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A B S T R A C T   

In this study, we combine two novel methods, the conformable double Laplace-Sumudu transform 
(CDLST) and the modified decomposition technique. We use the new approach called conform-
able double Laplace-Sumudu modified decomposition (CDLSMD) method, to solve some 
nonlinear fractional partial differential equations. We present the essential properties of the 
CDLST and produce new results. Furthermore, five interesting examples are discussed and 
analyzed to show the efficiency and applicability of the presented method. The results obtained 
show the strength of the proposed method in solving different types of problems.   

1. Introduction 

Fractional partial differential equations have recently been shown to be crucial for describing a wide range of phenomena and 
applications in science and engineering, including fluid dynamics, electrical circuits, optics, physics, and others [1–10]. In the liter-
ature, a number of definitions of fractional integrals and derivatives, including those by Caputo, Hadamard, and others, have been 
explored [11–17]. For instance, the quotient and product rules [18–23] are among the features of the ordinary derivatives that are not 
always met by fractional derivatives. A novel definition of a conformable fractional derivative, which virtually meets most of the 
standard features of derivatives, was proposed by the researchers in Ref. [24,25]. 

Numerous mathematicians and authors have created new methods to solve conformal differential problems, including the simplest 
method [26], Kudryashov method [27], double Shehu transform [28], Tanh method [29,30], reliable methods [31], double Sumudu 
transform [32,33], conformable Laplace transform (CLT) method [34,35], conformable double Laplace transform method [36], and 
conformable Sumudu transform (CST) method and others [37–44]. 

The double Laplace-Sumudu transformation method, a unique approach to double transformations, has been introduced recently 
and has been successfully used to solve families of fractional partial differential equations [45–48]. Unfortunately, this integral 
transformation cannot directly handle nonlinear equations, unlike other integral transformations. Because of this, mathematicians 
have developed new techniques that incorporate integral transformations with numerical methods like the decomposition method, the 
perturbation method, the iteration variation method, and others [49–59]. 

In this study, we introduce a unique method for numerically solving nonlinear conformable fractional differential equations, known 
as the CDLSMD method. The approach is effective in producing approximate series solutions that converge. With no evidence of noise 
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terms, the approach suggested in this work quickly converges the obtained series solutions. While the components of the series so-
lutions are represented by other analysis techniques, such as the homotopy perturbation approach and the Adomian decomposition 
method, these terms should also have noise terms [60]. 

Following that, we introduce a nonlinear conformable partial differential equation that is given by 

b
∂nγ

∂ynγ

(

ψ
(

x η

η ,
yγ

γ

))

+ c
∂mη

∂x mη

(

ψ
(

x η

η ,
yγ

γ

))

+N

[

ψ
(

x η

η ,
yγ

γ

)]

= g
(

x η

η ,
yγ

γ

)

,
x η

η ,
yγ

γ
> 0, 0< γ, η≤ 1,m, n ∈ N, (1)  

with (1), we associate the initial conditions 

∂jγψ
(

x η

η , 0
)

∂yjγ = fj

(x η

η

)
, j= 0, 1, ..., n − 1, (2)  

and the conditions 

∂kηψ
(

0, yγ

γ

)

∂x kη = hk

(
yγ

γ

)

, k = 0, 1, ...,m − 1. (3)  

here , c are constants, N is the nonlinear operator, and g
(

x η

η ,
yγ

γ

)
is a given function that can be expressed as g

(
x η

η ,
yγ

γ

)
= g1

(
x η

η ,
yγ

γ

)
+ g2

(
x η

η ,

yγ

γ

)
. 

In this work, we introduce the CDLSMD method to investigate certain applications similar to those in (1) connected to conditions 
(2) and (3). The modified decomposition method [60–64] and the CDLST method are combined in the CDLSMD approach. Contrary to 
other analysis approaches, abandoning the CDLST approach along with the modified decomposition method enables for quick 
convergence to the exact solutions without discretization or linearization, as shown in Ref. [60]. This study’s major objective is to 
propose the CDLSMD approach for investigating how conformal nonlinear partial differential equations are solved. 

The research presents the fundamental definitions and facts of the CDLST, then the key concept of the novel technique, and lastly 
the solution to certain numerical applications to demonstrate the effectiveness and adaptability of the proposed approach. 

2. Fractional derivatives 

Definition 1. [24]. Given ψ : (0,∞)→R, then the CFD (conformable fractional derivative) of order γ of ψ is defined by 

dγ

dyγ ψ(y)= lim
σ→0

ψ(y + σy1− γ) − ψ(y)
σ , y> 0, σ ∈

(

0, 1
]

.

Definition 2. [44] Given ψ
(

x η

η ,
yγ

γ

)
: R+ × R+→R, then the conformable fractional partial derivatives (CFPDs) of order η and γ of the 

function ψ
(

x η

η ,
yγ

γ

)
is defined by 

∂η

∂x η ψ
(

x η

η ,
yγ

γ

)

= lim
ρ→0

ψ
(

x η

η + ρx 1− η,
yγ

γ

)
− ψ

(
x η

η ,
yγ

γ

)

ρ ,

∂γ

∂yγ

(
x η

η ,
yγ

γ

)

= lim
σ→0

ψ
(

x η

η ,
yγ

γ + σy1− γ
)
− ψ

(
xη

η ,
yγ

γ

)

σ ,

where x η

η ,
yγ

γ > 0,0 < η, γ ≤ 1, ∂η

∂x η and ∂γ

∂yγ denote the η and γ fractional derivatives respectively. 

Definition 3. Let < γ ≤ m + 1, m = 0, 1,2,…, and set α = γ − m then the conformable fractional integral (CFI), starting a of order γ 
of ψ(y) is defined by 

(
Ia

γ

)
ψ(y)= 1

m!

