SN Partial Differ. Equ. Appl. (2020) 1:49 )
https:/doi.org/10.1007/542985-020-00051-x Ciaten,

SN

ORIGINAL PAPER

Runge-Kutta approximation for Cy-semigroups in the graph
norm with applications to time domain boundary integral
equations

Alexander Rieder' - Francisco-Javier Sayas® * Jens Markus Melenk®

Received: 3 March 2020/ Accepted: 13 October 2020/ Published online: 24 November 2020
© The Author(s) 2020

Abstract

We consider the approximation of an abstract evolution problem with inhomogeneous side
constraint using A-stable Runge—Kutta methods. We derive a priori estimates in norms
other than the underlying Banach space. Most notably, we derive estimates in the graph
norm of the generator. These results are used to study convolution quadrature based
discretizations of a wave scattering and a heat conduction problem.

1 Introduction

Many time dependent partial differential equations can be conveniently described in the
language of strongly continuous semigroups. In this language, these initial boundary value
problems resemble systems of ordinary differential equations, which suggests that they are
amendable to the standard discretization schemes of multistep or Runge—Kutta type.
Unlike the ODE case, one needs to pay special attention to the boundary conditions
imposed by the generator of the semigroup. This, in most cases, leads to a reduction of
order phenomenon, meaning that the convergence rates are (mainly) determined by the
stage order of the Runge—Kutta method instead of the classical order. The a priori con-
vergence of Runge—Kutta methods for semigroups has been extensively studied in the
literature. Starting with the early works [8, 9], it has been established that conditions of the
form u(r) € dom(A*), where A is the generator of the semigroup and dom denotes the
domain of an operator, determine the convergence rates. In [25], this has been generalized
to the case of non-integer u > 1 using the theory of interpolation spaces. Finally, in [1], the
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case of u € [0, 1] was adressed, which is the case needed for PDEs with inhomogeneous
boundary conditions. We point out that in the case of analytic semigroups, Lubich and
Ostermann [19] had already established convergence also for inhomogeneous boundary
conditions. All of these works focus on establishing convergence rates with respect to the
norm of the underlying Banach space. In many applications one needs to establish con-
vergence with respect to other norms, for example, in order to be able to bound boundary
traces of the solution. Most notably, one might be interested in convergence of Axu, where
Ay is an extension of the generator that disregards boundary conditions. If u is assumed to
be in dom(A), we get Axu = Au and the convergence result can be easily established by
using the fact that the time evolution commutes with the generator of the underlying
semigroup (both in the continuous and discrete settings). If the boundary conditions are
inhomogeneous, such a strategy cannot be pursued. It is the goal of this paper to establish
convergence results for Ay u also for the case u(r) € dom(A*) for u € [0, 1], again using the
theory of interpolation spaces.

Similarly it is sometimes useful to compute discrete integrals of the time evolution by
reusing the same Runge—Kutta method. Also in this case, we establish rigorous conver-
gence rates.

Our interest in such estimates originally arose from the study of time domain boundary
integral equations and their discretization using convolution quadrature (CQ). It has
already been noticed in the early works (see e.g. [19]) that such discretizations have a
strong relation to the Runge—Kutta approximation of the underlying semigroup. This
approach of studying TDBIEs in a strictly time-domain way has recently garnered a lot of
interest, see [3, 13, 15] and the monograph [31], as it potentially allows sharper bounds
than the more standard Laplace domain based approach. Similar techniques have even
been extended to the case of certain nonlinear problems in [4]. This paper can be seen as
our latest addition to this effort. While the convergence rates provided by the Laplace-
domain approach in [2] and the results in this current paper are essentially the same, the
present new approach provides better insight into the dependence on the end-time of the
computation (quadratic vs. general unknown polynomial behavior). This suggest that the
present approach might be better suited for analyzing long term computations. It also fits
more naturally with the time-domain analysis of the continuous problem and space dis-
cretization, as for example presented in [13].

The paper is structured as follows. Section 2 introduces the abstract setting and fixes
notation, most notably for working with Runge—Kutta methods. Section 3 then contains the
main estimates. Starting by summarizing known results from [1] in Sect. 3.1, we then
formulate the main new results of this article in Sect. 3.2. After proving some preparatory
lemmas related to Runge—Kutta methods in Sects. 4 and 5, we provide the proofs of the
main estimates in Sect. 6. In Sect. 7, we show how our setting simplifies if we restrict our
view to a subclass of admissible operators. In Sect. 8, to showcase how the theory
developed in this paper is useful for this class of problems, we consider a simple exterior
scattering problem in Sect. 8.3 and a heat transmission problem in Sect. 8.5. We note that
Sect. 8.3 showcases the need for the bound on the discrete integral of the result, whereas
Sect. 8.5 was chosen because, in order to bound the main quantity of interest on the
boundary, we need to apply a trace theorem. This necessitates the use of the graph norm
estimate.
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2 Problem setting

We start by fixing the general setting used for the rest of the paper, first with respect to the
equation to be solved and then with respect to its discretization.

2.1 Operator equation, functional calculus, and Sobolev towers

Assumption 2. We are given:

(a) A closed linear operator Ay : dom(Ax) C X — X in a Banach space X.
(b) A bounded linear operator B : dom(Ax) — M with another Banach space M.

We assume that A := Ay |, generates a Cp-semigroup and that B admits a bounded right
inverse & such that range & C ker(/ — Ay ), where [ : X — X is the identity operator.

We are given uy € dom(A) and data functions F € C'([0,T], &), £ € C'([0,T], M), and
we consider the problem: find u € C'([0, T], X) such that

u(t) =Axu(t) + F(t), t>0, (2.1a)
Bu(t) =E5(t), t>0, (2.1b)
u(0) = uy. (2.1¢)

For conditions on the well-posedness of this problem, see [13]. We start by recalling the
following consequence of the Hille-Yosida theorem.

Proposition 2.1 ([26, Corollary 3.8]) If A is the generator of a Cy-semigroup on a Banach
space X, then there exist constants >0 and M > 1 such that the spectrum o(A) of A
satisfies 0(A) C {z € C: Rez< w} and the resolvent satisfies the estimates

(A —zI)” Vz s.t. Rez > o. (2.2)

P

When working with Runge—Kutta methods, it is useful to use a calculus that allows one to
apply rational functions to (unbounded) operators, as long as the poles of the function are
compatible with the spectrum of the operator.

Definition 2.2 (Rational functions of operators) Let q be a rational function that is
bounded at infinity. Let A be the set of poles of q, which we can write in the form (note that
we allow for some of the factors in the numerator to be constant)

meciz—1 L cili — 1
q(z):COHZl_;L~:COH<Ci+ZL;L~).
i= i 1

i=1

If A:dom(A) C X — X is a linear operator such that 6(A) N A = (), we define
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g(A) == coler] + (c1A — DA = D)) - (eul + (cpdn — DA = 2,D)7".  (2.3)

It is easy to see that different reorderings of the factors in the numerator and denominator
of ¢ produce the same result and that each factor in the definition of g(A) is a bounded
linear operator in X since /; & g(A). The bounded linear operator g(A) : X — X satisfies

a(A) v < €y (1 + (max (4 = 2 [x—2)")- (24)

The error estimates of this paper use the theory of interpolation spaces. For Banach spaces
X1 C X, with continuous embedding and u € (0, 1), we define the space [Xy, Xl]uoo

using real interpolation with the following norm:

el = esssupo (0 g [l =l babll ) @9

We will not go into details of the definitions and instead refer to [35, 36] or [22,
Appendix B]. For simplicity of notation we often drop the second parameter oo and just
write [Xo, Xl},u'

The most important property is the following: a bounded linear operator T : Xy — Y
and X} — Y, with X C Xy and Y, C )y is also a bounded operator mapping
[Xo, X1], — [Vo, V1], with the following norm bound

1—pu I
1Tl oy, < D15 I 1%, (2.6)

We also note that for p; < p,, the spaces are nested, i.e., [XO,X]}M2 - [X"’de with
continuous embedding. For notational convenience we write [Xo, X1],:= X, and
[Xo, X1]; := X1. We will be interested in a collection of spaces defined by interpolating
the domains of the powers of the operator A. The details of this construction can be found,

for example in [11].

Definition 2.3 (Sobolev towers) Let A be a closed operator on a Banach space X. For
1€ No, we define the following spaces Xy :=dom(A%) := X and X, :=dom(A"),
equipped with the following norm

H .
e i= > f[A%u]] -
=0

For p € [0,00), we define X, := [XM,XMH] by interpolation.

I

We sometimes consider dom(A) as a Banach space. It is to be understood carrying the
graph norm, same as X;.

2.2 Runge-Kutta approximation and discrete stage derivative

An m-stage Runge—Kutta method is given by its Butcher tableau, characterized by Q €
R™ ™ and b, ¢ € R". The Runge—Kutta approximation of the problem (2.1a-2.1c¢) starts at
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ul := uy and then computes for n > 0 the stage vector U¥ € A™ and the step approximation
uﬁﬂ € X by solving

U' =14 + k(Q @ Ax)U* + kQF (1, + ke), (2.7a)
(Z @ B)U* = E(t, + ke), (2.7b)
ub = uf + k(b @ Ax)U* + kb F(t, + ke). (2.7¢)

We have used the following notation (the spaces ) and Z are generic):
(a) For a function G : [0,T] — ) we write

Gty + ke) == (G(ty + key), ... Gty +keyn)) € Y™

(b) For a matrix S € R™™ and an operator C : Y — Z we write
SuC - SuC
S®C:= : : A A
SmiC - SymC

(c) For the vector b and an operator C : ) — Z we write

b'®C:=[bC - b,C]:Y"— Z.

(d) 7 is the m x m identity matrix, and 1 = (1,---,1)".
(e) We admit shortened expressions such as
QF(t, + ke) := (QQI)F(t, + ke),
lu:= 11y,
b"F(t, + ke) := (b" @ I)F(t, + kc).

The following lemma involving inversion of matrices of operators associated to an oper-
ator can be proved by taking the Jordan canonical form of the matrix S.

Lemma 2.4 [f A:dom(A) C X — X is a linear operator on a Banach space X and
S € C"™" satisfies o(A) N a(S) = 0, then

IT®A-S8®I: (dom(A)" — X",
is invertible. Furthermore, there exists a constant Cgs, depending only on S, such that

m

IZ®A=S@D) ™ an_n <Cs |1+ max [[(A—pD)™ | xx
nea(S)

Under Assumption 2.1, the internal stage computation in the RK method can be decom-
posed in the following form:
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Y= (ZT®&)E(t, +ke), (2.8a)
7K~ k(Q®A)ZF = 1k — YF + kQ(YF + F(1, + ke)), (2.8b)
Uk =v*+z- (2.8¢)

In (2.8b) we look for Z¥ € (dom(A))".
The stability function of the Runge—Kutta method is the rational function

r(z) == 1+zb" (I — zQ)'1. We will not consider the full class of Runge—Kutta methods,
but will restrict our considerations to those satisfying the following Assumptions:

Assumption 2.11

(i) The matrix @ is invertible.

(ii)  The stability function r does not have poles in {z : Rez<0}, and |r(ir)| <1 for all
t € R (i.e., the method is A-stable). Equivalently, |r(z)| <1 for all z with negative
real part.

We note that Assumption 2.1I (i) implies that the following limit exists

lim r(z) =1 -b'Q "1 =: r(c0).

