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a b s t r a c t

The emergence of a novel strain during a pandemic, like the current COVID-19, is a major
concern to the healthcare system. The most effective strategy to control this type of
pandemic is vaccination. Many previous studies suggest that the existing vaccine may not
be fully effective against the new strain. Additionally, the new strain's late arrival has a
significant impact on the disease dynamics and vaccine coverage. Focusing on these issues,
this study presents a two-strain epidemic model in which the new strain appears with a
time delay. We considered two vaccination provisions, namely preinfection and post-
infection vaccinations, which are governed by human behavioral dynamics. In such a
framework, individuals have the option to commit vaccination before being infected with
the first strain. Additionally, people who forgo vaccination and become infected with the
first train have the chance to be vaccinated (after recovery) in an attempt to avoid infection
from the second strain. However, a second strain can infect vaccinated and unvaccinated
individuals. People may have additional opportunities to be vaccinated and to protect
themselves from the second strain due to the time delay. Considering the cost of the
vaccine, the severity of the new strain, and the vaccine's effectiveness, our results indicated
that delaying the second strain decreases the peak size of the infected individuals. Finally,
by estimating the social efficiency deficit, we discovered that the social dilemma for
receiving immunization decreases with the delay in the arrival of the second strain.

© 2023 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Multistrain infection models are essential tools for studying and predicting infection dynamics in the presence of many
active strains. Many illnesses, including human immunodeficiency virus (HIV), dengue fever, tuberculosis (TB), and even the
current COVID-19, can arise when two or more strains coexist. For example, H1N1 flu virus infection is considered a seasonal
te School of Engineering Sciences, Kyushu University, Kasuga-koen, Kasuga-shi, Fukuoka, 816-8580,

U.-R. Khan).
unications Co., Ltd.

by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This is an open access article under the CC
ses/by-nc-nd/4.0/).

http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:mamun.math@du.ac.bd
http://crossmark.crossref.org/dialog/?doi=10.1016/j.idm.2023.06.001&domain=pdf
www.sciencedirect.com/science/journal/24680427
www.keaipublishing.com/idm
https://doi.org/10.1016/j.idm.2023.06.001
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.idm.2023.06.001
https://doi.org/10.1016/j.idm.2023.06.001


Md.M.-U.-R. Khan, Md.R. Arefin and J. Tanimoto Infectious Disease Modelling 8 (2023) 656e671
influenza mutation, whereas COVID-19 is categorized as a novel SARS-CoV-1 strain. This mutation process can result in the
emergence of new strains, especially if an effective medication has yet to be developed (Brenchley et al., 2006; Gorbalenya
et al., 2020; Halstead, 2017). In the epidemic's propagation phase, the time it takes for a new strain to arise also plays a
crucial role (Barro, Guiro, & Ouedraogo, 2018; Ma, Takeuchi, Hara, & Beretta, 2002; Xia, Kundu, & Maitra, 2018). In the
meantime, the cost of immunization and the vaccine's efficiency against the new strain significantly influence worldwide
epidemic dynamics (Ariful Kabir& Tanimoto, 2019; Dashtbali&Mirzaie, 2021; Deka& Bhattacharyya, 2022; Epstein, Hatna,&
Crodelle, 2021; Rajib Arefin, Masaki, Ariful Kabir, & Tanimoto, 2019; Zuo, Zhu, Meng, et al., 2022).