∫y

a

(y − τ)m
(τ − a)α− 1ψ(τ)dτ,

where ψ(τ) is continuous 
The following theorems present some results related to partial derivatives the conformable partial fractional derivatives, as follows. 

Theorem 4. [39]. suppose 0 < η, γ ≤ 1 and ψ
(

x η

η ,
yγ

γ

)
be a differentiable at a point x η

η ,
yγ

γ > 0, then 
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∂η

∂x η ψ
(

x η

η ,
yγ

γ

)

= x − η+1
∂ψ
(

xη

η ,
yγ

γ

)

∂x
.

∂γ

∂yγ ψ
(

x η

η ,
yγ

γ

)

= y − γ+1
∂ψ
(

x η

η ,
yγ

γ

)

∂y
. (4) 

Proof. We find, from the definition 1, 

∂η

∂x η ψ
(

x η

η ,
yγ

γ

)

= lim
ρ→0

ψ
(

x η

η + ρX
1− η

,
yγ

γ

)
− ψ

(
xη

η ,
yγ

γ

)

ρ ,

putting ρx1− η = θ. 

∂η

∂x η ψ
(

x η

η ,
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γ

)

= lim
θ→0

ψ
(

x η

η + θ, yγ

γ

)
− ψ

(
x η

η ,
yγ

γ

)

θx η− 1 = x − η+1 lim
θ→0

ψ
(

x η

η + θ, yγ

γ

)
− ψ

(
x η

η ,
yγ

γ

)

θ
= x − η+1

∂ψ
(

x η

η ,
yγ

γ

)

∂x 

By similar arguments, we prove (4). 

Theorem 5. Suppose 0 < η, γ ≤ 1 and c, d,m1,m2, δ, and ε ∈ R; then 

∂η

∂x η

(

cψ
(

x η

η ,
yγ

γ

)

+ dζ
(

x η
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yγ

γ

))

= c
∂η

∂x η ψ
(

x η
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yγ

γ

)

+ d
∂η

∂x η ζ
(

x η

η ,
yγ

γ

)

,

∂η

∂x η

(
eδxη

η +εyγ
γ

)
= δeδxη

η +εyγ
γ ,

∂γ

∂yγ

(
eδxη

η +εyγ
γ

)
= εeδxη

η +εyγ
γ ,

∂η

∂x η

(x η

η

)m1
(

yγ

γ

)m2

=m1

(x η

η

)m1 − 1
(

yγ

γ

)m2

,

∂γ

∂yγ

(x η

η

)m1
(

yγ

γ

)m2

=m2

(x η

η

)m1
(

yγ

γ

)m2 − 1

,

∂η

∂x η

(

sin
(x η

η

)
sin
(

yγ

γ

))

= cos
(x η

η

)
sin
(

yγ

γ

)

,

∂γ

∂yγ

(

sin
(x η

η

)
sin
(

yγ

γ

))

= sin
(x η

η

)
cos
(

yγ

γ

)

.

The proof can be obtained using Theorem 4. 

3. Basic facts of the CDLST 

Definition 6. [65] Assume that ψ
(

x η

η ,
yγ

γ

)
, x η

η ,
yγ

γ ∈ R+ and 0 < η, γ ≤ 1 is a function of two variables. Then,  

(i) The fractional conformable Laplace transform of ψ
(

x η

η
)

order η, denoted by L η
x

[
ψ
(

x η

η
)]

= Ψη(υ) and defined as 

L
η
x

[
ψ
(x η

η

)]
=Ψη(υ)=

∫∞

0

e− υxη
η ψ
(x η

η

)
x η− 1dx , x > 0.

(ii) The conformable fractional Sumudu transform of ψ
(

yγ

γ

)
order γ, denoted by S γ

y

[
ψ
(

yγ

γ

)]
= Ψγ(ω) and defined as 

S
γ
y

[

ψ
(

yγ

γ

)]

=Ψγ(ω)=
1
ω

∫∞

0

e−
1
ω

yγ
γ ψ
(

yγ

γ

)
yγ

γ

γ− 1
dy, y > 0.
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(iii) The CDLST of ψ
(

x η

η ,
yγ

γ

)
, denoted by L η

x S
γ
y

[
ψ
(

x η

η ,
yγ

γ

)]
= Ψη,γ(υ,ω) and defined as 

L
η
x S

γ
y

[

ψ
(

x η

η ,
yγ

γ

)]

=Ψη,γ(υ,ω)= 1
ω

∫∞

0

∫∞

0

e− υxη
η −

1
ω

yγ
γ ψ
(

x η

η ,
yγ

γ

)

x η− 1yγ− 1dxdy,

where υ,ω ∈ C are Laplace – Sumudu variables of y
η

η ,
xγ

γ and0 < γ,η ≤ 1 

The inverse CDLST L − 1
x S

− 1
y [Ψη,γ(υ,ω)] = ψ

(
x η

η ,
yγ

γ

)
is defined by 

L
− 1
x S

− 1
y

[
Ψη,γ(υ,ω)

]
=ψ

(
x η

η ,
yγ

γ

)

=
1

2πi

∫α+i∞

α− i∞

eυxη
η

⎛

⎜
⎝

1
2πi

∫β+i∞

β− i∞

1
ωe

yγ
ωγΨη,γ(υ,ω)dω

⎞

⎟
⎠dυ.

The usual double Laplace –Sumudu transform and the CDLST are related by the following theorem. 

Theorem 7. Suppose that c, d ∈ R and 0 < γ,η ≤ 1, then the followings hold:  

1. L
η
x S

γ
y [c] = L x S y [c] = c

υ,υ > 0  

2. L
η
x S

γ
y

[(
x η

η
)m
(

yγ

γ

)n]
= L x S y [(x)

m
(y)

n
] = m!n!ωn

υm+1 , where m and n are positive integral.  