Assumption 2.IT (ii) implies that
6(Q)CCp:={z€C : Rez>0},

and that r is a rational function with poles only in C; and bounded at infinity.
The computation of the internal stages in the numerical approximation (2.7a-2.7c)
requires the inversion of

IRI-k(Q®A) =(Qa)(Q'®I-TI(kA)),

as can be seen from the equivalent form (2.8a-2.8c).
If A is the infinitesimal generator of a Cp-semigroup and w and M are given by
Proposition 2.1 and if we choose (recall that 6(Q) C C)

ko<~ 'dy, dy:=min{Rel : i€ a(Q")}, (2.9)

then the RK method can be applied for any 0 <k < ky. By Proposition 2.1 and Lemma 2.4,
it follows that

_ M
1T &1~ KQ®A) lam < Cog—pe, Vh<hn (2.10)

Using Definition 2.2, we can define r(kA) for an RK method satisfying Assumption 2.1
and k < kq satisfying (2.9). We then define

pi(T) = sup ||r(kA)"(| - (2.11)
0<nk<T

This quantity is relevant for the study of the error propagation in the Runge—Kutta method.
Given an RK method, we consider the following matrix-valued rational function
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—1
d(z) = (Q+ile) —Qo'-— = _o'w'g". (2.12)

1-z2 1 —r(c0)z

(The verification that these two formulas correspond to the same matrix is simple by using
the Sherman—Morrison—Woodbury formula.) This matrix is related to the discrete differ-
entiation process associated to an RK method satisfying Assumption 2.II: on the one hand
k=18(z) is the discrete symbol associated to the discrete operational calculus built with the
RK method [19]; on the other hand, a direct interpretation of this symbol is possible using
the Z-transformation (see [14, Sect. 6]). Given a sequence U := {U,} (tagged from n > 0)
on a space, its Z-transform Z is the formal series

U(z) := Z U,7".
n=0
For a detailed treatment on formal power series, see [12].

Definition 2.5 Let U := {U,} and V := {V,,} be two sequences in X and let U and V be
their respective Z-transforms. If

k') U(z) = V(z),
we write

du=v, U= (@)"v.

The above definition is consistent with the RK discrete operational calculus of Lubich and

Ostermann, see Sect. 8.1 and [19]. We now show an explicit form of the computation of o~
and its inverse.

Lemma 2.6 If U = {U,} is a sequence in X", then X := () 'U can be computed with
the recurrence

X, .= 1x, + kQU,,

=0, 2.13
0 Xur1 i= Xy + kb U, = r(co)x, + b Q7'X,, ( )
and V := U can be computed with the inverse recurrence
Vn = k71 ! Un_l n)s
uo =0, 2 tn) (2.14)

Upi1 =ty +kb"V, = r(co)u, +b"'Q'U,.

Proof The proof of (2.13) is a simple exercise in Z-transforms, while (2.14) follows from
(2.13) by writing U, in terms of X, (and changing names to the sequences). |

The first result of Lemma 2.6 expresses the fact that if we apply the RK method to the
equation
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and X := {X,} is the sequence of vectors of internal stages, then X = (0")"'U, where
U, := u(t, + ke).

Finally we note that we call a Runge-Kutta method stiffly accurate, if it satisfies
b'Q ! = e; :=(0,...,0,1). Stiffly accurate methods satisfy [we use that Q1 =¢,
see (5.1)]

w=b"Q0lce=b"0"'01=b"1=1, (2.15)

and r(c0) = 0.
For stiffly accurate methods, taking the discrete derivative of a stage vector consisting
of samples taken from a continuous function is particularly simple:

Lemma 2.7 Let 1—F(t) be a continuous function with F(0) = 0. For stiffly accurate RK
methods the sequence G := O“F with F,, = F(t, + ke) satisfies

G, =k 'Q 7' (F(t, + ke) — 1F(1,)).

Proof For stiffly accurate methods we have r(oco) = 0 and therefore
32)=Q "' —z207'' 9 =97 — 207 e,

However, since ¢,, = 1, we have e, F(t,_y + k¢) = F(t,_y + kc,,) = F(t,), which proves
the result. O

We also make the following optional assumption, which allows us to increase the con-
vergence order in some cases.

Assumption 2.l For all t€ R,z 0 the stability function satisfies |r(if)]<1 and
r(oco) <1.

3 Error estimates

We are now in a position to formulate the main results of this article and put them into
context with previous results, most notably from [1].
To simplify notation, we will write for v € C([0, T]; X,,) with >0,
[Vl 2= max (2,
For functions f : [0,T] — Y, we will write (37'f)(z) : fo 7)dt, where ) denotes a
generic Banach space.
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3.1 The estimates of Alonso-Mallo and Palencia

The following two propositions summarize the results of Alonso-Mallo and Palencia [1],
rewritten with the notation of the present paper. The ‘proofs’ which we provide clarify how
notation needs to be adapted and how the hypotheses of the main results of [1] are satisfied
in our context.

Proposition 3.1 ([1, Theorem 1]) Let Assumption 2.I hold and assume that the exact
solution u satisfies u € C"*' ([0, T], X,,) for some > 0. Let {u} denote the Runge—Kutta

approximation from (2.7a=2.7¢c). Then there exist constants ko > 0 and C > 0 such that for
0<k <k and 0<nk <T the following estimate holds:

P
i) = L = TR (S [l [ Vlro)- - (31
l=q+1

The constant C depends on the Runge—Kutta method, p, and the constants M and o from
(2.2). The constant ko depends only on w and the Runge—Kutta method.

Proof We only remark on the differences in notation. A different definition of interpo-
lation spaces is given in [1], but the proof only relies on estimates of the form (2.6). The
choice of ko follows from the fact that it is only needed to ensure that (/ —k Q ® A) is
invertible, see (2.10). The assumption u<p — g in [1, Theorem 1] can be replaced by
using the rate min{p, ¢ + u} in (3.1) as the spaces X, C X,,_, are nested for u>p — g. We
also lowered the regularity requirements on the highest derivative compared to their stated
result. The fact that this holds true follows from inspection of the proof. See also
Lemma 5.9 for the key ingredient. (I

For certain Runge—Kutta methods, these estimates can be improved:

Proposition 3.2 ([1, Theorem 2]) Let the assumptions of Proposition 3.1 hold and assume
that, in addition, the RK method satisfies Assumption 2.1II. Then there exist constants
ko >0, C > 0 such that for 0<k <ko and O<nk <T the following improved estimate
holds:

p+1
lue(t) =ty < C(LA+T)pp (TIPS O (3:2)
l=q+1

The constant C depends on the Runge—Kutta method, |, and the constants M and w from
(2.2); ko depends only on the constant « and the Runge—Kutta method.

Proof Again, this is just a reformulation of [1, Theorem 2]. We first note that, due to our
assumption on r(00), we are always in the case m = 0 of [1]. Since we assumed that on the
imaginary axis |r(ir)| <1 for 0 # ¢ € R, we directly note that for sufficiently small ko, all
the zeros of r(z) — 1 except z = 0 satisfy Re z > kow. By the resolvent bound (2.2) we can
therefore estimate for k£ <k
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M

R A

if Rez > kow,

i.e., we have a uniform resolvent bound in the set Z,; in [1]. We also note that we
reformulated the convergence rate such that we do not have the restriction u<p — g — 1,
since the exceptional cases are already covered by Proposition 3.1. (I

Remark 3.3 The assumption |r(z)| <1 for Re(z) <0 and r(co) # 1 is satisfied by the
Radau ITA family of Runge—Kutta methods, but is violated by the Gauss methods, which
satisfy |r(z)| = 1 on the imaginary axis.

3.2 New results in this article

In this section we present some a priori estimates for the convergence of Runge—Kutta
methods when applied to the abstract problem (2.1a-2.1c). These can be seen as a con-
tinuation of [1] to the case where the boundary conditions are not given exactly but stem
from computing discrete integrals and differentials using the same Runge—Kutta method.

Theorem 3.4 (Integrated estimate) Let u solve (2.1a-2.1c) with uy = 0 and assume that for
some p>0 we have

ueC(0,T);X,), &Z,Fecc(0,T];X,)NC(0,T]; Xo).

Set x := 0 'u. Let U* = {U*} and let u* = {u'} be the discrete approximation given by
(2.7a=2.7¢) for a method satisfying Assumption 2.II. If X* .= (ak)flUk and we define
xk = {xk} with the recurrence

xp =0, x,  =r(co)xk +bTO7'XE,

then there exists a constant ky > 0 such that for all k<ko and n € N with nk<T the
following estimate holds:

x(ta) =l <
p—1

CTp (TR 1) S (O + 1659 7+ 1F O, )

t=q

+ (H”(p)”mz + ||(§E(p)‘|r,o + ||F(p)|T.O):|

+ Cszk(T)k”(

EZ g+ IFP )
If Assumption 2.111 holds and if we assume the stronger regularities
ue P (0,T]; X)), Fecl(0,T);X,), &E€C(0,T);X,),

then
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[lx(t) = 2l <

C(1+T)p ()k"“"{qﬂ‘””}{ZIIM 7y +

l=q

EEy + IF Oy + 147Vl

+ (DR (1657 g +IFP7)-

The constant ky depends only on » from (2.2) and the Runge—Kutta method. If o = 0 then
ko can be chosen arbitrarily large. C depends on w, M from (2.2), the Runge—Kutta
method, and p.

Theorem 3.5 (Differentiated estimate) Let u solve (2.1a=2.1c) with uy = 0 and assume
u(0) = 0. Assume that for some >0 we have
ue N(0,T]; X,) NCPT2([0,T); Xo), EE,F € CP([0,T); X,) N[0, T]; Xo),

and let v := 1. Let U* = {U*} and u* = {uk} be the discrete approximation given by
(2.7a-2.7c¢) for a stiffly accurate method satisfying Assumption 2.11.
If vk .= o*U* and v =e, Tyk \» then there exists a constant ko > 0 such that for all

n—

k<ky and n>1 such that nk < T the following estimate holds:

p
[[v(t2) = VAl + 1w (u(ta) — )| < CTpy (T)kmma 12}~ ( > Uy, + 162, + HF“)HT.)
l=g+1

+ a7 g+ 650 70 + IF“”“)IT‘O)

If, in addition, the method satisfies Assumption 2.11I and
ue (0,7 x,), EE,Fec([0,T);X,) NnC([0,T]; Xy),
then

1v(ta) = vill 2 + 1A% (u(ta) — 16,)l] ¢
p+l

<O+ D)oy (TR0 (37 (O, + 1620, + 1Ol
l=q+1
+ 1D+ 17D g+ [ ).

The constant ko depends only on o from (2.2) and the Runge—Kutta method. If ® = 0, then
ko can be chosen arbitrarily large. C depends on w, M from (2.2), the Runge—Kutta
method, and L.

Remark 3.6 Most of the effort in proving the above theorem is done in order to obtain a
convergence rate higher than ¢, even though the constraint in the stages is approximated
only with order g. This is possible by exploiting the additional structure of the dis-
cretization error of the side constraint.

Remark 3.7 We formulated all our results for homogeneous initial conditions, since it is
sufficient for our purposes in time domain BEM and convolution quadrature. It should be
possible to generalize these results to the case of uy € dom(A*) for sufficiently large s > 1
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by considering the evolution of the semigroup with inhomogeneous side constraint but
homogeneous initial condition and the semigroup of homogeneous constraint but inho-
mogeneous u, separately.

Remark 3.8 The loss of order by 1 in Theorem 3.5 compared to Propositions 3.1 and 3.2
is to be expected. Indeed, if we look at the case u € dom(A*) for p>1, this means
Axu € dom(A*~1). Applying Proposition 3.2 to this semigroup then also gives a reduced
order of k™n(a+ip),

4 Some computations related to the main theorems

We will collect the sampled data and the stage and step parts of the solutions in four formal
series

o0 k o0
Fty+ k)", Z(2):= ) E(ty + ke)", (4.1a)
n=0 n=0

tﬁ
=
N:
:

[

Uk (4.1b)
n=0
If the data functions are polynomially bounded in time, the series in (4.1a) are convergent
(in X™ and M™ respectively) with at least unit radius of convergence. Because of the
equivalent formulation of the numerical method in the form (2.8a—2.8c), and using (2.10),
it follows that for k < ko [with ko chosen using (2.9)], the numerical solution is at least
bounded in the form HUk H XNC” Thus, the two series in (4.1b) also converge on a
sufficiently small disk.