Most compartmental models, which are a negotiable instrument in the study of disease transmission and well-being
administration frameworks, are as often as possible utilized to look at any epidemic process or pandemic. The SIR model,
designed by Kermack and Mckendrick, is the most extensively used epidemiological model (Ogilvy Kermack & McKendrick,
1927). It has been altogether investigated and extended to see an assortment of speculations and circumstances. Simply put,
this show portrays how ailment voyages in individuals from the susceptible compartment (S) to the infected compartment (I)
and after that to the recovered compartment (R), where individuals construct insusceptibility to reinfection. Exposed (E),
quarantine (Q), hospitalized (H), and asymptomatic (A) compartments can be used in some epidemics to adequately examine
disease dynamics (Ma et al., 2002; Barro et al., 2018; Xia et al., 2018; Epstein et al., 2021; Amador, Armesto, & G�omez-Corral,
2019; De Le�on, Avila-Vales, & lin Huang, 2022; Amaral, Oliveira, & Javarone, 2021; Kabir, Risa, & Tanimoto, 2021; M. et al.,
2005; Meskaf, Khyar, Danane, & Allali, 2020; Farah, Amine, & Allali, 2021; Dong, Li, Wan, & Liu, 2017; Li, Wang, Xu, &
Rong, 2022; Khyar & Allali, 2020; Li, Liu, & Martcheva, 2010; Lazebnik & Bunimovich-Mendrazitsky, 2022; Beretta &
Breda, 2011; Rihan, Alsakaji, & Rajivganthi, 2020; Khan, Ikram, Din, Humphries, & Akgul, 2021; Ni~no-Torres, Ríos-
Guti�errez, Arunachalam, Ohajunwa, & Seshaiyer, 2022; Zuo, Zhu, & Ling, 2022; Li & Liu, 2014). Examination of supervision
and moderation measures, like immunization, establishing of vector-borne maladies, and the impact of birthing and passing
elements is an extra application of compartmental models in the study of disease transmission (Dashtbali&Mirzaie, 2021; De
Le�on et al., 2022; Deka & Bhattacharyya, 2022; Epstein et al., 2021; Han & Li, 2022; Helbing et al., 2015; Jusup et al., 2022;
Kabir et al., 2021; Lobinska, Pauzner, Traulsen, Pilpel,&Nowak, 2022; Nakata&Omori, 2015; Rajib Arefin et al., 2019; Tchoumi
& Tchuenche, 2021; Tori & Tanimoto, 2022; Yin, Wang, Xia, & Bauch, 2022; Zuo, Zhu, & Ling, 2022). Misinformation
dissemination, corruption, and resource misuse are factors that might be examined in SIR dynamics. However, most of these
models focus on the evolution of the illness instead of the individual's behavioral response to the situation. However,
numerous irresistible infection control approaches depend on human and organizational decision-making (Dashtbali &
Mirzaie, 2021; Deka & Bhattacharyya, 2022; Kabir et al., 2021; Poletti, Caprile, Ajelli, Pugliese, & Merler, 2009; Rajib Arefin
et al., 2019; Yin et al., 2022; Zuo et al., 2022a, 2022b). In, this context, the new field of behavioral epidemiology that in-
corporates psychology and game theory into epidemiology attracted significant attention (Agusto et al., 2022; Jusup et al.,
2022; Kabir, 2021; Lobinska et al., 2022; Ni~no-Torres et al., 2022; Tanimoto, 2015, 2019, 2021). Individual behavior, rather
than a static role, is considered in behavioral epidemiology. Sociophysics, a cutting-edge discipline that combines statistical
physics with evolutionary game theory (EGT) to better explain human behavior, is the ideal discipline for this situation
(Tanimoto, 2015, 2019, 2021; Tori & Tanimoto, 2022). Bauch combined the SIR model with EGT to study the vaccine decision-
making dynamics in a novel approach (Bauch, 2005; Bauch& Bhattacharyya, 2012; Yin et al., 2022). Any individual can choose
their immunization based on disease dynamics, vaccination cost, and vaccine effectiveness (Ariful Kabir & Tanimoto, 2019;
Dashtbali&Mirzaie, 2021; De Le�on et al., 2022; Deka& Bhattacharyya, 2022; Helbing et al., 2015; Li& Guo, 2022; Rajib Arefin
et al., 2019; Tchoumi & Tchuenche, 2021; Yin et al., 2022; Zuo, Zhu, & Ling, 2022). This later evolved into the “vaccination
game” concept (Amaral et al., 2021; Ariful Kabir & Tanimoto, 2019; Deka & Bhattacharyya, 2022; Han & Li, 2022; Jusup et al.,
2022; Kabir, 2021; Rajib Arefin et al., 2019; Szolnoki & Perc, 2015; Tanimoto, 2019, 2021; Tchoumi & Tchuenche, 2021). As a
result of this technique, several observations and predictions in vaccination operations have been made. However, compared
to investigations of the dynamical behaviors of multistrain epidemic models with vaccination and time delays, early studies
have received little attention. The dynamics of a two-strain epidemic model were studied in (Rajib Arefin et al., 2019; De Le�on
et al., 2022; M. et al., 2005; Meskaf et al., 2020; Farah et al., 2021; Li et al., 2022; Khyar& Allali, 2020; Li et al., 2010; Lazebnik&
Bunimovich-Mendrazitsky, 2022; Tchoumi & Tchuenche, 2021; Yang, Chen, & Liu, 2016; Theprungsimankul, Junsank,
Abdulloh, & Chinviriyasit, 2011; Khatua, Pal, & Kar, 2014; Allali & Amine, 2022; Li, Zhang, & Zhou, 2020). Epidemic models
with time delay were studied in (Barro et al., 2018; Beretta& Breda, 2011; Dong et al., 2017; Farah et al., 2021; Ma et al., 2002;
Nakata & Omori, 2015; Nastasi, Perrone, Taffara, & Vitanza, 2022; Yang et al., 2016; Yang & Zhang, 2012). Multistrain models
with vaccination behaviors were studied in (Rajib Arefin et al., 2019; Zuo, Zhu, Meng, et al., 2022; De Le�on et al., 2022; Zuo,
Zhu,& Ling, 2022; M. et al., 2005; Yin et al., 2022; Han& Li, 2022; Tchoumi& Tchuenche, 2021; Yang& Zhang, 2012). Stability
analysis of multistrain models was found in (Allali & Amine, 2022; Dong et al., 2017; Farah et al., 2021; Khatua et al., 2014;
Khyar & Allali, 2020; Meskaf et al., 2020; Tchoumi & Tchuenche, 2021; Tiwari, Rai, Khajanchi, Gupta, & Misra, 2021; Yang &
Zhang, 2012).

Here, we propose an epidemic model with two-strain inwhich the first strain is active from the start of the disease and the
second strain emerges after awhile. People can be vaccinated in one of twoways: before they become infectedwith strain 1 or
after recovering from it. The new strain can infect vaccinated and unvaccinated individuals. When people's preferred alter-
natives are to take a vaccination or not, as well as when to take a vaccine, the behavior model gives a framework for describing
individual behavior. We also demonstrated the impact of the new strain's introduction on disease dynamics and individual
vaccination behavior, as well as the total vaccine coverage considering the time delay. The concept of social efficiency deficit
(SED), which is the difference between Nash equilibrium (NE) and the social optimum, is incorporated into our model (SO), to
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generate a social dilemma, taking into account the vaccine's efficacy and cost (Ariful Kabir & Tanimoto, 2019; Kabir et al.,
2021; Tori & Tanimoto, 2022; Tanimoto, 2019; Tanimoto, 2015; Tanimoto, 2021; Arefin, Kabir, Jusup, Ito, & Tanimoto,
2020; Huang, Wang, & Xia, 2020; wang & Xia, 2020; Khan, Arefin, & Tanimoto, 2022a; Khan, Arefin, & Tanimoto, 2022b).
2. Model formulation

2.1. Epidemic model

Here we suggest a nine-compartmental two-strain epidemiological model based on the SVIR (susceptible, vaccination,
infectious, recovered) dynamics. We also introduce two behaviors: preinfection and postinfection vaccinations of individuals.
Depiction of the proposed model is shown in Fig. 1. The formulation of the model is given as follows:

_S¼ � xS� b1S
�
I1 þ IV1

�
� b2SI2H (1)

_V1 ¼ xS�b1ð1� e1Þ
�
I1 þ IV1

�
V1 � b2ð1� e2ÞI2HV1 (2)

_V2 ¼ yR1 � b2ð1� e2ÞI2HV2 (3)

_I1 ¼ b1S
�
I1 þ IV1

�
�g1I1 � ε1HI1 (4)

_IV1 ¼b1ð1� e1Þ
�
I1 þ IV1

�
V1 �g1I

V
1 � ε2HI

V
1 (5)

_I2 ¼ b2SI2Hþb2ð1� e2ÞI2HV1 þ b2ð1� e2ÞI2HV2 þ ε1I1 þ ε2I
V
1 þ b2R1I2Hþb2ð1� e2ÞRV1 I2H � g2I2H (6)

_R1 ¼g1I1 � yR1 � b2R1I2H (7)

