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A new type of non-Hermitian phase
transition in open systems far
from thermal equilibrium

T.T. Sergeev23, A. A. Zyablovsky'2** E.S. Andrianov'?3, A. A. Pukhov'?3,
Yu. E. Lozovik®>® & A. P. Vinogradov®.%3

We demonstrate a new type of non-Hermitian phase transition in open systems far from thermal
equilibrium, which can have place in the absence of an exceptional point. This transition takes place
in coupled systems interacting with reservoirs at different temperatures. We show that the spectrum
of energy flow through the system caused by the temperature gradient is determined by the ¢*
-potential. Meanwhile, the frequency of the maximum in the spectrum plays the role of the order
parameter. The phase transition manifests itself in the frequency splitting of the spectrum of energy
flow at a critical point, the value of which is determined by the relaxation rates and the coupling
strength. Near the critical point, fluctuations of the order parameter diverge according to a power
law with the critical exponent that depends only on the ratio of reservoirs temperatures. The phase
transition at the critical point has the non-equilibrium nature and leads to the change in the energy
flow between the reservoirs. Our results pave the way to manipulate the heat energy transfer in the
coupled out-of-equilibrium systems.

Non-Hermitian systems possess many unusual properties"?, and one of the most interesting features of these
systems is the presence of exceptional points (EPs)**. An EP is a spectral singularity in the parameter space of
a non-Hermitian system in which two or more eigenstates become linearly dependent and their eigenfrequen-
cies coalesce?™. When an EP is crossed, the eigenstates of the non-Hermitian system change; for example, the
symmetry of the eigenstates may be spontaneously broken*~. Of the non-Hermitian systems that have EPs, PT-
symmetric systems are notable®~”. In these systems, the EP separates areas of parameter space with PT-symmetric
and non-PT-symmetric eigenstates*”’. Other examples of non-Hermitian systems with an EP include strongly
coupled cavity-atom systems®?, polariton systems’™!!, two dimensional lattice systems'>'?, optomechanical
systems'*'®, and even conventional laser systems'®. Non-Hermitian systems with EPs have a number of unique
properties, due to which they have found many applications®*®’. For example, they are used to enhance the
sensitivity of laser gyroscopes'” and sensors'®~?}, to achieve single-mode lasing in multimode systems**** and
directional lasing®, and to control the lasing threshold®*-?’. In addition, a laser system with an EP can be used
to achieve lasing with a negative population inversion?%.

Due to the changes in the eigenstates of a non-Hermitian system at an EP, the transition through the EP is
often associated with the point of non-Hermitian phase transition®*. In experiments, non-Hermitian phase
transitions are observed as frequency splitting in the system spectrum!®!*%3!. However, relaxation and noise
tend to shift this splitting point in the spectrum away from the EP?>"%. An analogy with a phase transition is
further complicated by the fact that non-Hermitian systems are generally non-equilibrium systems. Indeed, non-
Hermitian systems with EPs inevitably consist of several subsystems that interact with the different reservoirs.
These reservoirs of various types (e.g., photon and phonon reservoirs) are not necessarily in thermal equilibrium
with each other, which moves the system far from thermal equilibrium and results in an energy flow between
the reservoirs**=*2. These non-equilibrium systems can serve as a basis for phonons analogs of electrons and
photonics devices®-3840:41,

In this paper, we use the example of two coupled oscillators that interact with reservoirs at different tempera-
tures to demonstrate a new type of non-Hermitian phase transition. This transition leads to frequency splitting in
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the spectrum of energy flow between the reservoirs. We show that this spectrum is determined by an analog of
the p*-potential, and that it exhibits frequency splitting at a critical point (CP) above which there are two minima
in the potential. Using an analogy with the theory of second-order phase transitions, we determine the frequency
of the maximum in the spectrum as an order parameter for this non-Hermitian transition. We demonstrate that
near the CP, fluctuations of the order parameter diverge according to a power law. The corresponding critical
exponent depends only on the ratio of the temperatures of the reservoirs, and remains unchanged when the
temperatures of all the reservoirs change by the same factor. This indicates the non-equilibrium nature of the
phase transition at the CP. It is remarkable that although the energy flow between the reservoirs is proportional
to the difference of their temperatures, the CP does not depend on the reservoir temperatures. Like an EP, the
CP depends only on the relaxation rates of the system and the coupling strength between its subsystems.