3. L
η
x S

γ
y

[
ecxη

η +dyγ
γ

]
= L x S y [ecx+dy ] = 1

(υ− c)(1− dω)

4. L
η
x S

γ
y

[
sin
(
c x η

η
)

sin
(

d yγ

γ

)]
= L x S y [sin(cx)sin(dy)] = c

(υ2+c2)
dω

1+d2ω2  

5. First shifting property for CDLST: 

If L η
x S

γ
y

[
ψ
(

x η

η ,
yγ

γ

)]
= Ψη,γ(υ,ω), then 

L
η
x S

γ
y

[

ecxη
η +dyγ

γ ψ
(

x η

η ,
yγ

γ

)]

=
1

1 − dωΨη,γ

(
υ − c,

ω
1 − dω

)
.

6. Second shifting property for the CDLST: 

If L η
x S

γ
y

[
ψ
(

x η

η ,
yγ

γ

)]
= Ψη,γ(υ,ω), then 

L
η
x S

γ
y

[

ψ
(

x η

η −
δη

η ,
yγ

γ
−

εγ

γ

)

H
(

x η

η −
δη

η ,
yγ

γ
−

εγ

γ

)]

= e− υδη
η −

1
ω

εγ
γ Ψη,γ(υ,ω),

where H
(

x η

η − δη

η ,
yγ

γ − εγ

γ

)
=

{
1,

x η

η >
δη

η ,
yγ

γ
>

εγ

γ
0, otherwise 

Proof. For the proof, see [45–48]. 
Now we discuss the conditions for the existence of the CDLST. 

If ψ is of the exponential orders c and; 
(

xη

η ,
yγ

γ

)
→(∞,∞) and if there exist a nonnegative real number K : ∀x η

η > X ,
yγ

γ > Y ; 

then: 
⃒
⃒
⃒
⃒ψ
(

x η

η ,
yγ

γ

)⃒
⃒
⃒
⃒=Kecxη

η +dyγ
γ ,

and we write: 

ψ
(

x η

η ,
yγ

γ

)

=O
(

ecxη
η +dyγ

γ

)
as
(

x η

η ,
yγ

γ

)

→(∞,∞)

or, 

lim(

xη
η ,

yγ
γ

)

→(∞,∞)

e− υxη
η −

1
ω

yγ
γ

⃒
⃒
⃒
⃒ψ
(

x η

η ,
yγ

γ

)⃒
⃒
⃒
⃒=K lim(

xη
η ,

yγ
γ

)

→(∞,∞)

e
− (υ− c)xη

η −

(

1
ω− d

)
yγ
γ

= 0,
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υ > c,
1
ω > d.

Then, the function ψ is of exponential order as 
(

x η

η ,
yγ

γ

)
→(∞,∞)

Theorem 8. Assume that the function ψ defined on the interval (0,X ) and (0,Y ) of the exponential orders c and d, then CDLST of ψ 
exists for all υ and 1ω supplied Re[υ] > c and Re

[1
ω
]
> d.

Proof. We find, from the Definition 6 (iii), 

⃒
⃒Ψη,γ(υ,ω)

⃒
⃒=

⃒
⃒
⃒
⃒
⃒
⃒

1
ω

∫∞

0

∫∞

0

e− υxη
η −

1
ω

yγ
γ ψ
(

x η

η ,
yγ

γ

)

dxdy

⃒
⃒
⃒
⃒
⃒
⃒
≤K

∫∞

0

e− (υ− c)xη
η dx

∫∞

0

1
ωe

−

(

1
ω− d

)
yγ
γ

dy =
K

(υ − c)(1 − dω)
,Re[υ] > c,Re

[
1
ω

]

> d (5)  

Thus, from Equation (5) we’ve got, 

lim(

xη
η ,

yγ
γ

)

→(∞,∞).

|Ψ(υ,ω)|= 0, or lim(

xη
η ,

yγ
γ

)

→(∞,∞).

Ψ(υ,ω)= 0.

Theorem 9. If 

L
η
x S

γ
y

[

ψ
(

x η

η ,
yγ

γ

)]

=Ψη,γ(υ,ω)=Ψ(υ,ω),

then the CDLST of the conformable partial derivatives of orders η and γ can be represented as follows: 0 < γ,η ≤ 1. 

L
η
x S

γ
y

[
∂η

∂x η

(

ψ
(

x η

η ,
yγ

γ

))]

= υΨ(υ,ω) − Ψ(0,ω). (6)  

L
η
x S

γ
y

[
∂γ

∂yγ

(

ψ
(

x η

η ,
yγ

γ

))]

=ω− 1Ψ(υ,ω) − ω− 1Ψ(υ, 0). (7)  

L
η
x S

γ
y

[
∂2η

∂x 2η

(

ψ
(

x η

η ,
yγ

γ

))]

= υ2Ψ(υ,ω) − υΨ(0,ω) − Ψx (0,ω). (8)  

L
η
x S

γ
y

[
∂2γ

∂y2γ

(

ψ
(

x η

η ,
yγ

γ

))]

=ω− 2Ψ(υ,ω) − ω− 2Ψ(υ, 0) − ω− 1Ψy(υ, 0). (9)   

Proof of (6)                                                                                                                                                                                    

L
η
x S

γ
y

[
∂η

∂x η

(

ψ
(

x η

η ,
yγ

γ

))]

=
1
ω

∫∞

0

∫∞

0

e− υxη
η −

1
ω

yγ
γ

∂ηψ
∂x η x η− 1yγ− 1dxdy =

1
ω

∫∞

0

e−
1
ω

xγ
γ yγ− 1

⎛

⎝
∫∞

0

e− υxη
η

∂ηψ
∂x η x η− 1dx

⎞

⎠dy. (10) 

Since we have Theorem 4, ∂ηψ
∂xη = x − η+1∂ψ

∂x
. we use this result into Equation (10). 