_RV1 ¼g1I
V
1 � b2ð1� e2ÞRV1 I2H (8)

_R2 ¼g2I2H (9)

Hðt� TÞ¼
�

0; t < T
1; t � T ; T¼ time delay of the appearence of strain 2 (10)

SðtÞþV1ðtÞ þ V2ðtÞ þ I1ðtÞ þ IV1 ðtÞ þ I2ðtÞ þ R1ðtÞ þ RV1 ðtÞ þ R2ðtÞ ¼ 1 (11)
Fig. 1. Depiction of the proposed model.
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where S;V1;V2; I1; IV1 ; I2;R1;R
V
1 ; and R2 are the fractions of individuals of susceptible, preinfected vaccinated, postinfected

vaccinated, nonvaccinated and infected with strain 1, vaccinated and infected with strain 1, infected with strain 2, non-
vaccinated and recovered from strain 1, vaccinated and recovered from strain 1, and recovered from strain 2, respectively. The
total population is normalized to 1. Initially, every people are considered as susceptible. Individuals can choose vaccination
and can move to the compartment V1. Both the susceptible and vaccinated people can be infected with strain 1 since strain 1
is effective from the initial time of disease spreading. Those people who are not vaccinated at the first stage but got infected
can take the vaccination after recovery from the strain 1 infection and canmove to the V2 compartment. In our study, we have
considered a single type of vaccine whose efficiency is already known against the first strain but different for the second
strain. All the vaccinated and nonvaccinated individuals can be infected by strain 2 when it appears. The Heaviside function
Hðt�TÞ is used to control the time delay of the appearance of strain 2. b1 and b2 are the transmission rates of strain 1 and
strain 2 respectively. We consider b1 <b2 because the new strain is highly transmissible (Farah et al., 2021; Khyar & Allali,
2020). We also demonstrate the dynamics for the opposite scenario. g1 and g2 are the recovery rates from strain 1 and
strain 2 respectively. Additionally, we consider g1 >g2, i.e., the recovery time for strain 2 is higher (Farah et al., 2021; Khyar &
Allali, 2020). e1 and e2 are the vaccine efficacy values for strain 1 and strain 2, respectively. We have taken into account the
fixed efficacy of the vaccine for strain 1, but we vary the efficacy for the new strain to demonstrate the vaccination behavior
and the social dilemma. ε1 and ε2 are the mutation rates from nonvaccinated strain 1 and vaccinated strain 1 to strain 2,
respectively. We have considered a very low mutation rate from strain 1 to strain 2. T represents the time delay of the
emergence of strain 2. We didn't consider any co-infection of strain 1 and strain 2 in our work (Allali & Amine, 2022; Khyar &
Allali, 2020; Rajib Arefin et al., 2019; Tchoumi & Tchuenche, 2021). Table 1 presents all parameters and their meaning.
2.2. Behavior model

We discuss the idea of the behavior model, which explains the flux changing throughout time from susceptible (S) to
preinfection vaccination (V1) denoted by x and from the infected but recovered from strain 1 ðR1Þ to postinfected vaccination
(V2) denoted by y (Bauch, 2005; Bauch & Bhattacharyya, 2012; Yin et al., 2022). We illustrate the following two dynamical
equations:

_x¼ tx x ð1� xÞ
n
ci
�
m1I1 þm1I

V
1 þm2I2H

�
� k c

o
(12)

_y¼ ty y ð1� yÞfcim2I2H� k cg (13)

where tx and ty are the inertial effects for the rate of the vaccinations; ci and c are the disease cost and vaccination cost,
respectively; m1 and m2 are the severity effects of strain 1 and 2, respectively; and k is the relative sensitivity to taking the
vaccination due to its cost. We have considered ci ¼ 1:0 throughout our study. Most earlier models included the total number
of infected people at any given time, the cost of the disease, and the cost of vaccination when calculating the dynamics of
vaccines (Kabir et al., 2021; Tori & Tanimoto, 2022). The severity effect m1;m2 of the strains is considered in our study with
the other parameters. The new strain frequently appears to bemore severe and highly transmissible in most cases, such as the
current COVID-19. To assess the dynamics of vaccination, the severity effect is also a crucial parameter. For the preinfection
vaccination, we considered all infected individuals at any given time in equation (12). However, for the postinfection
vaccination, we only take into account the total population of individuals infected with strain 2 in equation (13). This is
because individuals who did not receive the vaccine the first time may be persuaded to do so by the emergence of a highly
contagious and more severe strain.
Table 1
Model parameters and their description.

Parameters Description

b1 Rate of strain 1's disease transmission
b2 Rate of strain 2's disease transmission
e1 Efficacy of the vaccine to strain 1
e2 Efficacy of the vaccine to strain 2
g1 Recovery proportion for strain 1
g2 Recovery proportion for strain 2
ε1 Mutation rate from strain 1 to strain 2 for nonvaccinated
ε2 Mutation rate from strain 1 to strain 2 for vaccinated
tx Inertial effect on preinfection vaccination
ty Inertial effect on postinfection vaccination
m1 Severity effect of strain 1
m2 Severity effect of strain 2
ci Disease cost
c Vaccination cost
k Relative sensitivity due to the cost of vaccination
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2.3. Primary reproduction number

We calculated the primary reproduction numbers for both strains using the next-generation matrix approach (Arruda,
Das, Dias, & Pastore, 2021; Li et al., 2010; Martcheva, 2009, 2013). For this, by considering the infection equations (4)e(6),
we have

F ¼

0
BBB@

b1SI1 þ b1SI
V
1

b1V1ð1� e1ÞI1 þ b1V1ð1� e1ÞIV1�
ε1I1 þ ε2I

V
1 þ

�
b2Sþ b2ð1� e2ÞV2 þ b2R1 þ b2ð1� e2ÞRV1 þ b2ð1� e2ÞV1

�
I2
�
H

1
CCCA

0
ðg þ ε HÞI

1

n¼BB@

1 1 1

ðg1 þ ε2HÞIV1
g2I2H

CCA
Then, from F and n, we calculate the matrices as follows:

