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Abstract: We propose a compressive self-interference incoherent digital holography (SIDH) with a
geometric phase metalens for section-wise holographic object reconstruction. We specify the details
of the SIDH with a geometric phase metalens design that covers the visible wavelength band, analyze
a spatial distortion problem in the SIDH and address a process of a compressive holographic section-
wise reconstruction with analytic spatial calibration. The metalens allows us to realize a compressive
SIDH system in the visible wavelength band using an image sensor with relatively low bandwidth.
The operation of the proposed compressive SIDH is verified through numerical simulations.

Keywords: diffractive optics; digital holography; computer-generated hologram; metasurface;
compressive sensing; optical sectioning

1. Introduction

Digital holography is a key component of next-generation three-dimensional (3D)
camera and imaging technology. Traditional digital holography employs the two-beamline
interferometric system based on signal and reference arms from a highly coherent laser
source [1–6]. However, coherent digital holography has limitations for many practical
3D applications because it cannot take 3D-scene holograms under daylight or incoherent
illumination, such as that produced by light-emitting-diodes (LEDs).

To overcome these limitations, the basic schemes of recording and reconstructing
the incoherent hologram were proposed by the earliest reports using the self-interference
technique [7–11] to modulate incoherent object scenes into the holographic self-interfering
patterns, and several related systems have been developed. The conventional interferomet-
ric structures such as with a rotational shearing [12–14], Mach–Zehnder [15], or Michelson
interferometers [16,17] were employed in the system to spatially divide and modulate
the incoming wavefront. Conoscopic holography was a method suggested to obtain the
incoherent hologram without spatially dividing the incident object wavefront into two by
utilizing the birefringent crystal slap [18]. With the development of opto-electronic image
sensor devices, various types of SIDH systems have been used for a decade, in which the
phase-only spatial light modulator (SLM) is adopted as a wavefront modulator [19–21]. In
SIDH, the polarization state parallel to the active axis of SLM is modulated corresponding
to the displayed quadratic phase pattern, and the orthogonal state just passes through
the SLM, so that the Fresnel zone-like interference pattern can be obtained at the sensor
plane. Besides using the phase-only SLM [22,23], the liquid crystal GRIN lens [24] or the
birefringent crystal lens [25,26] were utilized as active-type wavefront modulating devices.
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The binary diffractive Fresnel zone lens [27], ring-shaped bifocal lens [28], bifocal meta-
surface lens [29], or the liquid crystal polymer-based polarization directed flat lens were
implemented as passive-type wavefront modulating optics, giving rise to the simplicity
of the system setup [30]. Most of the reported systems are described with the terms of
self-interference incoherent digital holography (SIDH) or Fresnel incoherent correlation
holography (FINCH). Since recording a hologram is performed using incoherent light,
the design condition of incoherent holography is limited according to the condition that
the optical path difference (OPD) must be smaller than the coherence length. However,
the techniques SIDH and FINCH succeeded in becoming a main stream of incoherent
holography by decreasing the restriction in the OPD systematically.

Choi et al. reported the incoherent digital holographic camera system with a liquid-
crystal geometric phase (LCGP) lens using the in-line self-interference concept [31,32].
Furthermore, they succeeded in the compact implementation of an LCGP in-line system
using a focal-point array with a micro-polarizer array embedded for real-time phase-
shifting digital holography [33]. The system demonstrated the operation of capturing
and generating incoherent holograms of real moving objects. However, the practical
disadvantage of the LCGP lens is its low numerical aperture (NA) and chromatic aberration
noise in the visible wavelength band. Furthermore, converging and diverging spherical
wavefront inference in LCGP SIDH requires higher resolution CCD or CMOS devices, and
this leads to limited spatial-frequency bandwidth or field-of-view (FOV).

The incoherent holographic system was developed to acquire holographic sectioning
images [34,35]. In the FINCH scope scheme, the confocal imaging technique was combined
to FINCH to obtain the optical sectioning capability [36]. Meanwhile, compressive hologra-
phy [37,38] was proposed as a candidate for optical sectioning to overcome confocal optical
sectioning. Through compressive holography, we can acquire the sectional images of the
3D target scene, excluding out-of-focus information on the other plane [37,38]. Recently,
the compressive sensing (CS) algorithm was used to eliminate the twin and DC noise
in the coaxial holographic system with a bifocal metalens [29]. The metalenses feature
broadband 2π-phase modulation and can be made to have a high numerical aperture
(NA) in the visible wavelength band. The geometric phase metalens [39–42] allows the
design of ultra-compact SIDH optical systems by simultaneously interfering modulated
and non-modulated waves exploiting its polarization selectivity.

This paper proposes incoherent compressive SIDH with a geometric phase metalens
for section-wise holographic object reconstruction. We detail a compressive SIDH design
by combining a geometric phase metalens and a compressive holography scheme. The
proposed SIDH is shown to be capable of single-shot compressive holographic sectioning
images. The correct depth information is crucial for the compressive holography-based
optical sectioning [37,38]. As addressed in this paper, the incoherent holograms of 3D
scenes captured by the SIDH system [30–32] have an issue regarding depth and x-y scale
distortion. The phase of the object is not recorded as it is during the recording process. The
spatial distortion correction of the difference between the reconstructed object from the
incoherent hologram and the real object should be accounted for in the object reconstruction
and depth information extraction of real 3D scenes. For this, the depth and lateral scale
distortion along the optic axis of SIDH should be calibrated correctly.