Proposition 4.1 The sequences {U*} and {u*} satisfy equations (2.7a-2.7¢c) if and only if

k—l

k*lé(z)fjk(z) = (Z®A*)ﬁk(z) + F\k(Z) +mgilluo, (42&)

(T@B) () =Z(), (4.2b)
1

i*(z) = : _r(oo) b Q1T () + 1—r(oo)z”]5' (4.2¢)

Proof Let us start by proving a simple result: the discrete equations (2.7a) and (2.7¢) hold
if and only if (2.7a) and

ub ., = r(co)ul +b' QUL (4.3)

hold. To see this, note that (2.7a) is equivalent to
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Q7N (Uy — 1u}) = k((Z ® Ax)Uy + F(ty + ke))
and therefore (2.7a) and (2.7¢) imply

b'Q N (Uf —1ul) = k((b" @ Ax)US + b F(t, +ke)) = ul, | — ul

n

or equivalently (4.3). The reciprocal statement is proved similarly. The recurrence (4.3) is
equivalent to (4.2c). At the same time, the recurrence (2.7a) is equivalent to

k1O (0 () — 134 (2) = (T 0 4%) U (2) + F (2). (4.4)

After inserting (4.2c) into (4.4), the formula (4.2a) follows. O

Proposition 4.1 is a rephrasing of [28, Lemma 3.19], where the computation is also laid out
in more detail. Note how equations (4.2a)—(4.2b) relate strongly to (2.1a-2.1c), with the
discrete symbol k~'§(z) playing the role of the time derivative and

kfl
1 —r(o0)z

o1
playing the role of a discrete Dirac delta at time ¢ = 0.

Lemma 4.2 ([2, Lemma 2.6]) If the matrix Q of the RK method is invertible, then for
lz] <1

a(0(z)) Ca(Q Y U{we C:rw)z=1}.

In particular, if the Runge—Kutta method is A-stable (Assumption 2.I1), then
o((z)) C C..

We need a corollary to the previous result:

Corollary 4.3 Let Assumption 2.1I hold. Then, for all ry <1, there exists a constant d > 0
such that for all |z| <ry there holds

a(8(z)) C {w € C, :Re(w) > d}.

Proof In view of of Lemma 4.2, since ¢(Q) is finite, independent of z, and contained in
C., we are mainly concerned with the set {w € C : r(w)z = 1}. We first note that

U {weC:riwiz=1} C{weC:|r(w)|>1/r}.

2] <ro

Second, we observe that by taking dy small enough, we can ensure that w—r(w) is
continuous for Re(w) <dy and thus

{weC:|riw)|>1/rn}Nn{we C:Re(w)<dp} = r|{Re(w)§d0}7l ([1/r9,00))

is a closed set. Third, by considering the limit along the imaginary axis, we get
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|r(00)| = lim |r(in)| < 1.

n—oo

Thus, for |w| sufficiently large, it holds that |[r(w)| < 1/ry.
Overall, we get that

{weC:|r(w)|>1/rp}Nn{w e C:Re(w) <dop}
is a compact set with empty intersection with the imaginary axis. Thus, it must have a
positive distance from it. These observations and Lemma 4.2 conclude the proof. O
Lemma 4.4 Let Assumptions 2.1 and 2.1I hold. For ry <1, there exists ko = ko(w,ry) > 0

such that for all k <k and |z| < ry the problem

—k7'9(z2)U + (T ®Ax)U = F, (4.5a)

& )]

(I®B)U = (4.5b)

has a unique solution for arbitrary FeX"and E € M™. If w = 0 in Proposition 2.1,
then there are no restrictions on k, and the results holds for all |z] <1.

Proof Assume first that S € C"™*" is such that ¢(S) C {z : Rez > w} and consider the
problem

—(S@NU+ (T®Ax)U=F, (4.6a)

)

(Z®B)U = (4.6b)

Take first V := ZTeé& )E (where & is the lifting operator of Assumption 2.I) and then
seek W € (dom (A))™ satisfying

—~(S@NDW+ (T QAW =F+(S-I)21)V.

This problem is uniquely solvable by Lemma 2.4, since o(A) C {z : Rez<w} and
therefore a(A) N a(S) = . We then define U := V + W, which solves (4.6a, 4.6b). To
see uniqueness, one observes that the difference of two solutions of (4.6a, 4.6b) solves the
homogeneous problem (2 =0 and F = 0) for which uniqueness was established in
Lemma 2.4.

By Corollary 4.3, the union of the spectra of d(z) for |z] <ro has a positive distance
d(rg) > 0 from the imaginary axis. If we take ko<d(ro)/w, then a(k='5(z)) C {s :
Res > w} for all |z| <rp and k <ko. When @ = 0, we can take any ko. By the previous
considerations this implies unique solvability. (I

Proposition 4.5 Let U* = {U*} and u* = {u*} be sequences satisfying (2.7a-2.7c) with
uf = 0. The sequence V* = {V*} = 0*UF satisfies

VE=10 1 k(Q® Ax)VE +kQGE, (4.7a)
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(I ®B)VF =6, (4.7b)

vﬁH = r(oo)v’fl +b' QilVf, (4.7¢)

for data vk =0, G*={G'} =" {F(t, + ke)}, and OF = {O*} := {E(t, + ke)}.

Moreover,

(T @ Ax)UX = V¥ — F(t, + ke), (4.8a)

VE=k'o N (UF - 1db). (4.8b)

n

Proof Recall that Egs. (2.7a) and (2.7¢) are equivalent to (2.7a) and (4.3), as shown in the
proof of Proposition 4.1. Moreover, the latter equations are equivalent to (4.2a—4.2c) in the
Z-domain. In the present case we have uy = 0. For a given square matrix P € C"*" and an
operator C, we have

PRNZIRC)=PRIC=(ZRC)(PI),

which proves that

Ko@)V () = (T ANV (D) + G (2), (4.92)
ToB) V() =06(), (4.9b)

Vk(Z) = %(o@zb-r Q_lvk(z). (4.9¢)

By Proposition 4.1, Eq. (4.9a—4.9¢) are equivalent to (4.7a—4.7c). Finally (4.8a) follows
from (4.2a), while (4.8b) follows from (4.4) and (4.8a). (I

Proposition 4.6 Let U* = {U*} and uk = {uk} be sequences satisfying (2.7a-2.7c) with

ub = 0. The sequence X* = {X*} = LUk satisfies
Xk =1x +k(Q ® Ax)X* + kQHF, (4.10a)
(T ®B)X* =T%, (4.10b)
o =r(co)k +pT QX (4.10c)
=X +k(b" ®Ax)XE + kb HE, (4.10d)

for data xk := 0, H* = {H*} := (") " {F(t, + ke)}, I* = {I'*} := (") " {&(1, + ke)}.

Proof Follow the proof of Proposition 4.5. |
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5 Some Lemmas regarding Runge-Kutta methods

In order to shorten the statements of the results of this section, in all of them we will
understand that:

(1) We have an RK method with coefficients Q,b,c satisfying Assumption 2.11
(invertibility of Q and A-stability). The method has classical order p and stage
order q.

(2) We have an operator A in X that is the generator of a Cy-semigroup, characterized
by the quantities M and o of Proposition 2.1. The associated Sobolev tower {X,},
obtained by interpolation of dom(A*) for positive integer values of 1, will also be
used.

The following lemma will be used at a key point in the arguments below.

Lemma 5.1 Let A be a linear operator in X and q be a rational function bounded at
infinity whose poles are outside o(A). The following properties hold:

(a) The operator q(A) maps dom (AZ) to dom (AZ) for all ¢.
(b) If0 & c(A), and we define p(z) ==z ‘q(z), then q(A) = p(A)A" in dom(A").

Proof To prove (a), show first by induction on ¢ that (A — AI)"' maps dom(A’) into
dom(A“"!). Using this result for each of the factors in the definition (2.3) the result
follows. To prove (b) note first that p is rational, bounded at infinity, and that ¢(A) does not
intersect the set of poles of p. Using Definition 2.2, we have p(4) = A~ ‘q(A) = q(A)A~*,
and the result follows. O

We start by recalling some simple facts about RK methods that we will need in the sequel.

Using the notation ¢/ := (¢!, ..., c’,)", the following equalities (order conditions) hold (see
e.g. [1, 25]):
¢/ =10c!, 0<1<r<y, (5.1a)
bTQic =L o<jte<p (5.1b)
Ty ny CSITEEPTE '
Therefore,
b'Q(c! —1Qc" =0, 0<j<p—t—1, 1<t<p (5.2a)
M =1, 1<i<p—1. (5.2b)

For a stiffly accurate method we have (2.15) and therefore
b’ e =c =1 VleN,. (5.3)

The following result is well-known. We just summarize it for ease of reference later on.

Lemma 5.2 (Discrete antiderivative and RK quadrature) Let f : [0,T] — X, g := 3" 'f,
G* = {GF} = () "{f(t, + ke)} and {g*} be given by the recursion
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g =0, g =g +kb'f(t, +kc).

For the errors d,’: =g(t,) — gﬁ, and for n such that nk <T, we have the estimates

e < CTRIF P, (5.42)
k gk ptl (p)
ldy = dyy < CK7max FP(0)] - (5.4b)

Additionally, at the stage level we have

kDT (s + ke) — kb7 GE L, < CR (P D g + TIFV o). (540)

Proof Follows from the fact that the Runge—Kutta method defines a quadrature formula of
order p. O

5.1 Estimates on rational functions of the operator
The following results in this section are adaptations from [1]. While they focus on the case

B =0, we present the necessary generalizations to = +1. We will use the rational
functions

rep(z) == zb" (I —2Q) ' QF(cf —1Qc™Y),  pe{-1,0,1}, (5.5)
sn(z) == i r(zY. (5.6)
j=0

Note that these rational functions are bounded at infinity and that r, 3(0) = 0. We will also
use the vector-valued rational function

gz) =2b"(1-2Q)7", (5.7)

and note that g(0) = 0 and r(z) = 1 +g(z) 1.

Lemma 5.3 The rational functions (5.5) satisfy

rep(z) = O ) asle =0, £<p, pef{o1} (58)
The estimate (5.8) is also valid for f = —1 if the method is stiffly accurate.
Proof For the case § = 0, the proof is given in [1, Lemma 5]. For the case f = £1, an
analogous proof can be brought to fruition. Namely, one can expand the inverse in the

definition of r;z into the Neumann series and apply the order conditions (5.2a, 5.2b). For
B = —1, one has to use (5.3) for the leading term. O
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Lemma 5.4 If the RK method satisfies Assumption 2.111, then there exists a constant
ko > 0 depending on the RK method and on o such that for € {0,1}, £ <p — f, and all
0<k<ky and all n with 0<nk <T, we have the estimate

(|5 (kA)re g (k A < C py (T)k™ntrr=t=F} (5.9)

)||Xﬂ—>é\.’

with p(T) defined in (2.11). If ¢ = p and § = 1, the left-hand side of (5.9) is bounded by
Cpi(T). The constant C > 0 in (5.9) depends only on the Runge—Kutta method, M and o,
ko, £, and p, but is independent of n and k. If the Runge—Kutta method is stiffly accurate,
then the estimate (5.9) also holds for f = —1. If ® = 0, then ko can be chosen arbitrarily.