5¼

0
BB@

b1S b1S 0
b1V1ð1� e1Þ b1V1ð1� e1Þ 0

ε1H ε2H
�
b2Sþ b2ð1� e2ÞV2 þ b2R1 þ b2ð1� e2ÞRV1 þ b2ð1� e2ÞV1

�
H

1
CCA

0
g1 þ ε1H 0 0

1

V ¼@ 0 g1 þ ε2H 0

0 0 g2H
A

0 1 1
V�1 ¼

BBBBBBBB@

g1 þ ε1H
0 0

0
1

g1 þ ε2H
0

0 0
1

g2H

CCCCCCCCA
Then, the next-generation matrix becomes,

M¼ 5V�1 ¼

0
BBBBBBBBB@

b1S
g1 þ ε1H

b1S
g1 þ ε2H

0

b1V1ð1� e1Þ
g1 þ ε1H

b1V1ð1� e1Þ
g1 þ ε2H

0

ε1H
g1 þ ε1H

ε2H
g1 þ ε2H

�
b2Sþ b2ð1� e2ÞV2 þ b2R1 þ b2ð1� e2ÞRV1 þ b2ð1� e2ÞV1

�
H

g2H

1
CCCCCCCCCA
Finally, by calculating the eigenvalues of the matrix M, we have the following expressions for the primary reproduction
number of strains 1 and 2.

Ro1 ¼
b1S

g1 þ ε1H
þ b1V1ð1� e1Þ

g1 þ ε2H
(14)

�
b Sþ b ð1� e ÞV þ b R þ b ð1� e ÞRV þ b ð1� e ÞV

�

Ro2 ¼

2 2 2 2 2 1 2 2 1 2 2 1

g2
(15)
2.4. Final epidemic size (FES), average social payoff (ASP), and social efficiency deficit (SED)

In this study, we calculated the FES in three ways (Yang & Zhang, 2012): FES of only strain 1 (FESOS1), FES of only strain 2
(FESOS2), and FES of both strains (FESBoth). The expressions for the FESs are defined as follows:
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FESOS1¼R1ð∞Þ þ V2ð∞Þ (16)

FESOS2¼
Z∞

t¼0

ðb2SI2Hþ b2ð1� e2ÞV1I2HÞ dt (17)

FESBoth¼
Z∞

t¼0

�
b2R1I2Hþ b2ð1� e2ÞV2I2Hþb2ð1� e2ÞRV1 I2Hþ ε1I1Hþ ε2I

V
1H

�
dt (18)

where the symbol ∞ denotes a state of equilibrium (let's name it NE) at t ¼ ∞.
The vaccination coverages preinfected vx and postinfected vy and the total vaccination coverage vc are defined as

vx ¼
Z∞

t¼0

xS dt (19)

Z∞

vy ¼

t¼0

yR1 dt (20)
Then,

vc ¼ vx þ vy (21)
The average social payoff (ASPNE in the model can be defined as follows:

ASPNE¼ ci ðFESOS1þ FESOS2þ2 FESBothÞ � c vc (22)

where the first item on the right-hand side represents the overall disease cost when combining the affected individuals with
either one strain or both strains, and the second term represents the entire vaccine cost. Individuals' disease cost for each
strain ci is taken as 1.0 in this the study. Those afflicted with both strains must pay twice the disease cost.

By referring to the original SED idea (Arefin et al., 2020), which evaluates the discrepancy between ASP at NE and ASP at SO
to determine whether a social dilemma underlies in the current social-dynamical system or not. If the x and y evolutionary
processes are properly controlled, SED demonstrates how to increase the system's ASP from an evolutionary final state (NE) to
a hypothetical perfect society to attain the highest ASPSO imaginable. It is defined as follows:

SED¼ASPSO� ASPNE (23)
The social optimal state is a time-constant vector ðx ðfor SOÞ;y ðfor SOÞÞ, with both elements in the range ½0;1�. Thus, we
have

SO¼ argmax ½ASPðx ðfor SOÞ; y ðfor SOÞÞ� (24)

When NE agrees with SO, SED implies zero. Meanwhile, when SED is positive but not zero, there is a social dilemma.

3. Results and discussions

3.1. Standard (Basic) case

The time series graph for the proposed model employing the common (basic) parameters set is shown in Fig. 2(a). The
initial value for the compartments and vaccination rates, as well as the common values for the parameters, are shown in
Tables 2 and 3 respectively. We considered that the transmission rate of strain 1 ðb1Þ is lower than the transmission rate of
strain 2 ðb2Þ. We also considered the efficacy of the vaccine for strain 1 ðe1Þ is higher than the efficacy of the vaccine for strain
2 ðe2Þ. The mutation rates ε1; ε2 from strain 1 to strain 2 were taken quite low. In the standard case, we considered the
appearance of strain 2 after T ¼ 60 days after the appearance of strain 1. Fig. 2(b) shows that the transmission rate of strain 2 is
lower than that of strain 1 (reversing the values of b1 and b2), with all the remaining parameters, kept the same.
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Fig. 2. Time series of the compartments for a common case. Here, the blue line indicates the susceptible people; the orange and green lines indicate the
vaccinated people before and after being infected with strain 1, respectively; red, violet and brown indicate the infected people with strain 1 (nonvaccinated and
vaccinated, respectively) and strain 2; pink and gray indicate the recovered people infected with strain 1 (nonvaccinated and vaccinated, respectively); and yellow
indicates the recovered people infected with strain 2. In Fig. 2(a), the peak infection for strain 1 is approximately 0.15 and the peak infection for strain 2 is
approximately 0.3. However, in Fig. 2(b), the peak infection for strain 1 is approximately 0.3 whereas the peak infection of strain 2 is approximately 0.15. In
Fig. 2(a), almost 90% of the people are infected with strain 2 because the transmission rate of strain 2 is higher. However, in Fig. 2(b), nearly 80% of the people are
infected with strain 2 because the transmission rate of strain 2 is lower.

Table 2
Values of the parameters (common case).

Parameter Value Parameter Value

b1 0.7 ε1, ε2 0.0001
b2 1.0 tx , ty 1.0
e1 0.7 m1, m2 1.0
e2 0.5 ci 1.0
g1 0.33 c 0.1
g2 0.25 k 0.1

Table 3
Initial values for the compartments and vaccination rate.

