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Abstract. In this paper, we investigate a special case of an open prob-
lem that is related to the exchange principle, a property of fuzzy implica-
tions. We focus on the cases of (S,N)- implications and the preservation
of the exchange principle via lattice operations. We present and prove
some sufficient conditions such that the exchange principle is preserved
under the join and meet operations if we use (S,N)— implications.
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1 Introduction

The applications of fuzzy logic were the uprising of the automata theory, robotics,
approximate reasoning, image processing, pattern recognition, artificial intelli-
gence and many other scientific and applicable areas. The transition of the two
valued {0, 1}— logic to the close [0, 1]-logic was the total revolution from the sec-
ond half of the twentieth century to the present and as it appears in the future.
Many definitions in fuzzy logic are generalizations from the classical ones. Fuzzy
implications, their properties and some of their construction methods are also
such generalizations (see [1]).

Some of them are (S,N)— implications, which are based on the following
classical tautology

P=a=0Va (1)
and the property exchange principle of fuzzy implications, which is based on the
following classical tautology

p=(g=r=lg= (p=r) (2)

In this paper we investigate a special case of an open problem, that was
addressed by Baczynski and Jayaram in 2008 (see [1] Remark 6.1.5). It was also
formulated by Mesiar and Stupnianové in 2015 (see [6] Problem 3.1). This is the
following:
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Characterize the subfamily of all fuzzy implications ((S,N)— implications,
R-implications, etc.) which preserve the (EP) for lattice operations.

Although this problem has been investigated by Vemuri and Jayaram in [8,9],
it is not fully solved. They investigated it, in general for any two fuzzy impli-
cations. In their results are contained some sufficient conditions for two fuzzy
implications such that, (EP) is preserved via the lattice operations (see Section
3 in [8,9]). They also found and necessary ones, but under some conditions (see
Section 4 in [8,9]). Furthermore, in [5] a generation of fuzzy implications with
specific properties was succeeded, but not for the property (EP). All of these
were the motivation for this paper. All efforts have been done for any fuzzy
implications, but not extensively for a subfamily of them. Thus, we investigate
it again only for (S,N)-implications. The main reason of the choice of this sub-
family is that (S,N)—implications satisfy (EP). The following work will appear
new conditions for the preservation of the exchange principle in the case we use
(S,N)—implications.

2 Preliminaries

Definition 1. [1,3,4]. A decreasing function N : [0,1] — [0,1] is called fuzzy
negation, if N(0) =1 and N(1) =0.

Remark 1. (i) (Example 1.4.4 in [1]) The so called, classical fuzzy negation is
Ne(z)=1-=z (3)

(ii) Moreover, the crisp fuzzy negations (see Remark 2.1 in [2]) are

i >
Na(x){(l)’ gizz , where o € (0, 1] and (4)
Ny (z) = {(1)’ iz z g , where o € [0, 1). (5)

Definition 2. (Definition 2.1.1 in [1]). A function T : [0,1]* — [0, 1] is called a
triangular norm (shortly t-norm) if it satisfies, for all z,y, z € [0, 1], the following
conditions (Table 1)

T(JZ, y) - T(y’ .23), (Tl)
T(x,T(y,z)) = T(T(xay)vz)a (TZ)
ify <z, then T(z,y) < T(x,z), i.e., T(x,-) is increasing, (T3)

T(x,1) = z. (T4)
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Definition 3. (Definition 2.2.1 in [1]). A function S : [0,1])? — [0,1] is called
a triangular conorm (shortly t-conorm), if it satisfies, for all x,y,z € [0,1], the
following conditions

S(x,y) = Sy, ), (S1)

S(x,S(y, 2)) = 5(5(x,y), 2), (52)

if y <z, then S(z,y) < S(z,2), i.e., S(x,-) is increasing, (S3)
S(x,0) = . (S4)

Table 1. Examples of t-conorms (Table2.2 in [1]).