Proof We adapt the proof of [1, Lemma 6], which only covers the case § = 0. Consider
first the case p — ¢ — >0 and take any integer u such that 0 <u<p — ¢ — 5. Then

n

rep(2) jzzor(z)j = (”(Z)’H—l —Daepu(2)z", qupu(z) = %

By Lemma 5.3, the rational function r; g has a zero of order p — ¢ — f + 1 at z = 0. The
rational function (r(z) — 1)z* has a zero of order u+1<p—¢— f+ 1 at z=0, and all
other zeros are in C; by A-stability and Assumption 2.III. This implies that the rational
function gy g, has its poles in

A:={z#0:r(z)=1}Uc(Q ") CC,. (5.10)
Therefore, for k) > 0 sufficiently small we get using (2.4):
gepu(kA)[ e <C - VO<k <ko, (5.11)

where C depends on M, w, ko, and the RK method. By Lemma 5.1 we have

rN;(kA)Z r(kAYx = k" (r(kA)""" = gy p,.(kA)A*x  Vx € dom(A"), k <ko.
=0

This, (5.11), and applying (2.11) to control r(kA)""" by pi(T), proves (5.9) for integer
uw<p—{— f. For larger integer values of u, the result does not need to be proved as the
maximum rate is already attained. We just have to estimate the X,_,_g norm by the
stronger X', norm. For real values of u, we use interpolation.

We still need to prove the result when p — ¢ — f = —1, which can only happen when
¢=p and f = 1. We note that r,;(0) = 0 and we can therefore argue as in the previous
case for = 0. O

Lemma 5.5 If the RK method satisfies Assumption 2.1II and ko is the value given in
Lemma 5.4, then

sn(k A)g(kA) [ o2 < C pi(T), (5.12)
for all k <ky and n such that nk <T.

Proof Since g(0) = 0, we can adapt the proof of Lemma 5.4 to each of the components of

the vector-valued function g. The key step is to show that h(z)" := (r(z) — 1) 'g(z) is
bounded at infinity and has all its poles in the set defined in (5.10) and therefore
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[h(kA) || pn .y <C  Vk<ko.

Since the operator s,(kA)g(kA)' on the left-hand side of (5.12) can be rewritten as
(r(kA)™™" — I)h(kA)", the bound (5.12) follows readily. O

When dealing with Runge—Kutta methods that do not satisfy the additional Assump-
tion 2.III, we still have the following result:

Lemma 5.6 For ky > 0 taken as in Lemma 5.4, we can bound for all k < ko
e p(kA)| o < CRMMIPFIZES (5.13)

Jor £<p, p€{0,1}, and 1 >0. The constant C depends on M, w, ko, i, and the RK
method. The estimate (5.13) also holds for = —1 if the method is stiffly accurate.
Additionally

IgkA) [ am_xy <C, Yk <ko. (5.14)

Proof The argument to prove (5.13) is very similar to that of Lemma 5.4. By interpolation
it is clear that we just need to prove the result for any integer p satisfying
0<u<p+1—£— p. Consider then the rational function g, ,(z) := z *ryp(z), which is
bounded at infinity and has all its poles in J(Q’l) [see (5.10)]. We can then use the same
argument to prove (5.11) for this redefined new function g, ,. (Note that we do not use
Assumption 2.III in this argument.) Using that r;3(kA) = k*q g ,(kA)A* in dom(A*), the

result follows. Stiff accuracy of the method is used in the case f = —1 when we apply
Lemma 5.3, dealing with the zeros of r, ;.
The proof of (5.14) is a similar adaptation of the proof of Lemma 5.5. O

5.2 Estimates on discrete convolutions

The RK error will naturally induce several types of discrete convolutions that we will need
to estimate separately. In all of them we will have the structure

wy =0, Wy = r(kA)w, + kn,, n>0. (5.15)
We first deal with the simplest cases.
Lemma 5.7 For nk <T, the sequence defined by (5.15) can be bounded by

llnllx < nkpy (T) max || x < Tpy(T) max ;] -
Jj=sn j<n

If n, = g(kA) &, for &, € X", then

lleonllr < CTp(T) max |13, | -
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Proof Follows by writing the recurrence (5.15) as a discrete convolution. O

The next estimate is related to the consistency error of the RK method in the sense of how
the RK method approximates derivatives at the stage level. We introduce the operator

D¥(y;1) := y(t + ke) — y(t)1 — kQy(t + ke). (5.16)

The following well-known result about D¥(y; ) underlies the proofs of [1, Theorem 1] and
[25, Theorem 2].

Lemma 5.8 Ify € C"'([0,T]; X), then

LA
Di(y;1) = Z;j—!w — O (1) + RY(7), (5.17)
J=q
where
IR (1)]| g < CRPH max %) (7). (5.18)

t<t<t+k

Proof Follows easily from the Taylor expansion and the order conditions (5.1a, 5.1b). (I

We are almost ready for the two main lemmas of this section, the first one without
Assumption 2.III and the second one with it. These results and their proofs follow [1,
Theorem 1 and 2], where only the case § = 0 is covered.

Lemma 5.9 Lety € C""'([0,T]; X) N CP([0,T]; X,) for some >0. Let the sequence w,

be defined by (5.15) with n, := k'g(kA)" (kQ)’D(y:1,). Then there exists a constant
ko > 0 depending only on w from (2.2) and the RK method such that for k <k, § € {0,1}
and for nk <T

P
lon]l ¢ < CTpy (TR 10 hp) (Z Y9117, + lly#+ ”T,O) :
j=q+1
The estimate also holds for f = —1 if the method is stiffly accurate. If « = 0, then kg can

be chosen arbitrarily.

Proof Introduce
ef(r) == g(kA) (kQ)’D*(y;1),  pe{-1,0,1}, (5.19)

and note 7, = k’leﬁ(tn). Using Lemmas 5.6 and 5.8 [recall the definition of r; g in (5.5)],
we can bound
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P jth .
leh e < > = [lrpkd)y? ()] o +4"llg(ka) " Q"R (1)l

J=q+1

p
< D ki B 0 0]y, + KR (1)) -
J=q+1

By (5.18), we then have

p
||e'/§(t)\|X§k1+’“‘"{qﬂ‘+ﬁ”’+/5‘p} ( Z ||y(/)(t)||/n +  max Hy(erl)(r)HX)’ (5.20)
J=aq+1 -
and the result then follows from Lemma 5.7. O

Lemma 510 Let y € C’™'([0,T];X,) for some pu>0. Let the RK method satisfy
Assumption 2.111. Then there exists a constant ko > 0 depending only on ® from (2.2) and
the RK method such that the sequence w, defined in Lemma 5.9 satisfies for § € {0, 1} and
k<ko

p+l
loonll e < C(1+T)py (Tt rsite) (Z Iy%| T,,l> :
=q+1

If the method is stiffly accurate and y € C"**([0, T]; X) N C*T ([0, T]; X,.), then for f = —1

p+l1
[@all ¢ < C(1 + T)py (T)k™imtatrr} (Z Iy N7,, + ||y<”+2>||f,o) :

If o =0, then ko can be chosen arbitrarily.

Proof We will use the function e’/‘, defined in (5.19) and Abel’s summation by parts:

n

oy =Y r(kA)"ef()

J=0

= 5, (kA)efs(to) + an—j(kA)(eli;(fj) —e5(1-1)) + (1),

j=

(5.21)

an expression involving the rational functions s, defined in (5.6) (recall that so = 1). We
first apply Lemmas 5.4, 5.5 and 5.8 to estimate
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# ,
sn(kA)el (1)1 < D j_!”Sn(kA)rj,ﬁ(kA)”X“—»X”y(l)(t)”X,A
+ CkP 3 (kA)g(KA) " || aon_ IR (1) ]

P

Sp(T) Y kU O ()
J=q+1

+Pk(T)k'B+p+l max ||y<p+l>(f)“x

t<t<it+k

p
5pk(T)k”mm{‘”“*ﬁ*"*ﬁ”’*” ( Z ||y(’) () HX“
J=q+1

T omax ||y@“><r>||x).

t<t<t+k

"

Since
ef(1) — k(1 — k) = g(kA) " (kQ)PD*(y — y(- — k);1),

and using that ||y<f>(t) — y@(t - k)HXu Skmax[,k§r§,+k||y("+1>||Xﬂ, a computation anal-

ogous to the above bound, but using y — y(- — k) as data implies

s (kA) (e (1) — €t = k)| p Spu (TR Fivtarrshrd

p+l
L max_ [ly% (1), +  max Iy(””)(r)u}

7q+217k§r§t t—k <t<t+k

and therefore

n ptl
S llsas (kA (€ (1) — b))l Sp(T)takmnlas150:00) (Z [y

2
. L + Iy )”th,O)'
= “

Note that if f € {0,1} we can make a simpler estimate for the term originating from R¥,
(i.e., the one containing the highest derivative) using less regularity for y by not taking
advantage of the difference between y?*)(#;) and y"*! () and thus end up requiring
less regularity. Using the estimate (5.20) for the last term in (5.21), we have thereby
already derived estimates for all three terms in (5.21). O

6 Proofs

The two different cases (with or without Assumption 2.IIT) will be collected by using the
parameter

1, if Assumption 2./I] holds ,
o= (6.1)

0, otherwise .
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6.1 Proof of Theorem 3.4

Recall that u solves (2.1) with u(0) = 0. The functions Z and F are the given boundary and
volume data. If I' ;== 0~'Z and H := 0"'F, then x = 0 'u solves

X(t) = Axx(r) + H(z), t>0, Bx(t) = I'(1), x(0) =0. (6.2)

On the other hand, {X*} = (8%)"'{U*} solves by Proposition 4.6:

Xk =15+ k(Q ® A)X* + kQHE, (6.3a)
(Z @ B)X' =T*, (6.3b)
o =x+k(b" ®Ax)X: + kb HE. (6.3¢)

Before we can estimate the difference between the functions x and xﬁ we need one final
lemma.

Lemma 6.1 Let x solve
X(t) =Axx(t) + H(t), t>0, Bx(t) = I'(1), x(0) =0. (6.4)
Assume that for some >0 we have
xe ([0, x,), He(0,T);X,), &I €C([0,T];X,).
Then x — &I € C([0, T); X pup1).
Proof We set y:=x—&I. By assumption we have yeCP([0,T];X,) and

B(x — 6T') = 0. Since x € dom(Ax) and range & C dom(Ay) this implies y(r) € dom(A)
for all r € [0, T]. We further calculate using (6.4) and range & C ker(l — A),:

Ay =Axx —Ax6l =X —H - 6T

Each of the terms is assumed in C?([0, 7]; X,), thus y € C”([0, T]; Xpy1). d

We will need the sequences {7¥} and {i*} with the scalar parts of the computations of
{I*} and {H*} respectively, namely (see Lemma 2.6),

7= 0, =9k b TE(t, + ke), (6.5a)

h§ =0,  hi=H_, +kb F(t, +ke). (6.5b)

‘We then consider
Ay = (T @) Ity +ke) = I7), 5y :=&ET(1) =)

Using (6.5a), the definition I'* = (6")715, and (2.13), we can write
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A 18 = (T @ ) (1, + ke) — 16T (1) — kQ @ ET(t, + ke)

=D"(&T;1,). (6.6)

Lemma 5.2 (take f = &= for the first three inequalities and f = F for the last one) proves
that

HéﬁﬂxSCTka‘/?FE(p)HT,m (6.7a)

15y = G5yl < CRHHIEED | 7, (6.7b)
kb 43| < CRH (|EEP 170 + TIEED [17), (6.7¢)

1H (8) = || ¢ < CTR[F? || - (6.7d)

The error analysis is derived by tracking the evolution of the following differences
EX = x(t, + ke) — X* — A* € (dom(A))", €k :=x(t,) -k - 5,

(compare (6.2) and (6.3b) to see the vanishing boundary condition for Eﬁ) and note that by
(6.7a)

le(tn) = xp Ly < llef [l + CTR [ EEP 1,

which shows that we only need to estimate ¢ to prove Theorem 3.4.
We start with the observation that x solves the following equation, as can be easily
derived from Eq. (6.2):

x(t, + ke) = 1x(z,) + kQ ® Ayx(t,, + ke)
+ x(t, + ke) — kQx(t, + ke) + kQH (1, + ke) — 1x(z,) (6.8)
= 1x(t,) + kQ ® Ax(t, + ke) + kQH(t, + ke) + D*(x, ).