State At t ¼ 0 State/Rate At t ¼ 0

S 0.997 I2 0.00
V1 0.001 R1 0.00
V2 0.00 RV1 0.00
I1 0.001 R2 0.00
IV1 0.001 x;y 0.01
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3.2. Time delay effect on primary reproduction number, Ro

Fig. 3 shows the time delay effect on Primary reproduction numbers Ro1 and Ro2. We considered four cases. The
appearance of strain 2 happens after T ¼ 1;60;120; and 240 days. For strain 1, the primary reproduction number always starts
from the same point, approximately 2:2; and decreases with time. However, for strain 2, the starting point for the primary
reproduction number decreases with time. Thus, if strain 2 appears at T ¼ 1 days, i.e., almost simultaneous with strain 1, the
initial value of the primary reproduction number starts from approximately 4.0 because strain 2 has a larger transmission
rate. If the time delay for strain 2 is 60 days, the initial value of the primary reproduction number is approximately 3.1.
Similarly, for T ¼ 120;240, the initial value of the primary reproduction number starts from 2.9 to 2.8 and decreases with the
spent time.
3.3. Time delay effect on infection and vaccination

Fig. 4 shows the infection and vaccination time series using four distinct time delays of strain 2 emergence. The total
infection for strain 1 (vaccinated and nonvaccinated) is shown in panel (a). We can see that the total infection of strain 1 is
unaffected because of the time delay in the appearance of strain 2. The total infection peak is the same for T ¼ 1;60;120;240
(approximately 0.15). Infection for strain 2 is displayed in panel (b) showing that the infection peak decreases when the arrival
of strain 2 is delayed. When T ¼ 1 day, i.e., both strains are active practically concurrently from the start, the infection peak for
strain 2 is the highest (approximately 0.35). However, when T ¼ 60;120;240, the infection peaks for strain 2 are 0.28, 0.25,
and 0.23, respectively. Panel (c) is made up of panels (a) and (b). As shown in these panels, the delay in the appearance of
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Fig. 3. Time series of primary reproduction numbers with different time delays of the appearance of strain 2. The values of the parameters are the same as those
for the standard case. For strain 1, the starting points of Ro1 is the same with different T values and they decrease with the spent time. However, the starting
points of Ro2 decrease with the delayed appearance of strain 2 and decrease with time.

Fig. 4. Time series of infection and vaccination with a time delay of the appearance of strain 2. Panel (a) shows the total infection (I1T) due to strain 1, and panel
(b) shows the total infection due to strain 2 (I2). Both (a) and (b) show the four different time delays of the appearance of strain 2. Panel (c) is the combination of
(a) and (b). Panel (d) � (f) represent the time series of preinfected vaccinated (V1), postinfected vaccinated (V2), and total vaccinated (VT ), respectively. Here, time
delay T is taken as 1;60;120;240 days and all parameters and initial values are kept the same as those of the standard case. We can observe from the panels that
the time delay of the appearance can give people more chances to be vaccinated and can reduce the risk of infection from strain 2.
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strain 2 does not affect the infection of strain 1 but it does diminish the peak size of strain 2, implying that strain 2 becomes
weaker as time passes.

Preinfection, postinfection, and entire vaccination time series are illustrated in panels (d), (e), and (f). If T ¼ 1, there is less
time for vaccination instead of infection in panel (d). If T ¼ 60;120;240 persons have time to be vaccinated, approximately
30% of them (vaccination peak always occurs approximately 0.3) received their vaccination before becoming sick with any
strain. In panel (e), the vaccination peak increases as the arrival of strain 2 is delayed. After being infectedwith strain 1 for T ¼
240, over 35% of persons (peaking at approximately 0.35) can be vaccinated. The entire vaccination time series is presented in
panel (f). We can see that delaying the appearance of strain 2 increases the possibility of postinfection vaccination and hence
overall vaccination, lowering the risk of infection with strain 2, which is complementary to panels (a) � (c).
3.4. Time delay and inertial effects on vaccination

Fig. 5 shows the inertial and time delay effects on vaccination. Here, we considered three time delays T ¼ 60;120;240 and
three sets of inertial effects ðtx; tyÞ ¼ ð0:1;0:1Þ; ð0:5;0:5Þ; ð1:0;1:0Þ on vaccination. For T ¼ 60, panels (a) � (c) show the time
series of preinfection vaccination, postinfection vaccination, and total vaccination. In panel (a), we can observe that pre-
infection vaccination is less with the less inertial effect and it is high with maximum inertial effect. This is obvious when the
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Fig. 5. Time series of preinfected vaccinated (V1), postinfected vaccinated (V2), and total vaccinated (VT ) people are presented with three sets of inertial effect
ðtx ; tyÞ ¼ ð0:1;0:1Þ; ð0:5;0:5Þ; ð1:0;1:0Þ along with T ¼ 60;120;240 days. The remaining parameters are taken as standard ones. These figures show that the time
delay of the emergence of the second strain can help people be vaccinated more and less inertial effect can increase the total number of vaccinated people as a
whole.
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high inertial effect is active, i.e., people givingmaximum effort, the preinfected vaccinees is maximum. However, the behavior
of postinfection vaccination is the opposite. We can see from panel (b), that a less inertial effect gives maximum vaccines
whereas a high inertial effect gives fewer vaccines. This is because with a high inertial effect, most people take the vaccine
before they are infected with strain 1 and fewer people who can take the vaccine after being infected with strain 1 remain.
Meanwhile, if fewer people take the vaccine earlier (when the less inertial effect has been considered), there will be more
people remaining, who can be infected with strain 1 and can take the vaccine to become safe from strain 2. A combination of
(a) and (b) shows in panel (c), that the total vaccination looks similar, but for the less inertial effect the peak of the total
vaccination seems higher.

For T ¼ 120, panels (d)� (f) are displayed. In panel (d), we can see similar behavior on preinfection vaccination time series
like panel (a) whichmeans that less inertial effect implies fewer people choose vaccination before being infectedwith strain 1.
In panel (e), similar behavior is observed like panel (b), less inertial effect implies more people take the vaccine after being
infected with strain 1. However, the infection peaks in all three cases in panel (e) are much higher than the corresponding
peaks in panel (b). Consequently, the combination of panels (d) and (e) i.e., panel (f), shows that the total vaccination peaks are
also much higher than those in panel (c). This is because the time delay of the appearance of strain 2 gives much time to the
peoplewho are not vaccinated before being infectedwith strain 1. These people can take a vaccinewhen strain 2 emerges or is
present.