Therefore, Equation (10) becomes 

L
η
x S

γ
y

[
∂η

∂x η

(

ψ
(

x η

η ,
yγ

γ

))]

=
1
ω

∫∞

0

∫∞

0

e− υxη
η −

1
ω

yγ
γ

∂ηψ
∂x η x η− 1yγ− 1dxdy =

1
ω

∫∞

0

e−
1
ω

yγ
γ yγ− 1

⎛

⎝
∫∞

0

e− υxη
η

∂ψ
∂x

dx

⎞

⎠dy. (11) 

Considering 

∫∞

0

e− υxη
η

∂ψ
∂x

dx = − ψ(0, y) + υΨ(υ, y) (12) 

Substituting (12) in (11) with simple calculations, we get the result (6), as follows 

L
η
x S

γ
y

[
∂η

∂yη

(

ψ
(

x η

η ,
yγ

γ

))]

= υΨ(υ,ω) − Ψ(0,ω).

The remaining results in (7), (8), and (9) can be proved by similar arguments. 
Additionally, the previous findings can be generalized I the following formulas. 
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L
η
x S

γ
y

[
∂mη

∂x mη

(

ψ
(

x η

η ,
yγ

γ

))]

= υmΨ(υ,ω) −
∑m− 1

k=0
υm− 1− kS

γ
y

[
∂kη

∂x kη

(

ψ
(

0,
yγ

γ

))]

, (13)  

L
η
x S

γ
y

[
∂nγ

∂ynγ

(

ψ
(

x η

η ,
yγ

γ

))]

=ω− nΨ(υ,ω) −
∑n− 1

j=0
ω− n+jL

η
x

[
∂jγ

∂y jγ

(
ψ
(x η

η , 0
))]

. (14) 

The proof of (13) and (14) can be obtained by mathematical induction. 

4. Idea of CDLST combined with modified decomposition technique 

In this part, we exercised CDLST joined to the modified decomposition approach to find the solutions to nonlinear conformable 
fractional equations as below. 

Applying CDLST on Equation (1), we get 

b

⎛

⎝ω− nΨ(υ,ω) −
∑n− 1

j=0
ω− n+jL

η
x

⎡

⎣
∂jγψ

(
xη

η ,0
)

∂y jγ

⎤

⎦

⎞

⎠+c

⎛

⎜
⎜
⎝υmΨ(υ,ω) −

∑m− 1

k=0
υm− 1− kS

γ
y

⎡

⎢
⎢
⎣

∂kηψ
(

0, yγ

γ

)

∂ykη

⎤

⎥
⎥
⎦

⎞

⎟
⎟
⎠+L

η
x S

γ
y

[

N

[

ψ
(

x η

η ,
yγ

γ

)]]

=G1(υ,ω)

+L
η
x S

γ
y

[

g2

(
x η

η ,
yγ

γ

)]

.

(15) 

Operating the CLT and CST for conditions (2) and (3), we get, 

L
η
x

⎡

⎣
∂jγψ

(
x η

η , 0
)

∂y jγ

⎤

⎦=Fj(υ), j= 0, 1,…, n − 1,

S
γ
y

⎡

⎢
⎢
⎣

∂kηψ
(

0, yγ

γ

)

∂x kη

⎤

⎥
⎥
⎦=Hk(ω), k= 0, 1, ...,m − 1. (16) 

By substituting (16) for (15), we have 

b

(

ω− nΨ(υ,ω) −
∑n− 1

j=0
ω− n+jFj(υ)

)

+ c

(

υmΨ(υ,ω) −
∑m− 1

k=0
υm− 1− kHk(ω)

)

=G1(υ,ω) + L
η
x S

γ
y

[

g2

(
x η

η ,
yγ

γ

)

− N

[

ψ
(

x η

η ,
yγ

γ

)]]

. (17) 

Simplifying Equation (17), we obtain 

Ψ(υ,ω)= [bω− n + cυm]
− 1

(

b

(
∑n− 1

j=0
ω− n+jFj(υ)

)

+ c

(
∑m− 1

k=0
υm− 1− kHk(ω)

)

+G1(υ,ω)

)

+ (bω− n + cυm)
− 1

L
η
x S

γ
y

[

g2

(
x η

η ,
yγ

γ

)

− N

[

ψ
(

x η

η ,
yγ

γ

)]]

(18) 

Taking (L η
x )

− 1
(S

γ
y)

− 1 of (18), we get 

ψ
(

x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

[bω− n + cυm]
− 1

(

b

(
∑n− 1

j=0
ω− n+jFj(υ)

)

+ c

(
∑m− 1

k=0
υm− 1− kHk(ω)

)

+G1(υ,ω)

)]

+
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

(bω− n + cυm)
− 1

L
η
x S

γ
y

[

g2

(
x η

η ,
yγ

γ

)

− N

[

ψ
(

x η

η ,
yγ

γ

)]]]

. (19) 

Now, use the modified decomposition approach by assuming 

ψ
(

x η

η ,
yγ

γ

)

=
∑∞

i=0
ψi

(
x η

η ,
yγ

γ

)

(20) 

By decomposing the nonlinear term as: 

N

[

ψ
(

x η

η ,
yγ

γ

)]

=
∑∞

i=0
Ai, (21)  

for some Adomian polynomials Ai(ψ) that are given by: 
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Ai(ψ0,ψ1,ψ2, ...,ψn)=
1
i!

di

dλi

(

N

[
∑∞

i=0
λiψi

])

λ=0

, i= 0, 1, 2,⋯.

