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Abstract

Contraceptive drugs intended for family planning are used by the majority of married or in-

union women in almost all regions of the world. The two most prevalent types of hormones

associated with contraception are synthetic estrogens and progestins. Hormonal based con-

traceptives contain a dose of a synthetic progesterone (progestin) or a combination of a pro-

gestin and a synthetic estrogen. In this study we use mathematical modeling to understand

better how these contraceptive paradigms prevent ovulation, special focus is on under-

standing how changes in dose impact hormonal cycling. To explain this phenomenon, we

added two autocrine mechanisms essential to achieve contraception within our previous

menstrual cycle models. This new model predicts mean daily blood concentrations of key

hormones during a contraceptive state achieved by administering progestins, synthetic

estrogens, or a combined treatment. Model outputs are compared with data from two clinical

trials: one for a progestin only treatment and one for a combined hormonal treatment.

Results show that contraception can be achieved with synthetic estrogen, with progestin,

and by combining the two hormones. An advantage of the combined treatment is that a con-

traceptive state can be obtained at a lower dose of each hormone. The model studied here

is qualitative in nature, but can be coupled with a pharmacokinetic/pharamacodynamic

(PKPD) model providing the ability to fit exogenous inputs to specific bioavailability and affin-

ity. A model of this type may allow insight into a specific drug’s effects, which has potential to

be useful in the pre-clinical trial stage identifying the lowest dose required to achieve

contraception.

Author summary

This study presents a mathematical model for hormonal control of the menstrual cycle of

adult women with special emphasis on the effects of oral contraceptive drugs. Our model

predicts daily blood levels of ovarian and pituitary hormones in close agreement with data

found in the biological literature for normally cycling women. In particular, we study

reproductive hormones which are produced by the pituitary gland in the brain and which

promote the development of ovarian follicles and the production of ovarian hormones. In
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turn, the ovarian hormones affect the synthesis and release of the pituitary hormones. We

use this model to test the effects of different oral contraceptive treatments. We show that

the administration of synthetic progesterone or of synthetic estrogen have a contraceptive

effect by preventing ovulation. We illustrate that low doses of each drug given together are

most effective at achieving contraception. In addition, model simulations indicate how

quickly a combined contraceptive treatment produces a non-ovulatory menstrual cycle

and how fast the cycle returns to normal after the treatment ends. If we couple our model

with a model for absorption and metabolism of oral contraceptive drugs, the resulting

model may help discover minimal effective doses of these drugs and may lead to patient-

specific dosing strategies.

Introduction

The menstrual cycle involves a complex interaction between the ovaries and the hypothalamus

and pituitary in the brain. During the cycle, gonadotropin releasing hormone (GnRH) pro-

duced by the hypothalamus and ovarian hormones affect the anterior pituitary. In response

the pituitary releases gonadotropins including luteinizing hormone (LH) and follicular stimu-

lating hormone (FSH). These gonadotropins stimulate the ovarian system controlling follicle

growth and hormone production. The hormones produced by the follicles, notably estradiol

(E2), progesterone (P4), and inhibin A (InhA), feedback onto the brain influencing pituitary

hormone production [1].

Hormonal contraception has been in development since the early 20th century with the

first FDA approved contraception appearing in 1960 [2, 3]. Hormonal contraceptives were

mainly composed of synthetic progesterone (a progestin) or a progestin and a synthetic estro-

gen such as ethinyl estradiol. If these hormones are introduced individually, each can cause

contraceptive effects, but high doses of hormonal contraceptives increase the risk for cardio-

vascular events most notable venous thromboembolism (VTE) and myocardial infarction

(MI) [3–10]. Combined hormonal contraceptives (ethinyl estradiol and progestin together)

were discovered during testing of a progestin based contraceptive that was accidentally con-

taminated with a form of estrogen and shown to increase cycle stability and decrease unwanted

bleeding patterns [11]. One way to study the effect of administering a combined dose is to use

mathematical modeling, which can provide additional insight into effects of varying progestin

and synthetic estrogen type and dose.

A number of mathematical models capture dynamics of normal cycling, many of which are

based on the formulation by Schlosser and Selgrade [12, 13]. These models are on a time scale

of days and predict mean levels of hormone [14, 15]. To our knowledge there have been no

adaptations of mathematical models to predict contraceptive effects of exogenous progester-

one and estrogen. Specifically, the original menstrual cycle models by Clark et al. [14] and

Margolskee and Selgrade [15] do not include ovarian autocrine effects, and therefore they can-

not predict the contraceptive response to exogenous administration of progestins.

The model developed in this study, including ovarian autocrine effects, is used to test hor-

monal contraceptive treatments via oral administration of ethinyl estradiol and progestin.

These treatments are modeled by modifying state variables for blood concentrations of E2 and

P4. The model does not include a pharmacodynamic component determining how much

or how long it takes for specific amounts of oral contraceptives to produce specific changes

in the amount of E2 and P4. Therefore, we administer ethinyl estradiol and progestin as
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concentrations and assume that contraception is attained if model simulations show a reduc-

tion in the LH surge to non-ovulatory levels and/or in P4 levels throughout the cycle.

Model simulations confirm that low and high doses of exogenous progestin reduce the LH

surge to non-ovulatory levels as suggested by clinical data [16, 17] for progestin treatments.

Also low and high doses of exogenous estrogen reduce the LH surge to non-ovulatory levels.

And a combination of low dose estrogen and low dose progestin administered together result

in constant non-ovulatory hormone levels. The model may be used to predict which dosing

levels of estrogen and progestin produce contraceptive cycles. In addition, model simulations

indicate how quickly a combined contraceptive treatment produces a non-ovulatory menstrual

cycle and how fast the cycle returns to normal after the treatment ends. These simulations

were done to motivate clinical experimentation with similar contraceptive combinations.

Methods

In this section we discuss the hormonal characteristics of the menstrual cycle, important

mechanisms contributing to a contraceptive state, and mechanistic modeling of both the nor-

mal menstrual cycle and contraception. Parameter values and dimensions used in the model

are found in Table 1.