2. SIDH with Geometric Phase Metalens and Spatial Distortion Compensation
2.1. SIDH System with a Geometric Phase Metalens

This section describes the SIDH system based on the polarization-sensitive geometric
phase metalens and analyzes the distortion problem of that SIDH system. Figure 1a shows
the scheme of the SIDH system with the metalens. The wave generated from a point on
a target object propagates to the metalens, and the optical wave is split into two wave
components by the metalens: the modulated cross-polarized converging wave and non-
modulated co-polarized wave. As shown in Figure 1a, two wavefronts passing the circular
polarizer generate the interference pattern in the form of a Fresnel zone plate (FZP) on
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the image sensor with a micro-polarizer array. The micro-polarizer plate is composed of
a repeated 2 × 2 array with phase delay components of 0, π/4, π/2 and 3π/2, as shown
in Figure 1b. A complex hologram is synthesized from the phase-shifted intensity images
of the 3D scene [32,33]. The design of the unit pixel structure of the metasurface lens is
depicted in Figure 1c.
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Figure 1. (a) The scheme of the self-interference incoherent digital holography (SIDH) system with
metalens, (b) the image sensor with micro-polarizer array and the phase-shifted value δ of the
corresponding matched subpixel, (c) the all-dielectric metalens and a unit pixel, and (d) the phase
modulations of the metalens for the right-handed circular polarization (RHCP) and left-handed
circular polarization (LHCP) incidence beams.

The single nanorod pattern, which exerts a geometric phase effect by rotating an
orientation angle, can be implemented in polycrystalline silicon on the silicon dioxide
substrate, as illustrated in Figure 1c, where the period, length, width, and thickness of the
rod are denoted by P, L, W, and T, respectively. Figure 1d describes the phase function
of the metalens working selectively with respect to the polarization states of an incident
wave. Through the geometric phase (GP) effect, the phase of the cross-polarization wave is
modulated while the non-modulated co-polarization incident wave propagates normally
in free space. The left-handed circular polarization (LHCP) incident wave is modulated
with the convex lens phase function of the right-handed circular polarization (RHCP)
wave component, while the RHCP incident wave is modulated by the concave lens phase
function of the LHCP wave component.

If the incident wave with all polarization states is set without a polarizer in front of the
metalens, the non-modulated wave of the RHCP incident wave and the modulated wave of
the LHCP incident wave can be acquired from the interference pattern on the image sensor
plane. The image sensor with the micro-polarizer array detects the interference pattern
of the RHCP and LHCP components, and the complex hologram in the SIDH system is
reconstructed by the phase-shifting holography technique. We next characterize the optical
system in terms of the exact depth information of the 3D scene reconstructed from the
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complex hologram. For the analysis, let us set a depth-map object G(x1, y1, z1) and denote
the kth layer image G(x1,k, y1,k, z1,k), as seen in Figure 1a. Under the incoherent illumination,
the phase-shifted intensity image Hn(x2, y2; δ) on the image sensor is obtained as

Hn(x2, y2; δ) = ∑
k

x ∣∣G(x1,k, y1,k, z1,k)
∣∣2 Ih(x2, y2; x1,k, y1,k, z1,k, δ)dx1,kdy1,k (1)

where Ih is the intensity pattern of the interference pattern for each point object, δ is the
phase retardation of the polarized component [32,33]. (x1,k, y1,k, z1,k) is the coordinate of
the kth point of the 3D object and (x2, y2) is the lateral coordinate on the image sensor.

As indicated in Figure 1d, the interference pattern Ih of the point (x1,k, y1,k, z1,k) is
taken by the interference of the converging wave component Q1 and the non-modulated
wave component Q2, and it is given as

Ih(x2, y2; x1,k, y1,k, z1,k, δ) =
∣∣∣Q1(x2, y2; x1,k, y1,k, z1,k, f )e−j δ

2 + Q2(x2, y2; x1,k, y1,k, z1,k)ej δ
2

∣∣∣2 (2)

The propagator Q1 of the modulated wave takes the form of the generalized Fresnel
transform (GFrT) [43],

Q1(x2, y2; x1,k, y1,k, z1,k, f )

= −j∣∣∣∣λ{(d1−z1,k)+d2}− λ(d1−z1)d2
f

∣∣∣∣
× exp

 jπ
{(

1−
(d1−z1,k)

f

)
(x2

2+y2
2)−2(x2x1,k+y2y1,k)+

(
1− d2

f

)
(x2

1,k+y2
1,k)

}
λ{(d1−z1,k)+d2}− λ(d1−z1,k)d2

f


(3)

where f , d1, d2, and λ are the metalens’ focal length, the distance between the reference
object plane and the metalens, the distance between the metalens and the image sensor,
and the operating wavelength, respectively. The non-modulated wave component Q2 takes
the form of the Fresnel transform (FrT) [44],

Q2(x2, y2; x1,k, y1,k, z1,k)

= −j
|λ{(d1−z1,k)+d2}|

× exp
[

jπ{(x2
2+y2

2)−2(x2x1,k+y2y1,k)+(x2
1,k+y2

1,k)}
λ{(d1−z1,k)+d2}

] (4)

Substituting Equations (3) and (4) into Equation (2), we obtain the interference pattern
(see Appendix A):

Ih(x2, y2; x1,k, y1,k, z1,k)

= 1
|A|2

+ 1
|B|2

− 1
|AB| × exp

[
− jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× e−jδ

− 1
|AB| × exp

[
jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× ejδ,

(5)

where A and B are

A = λ
{
(d1 − z1,k) + d2

}
−

λ(d1 − z1,k)d2

f
(6)

and
B = λ

{
(d1 − z1,k) + d2

}
(7)

In the four-phase shifting holography scheme, the images of phase retardation
(δ = 0, π/2, π, 3π/2) synthesize the final complex hologram (CH) pattern [33], represented
by the form of the Fresnel transform of