Substituting Equation (20) and Equation (21) in Equation (19), we get: 

∑∞

i=0
ψi

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

(bω− n + cυm)
− 1

(

b

(
∑n− 1

j=0
ω− n+jFj(υ)

)

+ c

(
∑m− 1

k=0
υm− 1− kHk(ω)

)

+G1(υ,ω)
)

+
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

[bω− n + cυm]
− 1

L
η
x S

γ
y

[

g2

(
x η

η ,
yγ

γ

)

−
∑∞

i=0
Ai

]]]

.

As result, the following recurrence relations are obtained 

ψ0

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

(bω− n + cυm)
− 1

(

b

(
∑n− 1

j=0
ω− n+jFj(υ)

)

+ c

(
∑m− 1

k=0
υm− 1− kHk(ω)

)

+G1(υ,ω)
)]

, (22)  

ψ1

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

(bω− n + cυm)
− 1

L
η
x S

γ
y

[

g2

(
x η

η ,
yγ

γ

)

− A0

]]

, (23)  

ψs+1

(
x η

η ,
yγ

γ

)

= −
(
L

η
x

)− 1
(

S
γ
y

)− 1[
(bω− n + cυm)

− 1
L

η
x S

γ
y [As]

]
, s ≥ 1. (24) 

Following that, one can get the solution of (1) 

ψ
(

x η

η ,
yγ

γ

)

=ψ0

(
x η

η ,
yγ

γ

)

+ψ1

(
x η

η ,
yγ

γ

)

+ψ2

(
x η

η ,
yγ

γ

)

+ ....

5. Numerical applications 

To assess the effectiveness and usefulness of the CDLSMD approach, numerous applications of nonlinear fractional partial dif-
ferential equations are discussed in this section. 

Example 4.1. Let us dicuss the dissipative wave equation of conformable derivative as: 

∂2γψ
∂y2γ −

∂2ψ
∂x 2 +

∂
∂y

(

ψ ∂ψ
∂x

)

= 2e−
yγ
γ sin

x η

η − 2e− 2yγ
γ sin

x η

η cos
x η

η , 0< γ ≤ 1 (25)  

with initial conditions: 

ψ
(x η

η , 0
)
= sin

x η

η ,ψy

(x η

η , 0
)
= − sin

x η

η , (26)  

and BCs: 

ψ
(

0,
yγ

γ

)

= 0,ψ x

(

0,
yγ

γ

)

= e−
yγ
γ . (27) 

Solution. Using the CDLST to (25) and the CLT to (26) and CST to (27), to get, 

Ψ(υ,ω)=
1

(υ2 + 1)(1 + ω) −
ω2

1 − υ2ω2L
η
x S

γ
y

[

2e− 2yγ
γ sin

x η

η cos
x η

η +
∂
∂y

(

ψ ∂ψ
∂x

)]

. (28) 

Taking (L η
x )

− 1
(S

γ
y)

− 1
[Ψ(υ,ω)] of (28), we get 

ψ
(

x η

η ,
yγ

γ

)

= e−
yγ
γ sin

x η

η −
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

1 − υ2ω2L
η
x S

γ
y

[

2e− 2yγ
γ sin

x η

η cos
x η

η +
∂

∂y

(

ψ ∂ψ
∂x

)]]

. (29) 

Following that, operating the modified decomposition approach and substituting (20) in (29) and utilizing the outcomes in (22), 
(23) and (24), we get the components of the solution as: 

ψ0

(
x η

η ,
yγ

γ

)

= e−
yγ
γ sin

x η

η ,

ψ1

(
x η

η ,
yγ

γ

)

= −
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

1 − υ2ω2L
η
x S

γ
y

[
2e− 2yγ

γ sin
x η

η cos
x η

η +A0

]]

= 0,A0 =
∂

∂y

(
ψ0(ψ0)x

)
,
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ψ2

(
x η

η ,
yγ

γ

)

= −
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

1 − υ2ω2L
η
x S

γ
y [A1]

]

= 0,A1 =
∂
∂y

(ψ1ψ0x
+ψ0ψ1x

).

Thus, we obtain the accurate solution of Equation (25) as: 

ψ
(

x η

η ,
yγ

γ

)

= e−
yγ
γ sin

x η

η , (30)  

and putting η = γ = 1; we have the exact solution as, 

ψ(x , y)= e− y sin x .

In the following figures, we sketch the 3D plots of the accurate solution of Equation (25) in Fig. 1 (a), which is the same approximate 
obtained solution, when putting η = γ = 1. In Fig. 1 (b), we sketch the approximate solution with various values of η and γ: η = γ =

1, 0.9, 0.8. 
In Table 1 below, we introduce the absolute exact errors obtained from computing the absolute difference of the exact and CDLSMD 

solutions obtained in this example with different values of the variables y = 0.1, 0.2,0.3 at x = 1. 