Our results open the way for observing non-Hermitian phase transitions in systems far from thermal equi-
librium. The conditions for a CP in this transition differ from the conditions for an EP, thus making it possible
to observe non-Hermitian phase transitions in systems without an EP, e.g., in a system of two coupled oscillators
with the same relaxation rate but with different reservoirs temperatures. The predicted non-Hermitian phase
transition leads to the change in the energy flow between the reservoirs that paves the way to control the heat
energy transfer in nanoscale and can be used to develop phonon devices*$-38:4041,

Model

We consider two coupled oscillators interacting with their own reservoirs. The reservoirs are in thermodynamic
equilibrium with temperatures Tj and T5, respectively. This system can be implemented, for example, based on
optically coupled nanomechanical resonators*?. By eliminating the degrees of freedom of the reservoir using
the Born-Markovian approximation***4, we can obtain the equations for the oscillator slow amplitudes*>** (see

also “Methods” section):
dia\ _[(—n —iQ\ (& 51
aln)=(moD)(0)-(8) 8

Here,a = (ai, az)T is a vector of the amplitudes of the first and second oscillators, respectively; €2 is the cou-
pling strength between the oscillators; y; ; are the relaxation rates of the oscillators; and & = ( & & ) is a noise
term that always appears together with relaxation terms*>*. In the Born-Markovian approximation, the noises
are delta-correlated and are connected with the relaxation rates according to**

(8) =0, (Fa+0E ®)=2D5(0) )
where D = ( 2)/1 T ?/2 T, ) is a diffusion matrix (we put kg = 1). For brevity, we denote the matrix on the right-

hand side of Eq. (1) as M = -y —iQ

—iQ -2
We calculate the spectrum of stationary fluctuations (i.e., at times t > Y12 1), of the system using the Wie-
ner-Khinchin theorem*®*’:

400
] 1 e
S(w) = - / dt exp (—iwr)<a (r)aT>St, (3)

where <a*(r)ET>St is a matrix of two time correlators that is determined using regression theorem as follows
(see “Methods” section for details):

a =T\ exp(M*r)<E*aT> s T>0
<a (t)a >st N { (a*aly, exp(—MTSr), T<0’

The averages< *a T> = <Ei* (t = 0)aT>St obey the following condition*® (see also the “Methods” section):
() o () i 2b =0 “
st st

It should be noted that the noise results in nonzero stationary values for the oscillator energies (a} a1> and
(a3ay), as well as the value (at a2> The real part, Re(aja,) > Tepresents the interaction energy between the
oscillators, while the imaginary part, Im<a a;)_,» represents the energy flow from the first oscillator to the second.

Using the Egs. (3) and (4) we obtain the followmg expression for the spectrum*:

~ 1A* L A1A, AT L A
S(w) = —(M* —iwl)”" D(M"* +iwl)”". (5)
T
Using the definitions of matrices M and ﬁ, we obtain:

l/m ( nTi; +o?) + 1T Q? iQnT(n +iw) — nTi(y — i) )
() \ iIQNTi1(y2 + i®) — 12 Ta(y1 — i0) V2 Ta(yE + 0?) + 1Ty Q2 ’

where ®(w) = (y1y2 + Q2)? — 2(Q? — Qf,)w2 + w*and er = (ylz + yzz)/Z. The diagonal elements of S(w)
determine the spectra of the fluctuations of the first and second oscillators. The non-diagonal elements determine

S(w) = (6)
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Figure 1. Spectra of the first and second oscillators for different values of the coupling strength .

Y1 = 10"3wg, y2 = 2 x 103wy, T} = T, where wy is the eigenfrequency of non-interacting oscillators, in
units of which the relaxation rates and the coupling strengths are measured. Here, Qip "~ 2580 gp and
Q;‘D it 1120 £p (the analytical expressions for Qslp é’t are given in the Methods). The spectra of the first and

second oscillators are defined by the components S11 and Sy of the matrix S(w), see Eq. (6).
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Figure 2. Dependence of Qslp lt (solid blue line) and Q;P hit (dashed red line) on the ratio of reservoir
temperatures (T2 /T1).

the spectrum of interaction between the oscillators. The real part determines the spectrum of fluctuations of inter-
action energy, while the imaginary part determines the spectrum of energy flow from one oscillator to another.

