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Abstract9

Uncertainty is a fundamental aspect of the natural environment, requiring the brain to infer and integrate noisy signals to10

guide behavior effectively. Sampling-based inference has been proposed as a mechanism for dealing with uncertainty,11

particularly in early sensory processing. However, it is unclear how to reconcile sampling-based methods with operational12

principles of higher-order brain areas, such as attractor dynamics of persistent neural representations. In this study, we present13

a spiking neural network model for the head-direction (HD) system that combines sampling-based inference with attractor14

dynamics. To achieve this, we derive the required spiking neural network dynamics and interactions to perform sampling from15

a large family of probability distributions—including variables encoded with Poisson noise. We then propose a method that16

allows the network to update its estimate of the current head direction by integrating angular velocity samples—derived from17

noisy inputs—with a pull towards a circular manifold, thereby maintaining consistent attractor dynamics. This model makes18

specific, testable predictions about the HD system that can be examined in future neurophysiological experiments: it predicts19

correlated subthreshold voltage fluctuations; distinctive short- and long-term firing correlations among neurons; and20

characteristic statistics of the movement of the neural activity “bump” representing the head direction. Overall, our approach21

extends previous theories on probabilistic sampling with spiking neurons, offers a novel perspective on the computations22

responsible for orientation and navigation, and supports the hypothesis that sampling-based methods can be combined with23

attractor dynamics to provide a viable framework for studying neural dynamics across the brain.24

25

Introduction26

Biological organisms live in a world fraught with uncertainty. To survive, they must interpret and act upon uncertain27

information [5, 6, 7, 8]. This challenge spans multiple levels of neural processing, from low-level sensory processing to complex28

cognitive decision-making [9, 10]. In particular, noise in the encoding of behaviorally relevant variables can increase the risk29

of erroneous downstream decisions if not properly managed [11]. The head direction (HD) system is a prominent example of a30

high-level computation dealing with uncertainty: to keep track of the heading direction, noisily encoded rotational velocity31

estimates need to be inferred and integrated into a circular attractor [12, 4, 13, 14] (Fig. 1A).32

The HD system is observed in a wide range of species, including vertebrates like rodents, bats, primates, birds and fish33

[15, 16, 17, 18, 19], and invertebrates, such as locusts and fruit flies [20, 21]. Empirical evidence indicates that angular34

velocity signals are encoded noisily [2, 22, 1]. Noise makes it impossible to recover the true latent variable; from a theoretical35

perspective, the best one can do is to consider a posterior distribution of possible angular velocities (Fig. 1B). Further36

computations given this distribution, such as integration to keep track of head direction, can pose significant mathematical37

and neural challenges [23, 24, 7]. Even though the brain, either through evolution or plasticity [25], might have found a way38

to directly approximate the mean of such posterior and use it to update the current HD representation, we will consider an39

enticing alternative: integration through posterior sampling (Fig. 1C). In statistical sampling methods, successive samples40

are drawn from an underlying probability distribution, thereby — using enough samples — approximating the distribution.41

This has the advantage of preserving properties of the original distribution (such as asymmetry, amount of uncertainty, etc.)42

while immediately providing a stimulus estimate for downstream areas to use. Sampling-based methods thus offer a potential43

approach for representing and computing with uncertainty in neural systems, and have accumulated substantial experimental44

support [26, 27, 10, 28, 29].45
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Figure 1. Head direction networks receive noisy measurements from which the head direction must be inferred. (A)
Angular velocity ω is encoded noisily by segregated populations of neurons in different species. Left: GLNO cells in fruit flies are the sole
source of rotational velocity information to PEN neurons in the PB [1], which is bidirectionally connected to the EPG neurons in the EB
— cartoon depicts simplified anatomy: two round structures depict noduli (NO), grey handlebar-shaped structure depicts PB, and green
circle depicts EB; red blob depicts activity. Right: brainstem’s dorsal tegmental nucleus (DTN) cells in rats provide angular velocity
information to lateral mammillary nuclei (LMN) neurons [2], whose activity lies on a circular manifold in a high−D space [3] and
propagate HD information to the rest of the brain [4] — grey cartoon depicts brainstem, red blob activity. Central inset shows cartoon
tuning function for one velocity-encoding cell σi. (B) For increasing noise levels on the encoding of the angular velocity, the posterior
distribution P (ωt|σt) will show more and more uncertainty. (C) Estimating true density and statistics through sampling (colorful
arrows: samples, grey line: samples histogram, blue line: true distribution). (D) Spike Coding Networks (SCNs) can formalize
computations with spikes. Top: angular velocity inputs to SCN, encoded as noisy Poisson spikes. Middle: SCN cartoon that implements
angular velocity sampling and HD integration and attraction; inset shows the activity of a single neuron: V is the voltage, which
depends on external inputs and recurrent interactions Eq. (1); When V > T , the neuron emits spikes o. Bottom: HD readout is updated
according to the sampled angular velocities. The left column illustrates the network structure, the right column the Poisson inputs, the
computations of the network, and the resulting read-out.