∣∣G(x1,k, y1,k, z1,k)
∣∣2, (see Appendix A):
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CH = [H3(x2, y2; δ = π)− H1(x2, y2; δ = 0)]− j
[
H4
(
x2, y2; δ = 3π

2
)
− H2

(
x2, y2; δ = π

2
)]

= ∑
k

s ∣∣G(x1,k, y1,k, z1,k)
∣∣2 4 exp

[
jπ

λz1,k

{
(x2−x1,k)

2
+(y2−y1,k)

2}]∣∣∣∣λ2(d1−z1,k)
2
d2

2

(
1

d1−z1,k
+ 1

d2
− 1

f

)(
1

d1−z1,k
+ 1

d2

)∣∣∣∣dx1,kdy1,k,
(8)

where x1,k, y1,k, and z1,k are the new coordinates representing the distorted 3D scene. In this
process, the nonlinear constant term and conjugate term of the hologram cancel out [33]. We
have shown that the relationship between the complex hologram (CH) and the point cloud
object G is based on the Fresnel transform of the distorted domain

(
x1,k, y1,k, d1 + d2 − z1,k

)
.

The distorted domain
(

x1,k, y1,k, d1 + d2 − z1,k

)
of the reconstructed object is identified as(

x1,k, y1,k, d1 + d2 − z1,k

)
=

(
− d2
(d1−z1,k)

x1,− d2
(d1−z1,k)

y1, d1 + d2 − d2
2 f
(

1
d1−z1,k

+ 1
d2
− 1

f

)(
1

d1−z1
+ 1

d2

)) (9)

Equation (9) is the mapping relationship between the real and reconstructed spaces
with distortion, where the multi-layered line objects in the real space are nonlinearly
distorted in the reconstructed space. For instance, the real space object of five rectangular
layers at 520 mm, 510 mm, 500 mm, 490 mm, and 480 mm on the z-axis is reconstructed to
the distorted object of five layers at 307.5 mm, 396 mm, 427.8 mm, 443.9 mm, and 453.5 mm
on the z-axis with lateral scale variation, as shown in Figure 2.
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Figure 2. Spatial distortion relation of SIDH. (a) Target layered rectangle objects in the real space
and (b) corresponding distorted objects reconstructed from the incoherent hologram recorded by
the proposed SIDH system. The depth set along the z-axis of the real object is 520 mm, 510 mm,
500 mm, 490 mm, and 480 mm. The depth set of the reconstructed object is 307.5 mm, 396 mm,
427.8 mm, 443.9 mm, and 453.5 mm. The system parameters are set to d1 = 525 mm, d2 = 15 mm,
and f = 250 mm.

Regarding the unit hologram pattern for an object point, six four-phase shifted holo-
gram patterns, the modulated wavefront, the non-modulated wavefront, and the resulting
H1, H2, H3, and H4 are presented in Figure 3.
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Figure 3. Phase profiles of complex field distributions on the image sensor: (a) the modulated
wave (GFrT) and (b) the non-modulated wave (FrT). Phase shifted intensity profiles (c) H1, (d) H2,
(e) H3, and (f) H4 with phase-shifted values 0, π/2, π, 3π/2 simulated on the image sensor with
micro-polarizer array. The point object is located at 30 mm depth and the system parameters are
d1 = 70 mm, d2 = 10 mm, and f = 100 mm.

From Equation (8), the hologram pattern of an object point G(x1,k, y1,k, z1,k) located at
the kth layer is simplified to

CHk = 4
∣∣G(x1,k, y1,k, z1,k)

∣∣2 exp
[

jπ
λz1,k

{
(x2 − x1,k)

2 +
(

y2 − y1,k

)2
}]

∣∣∣λ2(d1 − z1,k)
2d2

2

(
1

d1−z1,k
+ 1

d2
− 1

f

)(
1

d1−z1,k
+ 1

d2

)∣∣∣ (10)

Although the actual object point is (x1,k, y1,k, z1,k), CHk is interpreted to a spherical

wave coming from a different point
(

x1,k, y1,k, z1,k

)
in free space.

For a point cloud object, the coherent accumulation of the zone plate patterns of the
point cloud object is recorded at the image sensor in the form of

CH = ∑
k

CHk (11)

Accordingly, the complex hologram of the multi-depth letter image set in Figure 1a is
reconstructed to the distorted objects, as illustrated in Figure 4a,b.

While the depth z1,k of letters ‘I’, ‘P’, ‘D’, and ‘S’ are 10 mm, 20 mm, 30 mm, and
40 mm measured from the zero-depth plane (z1 = 0), the estimated in-focus depths z1,k
corresponding to each letter are measured as 162.5 mm, 172.7 mm, 186.7 mm, and 207.2 mm.
Note that the issue is to investigate whether the 3D objects can be reconstructed in the
real 3D space correctly. We believe that optical sectioning is necessary to deal with this
problem and, in the next section, test the compressive holography operation in the proposed
metalens-based SIDH scheme. For all object points, four-phase shifted intensity profiles
H1, H2, H3, and H4 according to Equation (1) are presented in Figure 4c. We assume
that the image sensor has a 101 by 101 resolution, 30 µm pixel pitch, and the operating
wavelength of 550 nm. The shifted phase values 0, π/2, π, and 3π/2 are the same in
Figure 3. Additionally, the image sensor is assumed to be the ideal situation where the
subpixels are matched spatially.
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operating wavelength of 550 nm.