Example 4.2. The KdV equation of conformable derivative is given by: 

∂γψ
∂yγ − ψ ∂ψ

∂x
+

∂3ψ
∂x 3 = − e

xη
η

(
yγ

γ
+ 1
)

+
yγ

γ
e

xη
η

(

−
yγ

γ
e

xη
η + 1

)

, 0< γ ≤ 1 (31)  

with initial condition: 

ψ
(x η

η , 0
)
= 1. (32)  

and boundary conditions: 

Fig. 1. (a) The 3D plots of the solution of Equation (30) gained by the presented method comparing to the exact solution, (b) The CDLSMD solution 

of ψ
(

x η

η ,
yγ

γ

)
for Equation (30) at η = γ = 1, 0.9,0.8. 
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ψ
(

0,
yγ

γ

)

= 1 −
yγ

γ
,ψx

(

0,
yγ

γ

)

=ψ xx

(

0,
yγ

γ

)

= −
yγ

γ
. (33) 

Solution. Applying the CDLST on (31) and CLT to (32) and the CST to (33), to get 

Ψ(υ,ω)=
1
υ −

ω
υ − 1

+
ω

1 + ωυ3L
η
x S

γ
y

[
yγ

γ
e

xη
η

(

−
yγ

γ
e

xη
η + 1

)

+ψ ∂ψ
∂x

]

. (34) 

Taking (L η
x )

− 1
(S

γ
y)

− 1
[Ψ(υ,ω)] of (34), we get 

ψ
(

x η

η ,
yγ

γ

)

= 1 −
yγ

γ
e

xη
η +

(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω
1 + ωυ3L

η
x S

γ
y

[
yγ

γ
e

xη
η

(

−
yγ

γ
e

xη
η + 1

)

+ψ ∂ψ
∂x

]]

. (35) 

Using the modified decomposition technique, and substituting (20) in (35) and with the findings in Equations (22)–(24), we get the 
solution components 

Table 1 

The absolute error of ψ
(x η

η ,
yγ

γ

)

given by the CDLSMD technique for example 4.1 at various values of η, γ and y.  

x y η γ Exact CDLSMD |ψExact − ψCDLSMD|

1 0.1 0.8 0.8 0.761394 0.778431 1.7037× 10− 2  

0.2   0.688938 0.672136 1.68025× 10− 2  

0.3   0.623377 0.588923 3.44542× 10− 2 

1 0.1 0.9 0.9 0.761394 0.779205 1.78107× 10− 2  

0.2   0.688938 0.690302 1.36333× 10− 3  

0.3   0.623377 0.615339 8.03807× 10− 3  

Fig. 2. (a) The 3D plots solution of Equation (36) gained using the presented method comparing to the exact solution (b) The CDLSMD solution of 

ψ
(

x η

η ,
yγ

γ

)
for Equation (36) at η = γ = 1, 0.9,0.8. 
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ψ0

(
x η

η ,
yγ

γ

)

= 1 −
yγ

γ
e

xη
η ,

ψ1

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω
1 + ωυ3L

η
x S

γ
y

[
yγ

γ
e

xη
η

(

−
yγ

γ
e

xη
η + 1

)

+A0

]]

= 0,A0 =ψ0
∂ψ0

∂x
,

ψ2

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1[ ω
1 + ωυ3L

η
x S

γ
y [A1]

]
= 0,A1 =ψ1ψ0x

+ ψ0ψ1x
.

Thus, we get the solution to the (31) in the form: 

ψ
(

x η

η ,
yγ

γ

)

= 1 −
yγ

γ
e

xη
η . (36) 

Note that putting η = γ = 1; then the exact solution is, 

ψ(x , y)= 1 − yex .

In the following figures, we sketch the 3D plot of the accurate solution of Example 4.2 in Fig. 2(a) which is the same approximate 
obtained solution, when putting η = γ = 1. In Fig. 2(b), we sketch the approximate solution with different values of the fractional 
orders η and γ: η = γ = 1,0.9, 0.8. 

In Table 2 below, we introduce the absolute exact errors obtained from computing the absolute difference of the accurate and 
CDLSMD solutions obtained in this application with different values of the variables y = 0.1, 0.2,0.3 at x = 1. 

Example 4.3. The nonlinear advection equation of conformable partial differential equation: 

∂γψ
∂yγ +ψ ∂ψ

∂x
= 2

yγ

γ
+

x η

η +

(
yγ

γ

)3

+
x η

η

(
yγ

γ

)2

, 0< γ ≤ 1, (37)  

with initial condition: 

ψ
(x η

η , 0
)
= 0. (38) 

Solution. Operating the CDLST to Equation (37) and the CLT to Equation (38), to get 

Ψ(υ,ω)=
2ω2

υ +
ω
υ2 + ω L

η
x S

γ
y

[(
yγ

γ

)3

+
x η

η

(
yγ

γ

)2

− ψ ∂ψ
∂x

]

. (39) 

Taking (L η
x )

− 1
(S

γ
y)

− 1
[Ψ(υ,ω)] of (39), we get 

ψ
(

x η

η ,
yγ

γ

)

=

(
yγ

γ

)2

+
x η

η
yγ

γ
+
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω L
η
x S

γ
y

[(
yγ

γ

)3

+
x η

η

(
yγ

γ

)2

− ψ ∂ψ
∂x

]]

. (40) 

Now, applying the modified decomposition method and substitute (20) in (40) and using results in (22), (23), and (24), we get the 
following solution components 

ψ0

(
x η

η ,
yγ

γ

)

=

(
yγ

γ

)2

+
x η

η
yγ

γ
,

ψ1

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ωL
η
x S

γ
y

[(
yγ

γ

)3

+
x η

η

(
yγ

γ

)2

− A0

]]

= 0,A0 =ψ0
∂ψ0

∂x
,

Table 2 

The absolute error of ψ
(x η

η ,
yγ

γ

)

gained by the CDLSMD technique for Equation (31) at different values of η, γ and y.  

x y η γ Exact CDLSMD |ψExact − ψCDLSMD|

1 0.1 0.8 0.8 0.728172 0.308522 4.19649× 10− 1  

0.2   0.456344 − 0.203932 2.52411× 10− 1  

0.3   0.184515 − 0.665233 8.49749× 10− 1 

1 0.1 0.9 0.9 0.728172 0.57508 1.53092× 10− 1  

0.2   0.456344 0.207072 2.49272× 10− 1  

0.3   0.184515 − 0.14213 3.26647× 10− 1  

S.A. Ahmed et al.                                                                                                                                                                                                      



Heliyon 9 (2023) e15891

11

ψ2

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1[
ω L

η
x S

γ
y [A1]

]
= 0,A1 =ψ1ψ0x

+ ψ0ψ1x
.