Spectra of oscillators
In the absence of noise, the stationary state of the system of Eq. (1) is zero. The dynamics of the system when
it tends to the stationary state is determined only by the eigenvalues and eigenstates of matrix M, which have

the form:
s + 2,
ha=-022 \/m — )t —a2, %)
. i — o+ R 492)
G = { 129 (J/z Vi 1 —r2) } (8)

In this system, there is an EP at which the eigenvalues are equal to each other and the eigenstates coincide.
The EP arises when Q = Qgp = |y2 — y11/2, and separates the weak (2 < Qgp) and strong (2 > 2gp) coupling
regimes®?.

It is assumed that the transition to the strong coupling regime can be detected based on the splitting in
the system spectrum®* However, sphttmg in the fluctuation spectra of the first and second oscillators occurs
at coupling strengths of 2] P and Q;p n, which differ from the coupling strength at the EP (Qgp) (Fig. 1) and

from each other (the analytlcal formulas for 91 2‘ are given in the “Methods” section). That is, the sphttmg in

and

the spectra of the first and second oscillators occurs at different values of the coupling strength*?. Q] P depend
on the ratio of the reservoir temperatures (T2/T;) (Fig. 2). It should be noted that the splitting in the osc1llat0r
spectra can take place even when Q < Qgp, i.e., in the weak coupling regime (see the dashed red line in Fig. 2).
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Figure 3. (a) Dependence of (ImS2) = j " (ImS;2(w))dw on the coupling strength at the condition y; = y,.

(b) Dependence of (ImS;,) on the couplin_ggtrength and the ratio of the relaxation rates. We fix the value of y;
and change the value of y;. Q0. = y».

Thus, the splitting point in the system spectrum depends on the reservoir temperatures, and generally does
not coincide with the EP. We note that at this stage, it is difficult to provide a direct analogy with the standard
theory of second-order phase transition, due to absence of an order parameter and the divergence of its fluctua-
tions near the transition point. As we will see below, this analogy can be established if we consider the spectrum
of the energy flow.

Non-Hermitian phase transition in the spectrum of energy flow

between the reservoirs

Energy flow between the reservoirs. As mentioned above, there is an energy flow through the system,
i.e., the system is not in thermodynamic equilibrium. The spectrum of this energy flow is determined by the
product of the imaginary parts of the non-diagonal elements of the matrix S(w) and the coupling strength Q:

(J(@)) = Q ImS3(w) = —Q ImS;1(0) = Q* 1y, (To — Th), )

1

T ®(w)
where ®(w) = (Y112 + 522)2 —2(Q% - 92 )a) + w* determines the frequency spectrum of (J (w)), which splits
when Q2 = Q2 = (yf + y})/2. Indeed, the quantity (J(w)) represents the average energy flow between the
reservoirs, and is always directed from a hotter to a colder reservoir (Eq. (9)). The amplitude of (J(w)) depends
on the difference of the reservoir temperatures. However, the form of the spectrum (J(w)) does not depend on
the reservoir temperatures, and is determined only by the denominator ® (w). When Q? < Q2,, there is a single
maximum in the spectrum (J(®)) at ®max = 0. In the opposite case, when Q2> Qf,, there are two maxima in
the spectrum (J(w)) at wmax = £+/Q% — Q2. AtQ? = Q2 splitting arises in the spectrum of the energy flow.

Note that the 1ntegral of imaginary part “of the non- diagonal element of the matrix $(w) over all frequency

range, (ImSpp) = f (ImS12(w))dw, depends non-monotonically on the coupling strength and the ratio of the

relaxation rates, y» /o)(/)l. Ify1 = 5, (ImS1,) is maximum when Q% = Qf,, i.e., at the splitting point in the spectrum
of energy flow (see Fig. 3a). This quantity reaches its absolute maximum under the condition y; = y, and
Q2 = (see Fig. 3b),i.e, whenQ =y =y, = QO

Note that Q. # Qgpand, moreover, at the @ = QC,, the eigenvalues and eigenstates of the system matrix M
do not qualitatively changes. However, in the same way as Q2gp, Q2. does not depend on the reservoir tempera-
tures. The expression for @ () is an analog of the @*-potential for order parameter®®, while wmay is an analog
of an order parameter at the second-order phase transition. As we will show below, the fluctuations of wmax
diverge near .