Figure 5a–c show the target objects, the amplitude profiles, and phase profiles of the
complex holograms of the SIDH system based on a metalens. We set the images of four
target objects in the form of letters ‘I’, ‘P’, ‘D’, and ‘S’ in Figure 5a, which are 100 mm,
90 mm, 80 mm, and 70 mm, respectively, from the image sensor. Then, the results of the
complex holograms are computed according to Equation (8) for each depth distance, and
their amplitude profiles and phase profiles on the image sensor are shown in Figure 5b,c.
The data sets presented from the first column to the fourth column are the cases for each
object, and the data presented in the last column are the total holograms calculated for
all objects.

It is noteworthy that the intensity of the modulated component and the non-modulated
component should be similar in order to acquire a balanced interference pattern. To achieve
this, an optimally designed metalens is essential. The modulation characteristics of the
nanorod structure are analyzed using the Fourier modal method (FMM) [45]. In the analysis,
the polarization state of the incident wave is assumed to bae RHCP. The optimal design
parameters of the metasurface structure were determined through the parametric study
and the resulting structural parameters: the period P, length L, width W, and thickness
T of the poly-Si nanorod are 300 nm, 250 nm, 60 nm, and 150 nm, respectively. The
operational transmission characteristics of the designed nanorod are shown in Figure 6.
The metasurface structure has broadband characteristics in the visible wavelength range
from 450 nm to 650 nm. Figure 6a presents the transmission efficiency of the RHCP and
LHCP components for wavelengths in the visible band.
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depths from the image sensor (Hologram plane) are set to (100 mm, 90 mm, 80 mm, and 70 mm). (b) Amplitude profiles
and (c) phase profiles of each incoherent complex hologram synthesized by the SIDH system.

The wavelengths indicated by the boxes a, b, and c correspond to the central wave-
lengths of red (634 nm), green (540 nm), blue (474 nm), confirming the almost equal
diffraction efficiencies of RHCP and LHCP. In Figure 6b, the geometric phase modulation
characteristics of RHCP and LHCP for the three central wavelengths are plotted with
respect to the orientation angle of the nanorod. The dotted lines indicate the constant
flat phase modulation of the non-modulated co-polarized wave component, while 2π
full-range phase modulation of the cross-polarization wave component is clarified by the
solid lines for every wavelength. In Figure 6c, the phase profile of the numerical convex
lens is presented. The metasurface for each local region is designed by the phase that can
act as a lens, which can be designed based on the GP effect of the metasurface, as shown
in Figure 6d–f. The orientation angle of rod for each subpixel can be designed according
to the results of phase modulation presented in Figure 6b. Considering this broadband
performance of the metalens, we can expect that the metalens can be more effective at
recording incoherent visible band holograms than the LC-based GP lens. Furthermore, if
a low-loss dielectric material such as titanium dioxide or silicon nitride was used for the
metalens, the transmission efficiency of the metalens would be increased.

2.2. Compressive Holography

We employ compressive holography [37,38] as an essential step of correct 3D scene
measurement. Compressive holography in the proposed metalens-based SIDH scheme
highly depends on accurate depth estimation. We compare the compressive holography
sectioning of the cases with and without the depth estimation correction.
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lens with a focal length 120 mm, and the metasurface pixel distributions in each region which are
(d) region 1 (R1), (e) region 2 (R2), and (f) region 3 (R3).

To acquire the section-wise field distribution of each object wave, we apply com-
pressive sensing (CS) based on the two-step iterative shrinkage/thresholding (TwIST)
algorithm [46] to the hologram recorded by the SIDH system. In the previous section, the
complex hologram (CH) was expressed through Equation (8) as the Fresnel transform of
the point object

∣∣G(x1,k, y1,k, z1,k)
∣∣2, and further simplified to

CH = ∑
k

FrTk

{∣∣G(x1,k, y1,k, z1,k)
∣∣2} (12)
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where FrTk{·} denotes the z1,k -depth-specific Fresnel transform defined on the distorted
domain. Let a two-dimensional (2D) complex hologram (CH) of Nx × Ny resolution and
∆x× ∆y pixel pitch convert to the one-dimensional (1D) vector g as

g(n−1)×Nx+m = CH(m∆x, n∆y) (13)

Let the 3D object data of Nx×Ny×Nz resolution and ∆x×∆y×∆z pixel pitch convert
to the 1D vector f, represented as

f(l−1)×Nx×Ny+(n−1)×Nx+m = G(m∆x, n∆y, l∆z) (14)

In the compressive sensing (CS) process, Equation (12) can be rewritten as

g = B · I · Ff = Hf (15)

where B and I denote the inverse Fresnel transform matrix defined on the distorted domain and
I = [Ih,1 Ih,2 · · · Ih,Nz ] with the intensity profile Ih,l = Ih(x2, y2; x1,l , y1,l , z1,l) of Equation (5),
and F is the block diagonal matrix of depth-specific FrTk F = bldiag(FrT1, · · ·, FrTk, · · ·, FrTK).
H is set as the measurement matrix of the compressive sensing operator of the SIDH
system [37,38]. The forward transformation model of Equation (15) is inverted by decom-
pressive inference using the TwIST algorithm such that

f̂ = argmin
f
‖ f ‖TV (16)

where f̂ is the field distribution estimated by the TwIST algorithm, and ‖ · ‖ denotes L0
-norm, and ‖ · ‖TV denotes the total variation [47].

We can estimate the accurate depth of the object layer using backpropagation re-
construction of the complex hologram and sequentially extract the section-wise field
distribution by exploiting the TwIST algorithm and the estimated depth information.