Recalling that Assumption 2.I included the hypothesis range & C ker(I — Ax), we have
(Q ®Ax)A* = Q4*. Combining (6.8) and (6.3a), we get

Eb =1e! + k(Q® A)E} + DX (x,1,) — kQ(HE — H(t, + ke)) + 105 — A% + kQAE.

Naive estimation of the terms D*(x, #,) and 4~ — 15:2 would yield convergence rates similar
to Propositions 3.1 and 3.2. In order to get an increased rate, as stated in Theorem 3.4, we
combine these two terms using the function Y(¢) := x(#) — &T(¢). Lemma 6.1 and the
assumptions of Theorem 3.4 ensure ¥ € C"**([0, T]; X,11) N CPH ([0, T); X).
We can thus further simplify
Ef =1e* + k(Q® A)EX + D*(x,1,) — D*(6T,1,)
+kQDN(H, t,) — kQ1(hy — H(t,)) + kQ4"
= 1ef +k(Q®A)EX + DX (Y,1,)
+kQDK(H, t,) — kQ1(hy — H(t,)) + kQ4E.
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This then immediately gives (recall (5.7) for the definition of g)
k(b' @ A)EX = (6.10)
g(kA) " [1ef + D (Y, 1) + kQD (H, 1,) — kQ1(hs — H(1,)) + kQ4E]. '

It is easy to see from (6.2) that x satisfies

X(tus1) = x(t,) + kb @ Apx(t, + ke)
+ [x(tns1) = x(ty) — kb 3(t, + ke) + kb H(t, + ke)].

Subtracting (6.3c) from this, inserting (6.10), using that (b" ® A*)Aﬁ = bTAﬁ, and setting
@f = [x(tur1) — x(t,) — kb X(t, + ke)] + kb (H(t, + ke) — HY),

we have

k= +kb" QAE + k(b @Ax) A+ 08—+ ok
r(kA)e, + g(kA)" (kQ) 4, + g(kA) "D (Y, 1,)
+g(kA)" (kQ)D*(H, 1) — g(kA) " (kQ)1(h}, — H(ty))
+ kb AR 5k~ SF ok

n

What is left is the careful combination of terms so that we can bound everything using
Lemmas 5.7, 5.9, and 5.10 by writing

er —r(kA)e; =g(kA) (D"(Y;1,)) + g(kA) " (kQ)(D*(6T + H; 1,))
+g(kA) T QLK(3 — (K — H(1,)))
kDAL + (5, = 5,0) + @)

Since the above recurrence defining {¢X} is linear as a function of the right-hand side, we
can estimate its norm by adding the effects of each of the terms. In the order in which they
appear in the last expression, we use: Lemmas 5.9-5.10 with ff =0, but noting that
Y(7) € dom(A**!); Lemmas 5.9-5.10 with = 1; Lemma 5.7 combined with (6.7a) and
(6.7d); Lemma 5.7 combined with (6.7c) and (6.7b); for the first term of goﬁ we use
Lemma 5.7 combined with Lemma 5.2 with f := x. Finally, for the second contribution to
‘P];;’ we use (5.4¢).
Combined, these results give
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)4
lehll < €T+ 2)p TR (7 YDy 4 YO 1))
Jj=q+1

p -
+ C(T + D) (M550} (N6 r) |y o+ 167) 7 ]l )
J=q+1

P
+C(T+a)pk(T)kmm{qﬂtHH,p}( Z 1HO||,, + I\H("“’IIW)
J=q+1

+ CT? pi(T)k || £EP) 7.0 + CT?p (T)k"*! |F®) 7.0
+ CTp (TR (|EEP D g+ TIEED || )
+ CTp (TR ([H” Vg + TIHY 170).

If we apply Lemma 6.1 to bound the X, -norm, we arrive at the stated estimate.

6.2 Proof of Theorem 3.5

This proof is very similar to the one of Theorem 3.4 but slightly simpler. We will point out
the main steps of the proof. We first focus on showing the estimate for v — v*. Note that we
use the simple form of & for stiffly accurate RK methods given in Lemma 2.7. We define
G :=F and O := & so that v = i satisfies

V() = Axv(t) + G(r), t>0, Bv(t) = O(1), v(0) = 0.

Its RK approximation

Vi = 15 + k(Q @ Ax) Vs + kQG(t, + ke), (6.11a)
(T @ B)V, =061, +ke), (6.11b)
P =+ k(b" ® Ag) Vs + kb G(t, + ke), (6.11c)

and {V¥} = 0*{U*} satisfies (see Proposition 4.5 and Lemma 2.7, where we use stiff
accuracy of the RK scheme, and recall that {G'}=0'{F(t, +kec)} and
{6,} =&t +ke)})

VE=1f + k(Q® Ax)VE + kQGE, (6.12a)
(Z@B)VF=6"=k"'97(5(t, + ke) — 15(1,)), (6.12b)
Vi =V +k(b" @ Ax)VE + kb G (6.12¢)

Let then
A= (T ® 6)(OF — O(t, + ke)) = k' Q' DX(£5; 1)
and [note (6.11b) and (6.11c¢)]
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Efi=Vh— \7i — A% € (dom(A))", ek = vk — K

n n n n
By (6.11a) and (6.12a), using that (Q ®A*)Aﬁ = QAﬁ (assumption on the lifting) and
Lemma 2.7 to represent Gfl, we have
k(b" ®A)E; = g(kA) " (1ef — 45 + kQAY + D (F;1,))
and therefore, from (6.11c) and (6.12¢)
epar = r(kA)el — g(kA)" (kQ)™'DH(65;1,) + g(kA) DN(6E + Fit,) 6.13)
+kb" Q7 'DNEE + Fi1y). '

The final term can be shown to be of order O(k"*!) by combining (5.17) with (5.2b)
and (5.3). We then use Lemmas 5.9 and 5.10 with f=—1 and f =0 as well as
Lemma 5.7 to bound

pto
ey llx < CT + a0)py (k> Fmintar e (Z EE |7, + Ié”‘E(”“*“)IIr,o)
j=q+1

pto
I C(T+ OC)pk(T)km—1+mm{q+y,p} (Z ||FU>||T_,, 4 ||F(p+1+1)|u)> .
i=q+1

Finally Propositions 3.1 and 3.2 are used to bound

pH+1+o
v(t2) = Tl < COT + a)p (TR0} (U5 Oy a2 g). (6.14)
l=q+2

The estimate involving Axu can be proved as an easy corollary of the estimate on v. Since

the last stage of a stiffly accurate method is the step, we have that (4.8a) implies that
A*uﬁ = v',‘l — F(t,)

and therefore

Asu(t,) — A*uﬁ =v(t,) — Ve

n

7 Maximal dissipative operators in Hilbert space

In this short section we summarize some results that show that the hypotheses on the
abstract equation and its discretization are simpler for maximal dissipative operators on
Hilbert spaces. These results are well-known and will be needed when applying the theory
developed in the previous sections to some model problems in Sect. 8.

If A is maximal dissipative in the Hilbert space &, i.e.,

Re(Ax,x), <0 Vx € dom(A),

and if A —1:dom(A) — X is invertible with bounded inverse, then the constants in
Proposition 2.1 can be chosen as M = 1 and w = 0. In this case A generates a contraction
semigroup in H. See [26, Sect. 1.4].

In particular, if the RK method satisfies Assumption 2.II and
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d(A) C {z : Rez<0}, (7.1)

then the Eq. (2.7a-2.7c) [or equivalently (2.8a-2.8c)], defining the RK approximation of
(2.1a-2.1c) are uniquely solvable for any k > 0 (apply Lemma 2.4 with S = k"' Q"). The
following lemma gives a bound for p,(7T) in this specific setting.

Lemma 7.1 (Discrete stability) Let A be a linear, maximal dissipative operator on a
Hilbert space 'H. For A-stable Runge—Kutta methods and arbitrary k > 0, we can bound

(kA3 <1, (7.2)
and therefore p,(T) <1 for all k and T > 0.

Proof Let ¢(z) := (z+1)/(z — 1), and note that ¢(A) = (A +1)(A —I)"" is well defined
and since

(A + Dx||* = [|(A = Dx||* = 4Re (Ax,x) <O Vx € dom(A),

it is clear that ||c(A)||,,_3 < 1. Consider now the rational function g := r o c. Since ¢ maps
B(0; 1) bijectively into {z:Rez<0} and r maps the latter set to B(0; 1) (this is A-
stability), it follows that ¢ :B(0;1) — B(0;1). Since a(c(A)) C B(0;1) and c(A) is
bounded, we can define g(c(A)) and show (use a classical result of von Neumann [37,
Section 4] or [30, Chapter XI, Section 154]) that ||g(c(A))]|;_p < 1.

Finally, using that c¢(c(z)) = z for all z, it follows that r = goc. It is then an easy
computation to prove that r(A) = g(c(A)). (We remark that this equality can also be
proved using functional calculus.) (I

In Propositions 3.1 and 3.2, if A is maximal dissipative, ko can be chosen arbitrarily. In
Lemma 5.4, if A is maximal dissipative, ky can be chosen arbitrarily.

8 Applications

In this section Q is a bounded Lipschitz open set in R? (d = 2 or 3) with boundary I".

We use the usual (fractional) Sobolev spaces H*(Q) for s >0 and introduce the space
HY(Q) :={ue H(Q): Au € [*(?)}. On the boundary I', we also consider Sobolev
spaces H*(I') and their duals H*(I'). Details can, for example be found in [22].

For the trace operators, we make the convention that the index + relates to exterior and
— means the trace is taken from the interior of (2. For example, the two bounded surjective
trace operators y* : H'(R?\ I') — H'/>(I") denote the trace from R?\ Q and Q, respec-
tively. and we will denote H~'/2(I") for the dual of the trace space. The angled bracket
(-, -)p will be used for the H~'/2(I') x H'/?(T') duality pairing and (-, -) g« will be used for
the inner product in L*(R?) and [Lz(Rd)]d. We will also use the normal traces y; :

H(div,RY\ I') — H~'/2(I') and the normal derivative operators 0>. Here we make the
convention that the normal derivative points out of Q2 for both interior and exterior trace.

We note that the applications in this section are chosen for their simplicity. More
complicated applications, also involving full discretizations by convolution quadrature and
boundary elements of systems of time domain boundary integral equations can be found in
[29] and [27].
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8.1 Boundary integral equations and convolution quadrature

In this section, we give a very brief introduction to boundary integral equations and their
discretization using convolution quadrature. In that way, we can later easily state our
methods for both the heat and wave equations in a concise and unified language. We
present the result mostly formally, but note that they can be made rigorous under mild
assumptions on the appearing functions. This theory can be found in most monographs on
boundary element methods, see e.g. [22, 32, 33] or [31].

For s € C,,, we consider solutions u € H'(R? \ I') to the Helmholtz equation

—Au+su=0 inRI\T.
For this problem, the fundamental solution is given by

i

4H(()l)(is|z\), for d = 2,

@(Z, S) = e*-“d

€ ford=3,
47z|

where H(()l) denotes the first kind Hankel function of order 0. Using the representation
formula, u can be rewritten using only its boundary data:

u(x) = S(s)[0u] — D(s)[yu], (8.1)

where the single layer and double layer potentials are given by

(S(5)9) (x) := / Ox — y: () dy,

r

(D(s)Y)(x) = / By B(x — i () dy.

and the expressions [yu] := y"u — y"u and [0,u] := 3, u — 0, u denote the jump of the
trace of v and normal derivative across I'.

