 1.0 and for increasing temperature where solid blue denotes θ = 0.1 , solid 
green θ = 0.5 , and solid red θ = 1.0 . The double-plasmon feature exhibits a pronounced dependence on the 
temperature.

Figure 5.  The emergence of novel modes of electronic excitations in isochorically heated aluminum. The 
EELF for aluminum at U0 = 0.1 , T = 1.25 eV along wave vector Q in the presence of externally imposed 
inhomogeneity (solid blue) and in the absence of the perturbation (dashed blue) at ( q = 0.34 Å−1 ). The 
results for the uniform (solid black) and perturbed electron gas (dashed black) at q = 0.37 Å−1 are shown for 
comparison.
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in general, other (smaller) values of the wave numbers can be probed. We note that recently an energy resolu-
tion better than 0.1 eV for diagnostics using inelastic X-ray scattering at the high energy density instrument of 
the European XFEL has been  reported85. This enables probing various new features in the electronic excitation 
spectrum discussed in this work.

Conclusion
We have demonstrated the emergence of novel electronic excitations in the inhomogeneous warm dense elec-
tron gas. From a physical perspective, the well-known plasmon is transformed into a more complicated mode 
with multiple peaks. Its details can be readily controlled via the imposed perturbation amplitude. Ultimately, 
an increasing degree of inhomogeneity results in both an optical mode and a double-plasmon feature. These 
physical effects are interesting in their own right, and the required perturbation amplitudes can be realized in 
experimental facilities. We also show that the energy resolution of present  experiments85 is sufficient to resolve 
the emerging modes and features.

From a practical point of view, the presented EELF spectra of inhomogeneous WDM exhibit a substan-
tially stronger dependence on the electronic temperature than the standard plasmon in homogeneous WDM. 
Furthermore, their directional dependence and richer structure provide additional constraints on theory and 
simulation. This can be used to solve the long-standing problem of temperature diagnostics in WDM, which is 
rather unconstrained at present.

The inhomogeneous electron structures that we investigate in this work can be realized using various already 
existing experimental setups. For example, sufficient perturbation amplitudes (see Ref.72 for details) can be real-
ized at  LCLS25, the European X-FEL28, and  FLASH86. A particularly promising experimental setup capable of 

Figure 6.  The EELF for aluminum at U0 = 0.5 , q = 0.34 Å−1 at temperatures T = 1.25 eV (solid blue) and 
T = 6.27 eV (solid green). The EELF of the unperturbed aluminum (dashed) is shown for comparison.

Figure 7.  The EELF at U0 = 0.1 , θ = 0.024 , q = 0.62 Å−1 . Circle symbol indicates position of the 
experimentally measured plasmon location of the homogeneous  WDM84. Vertical dashed curves correspond to 
uncertainty range in the experiment. The solid black curve illustrates the plasmon mode, i.e., the EELF of the 
uniform electron gas. The EELF of the inhomogeneous state (along wave vector Q ) is illustrated as the solid blue 
curve.
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measuring dynamics following intense terahertz excitation of 600 kV/cm66 (corresponding to a perturbation 
amplitude U0 ≃ 0.3 ) has been developed at SLAC. This setup combines a picosecond terahertz pulse with an 
electron beam diagnostics operating on the femtosecond time scale. Finally, it is also a viable option to impose 
an inhomogeneity in the electronic structure by target design. Grating  structures87 can be used to fabricate tar-
gets with a spatial modulation that will impose an inhomogeneity in the electronic structure. Here, the required 
perturbation amplitude can be controlled in the manufacturing of the target.

While the presented results assume a harmonic perturbation, we expect that other forms of electronic per-
turbations—characterized by amplitudes and wave numbers comparable to those considered here, will lead to 
similar results. In particular, these will lead to deviations in the electronic excitation spectrum from what is 
expected in the unperturbed case. Therefore, we speculate that other forms of density perturbations, if realizable 
in experiments, can also be used for improved WDM diagnostics.

We expect that the interplay of experiment and simulation in probing inhomogeneous WDM will potentially 
become an invaluable new method of diagnostics enabling the reliable inference of important plasma parameters. 
Prospective work to confirm our predictions in WDM experiments is planned.

Methods
The time-dependent density functional theory (TDDFT) calculations were performed with the GPAW  code77–80. 
We used the Perdew-Zunger LDA  functional81 in the adiabatic approximation, periodic boundary conditions, 
and 14 unpolarized electrons in the simulation cell. The results are computed using 40 bands at θ = 0.1 , 95 bands 
at θ = 0.5 , and 180 bands at θ = 1.0 . The momentum transfer parameter q of the EELF spectrum is restricted 
to the difference between two k points from the equilibrium state calculation. In the longitudinal and transverse 
directions with respect to Q , the results where computed using 32 k-points along q and 8 k-points in the other 
directions. For example, for computing the EELF spectrum along Q (with Q chosen along the x axis), 32× 8× 8 
k-points were used.

In the case of isochorically heated Aluminum, we compute changes in the electronic structure due to both the 
imposed external perturbation and the electron-ion interaction. Here, the face-centered-cubic crystal structure 
with a lattice constant a = 4.025 Å was used. Correspondingly, the perturbation wave number was set to 4π/a . 
The results where obtained using 32 k-points along q and 8 k-points in the other directions. The plane-wave mode 
was used with a cutoff energy 600 eV . We used the Perdew-Zunger LDA  functional81. The number of bands was 
set to 60 at 1.25 eV and was set to 95 at 6.27 eV . Not that at 1.25 eV , the number of partially occupied states is 6. At 
6.27 eV , the number of partially occupied states is 35. Remaining 54 (at 1.25 eV ) and 60 (at 6.27 eV ) unoccupied 
bands provide converged and accurate results for the EELF at considered wave numbers.

The QMC data shown in Fig. 3 have been obtained via the direct path integral Monte Carlo (PIMC) method 
(see, e.g., Refs.88–90 for details) without any nodal restrictions. Furthermore, we employ the primitive factorization 
of the density matrix using P = 200 imaginary-time slices. The convergence has been checked carefully. There-
fore, the PIMC reference data are exact within the given error bars and constitute an unassailable benchmark for 
the KS-DFT results. An analysis of finite-size effects is provided as Supplementary  Information82.
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