Critical behavior near the non-Hermitian transition. To establish the similarity between the non-
Hermitian phase transition in a non-equilibrium system and the second-order phase transition, we study the
fluctuation behavior of energy flow J(w) near the critical coupling strength.

On average, the energy flow is directed from a hotter to a colder reservoir. The spectrum of the average
energy flow, (J (w)), is determined by Eq. (9). To study the fluctuations of the energy flow, we simulate the system
dynamics using Eq. (1) with noise. We calculate the stochastic time evolution of the energy flow over a finite time
range? € [0, tf} and then find the Fourier spectrum of the energy flow, J (). For this purpose, we simulate the
Eq. (1) using the Euler difference scheme that is stable near the stationary state*>. The noise terms acting on
the first and second oscillators are modeling as independent of each other random processes with independent
increments over time. These noises are delta-correlated in time (white noise) and their average values are zero,
see Eq. (2) and “Methods” section. The noise correlators are determined by diagonal elements of the diffusion
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Figure 4. Spectra of the energy flow (J(w)), calculated by averaging over 3 x 10° realizations of simulations
of Eq. (1) (solid blue line) and calculated using Eq. (9) (dashed red line): (a) 2 = 0.67 Q; (b) Q = Q¢ ()
Q2 = 3 Q.. We put kg = 1thus (J(w)) is measured in units of temperature.
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Figure 5. The spectra of energy flow J(w) calculated from a single simulation of Eq. (1) (solid blue line) and
the p*-potential ® () (dashed red line) for: (a) 2 = 0.67 ., and (b) Q = 3 Q. We put kg = 1thus {J(w)) is
measured in units of temperature.

matrix D, which are proportional to the product of the reservoir temperature and the relaxation rate of the cor-
responding oscillators (see Eq. (2), “Methods” section)®. By averaging over a large number of simulations of
Eq. (1), we obtain spectra for (J (w)) using Eq. (9) (see Fig. 4).

In a given realization, the energy flow can fluctuate and the direction of flow may change. As a result, the
spectrum of energy flow calculated from a single realization differs significantly from (J (»)) (Fig. 5). However,
the frequency distribution of the maxima in the spectrum J(w) resembles the form of 1/ ® (w) (cf. the solid blue
and dashed red lines in Fig. 5). That is, ® (w) plays the role of a potential for the distribution of maxima in the
spectrum J (w). Accordingly, the frequency of the maximum in the spectrum J (w) can be considered as the order
parameter of the non-Hermitian phase transition in a system far from equilibrium. In turn, the splitting point
in the spectrum J(w) can be referred as a critical point (CP) of the phase transition.

To describe the fluctuations of the order parameter, we find the frequency of the maximum in the spectrum
J(w), i.e., Wmax, for each of the simulations. We then average wmax and a)rznax over a large number of simulations,
and calculate the dispersion D(wmax) = <w,2nax> — {wmax) " for different values of the coupling strength  and the
reservoir temperatures T » (see Fig. 6a). We can see that the behavior of D(wmax) changes qualitatively at the point
of phase transition (Q? = er). Near the critical point (CP), the dispersion behaves as D(@wmax) ~ €2 — Q¢r|*.
In accordance with the terminology used in the theory of second-order phase transitions*, we refer to « as the
critical exponent. It can be shown that the dispersion D(wmax) and the critical exponent o depend on the ratio of
the reservoir temperatures (T, /T1) (see Fig. 6b), but do not depend on the absolute values of these temperatures
(see “Methods” section).

Note that within a small neighborhood of the transition point, the power law is violated due to the finiteness
of the system, a result that also agrees with the theory of second-order phase transitions*.