For T ¼ 240, panels (g) � (i) look almost similar to the corresponding panels (d)� (f). However, peaks in panels (h) and(i)
are higher than the corresponding peaks of panels (e) and (f) because of the time delay of the appearance of strain 2. Thus, we
can see that the time delay of the appearance of strain 2 can increase the chance of taking a vaccine, which can reduce the risk
of infection. Additionally, a less inertial effect may help make more people vaccinated.
3.5. Time delay and severity effects on vaccination

Fig. 6 shows the severity and time delay effects of vaccination. Here, we considered three-time delays T ¼ 60;120;240;
and three sets of severity effect ðm1;m2Þ ¼ ð0:1;0:1Þ; ð0:5;0:5Þ; ð1:0;1:0Þ on vaccination. For T ¼ 60, panels (a)� (c) show the
time series of preinfected vaccination, postinfected vaccination, and total vaccination. In panel (a), we observed that the
vaccination peak is highest when the severity effect is maximum. This is obvious because if the severity is higher for any
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Fig. 6. Time series of preinfected vaccinated (V1), postinfected vaccinated (V2), and total vaccinated (VT ) people are presented with three sets of severity effects
ðm1;m2Þ ¼ ð0:1;0:1Þ; ð0:5;0:5Þ; ð1:0;1:0Þ along with T ¼ 60;120; 240 days. The remaining parameters are taken as standard ones. These figures, show that the
time delay of the emergence of a second strain can help people be vaccinated more and a higher severity effect can also increase the total number of vaccinated
people.
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strain, people must go for the vaccination as early as it is available. In panel (b), we observed almost a similar behavior with
different severity effects because after being infected with strain 1, every person tries to take the vaccination to remain safer
from strain 2. Panel (c) is the combination of panels (a) and (b), which reflects that more severity implies more vaccination.

For T ¼ 120, panels (d) � (f) have similar behavior corresponding to panels (a)� (c). In panel (d), the peaks of the
vaccination compared to panel (a) are similar, but in panel (e), peaks are much higher than those in panel (b). This is because
the time delay of the appearance of strain 2 gives more time for people to be vaccinated. Consequently, panel (f) shows that
the peak of the total vaccinated people is higher than that in panel (c).

For T ¼ 240, panels (g) � (i) also behave similarly compared to panels (d)� (f). However, the postinfection vaccination
peak is a little higher in panels (h) and (i) than in panels (e) and (f) because of the time delay of the appearance of strain 2.
Therefore these panels show that more severe diseases can increase the chance of vaccination and more time delay increases
the chance of vaccination, which can reduce the risk of infection.
3.6. Time delay effect on ASP and SED

In this subsection, We investigate the impact of the time delay on the ASP and SED to observe the social dilemma of the
proposed model. We also considered four distinct time delay effects: T ¼ 1;60;120;240: Heatmaps were created using the
vaccine's cost c as the x-axis and its effectiveness e2 to strain 2 as the y-axis.

Fig. 7.1 shows the heatmaps of the final epidemic sizes for only strain 1, only strain 2, both strains, vaccination coverage,
and the average social payoff for NE and SO cases, as well as the SED for the time delay T ¼ 1, i.e., both strains almost effective
for the entire time. The situation for NE is depicted in panels (a) � (e), whereas the case for SO is depicted in panels (f)� (j).
SED is depicted in panel (k) with the difference between (j) and (e). To explain the general context of the case, we divided the
SED region into two different regions (panel (k)).

When the efficacy is high and the cost of vaccination is low, we may see a light red corner in the left upper region in panel
(a) in the NE case. The remaining region is dark red, indicating that when the efficacy is high and the cost is low, only a small
percentage of the population will remain infected with only strain 1. When the efficacy is high and the cost is low, a dark red
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Fig. 7.1. This graph shows the FESs, vaccination coverage, ASP, and SED. For NE cases (panels (a) � (e)), the final epidemic sizes for only strain 1, only strain 2, both
strains, vaccination coverage, and average social payoff are shown in the first row, whereas the instances for SO are shown in the second row (panels (f)� (j). SED
is depicted in panel (k). The cost of the vaccination c is plotted on the x-axis, whereas the efficacy of the vaccine e2 against strain 2 is plotted on the y-axis, both
ranging from 0 to 1. Except for these two, all other settings are set to their default values. The ranges of the FESs and vaccine coverage are taken from 0 to 1. The
ASP panels range is taken from� 2.0 to 0.0 and the SED panel is depicted with a range from 0.0 to 2.0. At approximately e2 ¼ 0:75, a critical line is detected for the
SO case, dividing the SED region into two sections. The arrival of strain 2 is given a time delay of T ¼ 1 day.

Md.M.-U.-R. Khan, Md.R. Arefin and J. Tanimoto Infectious Disease Modelling 8 (2023) 656e671
region appears in the left upper region in panel (b), indicating that only a small percentage of peoplewill be infectedwith only
strain 2. When the time delay for strain 2 is 1 day, panel (c) shows that more than 50% of people will be infected with both
strains. Panel (d) shows very little vaccination coverage for this case. Panel (e) illustrates the average social reward for the NE
case when all of these panels ((a) � (d)) are combined. We can see that the average social payoff is low when the vaccination
cost is low and the efficacy is high. We can also observe that in the SO situation, there are nearly no persons (panel (f)) who
become infected with only strain 1, and vaccine coverage is at its highest (panel (i)). Additionally, there is a critical line
between the value e2 ¼ 0:75 (panel (g)). No one will be infected with solely strain 2 beyond this critical line, and people will
be infected with strain 2 below the line because of the vaccines’ reduced efficiency against strain 2. Furthermore, the SO
predicted that no one would be infected by both strains (panel (h)). Consequently, in the SO, the average social payoff pro-
duces two zones separated by the critical line. SED is shown in panel (k) with the difference between panels (j) and (e). The
critical line separates regions (1) and (2) in the context of SED. We found a monotonic decline in the value of SED along the
direction of vaccination cost in the region (1) (green to yellow). As the cost of vaccination increases, people will opt out.
Similar behavior can be seen in region 2. However, the monotonic reduction occurs (light red to dark red) in the diagonal
direction, implying that when vaccine efficacy is poor and vaccination costs are high, no one will be vaccinated. Thus, raising
the price of less effective vaccines does not create a broader social dilemma.