3. Results and Discussion

The hologram reconstruction at a particular depth is classified into two branches:
backpropagation-based field reconstruction and compressive holography-based optical
sectioning, both at the same depth. Backpropagation-based reconstruction and compressive
holography-based optical sectioning are tested against each other for the cases using the
original depth set (100 mm, 90 mm, 80 mm, and 70 mm) (Figure 1a) and the compensated
depth set (162.5 mm, 172.7 mm, 186.7 mm, and 207.2 mm) (Figure 4a). The former is
the depth set without consideration of the system distortion analysis, that is the original
depth set of the target image ‘I’,’P’,’D’, and ‘S’. The latter is the depth set modified by the
distortion analysis.

Figure 7a,b present the simulation results of reconstructing the field distribution
at each depth of the two depth sets, respectively. For the original depth set, incorrect
reconstructed field distribution is acquired if real depth distances are applied. It is shown
that clear target images are not perceived due to out-of-focus diffraction effect images.

In contrast, by applying this estimated depth information, we can acquire the correct
back-propagated field in Figure 7b. The target object is clearly observed at the second
depth set. The parametric investigation on the reconstructed field distribution enables the
practical estimation of correct depth information. However, the correct 3D object recon-
struction is further processed because of the lateral scale change indicated by Equation (9).
Therefore, for complete 3D reconstruction, we need to correct the lateral scale distortion of
the object, as well as the depth distortion. Achieving this necessitates optical sectioning.
Figure 8a,b compare the numerical optical sectioning results of the same complex hologram
using TwIST compressive sensing with the original depth set and the corrected depth
set, respectively.
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Figure 8. Compressive holographic sectioning of the hologram (a) for the depth information (100 mm,
90 mm, 80 mm, and 70 mm). without distortion compensation, and (b) with distortion compensation
(162.5 mm, 172.7 mm, 186.7 mm, and 207.2 mm). (Each column from the left presents the result of
object ‘I’, ‘P’, ‘D’, and ‘S’).

The use of the original depth information of the target object acquires an incorrect
section-wise reconstructed field distribution, as shown in Figure 8a. However, by applying
the accurate depth distances computed for each layer by Equation (9), section-wise images
can be observed clearly without other out-of-focus images in Figure 8b. Because the ob-
tained section image is scaled in the distorted domain (x, y), the sectioned field distribution
is post-processed through the lateral scaling of Equation (9) to correctly reform the layered
3D object in the real-world domain (x, y). Through Figures 7 and 8, we show the results of
testing the mathematical modeling of the metalens SIDH system and the influence of the
depth parameters on the holographic reconstruction.

4. Conclusions

In conclusion, we proposed the design and developed the mathematical model of
self-interference incoherent digital holography using a geometric phase metalens. The com-
pressive holographic reconstruction scheme based on the model was tested and the features
of the distortion mapping between the real object space and the distorted reconstruction
space related to the holographic reconstruction were clarified. To increase the efficiency
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of compressive sensing (CS) sectioning, the polarization-sensitive geometric phase lens is
required to be of low F-number and broadband-workable. A critical issue in the design of
nanorod-based GP metalenses is ensuring the co-polarized and cross-polarized scattering
powers are evenly distributed in the wavelengths in the red, green, and blue range. We
have shown that the GP metalens supports the required broadband operation in the visible
band. It is thought that the metalens is more competitive in terms of high numerical
aperture (NA) and broad bandwidth compared to the conventional LC GP lens. Since
SIDH inherently involves spatial distortion, we presented the compressive holographic
sectioning process of a multi-layered target object with distortion compensation analysis.
We anticipate that incoherent holographic camera technology will become a prevailing 3D
imaging technology for a variety of applications in the near future, and that the proposed
design and analysis will contribute both theoretical perspectives and practical techniques
to the field of incoherent 3D imaging.
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Appendix A. The Intensity of Interference Pattern for a Single Point Source

The intensity of the interference pattern of a single point source Ih is represented by

Ih(x2, y2; x1,k, y1,k, z1,k) =
∣∣∣Q1(x2, y2; x1,k, y1,k, z1,k; f )e−j δ

2 + Q2(x2, y2; x1,k, y1,k, z1,k)ej δ
2

∣∣∣2
= Q1(x2, y2; x1,k, y1,k, z1,k; f )×Q1

∗(x2, y2; x1,k, y1,k, z1,k; f )
+Q2(x2, y2; x1,k, y1,k, z1,k)×Q2

∗(x2, y2; x1,k, y1,k, z1,k)

+Q1(x2, y2; x1,k, y1,k, z1,k; f )×Q2
∗(x2, y2; x1,k, y1,k, z1,k)× e−jδ

+Q2(x2, y2; x1,k, y1,k, z1,k)×Q1
∗(x2, y2; x1,k, y1,k, z1,k; f )× ejδ

(A1)

Four terms can be represented as

Q1(x2, y2; x1,k, y1,k, z1,k; f )×Q1
∗(x2, y2; x1,k, y1,k, z1,k; f ) =

1

|A|2
(A2)

Q2(x2, y2; x1,k, y1,k, z1,k)×Q2
∗(x2, y2; x1,k, y1,k, z1,k) =

1

|B|2
(A3)

Q1(x2, y2; x1,k, y1,k, z1,k; f )×Q2
∗(x2, y2; x1,k, y1,k, z1,k)× e−jδ

= −1
|AB| exp

[
− jπλ

AB

(
(d1−z1,k)

2

f

){(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× e−jδ (A4)

Q2(x2, y2; x1,k, y1,k, z1,k)×Q1
∗(x2, y2; x1,k, y1,k, z1,k; f )× ejδ

= −1
|AB| exp

[
jπλ
AB

(
(d1−z1,k)

2

f

){(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× ejδ (A5)
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Substituting Equations (A2)–(A5) into Equation (A1), we can obtain

Ih(x2, y2; x1,k, y1,k, z1,k)