Conclusions

We demonstrate that in non-Hermitian systems far from equilibrium, a new type of non-Hermitian phase transi-
tion takes place. We consider a system of two coupled harmonic oscillators interacting with reservoirs at different
temperatures. The difference of the reservoir temperatures moves the system away from thermal equilibrium,
resulting in an energy flow through the system. We show that the spectrum of this energy flow is determined
by an analog of the ¢*-potential, and exhibits frequency splitting at a CP above which there are two minima in
the potential. This spectral splitting at the CP can be associated with a non-equilibrium phase transition. The
frequency of the maximum in the spectrum plays the role of an order parameter for this phase transition. We
demonstrate that near the CP, fluctuations of the order parameter diverge according to a power law, and we
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Figure 6. (a) Dependence of the dispersion D(wmax) = <a)max> — (Wmax)? in units of a)(z) on the coupling
strength for different ratios of the reservoir temperatures T 5: T /T1 = 0 (black line), T, /T; = 0.01 (red line),
T,/T1 = 0.1(green line), T /T = 0.5 (blue line); (b) dependence of the critical exponent on the ratio of the
reservoir temperatures (T2 /Th).

calculate the critical exponent. We show that this depends only on the ratio of the reservoir temperatures, which
indicates the non-equilibrium nature of the phase transition.

The non-Hermitian phase transition described here can take place in non-Hermitian systems without an EP.
Moreover, this phase transition is not accompanied by qualitative changes in the eigenvalues and eigenstates of
the system matrix. This opens the way for the study of non-Hermitian phase transitions in a new class of systems.

Methods
Derivation of the system equations. We consider the system of two coupled oscillators interacting with
their reservoirs, which are described by infinite sets of oscillators. The Hamiltonian of this system is

= Hsys + Hpy + Hro + Vi + V. (10)

Here Hsys = woa a + w0a2a2 + Q (a a + azal) isa Hamlltoman of the system of two coupled oscillators
in the rotating-wave appromma‘uon46 (i = 1), wherea;zanda a1 , are the annihilation and creation operators of
the first and second oscillators, obeying the boson commutation relatlons -wp is a frequency of individual oscil-
lators. €2 is a coupling strength between the oscillators. Hpy = Z 1k, blk blkl and Hg, = > wak, bzk bzkz are

Hamiltonians of the ﬁrst and second reservoirs, where the summatlons are over infinite sets of oscillators in the
reservoirs. b1 k> bzkz, b1 Ky bl 2k, AT€ the annihilation and creation operators of the oscillators in the first and second
reservoirs. wyk, and wy, are frequencies of these oscillators. = Zglkl (blk a1+ a blkl) and

=> ok (bzk2 a, + a, bzkz) are Hamiltonians of the interaction between the ﬁrst/second oscillators and the

first/second reservoir, respectively. g1x, and g, are the coupling strength between the first/second oscillator and
the kj »-th oscillator in the first/second reservoirs.

Using the Heisenberg equation for operators*>** and then moving from the operators to averages, we obtain
the following equations

[.11 = —iwoa1 — iQaz — izglklblkl: (11)
ki

512 = —iwoa2 — iQa1 — iZngzbZkzx (12)
ka

bix, = —iwik, bix, — igik, a1, (13)

bak, = —iwak, bak, — igak, 2. (14)

Herea;, = <&1)2>, b, = <IA71k1 >, bik, = <1A71k2> are averages of the respective operators.
Then, we formally integrate the last two equations:

bix, = by, (0)e 1kt — i1k /dfal(f)e_iwlkl =0, (15)

Scientific Reports |

(2021) 11:24054 | https://doi.org/10.1038/s41598-021-03389-3 nature portfolio



www.nature.com/scientificreports/

t

bak, = bk, (0)e "% — igy, / dray(r)e 2 (7T, (16)
0

Substituting Egs. (15) and (16) into Egs. (11) and (12), respectively, we obtain

t

= —iwoay — iQa — Y _ g}y, /dfal(f)e’i")l"l 01 A, (17)

ar = —iwpas — iQa; — Zgzk /draz(r)e_"”zb(t 2 + fo(t), (18)
ka

where fi(t) = —i ) gik, bik, (0)e™ ki and L) =—i Zgzkz bok, (0)e™ gy ¢ play role of the noise acting on the

k1
first and second oscillators®44,

Making a change of var1ables 415 = a1 €', we obtain the equations for slow variables:

t
a; = —iQa; — Zglzkl /drﬁl(t)e_i(“’lkl e g (), (19)
= —iQa; — Zglkl /d‘taz(f)e iy —w0) (t=7) . £(1), (20)
k1
where £ (t) = —i 3" gk, bik, (0)e @~ and £ () = —i " gak, bk, (0)e @2 ~201,

k k
Following the Born-Markov approximation**** and using2 the Sokhotskii-Plemelj formula®!, we calculate

the integrals in the right parts of Egs. (19) and (20). As a result, we obtain the equations with the relaxation and
noise terms:

a = —yidy — iQa + &), (1)