Name Formula
Maximum Sm = maz{z,y}
Probor Sp=x+y—x-y

1, ife4+y>1

Nilpotent maximum | Spar = .
maz{x,y}, otherwise

Remark 2. (Table2.2 in [1]). In this work we use the minimum t-norm, which
has the following formula

Ty = min{z,y},z,y € [0,1]. (6)

Definition 4. (Definition 1.1.1 in [1]). A function I : [0,1]?> — [0,1] is called a
fuzzy implication if

I is decreasing with respect to the first variable, (I1)
I is increasing with respect to the second variable, (12)
1(0,0) =1, (I3)

I(1,1) =1, (14)

I(1,0) = 0. (I5)
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Definition 5. (Definition 1.3.1(ii) in [1]). A fuzzy implication I is said to sat-
isfy the exchange principle, if

Iz, I(y,2)) = I(y,I(x,2)),z,y,2 € [0,1]. (EP)

Definition 6. (Definition 2.4.1 in [1]). A function I : [0,1]* — [0,1] is called
an (S,N)— implication if there exist a t-conorm S and a fuzzy negation N such
that

I(Z‘,y):S(N(J?),y),JJ,yE [0’ 1] (7)

Moreover, if I is an (S,N)- implication generated from S and N, then we will
often denote it by Is n.

Proposition 1. (Proposition 2.4.3(i) in [1]). If Is N is an (S,N)- implication,
then it satisfies (EP) (Table 2).

Table 2. Examples of (S,N)- implications (Tables 1.3 and 2.4 in [1]).

Implication’s name | S N | (S,N)- implication
Kleene-Dienes Sm | Ne | Ixkp(z,y) = maz{l — z,y}
Reichenbach Sp |N¢|Ipc(z,y)=1—x+z-y
1 if x <
Fodor Snar | No | Irp(z,y)= 4 1 v=
maz{l —z,y},ifz >y

Moreover, for any t-conorm S there are the following (S,N)- implications

i >
Is no(z,y) = {%’ ﬁi - Z , where a € (0,1] and (8)
Isn, ()= {?’ gi z Z , where a € [0,1). (9)

The lattice theory is well known by the literature. In this work we only need
the lattice operations (join and meet) that are defined by Baczynski and Jayaram
in Theorem 6.1.1 in [1]. Although, we will not deal with the lattice theory, we
must present the preliminaries to make the problem just understandable. Let us
consider as FZ be the family of all fuzzy implications and the partial order <
induced from the unit interval [0, 1].

Theorem 1. (Theorem 6.1.1 in [1]). The family (FI,<) is a complete, com-
pletely distributive lattice with the lattice operations

(I N)(@,y) = maz{I(z,y), ] (x,9)} = Sa((z,y), ] (,9)), 2,y € [0, 1], (10)

(I N\ ) (,y) = min{I(z,y), J(z,y)} = Ta(I(2,y), J(x,)), 2,y € [0,1], (11)
where I,J € FT.
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3 Main Results

As we have mentioned before, we focus in the Problem 3.1 in [6], in the specific
case we use (S,N)— implications. According to Proposition 1, it is known that
(S,N)— implications always satisfy (EP). So, the problem we investigate is the
following:

Problem 3.1 (a special case): Let Ig x and Jg n be two (S,N)— implications,
not necessarily generated from the same t-conorm S and fuzzy negation N. Are
IsnV Js,v and Ig n A Jg n satisfy (EP)? If not, what are the conditions of the
preservation of (EP)?

Firstly we present the following lemmas.

Lemma 1. (Ezample 2.1.(i) in [8] and Example 2.2.(i) in [9]). Let I,.J be two
comparable fuzzy implications that satisfy (EP), then I\/J and I \J satisfy
(EP).

Proof. Without loss of generality, we assume that I < J. The proof is obvious,
since I\/J=Jand IAJ=1.

Lemma 2. Let Ig, n, and Is, n, be two (S,N)- implications generated from
comparable t-conorms and fuzzy megations, such that S; < Ss and N; < Ns.
Then, the fuzzy implications Is, N, \ Isy. N, and Is, N, N\ Is,. N, satisfy (EP).

Proof. Just notify that Is, n, < Ig, n, and the proof is deduced by Lemma 1.
A special case of Lemma 2 is the following.

Lemma 3. Let Ig, v and Ig, n be two (S,N)- implications generated from the
same fuzzy negation N and two comparable t-conorms. Then, the fuzzy implica-

tions Is, v\ Is,.n and Is, n N\ Is, n satisfy (EP).
Proof. 1t is deduced by Lemma 2.
Lemma 4. For all x,y,z,w € [0,1] it is
Sa(Sar(z,y), Sm(z,w)) = max{z,y, z,w} and (12)
Tr (T (x,y), Tar (2, w)) = min{z,y, z,w}. (13)
Proof. The proof is omitted due to its simplicity.