= 1
|A|2

+ 1
|B|2

− 1
|AB| × exp

[
− jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× e−jδ

− 1
|AB| × exp

[
jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× ejδ

(A6)

where A and B can be represented as

A = λ
{
(d1 − z1,k) + d2

}
−

λ(d1 − z1,k)d2

f
(A7a)

B = λ
{
(d1 − z1,k) + d2

}
(A7b)

Appendix B. The Total Intensity ProfileHn by Phase Shifting δ

For the point object G(x1,k, y1,k, z1,k) on the kth target object plane, the phase-shifted
image Hn(x2, y2; δ) on the image sensor is represented as

Hn(x2, y2; δ)

= ∑
k

s ∣∣G(x1,k, y1,k, z1,k)
∣∣2 Ih(x2, y2; x1,k, y1,k, z1,k, δ)dx1,kdy1,k

= ∑
k

s ∣∣G(x1,k, y1,k, z1,k)
∣∣2

×
[

1
|A|2

+ 1
|B|2

− 1
|AB| × exp

[
− jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× e−jδ

− 1
|AB| × exp

[
jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]
× ejδ

]
dx1,kdy1,k

(A8)

The phase shifted values for each polarization state of the image sensor with micro-
polarizer are 0, π/2, π, and 3π/2. Hence, four total intensity profiles H1, H2, H3,
and H4 are represented by H1(x2, y2; δ = 0), H2

(
x2, y2; δ = π

2
)
, H3(x2, y2; δ = π), and

H4
(

x2, y2; δ = 3π
2
)
.

The synthesized complex hologram (CH) with the four total intensity profiles H1, H2,
H3, and H4 is defined as

CH = [H3(x2, y2; δ = π)− H1(x2, y2; δ = 0)]

−j
[
H4
(
x2, y2; δ = 3π

2
)
− H2

(
x2, y2; δ = π

2
)] (A9)

The real part of CH is represented as

H3(x2, y2; δ = π)− H1(x2, y2; δ = 0)
=

t
|G(x1, y1, z1)|2

×
[

2
|AB| × exp

[
− jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]

+ 2
|AB| × exp

[
jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]]

dx1,kdy1,k

(A10)

The imaginary part of CH is represented as
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H4
(

x2, y2; δ = 3π
2
)
− H2

(
x2, y2; δ = π

2
)

=
t
|G(x1, y1, z1)|2

×
[
−2j
|AB| × exp

[
− jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]

+ 2j
|AB| × exp

[
jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]]

dx1,kdy1,k

(A11)

Substituting Equations (A10) and (A11) into Equation (A9), we can obtain
CH =

t ∣∣G(x1,k, y1,k, z1,k)
∣∣2

× 4
|AB| exp

[
jπλ(d1−z1,k)

2

AB f

{(
x2 +

d2
d1−z1,k

x1,k

)2
+
(

y2 +
d2

d1−z1,k
y1,k

)2
}]

dx1,kdy1,k

=
t ∣∣G(x1,k, y1,k, z1,k)

∣∣2
×

4 exp
[

jπ
λz1,k

{
(x2−x1,k)

2
+(y2−y1,k)

2}]∣∣∣∣λ2(d1−z1,k)
2
d2

2

(
1

d1−z1,k
+ 1

d2
− 1

f

)(
1

d1−z1,k
+ 1

d2

)∣∣∣∣dx1,kdy1,k

(A12)

For Equation (A12), the distortion relation is obtained as(
x1,k, y1,k, d1 + d2 − z1,k

)
=
(
− d2

d1−z1,k
x1,k,− d2

d1−z1,k
y1,k, d1 + d2 − f d2

2

(
1

d1−z1,k
+ 1

d2
− 1

f

)(
1

d1−z1,k
+ 1

d2

)) (A13)

References
1. Schnars, U.; Hartmann, H.J.; Juptner, W. Digital recording and numerical reconstruction of holograms for nondestructive testing.

Proc. SPIE 1995, 2545, 250–253.
2. Yang, S.; Xie, X.; Thuo, Y.; Jia, C. Reconstruction of near-field in-line holograms. Opt. Commun. 1999, 159, 29–31. [CrossRef]
3. Grilli, S.; Ferraro, P.; De Nicola, S.; Finizio, A.; Pierattini, G.; Meucci, R. Whole optical wavefield reconstruction by digital

holography. Opt. Express 2001, 9, 294–302. [CrossRef]
4. Schnars, U.; Jüptner, W. Digital recording and numerical reconstruction of holograms. Meas. Sci. Technol. 2002, 13, R85–R101.

[CrossRef]
5. Sevrygin, A.A.; Korotkov, V.I.; Pulkin, S.A.; Tursunov, I.M.; Venediktov, D.V.; Venediktov, V.Y.; Volkov, O.V. Digital holographic

Michelson interferometer for nanometrology. In Holography, Diffractive Optics, and Applications VI; International Society for Optics
and Photonics: Bellingham, WA, USA, 2014; Volume 9271, p. 927118.