Gy = —y2a — iQa1 + & (1), (22)

wherey; = > 71g12k16(a)1k1 —wp)andy, = Z ngzk 8(wak, — wo)".
k1 ky
Cons1der1ng that the first and second reservoirs are in thermal equilibrium with temperatures T; and T5,

respectively, we find the correlation properties of noise:

(8) =0, (F@+0E®)=2D5(n) (23)
where g(t) = (£1(t), &()T is a vector of noise terms and D = 2)/1 N ?/2 T, ) is a diffusion matrix*>*. Thus,

it is seen that in the derived equations, the relaxation and noise terms are related to each other by the fluctuation-
dissipative theorem**4,

Derivation of the expression for the system spectrum.  Using the Wiener-Khinchin theorem*®", we
calculate the spectrum of a system

1 +00
S@ =5 / dre~iot <a*(r)aT>St. (24)
—00
We first calculate the correlator <a (v)a > in Eq. (24). To do this, we formally integrate the matrix Eq. (1):
t.
a(t) = exp(Mt)a(0) + / dr exp(M(t — 1)& (7). (25)
0

Then, using the quantum regression theorem*, we obtain:
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<a*(t + r)aT(t)> = exp(BI* (t + 7))a* (0)a” (0) exp(1T1)

t+t t
) o ) (26)
+ / dt’/dr” exp(MI*(t + 7 — r/))<$*(r’)§T(r”)> exp(BIT (£ — 7).
t 0

All eigenvalues of the matrix M have negative real parts. Thus, at times t >> szl’ the first term on right side in
Eq. (26) tends to zero. Taking into account the expressions for the noise correlators (see Eq. (2)) and considering
the caset > )’1?21> we derive:

t+t t
<a*(r + r)aT(t)> =2 / dr// dt” exp(M*(t + © — 1/))D8(¢' — t") exp(M T (t — "))
0 0 27)
=2 exp(M*r) exp(M*t) (/ dt” exp(—M*r”)ﬁ exp(—MTr/’)) exp(MTt).
Whent — 40, Eq. (27) takes the form:
< *(t) aT(t)> = 2exp(BI*1)( / dt” exp(—B*t")D exp(— M T ")) exp(W T o). (28)
Differentiating both sides of Eq. (28), we obtain:
d % ->T ok /2% ->T > ->T T 7~
a<a ()a (t)> = <a (Ha (t)> + <a (H)a (t)>M +2D. (29)
In the steady state, (@*(t)a’ (t)) is determined by the following equation:
M*<**“T> + <a*aT> MT 42D =0, (30)
st st
To calculate the correlator (*(t) ET>st, which is determined as (d*(r) ELT>st (@ (t+1) “T(t)>t»oo’ we
use Eq. (28):
> ->T _ Ok ->x=>T
<a (t)a >st = exp(M r)<a a >st,1' > 0. (31)
The expression in Eq. (31) holds true when 7 > 0. To use the Wiener-Khinchin theorem***” we need to
calculate the correlator at T < 0. This correlator is calculated in the same way, as follows:
<ﬁ*(r)aT> = <a*aT> exp(—MT1),T < 0. (32)
st st
Thus, the spectrum can be expressed as:
X +00 . 0
S(w) =— / dre—"wf<a*(r) aT> - 7<a*aT> / dt exp(—=MT — iwh)7)
2 st 2w st
—00 —00
+ o /dr exp((B1* — 1a)1)1:)< **T>
st
(33)

+
:i/ ***T exp((MIT + iowl)7) + exp((BrF — zwI)r)< **T> )
2 s st

0

1

=—— (<***T> BT + ioD) ™! + (B — iwl)” 1< 4 T>st).

By multiplying the spectrum matrix on the left and right by the respective matrices and taking into account
Eqgs. (31) and (32), we obtain:

(A — iwh) $(@) (M7 + iwl) = — %((M* - iwf)<a*aT>st n <***T> T + iwh)
- ﬁ(M*<a*aT>st + <***T> M7y = b/x.