Fig. 7.2 shows the case when the time delay, T ¼ 60 days. Similar to the panels in Fig. 7.1, all panels are depicted with the
same values of the parameters. Here, we can see that a triangular (green and yellow) region occurs in the upper left corner in
panel (a), representing the FES of only strain 1. This means that with the high efficacy of strain 2, the low cost of the vaccine,
Fig. 7.2. This graph shows the FESs, vaccination coverage, ASP, and SED. For the NE case (panels (a) � (e)), the first row shows the final epidemic sizes for only
strain 1, only strain 2, both strains, vaccination coverage, and average social payoff whereas, the second row (panels (f)� (j) shows the instances of SO. The SED
was depicted in panel (k). The cost of the vaccination c is plotted on the x-axis, whereas the efficacy of the vaccine e2 against strain 2 is plotted on the y-axis both
ranging from 0 to 1. Except for these two, all other settings are set to their default values. The ranges of the FESs and vaccine coverage are taken from 0 to 1. The
ASP panels range is taken from� 2.0 to 0.0 and the SED panel is depicted with a range from 0.0 to 2.0. At approximately e2 ¼ 0:75, a critical line is detected for the
SO case and combined with the triangular region in the NE case, dividing the SED region into three sections. The arrival of strain 2 is given a time delay of T ¼ 60
days.
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Fig. 7.3. This graph shows the FESs, vaccination coverage, ASP, and SED. The final epidemic sizes for only strain 1, only strain 2, both strains, vaccination coverage,
and average social payoff are shown in the first row for NE (panels (a) � (e)), whereas the examples for SO are shown in the second row (panels (f)� (j)). The SED
was depicted in panel (k). The cost of vaccination c is plotted, on the x-axis, whereas the efficacy of the vaccine e2 against strain 2 is plotted on the y-axis, both
ranging from 0 to 1. All other parameters, except for these two, are left at their default values. FESs and vaccination coverage are measured on a scale of 0e1. The
ASP panels range from � 2.0 to 0.0, whereas the SED panel range from 0.0 to 2.0. For the SO case, a critical line is discovered at approximately e2 ¼ 0:75, dividing
the SED region into three halves with the triangular region in NE. The arrival of strain 2 is given a time delay of T ¼ 120 days.

Fig. 7.4. This graph shows the FESs, vaccination coverage, ASP, and SED. In the first row for NE (panels (a) � (e)), the final epidemic sizes for only strain 1, only
strain 2, both strains, vaccination coverage, and average social payoff are provided, whereas the examples for SO are shown in the second row (panels (f)e(j)).
Panel (k) depicts the SED. The cost of vaccination c is plotted on the x-axis, whereas the efficacy of the vaccine e2 against strain 2 is plotted on the y-axis, with
both values ranging from 0 to 1. Except for these two, all other parameters are left at their default levels. FESs and vaccination coverage are rated on a scale of 0e1.
The ASP panels range from � 2.0 to 0.0, while the SED panel range from 0.0 to 2.0. For the SO case, a critical line is discovered at approximately e2 ¼ 0:75,
dividing the SED region into four parts, with the triangular region in NE. The arrival of strain 2 is given a time delay of T ¼ 240 days.
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and delayed appearance, some people have the chance not to be infected with strain 2. The dark red region of panels (b) and
(c) compliments the scenario of the panel (a). In panel (d), with low cost and high efficacy, we see that most people go for
vaccination because they also have 60 days to become vaccinated. As a combination of panels (a)� (d), panel (e) presented the
ASP for the NE case where the ASP is lower in the left upper triangular region, i.e., people will take a vaccine rather than be
infected with strain 2. In SO (panels (f)� (j)), similar behaviors are observed in Fig. 7.2, like in Fig. 7.1. SO suggested maximum
vaccination, which also shows that no person will remain infected with only strain 1. We also observed a triangular region in
SED (panel (k)) due to the triangular region occurring in the ASP at the NE. Thereforewe divide the SED region into three parts
using the observed critical line (panel (j)). Region 1 is light red because when the efficacy is high and the cost is low, most
people will go for the vaccination and there will be a very less social dilemma. In region 2, increasing the cost of the
vaccination decreases the social dilemmamonotonically because as the price increases, people will not go for the vaccination.
In region 3, the monotonic decreasing behavior is observed diagonally, as shown in Fig. 7.1. This implies that with low efficacy
and high cost, people will lose interest in taking the vaccine and the social dilemma also decreases monotonically.

Fig. 7.3 depicts the situationwhere the time delay, T ¼ 120 days. All panels are depicted with identical parameter values as
those of the panels in Figs. 7.1 and 7.2. In panel (a), we can also see a triangle (green and yellow) zone in the left upper corner.
This represents the FES of only strain 1, implying that owing to the vaccine's great efficiency against strain 2, low cost, and
delayed appearance, some people may avoid becoming infected with strain 2. The triangular region of the panel (a) in Fig. 7.3
is slightly larger than that of panel (a) in Fig. 7.2, indicating that with an additional 60-day time delay, reduced efficacy, and a
higher cost may be appropriate to avoid infection with strain 2. Panels (b) and (c) have a dark red section that matches the
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scene in panel (a). Additionally, vaccine coverage in panel (d) of Fig. 7.3 is higher than that of panel (d) in Fig. 7.2, indicating
that an extra 60 days can vaccinate more people. Panel (e), which contains a similar triangular green region when the
vaccination cost is low and efficacy is high, is the average social payoff for the NE when panels (a) � (d) are combined. Fig. 7.3
shows comparable features to Figs. 7.1 and 7.2 in the SO (panels (f) � (j)). The SO for the maximum vaccination has been
proposed, demonstrating that no one will remain infected with only strain 1. The critical line is also visible, indicating that if
the vaccine efficiency is greater than 0.75, no one will be infected with strain 2. We have seen triangular and trapezium-
shaped regions in SED (panel (k)) above the critical line because of the triangular region in the ASP at the NE and the crit-
ical line in the SO (panel (j)). Consequently, we partition the SED region into three regions using the observed critical line.
Region 1 is light red because when vaccination efficiency is high and the cost is low, most people will opt for it and there will
be less social dilemma. In region 2, increasing the cost of vaccination reduces the social problem monotonically because
people will not be vaccinated as the price rises. In region 3, as shown in Figs. 7.1 and 7.2, the monotonic declining behavior is
exhibited diagonally, indicating that with low efficacy and high cost, people will lose interest in taking the vaccine and the
social dilemma will also diminish monotonically.