The normal menstrual cycle

This section outlines phases and contributing hormones associated with a normal menstrual

cycle [1]. Fig 1 depicts the phases of the menstrual cycle and the production and the action of

associated hormones. The menstrual cycle arises from a complex interaction between the

hypothalamus and the pituitary in the brain, and the ovaries. In the brain a system of capillar-

ies forms a small portal system of blood flow from the hypothalamus to the anterior pituitary,

which gives the hypothalamus the means for communicating with the pituitary in absence of a

direct neural connection. The hypothalamus secretes GnRH into the portal system stimulated

Table 1. Parameter values.

Hypothalamus/Pituitary Ovaries

Name Value Unit Name Value Unit Name Value Unit

V0,LH 500 IU/day b 0.34 L
IU

mg
day e0 30 pg/mL

V1,LH 4500 IU/day �KiRcF,P 1 mL/ng e1 0.30 L−1

KmLH 175 mL/pg �ξ 2.2 (none) e2 0.80 L−1

KiLH,P 12.2 mL/ng c1 0.25 L
IU

1

day e3 1.67 L−1

kLH 2.42 day−1 c2 0.07 ð L
IUÞ

a 1

day p0 0.8 ng/mL

cLH,P 0.26 mL/ng c3 0.027 L
IU

1

day p1 0.15 kL−1

cLH,E 0.004 mL/pg c4 0.51 ð L
IUÞ

g 1

day p2 0.13 kL−1

aLH 14 day−1 d1 0.5 day−1 �KmPapp 75 mL/ng

vFSH 375 IU/day d2 0.56 day−1 �μ 8 (none)

τ 1.5 day k1 0.69 day−1 h0 0.4 IU/mL

KiFSH,InhA 1.75 IU/mL k2 0.86 day−1 h1 0.009 IU/(μgmL)

kFSH 1.9 day−1 k3 0.85 day−1 h2 0.029 IU/(μgmL)

cFSH,P 12 mL/ng k4 0.85 day−1 h3 0.018 IU/(μgmL)

cFSH,E 0.0018 mL2/pg2 α 0.79 (none) pdose 0, 0.6, or 1.3 ng/mL

aFSH,E 8.21 day−1 γ 0.02 (none) edose 0, 40, or 92 pg/mL

v 2.5 L

Parameters new to this model are marked with a �

https://doi.org/10.1371/journal.pcbi.1007848.t001
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by ovarian hormones and feedback from pituitary gonadotropins, and because the half-life of

GnRH is short (2-4 minutes), it is only in the portal system that effective levels are found. To

facilitate this, GnRH is released in a pulsatile fashion that changes in both magnitude and fre-

quency in response to feedback from ovarian hormones and pituitary gonadotropins. These

pulsatile secretions are relatively fast taking place every 1-3 hours depending on menstrual

cycle phase, and a wide variability exists amongst individuals [1]. The pulsatile stimulation

from GnRH influences the anterior pituitary synthesis and release of gonadotropins (including

LH and FSH) influencing the ovaries.

The menstrual cycle consists of two phases (see Fig 1): the follicular phase and the luteal

phase. In the weeks before a woman is born her ovaries produce a large mass of germ cells (6-7

million); no more will be produced during her lifetime. Germ cells are transformed by mitosis

and a meiotic division into an oocyte. Pre-granulosa cells envelop an oocyte and the resulting

unit is called a primordial follicle. This process will eventually happen to all oocytes. As the fol-

licle grows and the surrounding granulosa cell layer proliferates, it becomes a primary follicle.

From primary follicle stage it is believed that about 85 days pass before ovulation; most of this

time is spent without the influence of pituitary gonadotropins.

The follicular phase begins when multiple follicles are “recruited” and begin expressing

FSH receptors, which when stimulated support follicle growth. Further growth leads to LH

receptor expression facilitating follicle production of ovarian hormones (including P4, E2, and

InhA). The follicles compete for FSH (and later LH) and one or more follicles will advance to

Fig 1. Menstrual cycle phases. The outer ring represents ovarian development starting with menstruation (black oval,

top) and proceeding in a clockwise direction through the follicular phase (blue ovals, right), ovulation (black oval,

bottom), and the luteal phase (red ovals, left). The ovary produces estrodial (E2), progesterone (P4), and inhibin A

(InhA), while the brain produces FSH and LH. Directed solid arrows indicate the action of hormones at various stages

of the cycle.

https://doi.org/10.1371/journal.pcbi.1007848.g001
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ovulation, if sufficiently stimulated by gonadotropins. Follicles may be arrested at any point

during this process through a process of atresia consisting of a break down in granulosa activ-

ity eventually ending in apoptosis. All follicles that are “recruited” and unable to reach ovula-

tion will go through this process. During ovulation the follicle ruptures and releases the oocyte

through complex mechanisms, for details see [1]. The granulosa cells on the ruptured follicle

are luteinized and the structure becomes the corpus luteum. This marks the beginning of the

luteal phase during which the oocyte (now called an ovum) is ready for fertilization and the

corpus luteum produces P4 and E2 with support from low levels of LH. After about 14 days if

fertilization has not taken place, menstruation occurs and the cycle begins again.

E2 has a two stage effect on pituitary LH: at low levels LH release is inhibited but at a certain

concentration E2 triggers a massive production of LH. In the beginning of the follicular phase,

follicles produce small amounts of E2 inhibiting LH release. As a follicle develops into a domi-

nant follicle, it begins producing E2 in much larger quantities until the second stage effect of

E2 causes large amounts of LH to be produced. This mid-cycle rise in LH is called the LH

surge and marks the end of the follicular phase. This massive change in synthesis stimulated by

E2 is necessary for ovulation. Near the end of the follicular phase InhA is secreted by the folli-

cles, which reduces production of FSH and aids entering the luteal phase. After ovulation the

corpus luteum begins producing large amounts of P4 and InhA. In the late luteal phase pro-

duction of P4 and InhA decreases allowing for increase FSH and E2 production; both priming

the cycle for the next follicular phase.