Following that, we get the solution of Equation (37): 

ψ
(

x η

η ,
yγ

γ

)

=

(
yγ

γ

)2

+
x η

η
yγ

γ
. (41) 

Putting η = γ = 1; one can obtain the solution, 

ψ(x , y)= y2 + yx .

In the following figures, we sketch the 3D plot of the accurate solution of Equation (37) in Fig. 3 (a) which is the same approximate 
obtained solution, when putting η = γ = 1. Fig. 3 (b), present the graph of the obtained solution with different values of the fractional 
orders η and γ: η = γ = 1,0.9, 0.8. 

In Table 3 below, we present the absolute exact errors obtained from computing the absolute difference of the exact and CDLSMD 
solutions obtained in this problem with different values of the variables y = 0.1,0.2, 0.3 at x = 1. 

Example 4.4. The nonlinear Klein-Gordon problem of conformable partial differential equation: 

∂2γψ
∂y2γ −

∂2ψ
∂x 2 +ψ2 = 2

(x η

η

)2
− 2
(

yγ

γ

)2

+
(x η

η

)4
(

yγ

γ

)4

, 0< γ ≤ 1, (42)  

with initial conditions: 

ψ
(x η

η , 0
)
= 0,ψy

(x η

η , 0
)
= 0, (43) 

Fig. 3. (a) The 3D plots of the solution graph of Equation (41) gained by the presented technique comparing with accurate solution (b) The CLSMD 

solution of ψ
(

x η

η ,
yγ

γ

)
for Equation (41) at η = γ = 1, 0.9,0.8. 
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and boundary conditions: 

ψ
(

0,
yγ

γ

)

= 0,ψ x

(

0,
yγ

γ

)

= 0. (44) 

Solution. Applying the CDLST to (42) and the CLT to (43) and the CST to (44), one can get 

Ψ(υ,ω)=
4ω2

υ3 +
ω2

1 − υ2ω2L
η
x S

γ
y

[
(x η

η

)4
(

yγ

γ

)4

− ψ2

]

. (45) 

Taking (L η
x )

− 1
(S

γ
y)

− 1
[Ψ(υ,ω)] of (45), we get 

Table 3 

The absolute error of ψ
(x η

η ,
yγ

γ

)

obtained by CDLSMD method for Equation (37) at various values of η, γ and y.  

x y η γ Exact CDLSMD |ψExact − ψCDLSMD|

1 0.1 0.8 0.8 0.11 0.286888 1.76888× 10− 1  

0.2   0.24 0.55014 3.10144× 10− 1  

0.3   0.39 0.823994 4.33994× 10− 1 

1 0.1 0.9 0.9 0.11 0.174989 2.15011× 10− 1  

0.2   0.24 0.358164 1.18164× 10− 1  

0.3   0.39 0.55912 1.6912× 10− 1  

Fig. 4. (a) The 3D solution graphs of Equation (47) obtained by the presented method comparison with exact solution (b) The CDLSMD solution of 

ψ
(

x η

η ,
yγ

γ

)
for Equation (47) at η = γ = 1, 0.9,0.8. 
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ψ
(

x η

η ,
yγ

γ

)

=
(x η

η

)2
(

yγ

γ

)2

+
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

1 − υ2ω2L
η
x S

γ
y

[
(x η

η

)4
(

yγ

γ

)4

− ψ2

]]

. (46) 

Using the modified decomposition method, and substituting (20) in (46) and using the outcomes in (22), (23), and (24), we get the 
components of the solution as 

ψ0

(
x η

η ,
yγ

γ

)

=
(x η

η

)2
(

yγ

γ

)2

,

ψ1

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

1 − υ2ω2L
η
x S

γ
y

[
(x η

η

)4
(

yγ

γ

)4

− A0

]]

= 0,A0 =ψ2
0,

ψ2

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

1 − υ2ω2L
η
x S

γ
y [A1]

]

= 0,A1 = 2ψ0ψ1.

Thus, we get the solution of (42) in the form 

ψ
(

x η

η ,
yγ

γ

)

=
(x η

η

)2
(

yγ

γ

)2

, (47)  

Putting η = γ = 1; then the solution is, 

ψ(x , x) = x 2y2.

In the figures below, we sketch the 3D plot of the accurate solution of Equation (42) in Fig. 4 (a) which is the same approximate 
obtained solution, when putting η = γ = 1. In Fig. 4 (b), we sketch the approximate solution at various values of the fractional orders η 
and γ: η = γ = 1, 0.9,0.8. 

In the following table (Table 4), we introduce the absolute exact errors obtained from computing the absolute difference of the 
exact and CDLSMD solutions obtained in this example with different values of the variables y = 0.1, 0.2, 0.3 at x = 1. 