Let us study the case that, I's y and Jg n generated from the same t-conorm S.
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Theorem 2. Let Ig n, and Ig n, be two (S,N)- implications generated from the
same t-conorm S. Then, the fuzzy implications Is n, \/ Is.n, and Ig n, N\ Is n,
satisfy (EP).

Proof. For all z,y,z € [0,1] it is

ISle ((E, (IS,Nl \/ IS,N2)(y7 Z))

= Is.n, (@, Sm (s, N, (Y, 2), Is,N, (Y, 2)))
= Is N, (x, maz{ls N, (Y, 2), Ls,N, (Y, 2)})

12
@ max{ls n, (z,Is N, (Y, 2)), Is,n, (2, Is,N, (Y, 2)) }

= SuLs,n (2, Is,n, (5 2)) s Ny (@, L5 v, (1, 2))-
Moreover,
Is.ny (@, 15,3, (y, 2)) = S(Ni(x), S(Na(y), 2))
= SN (2), (2 Na(y)))
S(S(Ni(z),2), Na(y))

) S(Ng(y), S(N1($)7 z))
= IS,Nz (ya IS,Nl (.’E,Z))

%

A
I
N

(s1

Il

Furthermore, Ig y, satisfies (EP). So, we conclude that,

IS7N1 (1"7 (IS,Nl \/ IS7N2)(ya Z))
= SM(IS’N1 (l‘, IS,Nl (y7 Z))7 IS,N1 (337 IS,N2 (y7 Z)))
= SM(I37N1 (y’ IS,Nl (:L'v Z))’ IS,N2 (yv IS,Nl (iC, Z)))

By swapping N7 and Ns it turns out the following equation

Isn, (%, (Ts,n, \/ Ts.n,) (4, 2)
= Su(Is,n, (s Is,n, (2, 2)), Is, N, (Y, Is,n, (2, 2))).

It is obvious by (S1) that,

Is v, (2, (Is v, \[ Is.3a) (45 2)) = Tony (2, (Tsn, \/ Ts v, ) (9, 2)).-
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So,

(IS,Nl \/IS,N2)(J;7 (IS,Nl \/IS,NZ)(:U?Z))
= SM(IS,N1 (:L‘, (IS,Nl \/ IS,N2)(y, Z))? IS,Nz (LL', (IS,Nl \/ IS,Nz)(y7 Z)))

= S (Sv(Is,n, (Y, Is,n, (2, 2)), Is, N, (¥, Is, N, (2, 2))),

Sn(Is,ny (y; Is. N, (%, 2)), Is vy (Y5 Is v, (2, 2))))

12
(:) max{ISJ\H (y7 IS',N1 (.%', Z)>7 ISﬂNz (ﬁl/, IS’NI (x’ Z))? IS’Nz (y7 IS,N2 (1'7 Z))7

IS,Nl (y7 IS'.,Nz (.’ﬂ, Z))}
= max{jsle (y’ IS7N1 (.73, Z))a IS7N1 (y7 IS,Nz (1‘, Z))v IS,Nz (ya IS,N2 (xa Z))a

IS,NQ (y, IS7N1 (l‘, Z))}
12
D Sar(Sar(Isn, s Is.n, (22)): Isn, (s Is.n (2, 2))),

Su(Ls,N, (Ys Ls,n, (2, 2)), Ls v, (Y, Is,n, (2, 2)))
2 Sar(Is, v, (v, St (Ls, v, (@, 2)Is vy (1, 2))),
IS,Nz (yv SM(IS,Nz (LC, Z)v IS,Nl (iE, Z))))
= Sv(Is,n, (y, (Is,n, \/IS,Nz)(xa 2)), Is,n, (Y, (Is v, \/IS,NQ)(I" z)))

= s V Is.3:) (W, Is.vy \ o) (2, 2))

thus, Is N, V Is N, satisfies (EP).
The proof for the meet is similar, therefore it is omitted.