Contraceptive mechanisms

There is not a specific clinical marker of contraception although many indicators can be used:

lack of LH surge, a lack of rise in luteal phase progesterone, or incomplete follicle development.

Since it is not feasible to determine cycle timing if ovulation does not occur, contraceptive

studies measure progesterone daily, and if P4< 5 ng/mL it is assumed that ovulation is sup-

pressed [16], i.e., P4 can be used as a surrogate marker for contraceptive efficacy. Low proges-

terone levels or the absence of an LH surge indicates that ovulation and luteinization have not

occurred or have not occurred properly. In addition to hormonal effects [16, 18], there are

physical indicators such as increased cervical mucus viscosity, which can prevent sperm mobil-

ity leading to a contraceptive state.

Physiologically, progestin can cause a contraceptive state through multiple mechanisms.

The primary is prevention of ovulation, but secondary effects such as thickening of cervical

mucus also cause a contraceptive state [16, 19, 20]. According to [16] ovulation prevention

occurs if there is not enough estradiol production to stimulate positive feedback mechanisms

necessary for the LH surge. The lack of estradiol production is due to poor follicle development

from inadequate LH and FSH support. Progestin reduces LH synthesis directly [1] and by lim-

iting follicular sensitivity to FSH in the early follicular phase [16, 21]. The original models by

Clark et al. [14] and Margolskee and Selgrade [15] include progesterone’s effect on LH synthe-

sis but do not include progesterone’s limiting effect on follicle development via sensitivity to

FSH. As a result the original models fail to reproduce contraceptive behavior when administra-

tion of exogenous progestins. To capture this effect, our new model introduces a growth limit-

ing factor affecting the early follicle development. Similar to progestins, estrogens act through

multiple mechanisms. The primary mechanisms are suppression of LH release by the pituitary

[22], included in the models [14, 15], and bolstering progesterone’s contraceptive effect [1, 23],

which is not accounted for in the original models. In the model presented here, the latter is

included by multiplying progesterone, P4, by an increasing function of estrogen, E2.
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The major mechanism of progestin in a combined hormonal contraceptive treatment is the

same, limiting the sensitivity of follicles to gonadotropins. Estrogen serves two purposes: to

limit gonadotropin secretion from the pituitary [1, 24], which is effective enough to cause a

contraceptive state from estrogen only dosing, and to increase progesterone receptor expres-

sion, which increases progesterone’s effectiveness [1].

In summary, contraception can be achieved either by administering exogenous progestins,

estrogen, or a combination of the two. This study uses modeling to illustrate that the combined

treatment is advantageous because contraception can be achieved by administrating signifi-

cantly lower doses of each hormone.

Data

Data used in this study were extracted from previously published studies [16, 18, 25]. Time-

series data were digitized and mean values extracted from published Figures and Tables.

Time-series data and error bars for the normal menstrual cycle are digitized from Figure 1

in Welt et al. [25]. These data report mean daily hormone values and variation for FSH, LH,

E2, P4, and InhA for 28 days averaged over a group of 23 normally cycling women. These data,

repeated over three cycles are shown in Fig 3 together with baseline modeling results.

Data for progestin based contraception are taken from Figure 1 and Table 3 in Obruca al.

[16]. These data include hormone values for FSH, LH, E2, and P4 for three doses of Org 30659

progestin administered daily for 21 days. From this study, we extract: mean maximum P4,

mean E2, mean maximum FSH, mean maximum LH, and corresponding standard deviations

over the 21 day treatment period.

The combined hormonal contraception simulations are compared with data from Figure 1

and Table 3 in Mulders and Dieben [18], which tests effectiveness on ovarian function of a vag-

inal ring, NuvaRing, containing both a progestin and an estrogen. From this study we compare

simulations to data for median maximum hormonal levels for FSH, LH, E2, and P4 for subjects

receiving combined hormonal treatment administered vaginally.

Modeling the normal menstrual cycle

Two components are used to form the menstrual cycle model. The first is a lumped model of

the hypothalamus and the pituitary, which predicts synthesis and release of gonadotropins

based on circulating concentrations of ovarian hormones (E2, InhA, P4). The second includes

the ovaries, accounting for ovarian stages in conjunction with auxiliary equations predicting

ovarian hormone production. Fig 2 illustrates the two model components dividing the men-

strual cycle into multiple stages representing amount of active tissue in each stage. This distri-

bution of active tissue is used to predict production of ovarian hormones.

Hypothalamus and pituitary model. The lumped model (Eqs (1)–(4)) of the hypothala-

mus and pituitary predicts synthesis and release of FSH and LH as a function of serum concen-

trations of E2, P4, and InhA. Parameter values and dimensions for Eqs (1)–(4) can be found in

Table 1. Dynamics of each pituitary hormone consists of two equations (Eqs (1) and (2) for LH

and Eqs (3) and (4) for FSH).

The reserve pool of LH (RPLH), Eq (1), tracks the mass of stored gonadotropin LH within

the pituitary and is composed of two terms: a positive term representing synthesis and a nega-

tive term representing release. The synthesis is promoted by estrogen modeled using a Hill

function in E2, and inhibited by progesterone contained in the Papp term in the denominator.

Papp, defined in Eq (16), is as a product of P4 and scaled progesterone receptor expression.