We note that both S(s)4 and D(s)y solve the Helmholtz equation for any given densities
A€ H V(I and y € H'/2(I).

We will need the following four boundary integral operators:

V(s) :=758(s), K(s):==(y"S(s) + 7y S(s)), (8.2)

N =

K'(s) == %(ajp(s) +0;D(s), W(s) = —D(s). (8.3)

When solving problems in the time domain, we can leverage our knowledge of the
Helmholtz equation using the Laplace transform %. For an operator valued analytic
function F with dom(F) D Cy, we can then define the convolution operator
F(0) := ¢ ' oFo %, where % is the Laplace transform in the sense of causal distribu-
tions. (Precise definitions can be found in [31, Chapter 3] and [21]).

Given a Runge—Kutta method, it is then easy to define the convolution quadrature
approximation to such operators, as was introduced in [19]. We just replace the Laplace
transform by the Z-transform Z and s with the function J/k, i.e., we define:
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P2 (F( %)) 214)

where g denotes a sequence in the shared domain of F(s) and k > 0O denotes the step size.
The matrix-valued function z—F (@) is defined using the Riesz-Dunford calculus, but can

be computed in practice by diagonalizing the argument.

Remark 8.1 We note that our use of the notation o° and (6")_1 is consistent with this
definition by using the functions F(s) := s and F(s) := s~

8.2 An exotic transmission problem

In this section we show how to apply Theorems 3.4 and 3.5 to a transmission problem in
free space associated to the infinitesimal generator of a group of isometries (both +A are
maximal dissipative) with some exotic transmission conditions which impose partial
observation of a trace. In Sect. 8.3 we will explain how this problem is related to a
boundary integral representation of a scattering problem and how the current results yield
the analysis of a fully discrete method for that integral representation. We keep the pre-
sentation brief. For more details and exemplary applications we refer to [13].

Let Y;, be a closed subspace of H 1/ 2(F ) (in practice it will be finite-dimensional) and
consider the spaces

H(div, R\ I') :={w € LX(RI\I)? : V-we Z(RI\ )}, (8.4a)
V,:={ve H(RI\T) : [y] € V,,}, (8.4b)

W, :={w € H(div, R\ T) : (yyw, 1), =0 VY, € ¥;}, (8.4¢)

WY =W, N H(div, R?) (8.4d)

={w € H(div,RY) : (y;w, 1), =0 Vu, €V} (8.4e)

The condition [yv] € ¥, is equivalent to
(V-wV)ga+ (W, V) =0 VweW,. (8.5)
We then set
X:=LRIN\T)x PRI\, V:i=VyxW,  M:=H"I).

In X we wuse the natural inner product, in )V we use the norm of
H'(RY\ T') x H(div,R?\ T'), and in M we use the usual norm. We will define Ay :
dom(Ayx) =V — X and B:V — M by

Ax(v,w) := (V- w,Vv), B(v,w) ==y, w— 7w,
understanding that Ay can also be extended to H'(R? \ I') x H(div, R? \ I'). As we did in
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Assumption 2.1, we consider dom(A) = ker B = Vj, X Wg and define A as the restriction of
Ay to this subset.

Proposition 8.2 The operators +A are maximal dissipative.

Proof The identity (8.5) shows that (A(v,w),(v,w))y =0 for all (v,w) €V}, x WY,
Given (f,f) € X, solving the coercive problem

findv € V : (Vv, V)i + (v, 0)ge = (f, O)ge — (£, VT)pe VT € V),

and defining w = Vv + f, we have a pair (v, w) € V, x WY such that (v, w) — A(v,w) =
(f,f) and thus A is maximal dissipative. The proof that —A is maximal dissipative is
similar. (Note that this is a particular case of what appears in [13].) O

We consider the standard problem (2.1a-2.1c) with vanishing initial conditions and data
F=0and E=g:[0,00) — L*I'), namely, we look for (v, w;) : [0,00) — dom(Ax)
such that

(1), Wu (1)) = (V - wi(), V() Ve > 0, (8.6a)
(rywi(t) =7, wh(0), 1) = (g(t), ) Vi€ Yy, Vi>0, (8.6b)
(vi(0), wx(0)) = (0,0). (8.6c¢)

Uniqueness of the solution to (8.6a—8.6¢) follows from Proposition 8.2. We will handle
existence of a solution below. The quantities of interest are uy, := 97!y, and its Dirichlet
trace ), := [yun] : [0,00) — Y.

Proposition 8.3 There exists a linear bounded right inverse & : M — dom(Ax) of B such
that range & C ker(I — Ax). The norm of & is independent of the space Y.
Proof Given ¢ € M = H™'/2(I'), we solve the coercive problem

findv € Vi (VV,VO)gap + (v, Do = (&7 0)p VT E Vi, (8.7)

and we set w := V.
This problem is equivalent to (note (8.5))

(v,w) € dom(Ay), (v,w) = Ax(v, W), B(v,w) =¢. (8.8)
Since |(, y+w>r|§||é\|H71/z(r) Wl 71 e\ it follows that the norm of the solution operator

for (8.7) is independent of the space Y. [l

Proposition 8.4 The lifting & from Proposition 8.3 is a bounded linear map L*(I') —
Xy = [X,dom(A)]; , with ||€4 |x,, S ClIAll2(r)- The constant C depends only of Q.

Proof We will need spaces encoding homogeneous normal traces:
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Hy(div, Q) := {w € H(div, Q) : y, w = 0},
Hy(div, R\ Q)) := {w € H(div, R\ Q)) : y/w = 0}.

Let 1 € L*(T') be given. By applying Theorem A.4 to the exterior and setting W =0
inside, we can construct a function w € H(div, R? \ I') satisfying [y,W] = / and

Wl 1 (aiv, e )+ Wl [L2(2).Ho(div.®\D)], ), Sl (8.9)

Upon identifying the product of function spaces on  and R? \ @ with a function space on
RY\ T, we have

Hy(div, Q) x Ho(div,R? \ Q) C W).
The product of interpolation spaces equals the interpolation of product spaces (cf. Lemma
A.5); we can therefore also estimate:

Sl -

10, ), I gy e, S

If we consider (v, w) := &/, then (v, w — w) € dom(A) by construction of the lifting. Thus
we have

10w, < s = W)L, #1101,
< (W gy W = ¥y ) + 110, W)l -

The continuity of & from Proposition 8.3 and (8.9) conclude the proof. O

Proposition 8.5 If g € C*([0,00); H '/>(I')) satisfies g(0) = g(0) = 0, then (8.6a-8.6¢c)
has a unique strong solution.

Proof Thanks to Propositions 8.2 and 8.3, this problem fits in the abstract framework
described in [13], which proves existence and uniqueness of solution to (8.6a-8.6¢). [

Propositions 8.2 and 8.3 have some consequences. First of all, Assumption 2.I holds.
Secondly, assuming g(¢) € L*(T'), any solution to (2.1a=2.1c) with the above data (F = 0,
E=g)is in Xy, and therefore, solutions to (8.6a-8.6c) take values in X/, as well.
Finally, if g € C*([0, 00); L*(I)) then &g € C*([0, 00]; X1 2).

We also need a regularity result that allows us to bound time derivatives of the solution
in terms of the data. The continuity condition for the (s+ 2)-nd derivative of g in
Proposition 8.6 can be relaxed to local integrability, but then the norms on the right-hand
side of (8.10) have to be modified.

Proposition 8.6 If g € C*"2([0,00); L*(I")) satisfies g)(0) =0 for £<s+ 1, then the
unique solution to (8.6a-8.6c) satisfies

(@) (vi,wn) € C([0,00); X),
(b)  (vi, W) € C*([0,00); V) and (v, wy) € C*([0,00); X 2),
(c¢) Forall L <s, there exists C, independent of the choice of Yy, such that for all t >0
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(42
l
103 @), Wy (), , < chmaxng ez (8.10)

Proof This result follows from [13, Theorem 3.1]. To see item (b), we note that (v;, wy,) is
constructed by writing

(v (1), wa(1)) = (1), Wy (1)) + £ (1),

with (v)(¢), w(#)) € dom(A). The statement then follows from Proposition 8.4. O

We now consider the RK approximation of (8.6a—8.6c) in a finite time interval [0, 77,
which provides pairs of stage values (V}L“WWZ,Z) € X™ and step approximations
(Vhn» Whn) € X. We then define

{Un} = @) Vi) g, = r(c0)uf, +b7Q7' UL, n>0 (8.11)

n

with uf , = 0 (see Lemma 2.6) and v, := [yuf ] .

Proposition 8.7 For sufficiently smooth g, with RK approximations using a method sat-
isfying Assumption 2.1, and with o given by (6.1), for nk <T we have the estimates

p+3
Huh(t,,) — u]}i.,nHLz(lR"\F) < C(Tz + o()kmln{q+3/2+ot,p} Zmax ||g ( )||L2(F)7 (8]2)

t<T

and

t<T ()

p+
e (1) — ol s 1y + 19 (10) = W allppnry < C(T? A+ om0} Zmax " ()
(=

(8.13)

The constants depend on I' and the Runge—Kutta method, but do not depend on T or on the
choice of Y.

Proof We will use Theorems 3.4 as well as Propositions 3.1 and 3.2. We note that
px(T) <1 by Lemma 7.1 and Proposition 8.2. Also, with the & operator of Proposition 8.3,
we have

S5y, , <Cllg“ Iz, (8.14)

with C independent of Y;,. The bound (8.12) follows from Theorem 3.4, using (8.10) and
(8.14) to estimate the right-hand side. The bound
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|V (t2) — V“];L,nHLz(W\F) = [|wa(t) — WII;,nHLZ(Rd\I")
) p+3 8.15
< CTkaln{q+l/2+a7p} E max Hg(() HHI/Z(F) ( )

t<T
l=q+1 —

follows from Propositions 3.1 and 3.2, using (8.10) for the estimate in terms of the data.
The H'(R?\ I') estimate (8.13) is then a direct consequence of (8.12) and (8.15). The
estimate for y;, — l,bﬁ follows from the standard trace theorem. O

8.3 Scattering

As it does not incur much difficulty, we cover both the exterior scattering problem, which
is an exterior Neumann problem, as well as the interior Neumann problem. In order to do
so, we define the domain Q' := R? \ Q and @ := Q and distinguish the problems by
adding the superscripts + or — to the functions involved. We stay in the geometric setting
of the previous section. Assume that d € R? is a unit vector (direction of propagation) and
that ¢ € R is such that @ C {x € R? : x-d > c}. Let ¢ : R — R be a function such that
¢(r) =0 for all r>c. The incident wave u™(x,?) := ¢(x-d —t) propagates in the
direction d at unit speed and has not reached the scatterer given by 2 at time ¢ = 0. The
data for our problem will be the function g : [0, T] — L*(I') given by g(r) := —0u™(-,1).
The problems under consideration are: Find u* : [0, T] — H'(Q*) satisfying

W) = Aut(r),  wt(0)=ut(0)=0,  &ur(r) =g(n),

so that OF (u* + u™™) = 0. (Note that we can take the trace of the normal derivative of the
incident wave, since it is locally smooth.) The exterior problem (posed on Q") is the
classical sound soft scattering problem of the incident wave ™.