The same result does not hold in general, when Igny and Jg n generated
from the same fuzzy negation N. In the case we use two comparable t-conorms
the lattice operations preserve (EP), according to Lemma 3. On the other hand,
the preservation of (EP) is not ensured if we use two not comparable t-conorms.
The proof is the following counterexample.

Ezxample 1. Consider the fuzzy implications Is,,,, no = Irp and Is, n, = Irc-
The t-conorms S, s and Sp are not comparable since

Snar(0.2,0.3) = 0.3 < 0.44 = Sp(0.2,0.3) and
Spar(0.2,0.9) = 1> 0.92 = Sp(0.2,0.9).

Moreover, it is

(Irp \/IRC)(x; y) = Su(Irp(x,y), Irc(z,y))

], ife <y
T\ maz{l —z,y,l—x+x-y},ifx>y

1, ife <y
T ll-z+4az-yifr>y
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and

(Irp /\IRC)(J%Z/) =Ty (Irp(z,y), [rRc(7,Y))
= min{Irp(,y), Irc(v,y)}

_Jl-z+z-y, ifx <y
— \min{max{l —x,yh,1—x+z-y},ifz>y

l—z+4zxz-y ife<y
=< 1—ux, fy<z<l-—y
Y, fl-zrz<y<z

Both, I = Ipp \/ Irc and J = Irp \ Igc violate (EP), since

1(0.8,1(0.3,0.2)) = 0.808 # 1 = I(0.3,1(0.8,0.2)) and
J(0.2,.J(0.8,0.3)) = 0.86 # 0.888 = J(0.8,.J(0.2,0.3)).
Moreover, when Is y and Jg, y generated from two comparable t-conorms and
two comparable fuzzy negations the lattice operations preserve (EP), according
to Lemma3. On the other hand, the preservation of (EP) is not ensured if we

use two not comparable t-conorms or fuzzy negations respectively. This will be
proved in the following counterexamples.

FEzxample 2. Consider the fuzzy implications Is,,, n, = Irp and

Isp. Ny = SP(Nk(7),y)
= Ng(z) +y — Ng(x) -y
— (et g (1)
=1—2?422 v,
where N (x) = 1 — 22 (see [1] Table 1.6). It is obvious that No < Nx. On the

other hand, the t-conorms S, ); and Sp are not comparable (see Example 1).
Moreover, it is

(IFD \/ISP7NK)(3'J,y) = SM(IFD(xay)a ISP,NK (‘T’y))

1, ife <y
T\ max{l —z,y,1 — 2% +2? -y}, ifx >y

1, ife<y
Tll1=22 422y ifx>y

and

(IFD /\ISP,NK)(xa y) = TM(IFD(xay)’ISP,NK (%y))

= min{IFD(xvy)7ISP7NK(x7y)}
1= a2r+a? .y, ifz <y
T\ min{max{l —z,y},1 —2® + 2% -y}, ifx >y
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1—22 422y, ifx<y
=¢1l—ux, ify<ez<l—y
min{y,1 —2?> + 2% -y} if l—z<y<uw
1—2242%2.y,ifx<y
=<J1—ux, fy<az<l-—y
Y, fl-z<y<z
Both, I = Irp \/ Isp Ny and J = Ipp A Is, ny violate (EP), since

1(0.8,1(0.5,0.2)) = 1  0.872 = 1(0.5,1(0.8,0.2)) and
J(0.2,.7(0.8,0.3)) = 0.972 # 0.98208 = J(0.8,.(0.2,0.3)).

Ezample 3. Consider the fuzzy implication Is,, v, = Ik p. Let the fuzzy negation

1, ifx€0,0.5)
0, ifx=1

and the corresponding (S,N)— implication

Is, Np.s = Sp(Npgzs(x),y)
= Nga23(x) +y — Ngas(z) -y

1, if x € [0,0.5)
=4 03407 y,if x €[0.5,1)
Y, ife=1

It is known that Sy < Sp (see [1] Remark 2.2.5 (viii)). On the other hand the
fuzzy negations N¢ and Ng,3 are not comparable. Moreover, it is

(IKD \/ISP,NEzg)(x’ y) = SM(IKD(xvy)ﬂ ISPyNE:EB (x,y))
maz{l —x,y,0.34+ 0.7 -y}, if x € [0.5,1)