Hence, Papp measures the progesterone signal in the system. The release is promoted by Papp

and inhibited by E2. The blood hormone concentration LH consists of a positive term,
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Fig 2. Full model diagram. The model diagram shows all states broken into two sub-models. The hypothalamus/

pituitary model has four states (RPFSH,FSH,RPLH, LH) and the ovarian model has nine states (RcF, GrF, DomF, Sc1,

Sc2, Lut1-4). In the hypothalamus/pituitary model, the black horizontal arrows represent hormone (E2, Papp)

movement and in the ovarian model they represent movement of cells or tissue (mediated by LH) between stages. The

red horizontal arrows represent output from a sub-model, and the green horizontal arrows represent input into a sub-

model. A hormone H written as H+ or H− has a stimulating or inhibiting effect respectively on movement between

chambers or effectiveness of a hormone within the chamber. The blue dashed-dotted lines within the ovarian model

show stages contributing to ovarian hormone production in the auxiliary equations. The gray dashed lines in the

ovarian model represent autocrine influence of ovarian hormones within the model. Full expression for the

hypothalamus/pituitary and ovarian models can be found in Eqs (1)–(4) and Eqs (5)–(13), respectively, and parameter

values and dimensions are listed in Table 1.

https://doi.org/10.1371/journal.pcbi.1007848.g002
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denoting the release from the reserve pool scaled by blood volume (v), and a negative linear

term representing clearance of the hormone from the blood.

Similarly, the reserve pool of FSH (RPFSH), Eq 3, tracks the mass of stored gonadotropin

FSH within the pituitary. It is also composed of two terms: a synthesis term inhibited by

inhibin A (InhA) and a release term that similar to RPLH is promoted by Papp and inhibited by

E2. It should be noted that the biological process for inhibin A’s effect is lengthy (it takes

approximately 1.5 days for this to have an effect [26]). To include this effect, we introduce a

discrete time-delay InhA(t − τ) in the synthesis term. Finally, the release from the reserve pool

RPFSH increases blood FSH levels, and FSH decreases linearly modeled by a clearance term.

d
dt

RPLH ¼
V0;LH þ

V1;LHE8
2

Km8
LHþE8

2

1þ Papp=KiLH;P
�

kLH½1þ cLH;PPapp�RPLH

1þ cLH;EE2

ð1Þ

d
dt

LH ¼
1

v
kLH½1þ cLH;PPapp�RPLH

1þ cLH;EE2

� aLHLH ð2Þ

d
dt

RPFSH ¼
VFSH

1þ InhAðt � tÞ=KiFSH;InhA
�

kFSH½1þ cFSH;PPapp�RPFSH

1þ cFSH;EE2
2

ð3Þ

d
dt

FSH ¼
1

v
kFSH½1þ cFSH;PPapp�RPFSH

1þ cFSH;EE2
2

� aFSHFSH ð4Þ

During a normal cycle estrogen exhibits a 2-stage effect on LH synthesis. Low levels of

estrogen inhibit LH release, high levels strongly stimulate production [22]. This 2-stage behav-

ior is represented by Eq (1): the synthesis term contains a Hill function dependent on E2,

which at a critical level of E2 increases LH synthesis, and in the second term E2 inhibits LH

release. The Hill function represents the main biological mechanism of the hypothalamus/

pituitary model as it is responsible for the mid-cycle LH surge in response to rising E2 levels.

As E2 increases above a threshold level, the Hill function in the first term in Eq (1) becomes

large enough to produce the priming affect of E2 on LH synthesis.

In Eqs (1)–(4) there are important relationships between E2 and P4 in the synthesis and

release of gonadotropins. Although E2 is responsible for simulating synthesis through the Hill

function, it also inhibits the release of both LH and FSH which is a secondary mechanism of

estrogen based contraception. In the positive term in Eq (1), the denominator contains the sec-

ondary contraceptive effect of progestin inhibiting LH synthesis.

Ovarian model. The ovarian model tracks sensitive follicle mass as it moves through the

biological phases of the menstrual cycle: follicular phase and luteal phase (see Fig 1). To simu-

late the timing of follicle development, the model breaks each of the phases into multiple stages

and adds two compartments as a transition from the follicular to luteal phase labeled Sc1 and

Sc2, which represent two stages of the follicle during ovulation. Ovarian hormone production

is derived from the mass in each stage in the auxiliary equations. It is assumed that serum con-

centrations of the ovarian hormones are at a quasi-steady state, i.e., that the hormone concen-

tration is proportional to the masses. This is an assumption formulated in [27] and used in

model construction in the original menstrual cycle model [12, 14], later modified by Margols-

kee and Selgrade [15].

The full system of equations describing the ovarian stages (Eqs (5)–(13)) and associated

auxiliary equations (Eqs (14)–(17)) are adopted from [14, 15]. The follicular phase is broken

into 3 stages: recruited follicle (RcF), growing follicle (GrF), and dominant follicle (DomF).
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The mass tracked cannot be thought of directly as mass of the follicles, but as mass of follicle

contributing to hormone production. Estrogen is produced by follicles in the mid to late follic-

ular phase and in the late luteal phase, so the auxiliary equation for estrogen (Eq (14)) consists

of terms proportional to the masses in the GrF, DomF, and Lut4. Ovulation is broken into two

stages and the luteal phase into four stages. Equations calculating ovarian hormones, assumed

proportional to masses in different stages, are in Eqs (14)–(17). In Eqs (14) and (15) exogenous

doses of estrogen (edose) and progestin (pdose) are added, respectively. We assume that the

added hormone (progestin or estrogen) acts as the endogenous hormone. Eq (16) defines the

variable Papp, which groups the effects of progesterone on both the brain and the ovaries, i.e.,

we assume that P4 affects all tissues in the same way. In the ovaries, during follicle develop-

ment, P4 limits sensitivity to FSH [20, 21] as described by the denominator of Eq (5).

The second term in Eq (16) represents the increase in P4 receptor expression due to E2 [23,

28] in the form of an increasing Hill function. Hence, the presence of estrogen enhances the

effectiveness of P4.