Finally, we obtain an expression for the spectrum matrix:
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3 LI TSI P A
S(w) = —(M" —iwl)" " DIM" +iwl)”". (35)
14
By substituting into Eq. (35) the expressions for the matrices M and D from the main text, we obtain:

/7 ( nTiF +o®) + T Q2 iQ(Vsz(m+iw)—J/1T1(J/z—iw))) 36)

S(w) = 22— . i )
@)= 3@ UQTi0r +io) — T — i) paTa(? + ) + 1)

where ®(w) = (Y12 + Q%) — 2(Q?* — SZZ )a) + w andQ (yl + v )/2

The diagonal elements of S(w) define the spectra of the ﬁrst and second oscillators, and the non-diagonal
elements are complex quantities. The real parts of the non-diagonal elements are equal to each other, and define
the spectrum of interaction between the oscillators, while the imaginary parts of the non-diagonal elements
differ from each other in sign and define the spectra of the energy flow from the first oscillator to the second
and vice versa.

Note that w is the difference between the oscillation frequency and the frequency of a single oscillator wg (we
consider that the frequencies of oscillators are equal to each other).

Dependence of the dispersion of the order parameter on the ratio of the reservoir tempera-
tures. Numerical simulation of Eq. (1) shows that the spectra of the oscillators, the spectra of the interaction
and the energy flow between the oscillators, and the dispersion of the frequency of the maximum in the spec-
trum (@max) of energy flow J(w) depend on the ratio of the reservoir temperatures rather than their absolute val-
ues. To ascertain the mechanism of this dependence, we analyze the behavior of the system with noise, as follows:

dia\ _(-n —iQ\[a M\ _ o=, 2
a(é)—(—ié —y2><ai)+(s§(t))—M““(”’ (37)

where d = ( ap a )T is a vector of the amplitudes of the first and second oscillators, respectlvely, Qi is the cou-
pling strength between the oscillators; y; » are the relaxation rates of the oscillators; and € = ( £ & ) is a noise
term that obeys the following conditions

() =0, (Fe+0E 1) =2D50), (38)

nh 0
0 nT
In the stationary state, the amplitudes a,, are nonzero only when at least one of the reservoir temperatures
is nonzero. Without loss of generality, we assume that T, # 0. In this case, we can make changes to the variables
412 = a12/+/T> and 51 » = £12/+/T2. In these new variables, the Eq. (37) can be rewritten as:

where D = ( > is a diffusion matrix.

ds L
Ea_MaJréE(t). (39)

The redefined noise terms obey the conditions
() =0, (F@+0E®)=2D5() (40)

nTi/T> 0

0
amplitudes a = (@ @ )", depend only on the ratio of the reservoir temperatures. As a result, the spectrum
matrix S(w) calculated by Eq. (39) depends on the ratio of the reservoir temperatures (where the method of
calculation is the same as for Eq. (37)). The spectrum matrix S (w) is determined by S(w) as (see the definition of
S(w)in Eq. (3)):

where D = ) is a redefined diffusion matrix. It is important to note that D, and consequently the

$(w) = T, S(w). (41)

Thus, the form of spectrum S(w) depends only on the ratio of the reservoir temperatures, while the absolute
value of the temperature T is determined only by the amplitude of the spectrum. The same conclusion holds true
for a spectrum calculated based on a single simulation of Eq. (37). As a result, the frequency of the maximum in
the spectrum (wmax) calculated for this simulation also depends only on the ratio of the reservoir temperatures
Since the dispersion of the frequency D(wmax) = (@2 ) — (Wmax)? is calculated by averaging wmax and w2,
over a large number of simulations, then D(wmax) depends only on the ratio of the reservoir temperatures.
Expressions for Slipht and Sl;pht. The coupling strengths Qslpht and Q;Pht
fluctuation spectra of the first and second oscillators occurs, are given as

, at which the splitting in the

(QSP’“> VT + y2 T — 292 Ty — 21 v2Th . \/4)/1 RTATi +20T) + (R (R + v T2 = 2nnn + 1)’
! 21Ty + 202 T2) 21Ty + 20 Ts)

>
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2
(951””)2 T+ T —2vinT —2nyiTh N \/4V2Vf‘T2(V2T2 +2nT)+ (N2 +vH) T —2nrn +v2)Ta)
? 2T + 20T 20, Ty + 20 T) ’
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