A direct formulation for solving this problem is obtained by extended the function by
zero to the complement of the domain of interest. That is, we solve:

(1) = At (1) in @F, [0t (n)] =g(r), 0Fut() =0 (8.16)

with u*(0) = 1% (0) = 0. By imposing some additional hypotheses on the growth of g
(which is needed to have a well-defined distributional Laplace transform), we can represent
the solution to (8.16) as u™ = F5(3)g — D(O)y*, where * := [yu*]. Note that, to be
precise with the use of weak distributional definitions, all functions have to be extended by
zero to t <0 (we say that they are causal) and the time interval is extended to infinity.

Taking the trace in this representation formula, the solution of (8.16) can be found by
solving an equation for y* and then postprocessing with the potential operators:

WE)™ = (1/2£K'@Q)g,  u" =FS(0)g— DO, (8.17)

and we still have that Y= = [yu*].

For simplicity of notation, we will skip the indices + for the different functions from
now on. We can equivalently write (8.16) and the equivalent (8.17) by using the variables
v:=1 and w:= Vu. We note that u =0"'v and = 0 '[yv]. Here, (v,w) solve (we
restrict ¢ to the interval [0, 7] again)
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V(@) =V w(@), W) =), [nwo)]=g@), v(0)=0, w(0)=0,

that is, (8.6a-8.6¢c) with Y, = H'/2(I').
For the discretization, we consider a finite dimensional space Y), and the Galerkin
approximation to (8.17), so that we look for ¥, : R — X, causal such that

(WEW 1y = (1/2£ K'@)g i)y YHE Vi,
uy = F5(0)g — D@

The functions v, := u, and w;, := Vu,, satisfy (8.6a—8.6¢c). The difference between the
solutions of (8.16) and (8.18) can be studied by comparing the solutions to (8.6a—8.6¢)
when Y, = HY 2(F ) and when Y, is a finite dimensional space, see [13] for details. For our
purposes, it is sufficient to note that we get quasi-optimal estimates for the discretization in
space.

Discretization in time is performed by applying convolution quadrature to (8.18). The
fully discrete solution reads

(W@ iy = ((1/2£K' (@), p)p Vi€ Yy,
U, : = :FS’(ak)g — D(@k)'lfh

(8.18)

(8.19)

The approximations 1//2 and uf are then computed by the usual post-processing, i.e.,

lVI(L,() = 07 lpﬁ,nJrl = r(oo)lpz,n + bTQ71 lp]}(l,n’

ko o k T 177k
w0 =0, Up i1 = 1(00)uwy, +b Q7 U, ,.

Lemma 8.8 The sequences u’,; and l//ﬁ computed via (8.19) coincide with the Runge—Kutta
approximations to (8.6a—8.6c) and their traces respectively.

Proof The details of the computation can be found in the appendix of [23]. The basic idea
is to take the Z-transform and show that both approaches solve the matrix-valued Helm-
holtz problem (4.2a—4.2c¢). O

This gives the following immediate corollary, representing an a priori bound for the fully
discrete method:

Corollary 8.9 Let the assumptions of Proposition 8.7 hold. Then for w, and \,, approxi-
mated using convolution quadrature, we can estimate:

Nl (21) — ui,nHH‘(Rd\r) + ¥u(tn) — lpi,n”fll/z(r)

< C(1 + T?)kmin{a+1/2+0p} S G) (8.20)
<C(1+77) [Z;Itnga}ﬂg Ollz2(ry-

The constants depend on I' and the Runge—Kutta method, but do not depend on T or on the
choice of Y.

Remark 8.10 There is another approach for analyzing convolution quadrature methods,
which is based on estimates in the Laplace domain. It can be shown that the Neumann-to-
Dirichlet map, realized by the boundary integral Eq. (8.19), satisfies a bound of the form
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Ol

S

=

@t=0 (b)t=12.85 (c)t=4.45
(d)t=5.0 (e)t=5.6 f)t=12.0

Fig. 1 Snapshots of the simulation at t =0, t =2.85, 1 =4.45,t=5.0,t=5.6,t =12

-1 ~ Is| -~ ~ —-1/2

W)™ (1725 K 6@l ) S ey 18y 8 € H2(T),
see [20, Appendix 2]. Applying the abstract theory of [2] then implies convergence rate
min(g + 1,p) for the boundary data y,. Modifying their proof, one can also get for
g € L*(I') that

1/2
_ N s| N
”W(S) 1(1/2 + Kz(s))gHHl/Z(r)rS ILC(S) ”g”LZ(F)a

which would yield the same convergence rate as Corollary 8.20, but without insight into
the dependence on the end-time 7. |

8.4 Numerical example

We solve (8.19) on a “hollow square”, as depicted in Fig. 1, and focus on the interior
Neumann problem, i.e. computing {y~ =: ). The geometry was chosen to be non-convex
and not simply connected, in order to test if the rate observed is a general result, or if our
estimates might prove sharp in some situation.

We prescribe the exact solution as a traveling wave, given by
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u(x,t) = ¢p(x-d—1),

$(s) := cos(ns/2) exp(—4(so — s)°).
so := 4 is chosen so that ¢(0) is sufficiently small in the domain. We setd := [‘/75 , ‘/TE]T and
solve up to an end time of 7 = 12. An approximation of the H'/?-error is computed via

(W) (¥, — M) ) W, = Miw(n))

i.e., we compare to the L2-projection of the exact solution. Since we are interested in the
convergence rate with respect to the timestep size k, we consider a fixed, but sufficiently
fine mesh.

We used 3 and 5 stage Radau ITA methods, with orders (g, p) of (3, 5) and (5, 9),
respectively (see [16] for their definition). While their strong damping properties are not
advantageous for wave propagation problems, they nevertheless are the standard method
used with convolution quadrature. This is in part due to the fact that the standard theory
(see, e.g., [2]) makes some assumptions not satisfied by the Gauss methods. A more
detailed analysis of the dissipation and dispersion of the Radau methods was performed in
[7, Sect. 4.3], showing that higher order Runge—Kutta methods posess favorable properties
compared to their low order brethren.

Our theory predicts convergence rates of 4.5 and 6.5. In Fig. 2, we observe a rate that is
closer to 5 and 8. This means that (just like the standard Laplace-domain estimates) our
estimates do not appear to be sharp in this case. Further investigations into the cause of this
phenomenon are required. Results trying to explain this phenomenon, initially prompted by
the work on this article, can be found in [24] but with a different model problem.

8.5 The heat equation

In this section, as an example where our estimates turn out to be sharp, we consider a heat
conduction problem and will apply Theorem 3.5 to get convergence of the boundary trace.
The physical situation is a body Q C R that is held at a given temperature distribution and
radiates heat into a medium Q" := R? \ Q. We make the simplifying assumption that at
t = 0 the temperature is 0. Since the problem is posed on an unbounded domain, it is a

—x— 3 stages
1077 |-=-5 stages

10! 10? 103
T/k

Fig. 2 Performance of Radau IIA methods for the wave equation, cf. Sect. 8.4
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good candidate for boundary integral equations, while being simple enough to showcase
our more general results. We only briefly give the mathematical setting. More details and a
more involved physical example can be found in [27]. The setting is as follows: find
u:Ry — HY(QT) such that

i=Au in R\ Q, (8.21a)
u(t)|p =g(t) onT :=0Q, (8.21b)
u(0) =0 in R\ Q. (8.21¢)

It is well-known that 4 with homogeneous Dirichlet boundary conditions generates an
analytic semigroup (see e.g. [26, Sect. 7.2]) on L?(R? \ Q). The rest of our assumptions are
also easily checked. We summarize:

(i) dom(Ax) = {uc H'(R'\ Q) : Au € [*(R?\ Q)},

(i) B:H'(RY\Q)— H'Y>(I') =: M, Bv :=y"v (using the standard trace operator).
In order to derive the boundary integral formulation, we take the Laplace transform
of (8.21a), giving for k := \/s:

—At(s) + x*u(s) = 0,

which is Helmholtz’s equation for a complex wave number k. We make an ansatz of the
form u = S(x)A for some unknown density A, which can be determined by applying the
trace operator, giving the equation V(k)1 = Z(g).
Transforming back, and using the definition V,.(s) := V(1/s), we get the formulation:
[V (0)2](2) = g(1) Vi > 0.

The solution u can then be recovered by computing u = S,.(9), where Sy(s) := S(1/5).
The discrete version of this is then given by solving

V(0 Ak = g. (8.22)

It can be shown that plugging the discrete solution into the representation formula U* :=
Sk(ak)/lk gives back the Runge—Kutta approximation of (8.21a—8.21c). The approxima-
tions at the endpoints #, = nk, denoted by JF and respectively can be computed by the
usual post-processing. We refer to the appendix of [23] for an analogous computation in
the context of the Schrodinger equation, which easily transfers to our situation. For sim-
plicity, we do not consider any discretization in space. A Galerkin approach could easily be
included into the analysis, analogously to Sect. 8.2.

From the definition A := Ax|,,(z We get dom(A) = {ue H'(R\ Q) : due I*(R\

Q), y'u= O}. We need the following analog of Proposition 8.4:
Proposition 8.1 dom(Ax) C [L*(R?\ Q),dom(A)], . for u € [0,1/4].

Proof 1t is easy to see that H3(R? \ Q) C dom(A).
Using the Besov spaces introduced in Appendix A, we can write, if u<1/4:
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_ __ Thm A.1 . _
H'(RI\Q) CB(R'\Q) C B (R'\Q)
= [L(R'\ Q), HY (R)\ Q)],, . = [L2(R?\ Q), H}(R!\ Q)]

24,00 14,007

where in the last step, we used [22, Theorem B.9]. O

The convergence of our numerical method can then be analyzed quite easily using
Proposition 3.2 and Theorem 3.5.

Theorem 8.12 Let p and q denote the classical and stage order of the Runge—Kutta
method used. Let g € C"([0, T], H'/>(I')) with g (0) = 0 forj =0,....p +2. Set o := 1
if the Runge—Kutta method satisfies Assumption 2.111 and o := O otherwise. Then the fol-
lowing estimate holds for the post-processed approximation:

) p+2 i
||Ltk(tn) . “(tn)HLZ(Rd\§) < C(l + TZ)kmln(q+d+l/4,P) Z max Hg(OTHH‘/Z(F)' (823)

<t
=11 "=

Assume that the Runge—Kutta method used for discretization is stiffly accurate. Then the
following estimates hold for the H'-norm:

p+3
([ () = u(ta) || gy < C(1+ THE" > max Hg“)fHHl/z(r), (8.24)
l=q+1 =
with
g+o—1/4 for g<p —1,
q—1/4 forg=p—1and o =0,
o= qg+5/8 forg=p—1and o =1,
o—1
q—+ 5 for g = p.
For the density, we get:
p+l
1k 2\ 1,7 {4
[ (t) = 28| oy < €L+ T2) K /Z:;ngaé 182y (8.25)
where the rate r) is given by:
g+o—1/2 for g<p —1,
qg—1/2 forg=p—1and a =0,
— 7
r = q—l—E forg=p—1and a =1,
3
q+Z(oc—l) for g = p.

Proof We first note that we can control the derivatives u) by the data. This can be done
completely analogous to Proposition 8.6 by the techniques of [13]. The estimates read:
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(41
4@ ) < Ctz;r?g’f 187 @ i)
p

For simplicity of notation, we only consider the case g <p — 1. All the other cases follow
analogously but giving different rates when applying the abstract theory. By Proposi-
tion 8.11, we can apply Propositions 3.1 or 3.2 with u = 1/4, depending on whether we
are in the setting o = 0 or o = 1. This gives estimate (8.23).