The variable Papp is used everywhere progesterone has an effect, as discussed in detail in the

modeling contraception section below.

d
dt

RcF ¼ ðbþ c1RcFÞ
FSH

ð1þ Papp=KiRcF;PÞ
x
� c2LH

aRcF ð5Þ

d
dt

GrF ¼ c2LH
aRcF � c3LH GrF ð6Þ

d
dt

DomF ¼ c3LHGrF � c4LH
gDomF ð7Þ

d
dt

Sc1 ¼ c4LH
gDomF � d1Sc1 ð8Þ

d
dt

Sc2 ¼ d1Sc1 � d2Sc2 ð9Þ

d
dt

Lut1 ¼ d2Sc2 � k1Lut1 ð10Þ

d
dt

Lut2 ¼ k1Lut1 � k2Lut2 ð11Þ

d
dt

Lut3 ¼ k2Lut2 � k3Lut3 ð12Þ

d
dt

Lut4 ¼ k3Lut3 � k4Lut4 ð13Þ
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E2 ¼ e0 þ e1GrF þ e2DomF þ e3Lut4 þ edose ð14Þ

P4 ¼ p0 þ p1Lut3 þ p2Lut4 þ pdose ð15Þ

Papp ¼
P4

2
ð1þ

Em2
Kmm

Papp
þ Em2
Þ ð16Þ

InhA ¼ h0 þ h1DomF þ h2Lut2 þ h3Lut3 ð17Þ

Modeling contraception

Progestin and estrogen act through different pathways and mechanisms to cause a contracep-

tive state. Progestin acts by limiting follicular sensitivity to FSH and by inhibiting LH synthesis,

whereas estrogen inhibits LH release. Two important autocrine effects in the model capture

the basic dynamics of both combined hormonal contraceptives and progestin only treatments.

The first is contained in Eq (5) via inhibition of FSH at the ovarian level due to Papp. The sec-

ond, described by Eq (16), enhances the effect of P4 in the presence of estrogen.

It should be noted that the model tracks blood concentrations of ovarian hormones, exoge-

nous progestin and estrogen levels.

Therefore contraceptive “doses” always refer to concentrations. To analyze model dynamics

for each contraceptive treatment, model simulations must have reached stable behavior (cyclic

or steady state) ensuring that effects of initial conditions have dissipated. To achieve this, we

administered the contraceptive drugs three months prior to analyzing simulation results.

The new model studied here is based on the model in Margolskee and Selgrade [15], which

cannot predict contraceptive behavior. For instance, if a progestin dose of 1.3 ng/mL is admin-

istered to the Margolskee and Selgrade model [15], it results in a slightly higher LH surge than

the normal. This occurs because a small additional amount of P4 is more effective at increasing

FSH production (see Eq (4)) than inhibiting LH production (see Eq (1)). More FSH causes

increased early follicular growth (Eq (5) without the Papp term) resulting in more early follicu-

lar E2 and hence a slightly higher LH surge. Including the Papp term without the E2 enhance-

ment of Eq (16) in Eq (1) dampens this growth and decreases the LH surge but it still is at an

ovulatory level. Thus in order to model progestin’s contraceptive effect both the inhibition of

P4 on early follicular development and the enhancement due to E2 are needed to predict

contraception.

In the following we describe how the new model components achieve contraception by pro-

gestin, estrogen, and the combined treatments.

Progestin based contraception. The major mechanism of interest is the inhibiting effect

progestin has on FSH’s ability to produce follicular tissue that is sensitive to LH. A secondary

effect present in Eq (1) is P4’s inhibition of LH synthesis. It is believed that the hormonal con-

traceptive effect of progestin is inhibiting growth of active follicular tissue during the early fol-

licular phase by reducing follicular sensitivity to FSH [16].

This effect is included by introducing Papp in Eq (5), which inhibits RcF growth due to FSH.

Under normal conditions, the P4 concentration is very low during this part of the cycle, so

the inhibitory effect on follicle growth is negligible. Two growth terms proportional to FSH in

Eq (5) are divided by a term including the applied progestin. As a result, FSH has less of a stim-

ulatory effect on follicle growth if the applied progestin is high, such as during treatment with
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a contraceptive drug or during the luteal phase. These abnormal conditions diminish follicle

tissue sensitivity to LH, which inhibits the follicle tissue movement through the normal stages.

In addition, the progestin effect is increased by E2 via the Hill function in Papp (see Eq (16)).

Thus little appreciable follicular mass can reach the growing follicle stage GrF, preventing the

mid-cycle rise in E2. Without the rise in E2, the LH surge does not happen and ovulation can-

not occur.

Estrogen based contraception. Estrogen is contraceptive as well. This comes from inhib-

iting the release of both LH and FSH from the pituitary, modeled by Eqs (1) and (3). The end

result is the same as with progestin. Insufficient gonadotropins from the pituitary prevent a

LH surge. The addition of estrogen to the treatment allows for a smaller dose of progestin.

Combined hormonal contraception. In the combined treatment with estrogen and pro-

gestin, estrogen serves to bolster progesterone’s effect but also inhibits LH release [1]. The

presence of estrogen upregulates progesterone receptor expression, which increases P4’s effec-

tiveness. This has been shown in ovine and rat uterine cells [1, 28]. A possible secondary effect

of the the mid-cycle rise in estrogen is to prime P4 receptors for the luteal phase [28]. To repre-

sent this dynamic we have added Eq (16), which scales circulating P4 in the body with a steep

Hill function dependent on estrogen. The resulting Papp is used as the active progesterone in

the system. Without estrogen Papp is half of the produced P4. At a certain level of estrogen the

receptor expression is assumed higher and Papp approaches P4. In addition, the Hill function

in Eq (16) depends on estrogen causing progestin to be effective at lower doses if there is also

an estrogen component.

Model summary

The model described above is formulated as a system of 13 delay differential equations of the

form

dx
dt
¼ f ðx; y; t; t � tÞ;

where

x ¼ fRPLH; LH;RPFSHðt � tÞ; FSH;RcF;GrF;DomF; Sc1; Sc2; Lut1; Lut2; Lut3; Lut4g

with four auxiliary equations for the ovarian hormones

y ¼ fE2; P4; Papp; InhAg

and 46 parameters given in Table 1. Estimated parameters are marked in bold and the remain-

ing parameters are from [15]. New parameters are marked by a �.