6. Liu, J.P.; Chen, W.T.; Wen, H.H.; Poon, T.C. Recording of a curved digital hologram for orthoscopic real image reconstruction.
Opt. Lett. 2020, 45, 4353–4356. [CrossRef] [PubMed]

7. Lohmann, A.W. Wavefront reconstruction for incoherent objects. J. Opt. Soc. Am. 1965, 55, 1555–1556. [CrossRef]
8. Stroke, G.W.; Restrick, R.C. Holography with spatially noncoherent light. Appl. Phys. Lett. 1965, 7, 229–231. [CrossRef]
9. Cochran, G. New method of making Fresnel transforms with incoherent light. J. Opt. Soc. Am. 1966, 56, 1513–1517. [CrossRef]
10. Peters, P.J. Incoherent holograms with a mercury light source. Appl. Phys. Lett. 1966, 8, 209–210. [CrossRef]
11. Worthington, H.R. Production of holograms with incoherent illumination. J. Opt. Soc. Am. 1966, 56, 1397–1398. [CrossRef]
12. Nomura, T.; Itoh, K.; Ichioka, Y. Hybrid high speed pattern matching using a binary incoherent hologram generated by a

rotational shearing interferometer. Appl. Opt. 1989, 28, 4987–4991. [CrossRef]
13. Kim, S.-G.; Lee, B.; Kim, E.-S. Removal of bias and the conjugate image in incoherent on-axis triangular holography and real-time

reconstruction of the complex hologram. Appl. Opt. 1997, 36, 4784–4791. [CrossRef]
14. Naik, D.N.; Pedrini, G.; Osten, W. Recording of incoherent-object hologram as complex spatial coherence function using Sagnac

radial shearing interferometer and a Pockels cell. Opt. Express 2013, 21, 3990–3995. [CrossRef]
15. Pedrini, G.; Li, H.; Faridian, A.; Osten, W. Digital holography of self-luminous objects by using a mach–zehnder setup. Opt. Lett.

2012, 37, 713–715. [CrossRef]
16. Kim, M.K. Adaptive optics by incoherent digital holography. Opt. Lett. 2012, 37, 2694–2696. [CrossRef]
17. Kim, M.K. Full color natural light holographic camera. Opt. Express 2013, 21, 9636–9642. [CrossRef]
18. Sirat, G.; Psaltis, D. Conoscopic holography. Opt. Lett. 1985, 10, 4–6. [CrossRef]
19. Rosen, J.; Brooker, G. Digital spatially incoherent Fresnel holography. Opt. Lett. 2007, 32, 912–914. [CrossRef]
20. Brooker, G.; Siegel, N.; Wang, V.; Rosen, J. Optimal resolution in Fresnel incoherent correlation holographic fluorescence

microscopy. Opt. Express 2011, 19, 5047–5062. [CrossRef] [PubMed]

http://doi.org/10.1016/S0030-4018(98)00346-0
http://doi.org/10.1364/OE.9.000294
http://doi.org/10.1088/0957-0233/13/9/201
http://doi.org/10.1364/OL.398920
http://www.ncbi.nlm.nih.gov/pubmed/32735297
http://doi.org/10.1364/JOSA.55.1555_1
http://doi.org/10.1063/1.1754392
http://doi.org/10.1364/JOSA.56.001513
http://doi.org/10.1063/1.1754558
http://doi.org/10.1364/JOSA.56.001397
http://doi.org/10.1364/AO.28.004987
http://doi.org/10.1364/AO.36.004784
http://doi.org/10.1364/OE.21.003990
http://doi.org/10.1364/OL.37.000713
http://doi.org/10.1364/OL.37.002694
http://doi.org/10.1364/OE.21.009636
http://doi.org/10.1364/OL.10.000004
http://doi.org/10.1364/OL.32.000912
http://doi.org/10.1364/OE.19.005047
http://www.ncbi.nlm.nih.gov/pubmed/21445140


Sensors 2021, 21, 5624 15 of 15

21. Rosen, J.; Kelner, R. Modified Lagrange invariants and their role in determining transverse and axial imaging resolutions of
self-interference incoherent holographic systems. Opt. Express 2014, 22, 29048–29066. [CrossRef]

22. Tahara, T.; Kanno, T.; Arai, Y.; Ozawa, T. Single-shot phase-shifting incoherent digital holography. J. Opt. 2017, 19, 065705.
[CrossRef]

23. Tahara, T.; Kozawa, Y.; Ishii, A.; Wakunami, K.; Ichihashi, Y.; Oi, R. Two-step phase-shifting interferometry for self-interference
digital holography. Opt. Lett. 2021, 46, 669–672. [CrossRef]

24. Brooker, G.; Siegel, N.; Rosen, J.; Hashimoto, N.; Kurihara, M.; Tanabe, A. In-line FINCH super resolution digital holographic
fluorescence microscopy using a high efficiency transmission liquid crystal GRIN lens. Opt. Lett. 2013, 38, 5264–5267. [CrossRef]

25. Siegel, N.; Lupashin, V.; Storrie, B.; Brooker, G. High-magnification super-resolution FINCH microscopy using birefringent crystal
lens interferometers. Nat. Photonics 2016, 10, 802–808. [CrossRef]

26. Siegel, N.; Brooker, G. Single shot holographic super-resolution microscopy. Opt. Express 2021, 29, 15953–15968. [CrossRef]
[PubMed]

27. Vijayakumar, A.; Katkus, T.; Lundgaard, S.; Linklater, D.P.; Ivanova, E.P.; Ng, S.H.; Juodkazis, S. Fresnel incoherent correlation
holography with single camera shot. Opto-Electron Adv. 2020, 3, 200004. [CrossRef]

28. Kiss, M.Z. Ring-shaped bifocal lens used for fluorescent self-referenced holographic imaging. J. Eur. Opt. Soc. 2016, 12, 2.
[CrossRef]

29. Zhou, H.; Huang, L.; Li, X.; Li, X.; Geng, G.; An, K.; Li, Z.; Wang, Y. All-dielectric bifocal isotropic metalens for a single-shot
hologram generation device. Opt. Express 2020, 28, 21549–21559. [CrossRef]

30. Choi, K.; Yim, J.; Yoo, S.; Min, S.W. Self-interference digital holography with a geometric-phase hologram lens. Opt. Lett.
2017, 42, 3940–3943. [CrossRef]