1, otherwise
max{l —x,0.3+0.7-y},if z € [0.5,1)
1, otherwise
and
(Ikp N\ Tsp Nees) (@ 9) = Tae(TIk D (#,9), Lsp, Npus (%,9))
min{maz{l — z,y},1}, if z €10,0.5)
= ¢ min{maz{l — z,y},0.34+ 0.7 -y}, if x € [0.5,1)
min{maz{l — x,y},y}, ifx=1
maz{l — z,y}, if z €10,0.5)

= ¢ min{maz{l — z,y},0.34+ 0.7 -y}, if x € [0.5,1)
v, ife=1
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Both, I = Ixp \ Isp Np,s and J = Ixp A Isp Np,, Violate (EP), since

1(0.8,1(0.5,0.2)) = 0.65 # 0.608 = I(0.5,1(0.8,0.2)) and
J(0.8,J(0.5,0.1)) = 0.37 # 0.44 = J(0.5, .7(0.8,0.1)).

FEzample 4. Consider the fuzzy implications Is,,, v, = Irp and

1, if x € [0,0.5)
Isp Nps =< 0340.7-y,if x €[0.5,1)

The t-conorms S,y and Sp are not comparable (see Example 1). The same
holds for the fuzzy negations No and Ng,.3. Moreover, it is

(Irp vISp,NEmg)(x,y) = SuUrp(%,9), Isp Np,s(T,Y))
mazx{l —x,y,0.34+0.7-y},if x € [0.5,1) and = > y

1, otherwise
max{l —z,03+0.7-y},if £ € [0.5,1) and =z > y
=< v, ife=1
1, otherwise
and
(Irp N\Isp Npws) (@ 4) = T (Iep (2, 9), Isp Nps (2, 9))
1, ifz€10,0.5) and z <y
min{1l,maz{l — z,y}}, if €0,0.5) and z >y
= ¢ min{1,0.3+ 0.7 - y}, ifxef05,1)and z <y
min{max{l — x,y},0.3+0.7-y},if € [0.5,1) and z > y
Y, ifx=1
max{l — z,y}, if z€0,0.5) and z >y
0.3+0.7 -y, ifxe[0.5,1) and z <y
=< min{maz{l — z,y},0.34+0.7-y},if x € [0.5,1) and >y
Y, ifz=1
1, otherwise

Both, I = Igp VISP,NEzs and J = Igp /\ISP7NEz3 violate (EP), since

1(0.8,1(0.5,0.2)) = 0.65 # 0.608 = (0.5,1(0.8,0.2)) and
J(0.4,.J(0.5,0.3)) =1 #0.72 = J(0.5,.J(0.4,0.3)).
Despite of the above counterexamples, there are some special cases, where

the lattice operations preserve (EP). These are the cases we use at least one
fuzzy negation N which has trivial range, i.e., N(z) € {0,1} for all z € [0, 1].

Proposition 2. Let Is, n, and Ig, o be two (S,N)- implications. Then, the
fuzzy implications Is, n, \/ Is, no and Is, ny \Is, ne satisfy (EP).
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Proof. For all z,y,z € [0,1] it is

(Isy.v, \ Is.nve) (W, 2) = Sau(Is, v, (4, 2), I, e (4, 2))

@ ma‘r{sl(Nl(y)az)aZ}a le/ZOé

-\ max{Is, N, (y,2),1}, fy <o
[ S1(N1(y), 2), if y > « (see [5] Proposition 9)
1 ify<a

)

Thus,

(Isy. vy \/ Iso na) (@, (s, v\ sy ve) (9, 2))
{ Is, n, \/ISQ, w)(l‘ SI(NI( ) )),lfyZoz

15'171\71 \/Isz,NO‘)( ) ify<a
81N1 ), S1(N1(y), 2)), ifr>aandy > a
ifr<aandy>a

SM Sl ) SQ(NO‘( ) )),ify<oz

51N1 Nl() 2)),ifz>aand y > «
ifr<aandy>a
ify<a

5'1 Ni(z),51(N1(y),2)),if x > c and y > «

1 otherwise

)

By swapping x and y we have

(Is,. \ Tso.ve) (W, (Isy n, \ Tsyone ) (2, 2))
[ S1(N1(y), S1(N1(2),2)),ify > and z > «
1 otherwise

)