The clearance rate for FSH is from [29]. The clearance rate for LH is from [30]. Equations

are solved with MATLAB using the delay differential equation solver (dde23) and bifurcation

analysis is done using DDE-BIFTOOL [31].

To analyze this model we conducted four simulations studying:

• The model prediction of baseline hormones without contraception. These results were com-

pared to data repeated over three cycles of length 28 days. Results are compared to data from

Figure 1 in Welt et al. [25].

• The response with contraception for low and and high dose of progestin, comparing the

response to the normally cycling data from Figure 1 in Welt et al. [25] and the contraceptive

state extracted from Figure 1 and Table 3 in [16].
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• The response with contraception for low and and high dose of estrogen, comparing the

response to the normally cycling data from Figure 1 in Welt et al. [25]. This simulated

response is not compared to data.

• The response to combined treatment with low doses of progestin and estrogen. The low

doses used here are the same studied in the isolated treatment studies. Results for this simu-

lation is compared to data from Figure 1 and Table 3 in Mulders and Dieben [18].

All simulated results are displayed after the solution has reached stable constant or oscillating

behavior.

In addition to forward simulations comparing the response to different dosing strategies,

we conduct a bifurcation analysis to determine when the model goes from stable oscillations to

steady state with the combined estrogen/progestin contraception. Finally, we study the effect

of removing contraception to understand how long it takes to return to normal cycling.

Results

This study presents a mathematical model of the menstrual cycle that can predict normal

cycling as well as the dynamic response to exogenous progestin and estrogen dosing as

described in the model summary section.

Fig 3 shows the model’s fit to data for normal cycling women digitized from Figure 1 in

Welt et al. [25]. The data is for a single cycle and we have concatenated it for the number of

cycles necessary to compare simulations. In this study, we use the term “total contraception”

to describe a contraceptive treatment which results in model simulation reaching steady state,

i.e., all variables become constant. While biological contraception is achieved before total con-

traception, quantitatively it is useful to look at where total contraception takes place for com-

parative analysis. In all plots, data are represented by magenta dot-dashed lines and model

simulations by solid blue lines. Unless otherwise stated, asymptotic solutions of a stable cycle

or a steady state are displayed. Dosing is applied 3 months before time zero and continues

throughout the simulations.

Notice that the hormone profiles in Fig 3 are not as close to the Welt data [25] as the profiles

in the original model by Clark et al. [14] are to the data in McLachlan et al. [32], which Clark

et al. [14] used to identify parameters. This occurs because the Welt data is noisier than the

McLachlan data, so parameter identification in Clark et al. [14] is more accurate. However, the

McLachlan data does not contain inhibin B which we will use in the future to improve this

study.

Model parameters for this study were largely kept at the values used in the study by Mar-

golskee and Selgrade [15], except for changes needed for the new model components. New

parameters and parameters associated with contraception were estimated and these are

marked with bold in Table 1. The estimated cycle length is 28.65 days, therefore Fig 3 display-

ing the contraception free result is not completely in phase with the data. We have depicted

results aligning the data to the middle of the three cycles. It is possible to adjust the cycle length

by scaling the ovarian model parameters ei and pi, but we chose not to do so to keep the model

as close as possible to the original model, and the estimated cycle is still within normal values.

Moreover, the objective of this study is to predict the effect of contraception, and the qualita-

tive results discussed below are not dependent on matching the cycle length exactly to the data.

Progestin based contraception

With the addition of exogenous progestin, the model approaches a contraceptive state in a

dose-dependent manner. Data for a contraceptive state due to progestin are taken from
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Figure 1 and Table 3 in Obruca et al. [16]. The data display the mean maximum and standard

deviation of the hormonal values after a 21 day treatment of a progestin based contraceptive.

The mean maximum value is denoted with the red solid horizontal line and the standard devi-

ation is represented by the red dotted horizontal line in Figs 4 and 5. Data (dashed-dotted

magenta lines) from Figure 1 in Welt et al. [25] for a normal cycle are plotted for reference in

the figures. Results from both a low and a high dose of progestin are shown (Recall, the model

tracks blood concentrations, which we refer to as doses).

Notice that in Figs 4–7 the FSH profiles in response to contraceptive treatments are higher

than biologically observed [18]. This occurs in our model because FSH synthesis is suppressed

only by inhibin A (see Eq (3)). In our model of contraception, ovulation does not occur so the

corpus luteum does not develop and InhA is produced at low levels (see Eq (17)). Hence, a

considerable amount of FSH is synthesized and the FSH profile is high. Inhibin B is produced

during the follicular phase of the cycle and would provide inhibition of FSH in a contraceptive

situation. However, including inhibin B would complicate the present model significantly.

Fig 3. Normal cycle. Results for a normal cycle with no exogenous estrogen or progestin. The model output for 84 days (3 cycles) is denoted by the solid

blue line and the connected points are data with error bars digitized from Figure 1 in Welt et al. [25].

https://doi.org/10.1371/journal.pcbi.1007848.g003
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The doses giving the hormone levels discussed above from Figure 1 and Table 3 in Obruca

et al. [16] are in mg, whereas in the model they are given in concentrations. Approximate con-

centration doses were obtained by converting the high dose values reported in Table 3, [16].

These were subsequently adjusted to obtain a high dose, representing the lowest concentration

giving a constant long-term solution. The low does was set to approximately half the high

dose. More specifically, for the high dose pdose = 1.3 ng/mL and for the low dose pdose = 0.6 ng/

mL.

This low dose does not result in total contraception, but the LH surge has been effectively

eliminated (see Fig 4) likely causing biological contraception. In Fig 5 the high dose case

(pdose = 1.3 ng/mL) is displayed and steady state has been reached, i.e., our defined total

contraception.