31. Choi, K.; Yim, J.; Min, S.W. Achromatic phase shifting self-interference incoherent digital holography using linear polarizer and
geometric phase lens. Opt. Express 2018, 26, 16212–16225. [CrossRef]

32. Choi, K.; Joo, K.I.; Lee, T.H.; Kim, H.R.; Yim, J.; Do, H.; Min, S.W. Compact self-interference incoherent digital holographic camera
system with real-time operation. Opt. Express 2019, 27, 4818–4833. [CrossRef]

33. Yamaguchi, I.; Zhang, T. Phase-shifting digital holography. Opt. Lett. 1997, 22, 1268–1270. [CrossRef]
34. Weng, J.; Clark, D.C.; Kim, M.K. Compressive sensing sectional imaging for single-shot in-line self-interference incoherent

holography. Opt. Commun. 2016, 366, 88–93. [CrossRef]
35. Cossairt, O.; He, K.; Shang, R.; Matsuda, N.; Sharma, M.; Huang, X.; Yoo, S. Compressive reconstruction for 3d incoherent

holographic microscopy. In Proceedings of the IEEE International Conference on Image Processing (ICIP), Phoenix, AZ, USA,
25–28 September 2016; pp. 958–962.

36. Kelner, R.; Katz, B.; Rosen, J. Optical sectioning using a digital Fresnel incoherent-holography-based confocal imaging system.
Optica 2014, 1, 70–74. [CrossRef]

37. Brady, D.J.; Choi, K.; Marks, D.L.; Horisaki, R.; Lim, S. Compressive holography. Opt. Express 2009, 17, 13040–13049. [CrossRef]
38. Lim, S.; Marks, D.L.; Brady, D.J. Sampling and processing for compressive holography. Appl. Opt. 2011, 50, H75–H86. [CrossRef]
39. Zhang, Q.; Li, M.; Liao, T.; Cui, X. Design of beam deflector, splitters, wave plates and metalens using photonic elements with

dielectric metasurface. Opt. Commun. 2018, 411, 93–100. [CrossRef]
40. Lee, G.Y.; Hong, J.Y.; Hwang, S.; Moon, S.; Kang, H.; Jeon, S.; Lee, B. Metasurface eyepiece for augmented reality. Nat. Commun.

2018, 9, 1–10. [CrossRef] [PubMed]
41. Chen, W.T.; Zhu, A.Y.; Sanjeev, V.; Khorasaninejad, M.; Shi, Z.; Lee, E.; Capasso, F. A broadband achromatic metalens for focusing

and imaging in the visible. Nat. Nanotechnol. 2018, 13, 220–226. [CrossRef]
42. Wang, S.; Wu, P.C.; Su, V.C.; Lai, Y.C.; Chen, M.K.; Kuo, H.Y.; Tsai, D.P. A broadband achromatic metalens in the visible. Nat.

Nanotechnol. 2018, 13, 227–232. [CrossRef]
43. Ozaktas, H.; Zalevsky, Z.; Kutay, M.A. The Fractional Fourier Transform with Applications in Optics and Signal Processing;

John Wiley & Sons: New York, NY, USA, 2001.
44. Goodman, J.W. Introduction to Fourier Optics; McGraw-Hill: New York, NY, USA, 1996.
45. Hwi, K.; Junghyun, P.; Byoungho, L. Fourier Modal Method and Its Applications in Computational Nanophotonics; CRC Press:

Boca Raton, FL, USA, 2012.
46. Bioucas-Dias, J.M.; Figueiredo, M.A. A new TwIST: Two-step iterative shrinkage/thresholding algorithms for image restoration.

IEEE Trans. Image Process 2007, 16, 2992–3004. [CrossRef] [PubMed]
47. Rudin, L.I.; Osher, S.; Fatemi, E. Nonlinear total variation based noise removal algorithms. Physica D 1992, 60, 259–268. [CrossRef]

http://doi.org/10.1364/OE.22.029048
http://doi.org/10.1088/2040-8986/aa6e82
http://doi.org/10.1364/OL.414083
http://doi.org/10.1364/OL.38.005264
http://doi.org/10.1038/nphoton.2016.207
http://doi.org/10.1364/OE.424175
http://www.ncbi.nlm.nih.gov/pubmed/34154169
http://doi.org/10.29026/oea.2020.200004
http://doi.org/10.1186/s41476-016-0002-z
http://doi.org/10.1364/OE.396372
http://doi.org/10.1364/OL.42.003940
http://doi.org/10.1364/OE.26.016212
http://doi.org/10.1364/OE.27.004818
http://doi.org/10.1364/OL.22.001268
http://doi.org/10.1016/j.optcom.2015.12.039
http://doi.org/10.1364/OPTICA.1.000070
http://doi.org/10.1364/OE.17.013040
http://doi.org/10.1364/AO.50.000H75
http://doi.org/10.1016/j.optcom.2017.11.011
http://doi.org/10.1038/s41467-018-07011-5
http://www.ncbi.nlm.nih.gov/pubmed/30385830
http://doi.org/10.1038/s41565-017-0034-6
http://doi.org/10.1038/s41565-017-0052-4
http://doi.org/10.1109/TIP.2007.909319
http://www.ncbi.nlm.nih.gov/pubmed/18092598
http://doi.org/10.1016/0167-2789(92)90242-F

	Introduction 
	SIDH with Geometric Phase Metalens and Spatial Distortion Compensation 
	SIDH System with a Geometric Phase Metalens 
	Compressive Holography 

	Results and Discussion 
	Conclusions 
	The Intensity of Interference Pattern for a Single Point Source 
	The Total Intensity ProfileHn  by Phase Shifting  
	References