Example 4.5. The telegraph equation of nonlinear conformable partial differential equation is given by: 

∂2ηψ
∂x 2η =

∂2γψ
∂y2γ + 2

∂γψ
∂yγ + ψ2 + e

xη
η − 2yγ

γ − e2xη
η − 4yγ

γ , 0 < γ, η ≤ 1, (48)  

with initial conditions 

ψ
(x η

η , 0
)
= e

xη
η ,ψy

(x η

η , 0
)
= − 2e

xη
η , (49)  

and boundary conditions 

ψ
(

0,
yγ

γ

)

=ψx

(

0,
yγ

γ

)

= e− 2yγ
γ . (50) 

Solution. Applying the CDLST on (48) and the CLT to (49) and the CST to (50), to get 

Ψ(υ,ω)=
1

(υ − 1)(1 + 2ω) +
ω2

ω2υ2 − 2ω − 1
L

η
x S

γ
y

[
ψ2 − e2xη

η − 4yγ
γ

]
. (51) 

Taking (L η
x )

− 1
(S

γ
y)

− 1
[Ψ(υ,ω)] of (51), we get 

Table 4 

The absolute error of ψ
(x η

η ,
yγ

γ

)

gained by CDLSMD method for Equation (42) at different values of η, γ and y.  

x y η γ Exact CDLSMD |ψExact − ψCDLSMD|

1 0.1 0.8 0.8 0.01 0.0613254 5.13254× 10− 2  

0.2   0.04 0.185904 1.45904× 10− 1  

0.3   0.09 0.355659 2.65659× 10− 1 

1 0.1 0.9 0.9 0.01 0.0241563 1.41563× 10− 2  

0.2   0.04 0.084117 4.4117× 10− 2  

0.3   0.09 0.174521 8.45212× 10− 2  
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ψ
(

x η

η ,
yγ

γ

)

= e
xη
η − 2yγ

γ +
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

ω2υ2 − 2ω − 1
L

η
x S

γ
y

[
ψ2 − e2xη

η − 4yγ
γ

]]

. (52) 

Using the modified decomposition method and substituting (20) in (52) and using the findings in (22), (23), and (24), we get the 
components of the solution as 

ψ0

(
x η

η ,
yγ

γ

)

= e
xη
η − 2yγ

γ ,

ψ1

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

ω2υ2 − 2ω − 1
L

η
x S

γ
y

[
A0 − e2xη

η − 4yγ
γ

]]

= 0,A0 =ψ2
0,

ψ2

(
x η

η ,
yγ

γ

)

=
(
L

η
x

)− 1
(

S
γ
y

)− 1
[

ω2

ω2υ2 − 2ω − 1
L

η
x S

γ
y [A1]

]

= 0,A1 = 2ψ0ψ1.

Following that, we get have the solution of (48) in the form 

ψ
(

x η

η ,
yγ

γ

)

= e
xη
η − 2yγ

γ , (53)  

we can see if η = γ = 1; then the accurate solution is, 

ψ(x , y)= ex − 2y .

In the figures below, we sketch the 3D plot of the accurate solution of Equation (48) in Fig. 5 (a) which is the same approximate 
obtained solution, when putting η = γ = 1. In Fig. 5 (b), we sketch the approximate solution with various values of η and γ: η = γ =

1, 0.9, 0.8. 
Table 5 below, presents the absolute exact errors obtained from computing the absolute difference of the accurate and CDLSMD 

solutions obtained in this problem with different values of the variables y = 0.1,0.2, 0.3 at x = 1. 

Fig. 5. (a) The 3D plots of the solution of Equation (53) gained by the presented method comparing to the exact solution (b) The CDLSMD solution 

of ψ
(

x η

η ,
yγ

γ

)
for Equation (53) at η = γ = 1, 0.9,0.8. 
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6. Results and discussion 

This section compares the exact and approximate solutions utilizing tables and graphs to discuss the precision and applicability of 
the suggested strategy. The 3D plot solutions for Examples 1–5 generated using the current method are shown in (a) in Figs. 1–5 in 
contrast to the precise solutions at η = γ = 1. These numbers demonstrate how nearly identical the exact solutions are to the ap-
proximations obtained by CDLSMD method. Comparing the line plots of the approximate solutions from the suggested method and the 
exact solutions of the considered applications (1–5) for a variety values of η and γ, is shown in (b) in Figs. 1–5. The figures show that the 
numerical solutions approach the exact solutions when η, γ→1. Table 1 through 5 present a comparison of each example’s exact and 
approximate solutions in terms of absolute error at x = 1 , and at η = γ = 0.8 and 0.9 for various values of y. As presented in the tables 
and figures, it is shown that the proposed method for finding the s converges swiftly towards the accurate solutions. 

7. Conclusion 

In this article, the CDLST definition has been presented. We started by using the CDLST for a few common tasks. The discussion of a 
few fundamental theorems and elementary properties connected to the CDLST follows. In order to demonstrate the effectiveness and 
usefulness of the mentioned double transform, we also used the CDLST combined with the decomposition modified approach to obtain 
accurate solutions of a number of classes of nonlinear differential equations in the sense of conformable derivatives. We draw the 
results and compare them to the accurate solutions in the integer case to demonstrate how effectively the results were attained. We 
conclude that the proposed approach is reliable, suitable, and efficient for obtaining precise solutions to nonlinear conformable 
problems. Additionally, the computations of the CDLSMD method take less time and effort and require fewer resources than those of 
other approaches. Thus, our goal in this study is achieved and we proved that the proposed method is applicable and accurate in 
handling nonlinear conformable fractional problems, and it could present exact solutions unlike other numerical methods. For possible 
future works, the authors will try solving nonlinear fractional integral equations. 
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Table 5 

The error of ψ
(x η

η ,
yγ

γ

)

g ained by CDLSMD method for Equation (53) at various values of η, γ and y.  

x y η γ Exact CDLSMD |ψExact − ψCDLSMD|

1 0.1 0.8 0.8 2.22554 2.3485 1.22959× 10− 1  

0.2   1.82212 1.75091 7.12096× 10− 2  

0.3   1.491823 1.34421 1.47616× 10− 1 

1 0.1 0.9 0.9 2.22554 2.29642 7.08757× 10− 2  

0.2   1.82212 1.80229 1.98285× 10− 2  

0.3   1.491823 1.43211 5.97162× 10− 2  
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