Fig 4. Progestin low dose. Model results with a low dose (pdose = 0.6 ng/mL) are plotted with a solid blue line, while the solid red horizontal red line

denotes the mean maximum hormonal values resulting from the 21 day progestin treatment reported in Figure 1 and Table 3 in Obruca et al. [16] with the

standard deviation represented by the horizontal dashed lines. The mid-cycle LH surge has been eliminated. With this dose we have reached biological

contraception by preventing the LH surge, but we have not reached total contraception. For comparison, the normal cycling data are presented by a

dashed-dotted magenta line.

https://doi.org/10.1371/journal.pcbi.1007848.g004
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Estrogen based contraception

While estrogen only contraceptives are not normally used in practice, a high enough dose of

estrogen results in contraception. As with progestin, two cases are considered: a low dose that

does not cause total contraception and a higher one that does. The low dose case (40 pg/mL) is

depicted in Fig 6. Again, the low dose does not achieve total contraception, but the LH surge

has been reduced to a level that likely indicates biological contraception. The dose (92 pg/mL)

that accomplishes total contraception is shown in Fig 7. In both figures, we have plotted data

from [25] for reference to a normal cycle. Data for estrogen only contraception in humans is

unavailable, but hormonal values fall within a reasonable biological range for a contraceptive

state.

Fig 5. Progestin high dose. Model results with high a dose �pdose = 1.3 ng/mL are plotted with a solid blue line, while the solid red horizontal line

represents the mean maximum hormonal value resulting from the 21 day progestin treatment reported in Figure 1 and Table 3 in Obruca et al. [16] with

the standard deviation represented by the horizontal dashed lines. For P4 we note a significant difference between model predictions and the data. This

likely stems from the fact that in the model P4 includes both endogenous and exogenous progestin, while the data only measure the endogenous levels. We

have reached a steady state here and thus total contraception. For comparison, the normal cycling data are presented by a dashed-dotted magenta line.

https://doi.org/10.1371/journal.pcbi.1007848.g005
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Combined hormonal contraception

Applying the two low doses to the model at the same time yields the results shown in Fig 8.

Model hormone predictions are compared with values taken from Figure 1 and Table 3 in

Mulders and Dieben [18]. The dotted red horizontal line is the median of the maximum con-

centration of the hormone between days 8 and 13 of treatment. The solid horizontal line is the

predicted hormone concentration output from the model, and for comparison, the normal

cycling data are presented by a dashed-dotted magenta line.

Bifurcation analysis

A bifurcation is a change in qualitative behavior of a system and occurs as a parameter of the

system crosses a critical value. A Hopf bifurcation occurs when moving over this critical value

causes a change from cyclic behavior to steady state behavior or vice versa. If the model is in a

cyclic state, a significant enough increase in pdose, edose, or both will move the model over a

Fig 6. Estrogen low dose. Model results (solid blue line) with edose = 40 pg/mL. In this simulation, LH has a small mid-cycle rise, but the large LH surge is

significantly suppressed and ovulation does not occur indicating a contraceptive state, yet the hormone levels still vary during the cycle. For comparison,

the normal cycling data are presented by a dashed-dotted magenta line.

https://doi.org/10.1371/journal.pcbi.1007848.g006
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Hopf bifurcation from the cyclic region into steady state region. The curve in the (edose, pdose)

space of Hopf bifurcations then illustrates where total contraception is achieved.

The curve in Fig 9 displays Hopf bifurcations in the (edose, pdose) space illustrating the rela-

tionship between doses and total contraception. This curve is constructed using the software

DDE-BIFTOOL [31], which identifies bifurcations for delay differential equations. We know

that if pdose = 0 then the system attains a steady state at edose = 92 pg/mL, see Fig 7. If edose is

decreased from 92 pg/mL, DDE-BIFTOOL finds the Hopf bifurcation at edose� 90 pg/mL. We

fix the pdose parameter at small increments between 0 and 1.3 pg/mL and search for Hopf bifur-

cation with respect to the parameter edose to generate the curve of Hopf bifurcations in Fig 9.

Below the curve are periodic solutions of the model (cyclic behavior) and above the curve are

steady state solutions. The normal state of the model is at (0, 0) where there is no dose of either

type. The Hopf bifurcations define the doses at which total contraception takes place: the exact

point at which the periodic solution becomes a steady state solution. The high dose cases for

estrogen and progestin are shown as stars on the x and y axis respectively. The combination

Fig 7. Estrogen high dose. Model results (solid blue line) with edose = 92 pg/mL. For this high dose total contraception has been achieved. For comparison,

the normal cycling data are presented by a dashed-dotted magenta line.

https://doi.org/10.1371/journal.pcbi.1007848.g007
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low dose is marked just above the Hopf curve in the steady state solution space in red. The two

high dose treatments can be found along either axis where the Hopf curve intersects: for pro-

gestin only at pdose� 1.3 ng/mL and for estrogen only at edose� 92 pg/mL.

Return to normal cycling

All results presented up to this point have been asymptotic solutions that have allowed time for

the model to reach a stable cycle or steady state solution. It is imperative, however, in con-

traceptive design that introduction of a contraceptive quickly cause a non-ovulatory state and

removal of the contraceptive results in return to normal cycling. To demonstrate this behavior

the model simulates nine cycles assuming cycles are 28 days. The first three cycles are normal,

the next three cycles have a combined low dose of estrogen and progestin, and the last three

cycles have the dose in the blood exponentially decaying due to the drug’s half-life. Both elimi-

nation half-lives of the drugs are short compared to the model time scale: progestin has an

Fig 8. Combined low dose. Model results (solid blue line) with pdose = 0.6ng/mL and edose = 40 pg/mL. The dotted red line is the median maximum

hormonal value during days 8-14 of combined hormonal treatment reported in Figure 1 and Table 3 in Mulders and Dieben [18]. These are the two low

doses that did not reach total contraception when used individually. The application of both low doses though has achieved total contraception. For

comparison, the normal cycling data are presented by a dashed-dotted magenta line.

https://doi.org/10.1371/journal.pcbi.1007848.g008
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approximate half-life of a day [33, 34] and estrogen of two days [35]. The resulting simulation

is shown in Fig 10. The vertical dotted lines represent the beginning and end of dosing. The

simulation transitions from a normal cycling state to a contraceptive state and back to normal

cycling within one to two cycles of the treatment’s removal. The contraceptive portion of the

simulation does not have time to reach a steady state, but is completely devoid of an LH surge.