Applying Theorem 3.5, we get the following convergence in the graph norm of A:

<t

p+3 )
14 (1) = Au(t) |2 ey < CU+ TR " max [[g |y (8:26)
l=q

Since for stiffly accurate RK-methods, uf also satisfies the boundary conditions (it is the
just last entry of the stage vector) we get from the Dirichlet-boundary conditions that
ytu(t,) = g(t,) = y*u*(t,). Therefore, integration by parts and the Cauchy-Schwarz
inequality give:

V3 80) = V)2 o) = = (A0 (1) = Aultn) 6 (12) = (22)) 1,
< ||A”k(tn) - A”(tn)HLZ(Rd\ﬁ)H”k(tn) - ”(tn)HLZ(R"\ﬁ)~

Estimate (8.24) then follows from (8.23) and (8.26). For the estimate (8.25) of the density,
we fix ¢ € H'2(I'), and let v denote a lifting to H'(R?). We calculate

<)~ - )/‘, é>r = ( — Au + Auk, V)LZ(Q) + (Vu — Vuk, VV)LZ(RJ\@
< (k1/2 | du — Auk”U(Q) + [ Vu — V”kHLZ(Rd\E))
X (k71/2|‘v||L2(Q) + ||VV||L2<RJ\§))'

We are still free to choose the precise lifting v. Doing so as in [31, Proposition 2.5.1], we
get

inf (k™2 [Vl 2y + IVl 2y v € H'(RY), v = EFS max{ L& € gy

The result then follows from the previous estimates. O

Remark 8.13 Note that in the cases ¢ = p — 1 with « = 1 and ¢ = p with a = 0, the rates
r; and r) in Theorem 8.12 are sharp from what can be extracted from Theorem 3.5 and
Propositions 3.1 and 3.2. Nevertheless, we expect it to be possible to extract better rates
from a more explicit investigation of these limiting cases.

8.5.1 Numerical example

In order to demonstrate that the estimate (8.25) is sharp, we consider a simple model
problem. Following [34], we take (2 to be the unit sphere and consider a right-hand side
g(x, 1) of the form
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10!
1071
= 107
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£ 107
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59 1077
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9 \\O |55
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—&-5 stages )
it e e—
10° 10! 102
T/k

Fig. 3 Convergence for the density 7 for the heat conduction problem (cf. Sect. 8.5), comparing Radau ITA
methods

g(x; 1) = ()Y, (x),

where Y} is the spherical harmonic of degree n and order m. It is well-known that the
spherical harmonics are eigenfunctions of the pertinent boundary integral operators. Most
notably for us, we have

VY = ()Y with  pu,(s) = —sjulis) B (i),

where j, denotes the spherical Bessel functions and hsll) is the spherical Hankel function of
the first kind. Due to this relation, solving (8.22) becomes a purely one dimensional

problem, i.e., we can write A(x,7) = I(I)Y;l”(x) and the solution can be easily computed to
very high accuracy. For our experiments we chose n = 2.

We compare the 3-stage and 5-stage Radau ITA methods (see [16] for their definitions).
These methods have stage orders 3 and 5 respectively and both are stiffly accurate and
satisfy Assumption 2.III. We therefore expect convergence rates for the density / of order
3.5 and 5.5. Since the exact solution is not available, we compute the difference to an
approximation with step size k/4 and use this as an approximation to the discretization
error. The results can be seen in Fig. 3. We observe that the results are in good agreement
with our predictions.
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A Interpolation of Sobolev spaces

In this appendix we prove that in Lipschitz domains and for certain parameters p, the
spaces [L?(Q), H}(Q)] . contain functions with non-vanishing boundary conditions. Such
estimates are the main ingredient when determining the convergence rate of Runge—Kutta
methods using the theory developed in the previous sections. For u<1/2, it is well-known
that the fractional Sobolev spaces H"(Q) = [LZ(Q),HI(Q)]%2 and H"(Q) =
[L*(Q),H}(Q)] .2 coincide (see e.g. [22, Theorem 3.40] together with the results in [22,
Appendix B] to identify the Sobolev spaces with the interpolation space). We prove that
when interpolating using the index oo, the critical value u = 1/2 is also admissible,
provided that some further regularity is provided.

In order to state our result, we need additional notation, notably we define interpolation
spaces for g € [1,00) as

Wl oo = [ ] i vl el | (A1)
[Xo,X1],,4 o ver, Xo x| o

and introduce the following Besov spaces:

BS (Q) = [L*(Q),H' (@)],, and B (Q) = [LZ(Q),Hé(Q)]”Aq. (A.2)
For t > 0, we define the strip
Q= {x € Q: dist(x,0Q) <1}, (A.3)

which will play an important role in the following proofs.

Theorem A.1 Let Q be either a bounded Lipschitz domain or the complement of a bounded
Lipschitz domain. Fix u € (0,1/2]. Then

with equivalent norms. The implied constant depends on 2 and p.

Proof For simplicity, assume that € is bounded. We focus on the case u = 1/2, since the

case 0<pu<1/2 follows from H*(Q) = ﬁ#(Q) (see [22, Theorem 3.40(i) and Theo-
rem 3.33]) combined with the embeddings

B} (@) € By,(Q) = H'(Q) € H'(Q) € B} (Q).
Consider u € B;/IZ(Q). For each ¢ > 0, we select v(f) € H'(Q) almost realizing the infi-
mum appearing in the interpolation norm, i.e.,

lu = v(@)]|

pior VOl o) <2 inf (= wllzio bl o))

weH!(

By [6, Lemma], the following estimate holds for all ¢ > 0:
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(Ot @) < 3ll2

We also note that

1/2

[l =v(@)ll2(0) + V)0 () <1 S lull gy ) SNl g -

lull z2(0) 1 2, .. S
We consider a smooth cutoff function y, : Q — [0, 1] satisfying:

72 (x) =0 on Q,, LX) =1 on Q\ @y and ||Vl <th (A.4)

We then define v(¢) := y,v(t) € H}(Q) and calculate:

llu = 5l 20y < Nl = vl 2 HI (1= 2 VOl 200

Sl = v(0) i+ IOl g

where we used the fact that 1 — y, vanishes on Q\ Q,, and applied [18, Lemma 2.1] to
estimate the L?-norm there.
Similarly,

T iy 5t IVl oy 172900 )5 1900 )
SV s+ VOl g2 g

For the interpolation norm, we therefore get

el gy S 55 sup, - ot~ 2 (1 = v(0) iz VOl oy 2 >||B;/3(Q))}
IV el o, . Sl gy Hivlgye

<
NHMHB;_/]Z(Q)'

If Q is the exterior of a bounded Lipschitz domain, the proof applies almost verbatim as all
important steps can be localized to a neighborhood of the boundary. (I

Remark A.2 The use of the second parameter oo in the interpolation norm is crucial for
Theorem A.1 to hold in the case u = 1/2. For L>-based interpolation it is well-known that

the interpolation space [L*(Q), Hy(®)], ,,
Chapter 33], which is distinct from H'/2(Q).

is the Lions-Magenes space Hééz(Q), see [353,

When considering the Neumann problem in Sect. 8.3, we need to devise a lifting to a
vector field with a given normal jump in L. In general, such liftings do not have Bz/ :

regularity. Thus Theorem A.1 is not applicable. Instead, we have a modified construction.

Lemma A.3 Let Q be a bounded Lipschitz domain or the exterior of a bounded Lipschitz
domain with boundary I := 0Q. For C > 0, ¢ > 0 fixed with ¢ sufficiently small, define the
non-tangential maximal function

N(Vu)(x) := sup |Vu(y)|, where O(x) :={y € Q: |x —y| < max(c, Cdist(y,I'))}.

y€O(x)
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Let u € H'(Q) be harmonic and satisfy N(Vu) € L*(I).
Then for t > 0 we can bound the L* norm on strips Q, by

IVull 2 SN (Vi) | 2 - (A.5)

Proof We focus on a single chart in the parametrization of (a vicinity of) I'. Let O C Q and
D C R be open, r € R", ¢ : D — R, yo : D — R such that we can write

N0 ={(x,p(x)+yr):xe€D, and y € (0,y0(x))}.

By the Lipschitz assumption, we note that yo(x) SCt. Following the considerations in [10,
Appendix A.4], one can see that as long as C in the definition of @ is taken sufficiently
large, we have that for all x € D

{(x,0(x) +yr) 1y € (0,y0(x))} € O((x, 0(x))).

We calculate

Yo(x)
luliaror = [ [ IVut o) +n)P dyas
y;

/xep /v ()" dydx (A.6)

<1 / . (N (V) () dx < AN (V)|

A

Repeating the same calculation for all boxes needed to parametrize a neighborhood of I’
then concludes the proof. (I

Theorem A.4 Let Q C R? be a bounded Lipschitz domain or the exterior of a bounded
Lipschitz domain and write Hy(div, Q) := {w € H(div, Q) : y,w = 0}.
For every g € L*(Q), there exists a function w € H(div, Q) such that

ww=g and IV wllm o +HIwlize e, SllElze (A7)

with an implied constant depending only on Q.

Proof For simplicity, assume that Q is bounded. By performing an appropriate cutoff away
from 0Q, all arguments can be localized.
Step 1: Consider the case f r & = 0. Let u be the solution of the Neumann problem

Au=0in Q, O,u = g on 0Q, /u:O.
Q

In addition to u € H 1(Q), by [17] (see also [10, Theorem A.6]), this harmonic function u
also satisfies
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INCVI) |2y < N8lleacry-

For fixed t > 0 we again select a smooth cutoff function y, satisfying (A.4). We set
w := Vu and calculate using Lemma A.3:

”w”[LZ(Q)‘Ho(div,Q)]]/z_&S esssup; > g (;71/2 [1(1 - Xt)wHLZ(Q)+t||th||H(div,Q)])

S esssup ot |Vl 20, SIN (V) g2y S8z

Step 2: In the case f r & # 0, the harmonic Neumann problem does not have a solution.
Instead, we define u as the solution to

—Au+u=0in Q, O,u = g on 0%,

and again set w := Vu. By construction we have V-w = —u € H'(Q).
We decompose u = up + u;, where uy solves the full-space problem

—Aug = —u in R?

where u was extended by 0 outside of Q. As u € L*( Rd), standard regularity theory gives
uy € H?*(B) on any ball B and in particular uy € H*(£). In turn this yields 0,uq € L*(09).
By construction u; then solves

—Au; =0 in Q, Oyu; = g —0,up on 0Q.
As g, dyug € L*(0Q) and [, g — 0yup = 0, we can apply Step 1 to get

Vuy € [L(Q), Ho(div, Q)] , ..

Since Vuy € (H'(Q)) C (B;/E(Q))d we can apply Theorem A.1 to get

uy € [(L(Q)", (Hy ()] .00 € [L3(2), Ho(div, Q)] ,

to conclude the proof of (A.7). O

The following lemma appears to be known in the community, see e.g. [5, Section 3.13,
Exercise 4], but in order to be able to rigorously cite, we provide a short proof.

Lemma A5 Let X := (X;,...,Xy) and ¥ := (V;,...,Yy), where X, Y; are Banach spaces
with continuous embedding Y; C X;, and the product space carries any /-norm. Fix g €
[1,00] and 6 € (0,1). Then, the product of the interpolation spaces coincides with the
interpolation of the product spaces. Namely, the following estimate holds for all
x = (X1, xn) € [X, Y]

N N
-1
N Z Fill i 1, < ¥l < Z: Fsllgg 15,
= =
Proof For j € {1,...,N}, consider the operators S; and 7; defined as
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and
(X1, ..y XN)X; x—(0,...,x,...0).

It is easy to see using the interpolation estimate (2.6) that

T, <D, 00 (Sl < Il

(7

We therefore calculate:

N N N
>l = 3217, < 32 Wil <Nl

J=1

For the opposite direction, we observe that

q

N N
Hecy,, = HZSXJH[XY SZHSJXJH[X,Y]MS ZH%H Vo, m
= =
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