Fig. 7.4 shows the time delay T ¼ 240 days. All of these panels are depictedwith identical parameter values to the panels in
Fig. 7.1� 7.3. A triangle (green and yellow) zone in the left upper corner of the panel (a) indicates the FES of only strain 1,
indicating that some people may escape becoming infected with strain 2 due to the vaccine's high efficacy against strain 2,
low cost, and delayed appearance. The triangular region of panel (a) in Fig. 7.4 is much larger than that of panel (a) in Fig. 7.3,
showing that avoiding infectionwith strain 2may be possiblewith an extra 120-day time delay but at a higher cost. A dark red
portion appears in panels (b) and (c), corresponding to the scene in panel (a). Vaccine coverage in panel (d) of Fig. 7.4 is greater
than that in panel (d) of Fig. 7.3, showing that an extra 120 days can vaccinate more people. It also exhibits a monotonically
declining vaccine coverage with increasing vaccination costs, but less sensitivity with increasing vaccine efficacy. When
panels (a) � (d) are merged, the average social payoff for the NE is panel (e), which has a comparable triangular green zone
when the vaccine cost is low and efficacy is high. Fig. 7.4 in SO (panels (f)-(j)) has aspects that are similar to Figs. 7.1-7.3 in SO.
It has been proposed that the SO for maximum vaccination is established, proving that no one will remain infected with only
strain 1. The critical line, which indicates that no one will be infected with strain 2 if the vaccine efficacy is greater than 0.7, is
also apparent. Because of the triangular region in the ASP at the NE and the critical line in SO, there are two trapezium-shaped
regions in SED (panel (k)) above the critical line and one triangular and one trapezium-shaped region below the critical line.
Consequently, we use the critical line to divide the SED region into four portions. When vaccine efficiency is high and the cost
is cheap, most people will choose it and there will be fewer social dilemmas. In region 2, increasing the cost of vaccination
lessens the social problem over time because people will refuse to be vaccinated as the cost increases. A dark red triangular
section appears in region 3, indicating almost no dilemma issue. Using a T ¼ 240-days time delay, some people may need to
be vaccinated with a vaccine that is less expensive and has a lower efficiency (approximately 0.5). The monotonic falling
behavior is displayed diagonally in region 4, as illustrated in Fig. 7.1e7.3, which means that with low efficacy and high cost,
people will lose interest in taking the vaccine, and the social dilemma will also reduce monotonically.
4. Conclusion

The emergence of new strains creates a new challenge to the healthcare system. However, the time lag between the
appearances of the resident and new strains can be substantially influential in determining the disease dynamics, especially
for the second strain. Although vaccine efficacy against the new strain may reduce, its late appearance increases the possi-
bility of higher vaccination coverage, inevitably reducing the infection peak (as well as epidemic size) concerning the new
strain. This study investigated such a context by employing a two-strain epidemic model with preinection and postinfection
vaccinations. More precisely, individuals who forgo vaccination and are infectedwith the resident strain have the chance to be
vaccinated after recovery. As vaccination is mostly voluntary, we consider behavioral dynamics to model individuals’
vaccination behavior. The decision to be vaccinated is influenced by the timing of the emergence of the new strain, its severity,
transmission rate, and the cost and effectiveness of the vaccine. Most previous studies concerning two-strain or multi-strain
epidemic models focused on stability analysis with non-monotone incidence rates, complex network with latency, general
incidence rate, age structure and mutation (Allali & Amine, 2022; Meskaf et al., 2020; Yang et al., 2016; Yang & Zhang, 2012),
competitive coexistencewith periodic infection rate (Li et al., 2020), optimal control with general incidence function and time
delay, imperfect vaccination, covid-19 application (Arruda et al., 2021; Barro et al., 2018; Li&Guo, 2022), vaccination behavior
with imitation dynamic approach, social distance effect, covid-19 modeling, awareness decay (Dashtbali &Mirzaie, 2021; De
Le�on et al., 2022; Deka& Bhattacharyya, 2022; Zuo, Zhu,& Ling, 2022), and disease dynamics with cross-immunity, in patchy
environments, generic approach (Amador et al., 2019; Lazebnik & Bunimovich-Mendrazitsky, 2022; Li et al., 2022;
Theprungsimankul et al., 2011), etc.

Our primary concern was to observe the effect of vaccination and the time delay of the emergence of a new strain on
controlling disease spreading.We have considered four-time delays of the appearance of new strainswhich has a huge impact
on global disease dynamics and vaccination behavior which is not discussed in any other prior studies. Generally, vaccination
is effective in reducing the disease spreading. We also demonstrated that the time delay of the advent of a new strain could
considerably reduce the corresponding basic reproduction number. Our results further suggest that the larger the time delay
is, the higher the vaccination coverage, reducing the peak and the final epidemic size of the new strain. In terms of the cost
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and efficacy of the vaccine, we observed that higher efficacy and a lower cost increase vaccination uptake, which is quite
comprehensible.

Later, we presented the SED analysis of our model which showed how the social dilemma situation acts with the
emergence of new strain alongwith time delay.We found that SED, measured by the difference between the average payoff at
the SO and equilibrium, can be reduced by vaccination and the increase in time delay. Our findings imply that vaccination and
time delay are substantial in reducing SED. The lesser SED demonstrates that the evolutionary outcomes are closer to the SO.
Also, as the time delay rises, we can see from Figs. 7.1e7.4 that the SED regions can be separated into additional sections to
describe the social dilemma with various costs and levels of efficacy, which is a little bit intriguing.

In our model, we merely used a straightforward ODE model (mean-field approximation) technique to study the dynamics
of vaccination behavior and social dilemma, and the social context lends credibility to our data. In future studies, we will
investigate the result multiagent simulation approach. We will also include a single vaccination in our model with varying
efficacy for the different strains. Furthermore, we will strive to expand our approach to include different vaccinations at
various price points in addition to multidose vaccination. We considered the constant time delay of the appearance of a new
strain in our work. Next, we will focus on how a time-variant time delay can affect disease dynamics, vaccination behavior,
and social dilemma in our future study.
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