The combined dose given is strong enough to cause total contraception if treatment was

applied for a longer window.

Discussion

In this study, we developed a model for menstrual cycle dynamics that can predict the effects

of several contraceptive hormone treatments preventing ovulation. New key features in this

model are the ovarian autocrine effects: progesterone inhibiting growth of the recruited follicle

and estrogen amplifying the effects of progesterone shown in Eqs (5) and (16), respectively.

Data from the biological literature [25] are used to identify model parameters and the resulting

model simulations approximate well the hormonal profiles of normally cycling women (Fig 3).

Then the model is used to test the effects of five different hormonal contraceptive treat-

ments. It is assumed that the doses of exogenous hormones are added directly to the blood and

act as the natural analogues in the body. Low and high doses (concentrations) of exogenous

progestin reduce the LH surge to non-ovulatory levels (Figs 4 and 5) and reflect clinical data

reported in Figure 1 and Table 3 by Obruca et al. [16] for progestin treatments. In fact, the

high dose progestin results in total contraception, which means that hormonal levels are at

steady state because the solutions to the differential equations are constants. Also, low and

high doses of exogenous estrogen reduce the LH surge to non-ovulatory levels (Figs 6 and 7).

Fig 9. Hopf bifurcations. Bifurcation diagram representing location of Hopf bifurcations in the (edose, pdose) space.

Solutions below the curve of Hopf bifurcations are periodic and solutions above the curve are steady state. Our total

contraception as we have defined it then occurs along this curve of Hopf bifurcations. Any doses falling above the

curve are totally contraceptive and any below are not. The low dose combination that we tested (used in Fig 8) is

shown with a red star and falls just into the steady state region. The progestin (used in Fig 5) and estrogen (used in Fig

7) only doses can be seen approximately where the Hopf curve intersects the axes.

https://doi.org/10.1371/journal.pcbi.1007848.g009
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The high dose estrogen results in steady state hormone levels. When low dose estrogen and

low dose progestin are administered together, this combined hormonal treatment achieves

total contraception (Fig 8) and is compared with clinical data from [18].

In order to determine which dosing pairs result in total contraception, a Hopf bifurcation

curve (Fig 9) is drawn in the (edose, pdose) plane which separates the plane into a region of steady

state solutions and a region of non-constant periodic solutions. For dosing pairs near this

curve, LH and P4 levels are low so the menstrual cycles are non-ovulatory. As both dosing

amounts decrease, the LH surge increases and the contraceptive effect is gradually lost. If a

non-ovulatory LH level is assumed, the model may be used to predict which dosing pairs result

in LH at or below that level and, hence, are contraceptive. In clinical settings, the contraceptive

effect is reached well before the “total contraception” described by the model. Therefore, the

modeling results cannot directly be translated to clinical applications, but if combined with a

PKPD model, the ideas put forward here have potential to be used in designing new treatment

strategies.

Also, model simulations indicate how quickly a combined contraceptive treatment pro-

duces a non-ovulatory menstrual cycle and how fast the cycle returns to normal after the treat-

ment ends. For example, Fig 10 shows that the treatment pair (edose, pdose) = (40 pg/mL, 0.6 ng/

mL) results in a contraceptive state in the first cycle after dose application and an ovulatory

cycle returns within one or two cycles after the treatment ends.

A limitation of the current model is the assumption that the effect of estrogen on progester-

one can be combined into one term Papp that does not differentiate the neuroendocrine verses

the ovarian systems, and that Papp has a maximum of P4. In reality the effect likely differs

between organs, and it may be that for large concentrations of E2 the Papp is larger than P4, but

without additional data we chose this unifying approach. Future studies should explore these

possibilities in more detail.

Fig 10. Temporary dose. Simulation (solid blue line) of a temporary treatment of a low dose combined hormonal

contraceptive. Dosing begin at day 84 (green dashed line) and ends at day 168 (red dashed line) at which point the dose

decreases exponentially due to the half-life of the drug. A nearly instant contraceptive effect after dosing is observed

and, once the drug is removed, return to ovulation occurs within 1-2 cycles.

https://doi.org/10.1371/journal.pcbi.1007848.g010
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Another limitation is that the predicted FSH response to hormonal treatment. Eq (3) indi-

cates that FSH synthesis only depends on inhibin A. When a contraceptive state is reached,

luteinization does not occur and so inhibin A is diminished. Because inhibin A inhibits FSH

synthesis, the model predicts that in a contraceptive state FSH is produced at a high level.

However, this is not observed biologically [18]. To improve the model, Eq (3) needs to be mod-

ified so that FSH synthesis depends on more reproductive hormones especially inhibin B.

Finally, for each synthetic exogenous hormone, the addition of a model accounting for its

pharmacokinetics and its specific activity in relation to the corresponding natural hormone

would allow for more detailed representation of different treatments. While the addition of a

model of this type can give insight into specific treatments, it does not change the main conclu-

sions that contraception can be achieved at a lower dose for the combined treatments.

In summary, this study presents a mathematical model which accurately predicts daily hor-

mone levels (LH, FSH, E2, P4, InhA) for normally cyling women. By adding two ovarian auto-

crine effects of E2 and P4 and only four new parameters to previous models [12–15] we have

studied, this new model illustrates that progestin and synthetic estrogen treatments result in

contraception. When coupled with a PKPD model for oral contraceptive drugs, the resulting

model may help discover minimal effective doses of these drugs and may lead to patient-spe-

cific dosing strategies.
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