(51) S1(N1(y), S1(z, N1(x))),if y > cand z > «
1, otherwise

(52) [ S1(S1(N1(y),2), Ni(z)),if y > aand z > «
o1, otherwise

(s1) [ S1(N1(x),S1(N1(y), 7)), iff z > aand y > «
)1 otherwise

= (I, v, \/ T ne) (@, (Tsy vy \ sy ve) (9, 2))-

Thus, Is, n, V Is, ne satisfies (EP).
Similarly for the meet, it is
Iy \ Iso.nve) (W, 2) = Tar(Is, x, (9, 2), Ty ne (3, 2))
@ mZn{Sl(Nl(y)7Z)7Z}7lfyZa
T min{S1(N1(y),2),1}, ify < «
B {z, if y > « (see [5] Proposition 9)
Sl(Nl(y)7z)7 if y<a
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Thus,

(Isy.ny N\ Tso.ve) (@, (s, vy J\ Tsa.n0) (5 2))

_ (Lsy, vy N sz nve) (2, 2), ify>a
(15'171\/1 /\Isz,NO‘)('r751(N1(y)aZ))a if y<a

z, ifx>aand y >«
S1(N1(2), 2), ifr<aandy>a
S1(N1(y), 2), ifr>aandy<a

S1(N1(2), S1(N1(y), 2)), if ¢ <vand y < a

By swapping x and y we have

(Isy.n \ Iso.ve) (W, (Ts, ny [\ Tsouve) (2, 2))

z, ify>aand x> «
) S1(MV1(y), 2), ify<aandz >«
) Si(Vi(), 2), ify>aand z < «
S1(N1(y), S1(Ni(x),2)),if y < aand z < «
z, ifr>aand y >«
(s1) J S1(N1(y), 2), ifr>acand y <«
) Si(NVi(x), 2), ifr<aandy>a
S1(N1(y), S1(2, N1(2))),if z < @ and y < «
z, ifr>aand y >«
(52) J S1(N1(z), 2), ifr<aandy>a«
) S1(N1(y), 2), ifer>acandy <«
S1(S1(N1(y), 2), N1(z)),if x < c and y <
z, ifr>aand y > «
(s1) J S1(Ni(z), 2), ifr<aandy>a«
) S1(N1(y), 2), ifer>acandy <a

S1(N1(2), S1(N1(y), 2)), if ¢ <vand y < a
= (Isl,Nl /\152,]\7@)(1', (Isl,Nl /\ISLN"‘)(Z/?Z))'
Thus, Is, N, \ Is, N~ satisfies (EP).

Proposition 3. Let Is, n, and Ig, n, be two (S,N)- implications. Then, the
fuzzy implications Is, n, \/ Is, N, and Is, n, N\ Is, N, satisfy (EP).

Proof. The proof is omitted because it is similar to the proof of Proposition 2.

Although, the proofs of the Propositions 2 and 3 could also been deduced by
Proposition 4.1 in [7] (see also [8] Proposition 5.2, [9] Proposition 5.1), an alter-
native proof has been presented. That is because the induced formula of lattice
operations (join and meet) should also been mentioned. Moreover, Propositions
2 and 3 hold for an (S,N)— implication, whose negation N has trivial range and
any other fuzzy implication I [7-9], but this is out of the purpose of this paper,
since we study only (S,N)- implications.
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4 Conclusions

In this paper, we have investigated the solution of a specific case of an open
problem (see [1] Remark 6.1.5, [6] Problem 3.1) that is related to the preserva-
tion of the exchange principle (EP) of fuzzy implications via lattice operations.
We have investigated these solutions with the use of only (S,N)- implications.
We have presented sufficient, but not necessary conditions for this preservation.
More specific, the conclusions are the following: It is ensured that (EP) is pre-
served via the lattice operations, when two (S,N)— implications generated from
the same t-conorm S or at least one of them generated from a fuzzy negation
N, which has trivial range. Moreover, the same result holds, when two (S,N)-
implications, Is, n, and Ig, n,, generated from comparable t-conorms and fuzzy
negations, such that S; < Sy and N; < Ns. On the other hand, we have pre-
sented counterexamples (Examples 1, 2, 3 and 4) that proved the violation of
(EP) in general, in many other cases. However, this problem needs more inves-
tigation. Our intention is to study this problem in detail in the near future.
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