While previous work mainly focused on sampling-based inference in the early stages of environmental stimulus encoding —46

with implementations in rate-based [30, 24, 31, 32, 33, 34] and spiking neural networks [35, 36, 37, 38, 39, 40, 41, 42, 43] — it47

remains unclear how to bridge the statistical inference perspective with the dynamical systems accounts of neural population48

dynamics. Among these accounts, ring attractor networks have been studied for decades to model continuous attractors in49

neural circuits, particularly for the HD signals [44, 45, 46, 47, 48, 49, 50]. In classical models, the ring attractor emerges from50

recurrent connectivity that stabilizes a “bump” of activity encoding a continuous variable such as orientation or direction.51

Biologically, there is substantial evidence that attractor-like mechanisms are at play in HD systems of rodents [15, 3] and52

the central complex of the fruit fly [21, 51, 13]. However, many of the classical models consider noiseless angular velocity53

inputs [44, 47, 48] or, in the case of noisy inputs, do not cast the problem as an inference problem [52] (but see [53]). This54

gap motivates us to combine the inference-based view with the dynamical properties of ring attractor networks.55

We propose a sampling-based HD model that infers angular velocity from noisy inputs and integrates them in a stable56

fashion by attracting towards a circular manifold. We implement this model using Spike Coding Networks (SCNs) (Fig. 1D)57

[54, 41, 55, 56, 42], a class of spiking neural networks that allows us to implement computations through dynamics [57].58

SCNs are well-suited for implementing the HD system due to their biological realism [58, 55, 59, 60] and fully derivable59

nature. While previous implementations primarily focused on sampling from Gaussian distributions [41, 42], here we show60

how to extend these approaches to handle non-Gaussian distributions. This extension enables sampling-based ring attractor61

dynamics for HD inference and, in turn, clarifies the precise network, cellular, and synaptic requirements for implementing HD62

computations. Our HD model provides a novel perspective on neural computations involved in orientation and navigation,63

and offers testable predictions regarding subthreshold voltage correlations, neural activity correlation patterns, and statistics64

of bump movement.65

Results66

To maintain an internal representation of the head direction of an animal, an HD system must overcome several challenges.67

First, it must infer the head rotation velocity from noisy inputs [2, 22, 1]. Second, it must use the inferred angular velocity68

and potentially other multimodal inputs to infer and update the current head direction estimate, usually within circularity69
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constraints [21, 3, 50]. Finally, the whole computational process must be possible with spiking neurons, as is clearly the70

case in vertebrates [4] and likely also in invertebrates [22, 20, 61]. To meet these challenges, we propose a formulation that71

combines statistical sampling methods, spiking neural network theory, and attractor dynamics. First, we derive how spiking72

neural networks can perform sampling from arbitrary distributions to accommodate non-Gaussian noisy information. Second,73

we show how such networks can perform sampling-based inference of stimuli from Poisson neuron inputs. Third, we combine74

inference, integration, and attractor dynamics in a single HD network. Finally, we provide a list of experimentally testable75

predictions stemming from this model, as well as the data, experiments, and techniques needed to test these predictions.76

Structural assumptions77

HD systems are found in both vertebrates and invertebrates [15, 16, 17, 18, 19, 20, 21] (Fig. 1A). The precise details of78

each species can be intricate; for example, in fruit flies, the HD circuit has been characterized thoroughly [62], and the79

mechanisms that facilitate angular velocity integration have been studied in detail [21, 51, 13, 22, 63, 1]. In our study, we80

are interested in the high-level general principles guiding angular velocity integration and consider the following generic81

setup (Fig. 1D). We assume that the current angular velocity is encoded by a population of neurons that emit spikes according82

to Poisson statistics (Fig. 1D top). A downstream brain area, modeled as a recurrent spiking neural network (SNN), receives83

these spikes and, through local recurrent dynamics, infers the current angular velocity and integrates it to maintain an84

HD representation (Fig. 1D middle). The HD is read out by downstream areas (or an experimenter) through a linear85

readout (Fig. 1D bottom). This setup allows us to derive network dynamics and interactions from theory and to propose novel86

HD computational principles that might underly real biological networks, with the goal of generating testable predictions to87

inspire future experiments.88

Langevin sampling in Spiking Neural Networks89

To implement HD computations, we must first consider how a SNN can represent arbitrary probability distributions. One90

approach is to compute certain statistics, such as mean and variance; this approach neglects information about the underlying91

distribution shape in non-Gaussian cases. Instead, in the sampling approach, random samples are drawn from the distribution92

to recover the true density or arbitrary statistics, which are guaranteed to converge to their true values given enough samples.93

This is the process of ‘statistical sampling’ (Fig. 1C, Fig. 2A).94

A promising approach for performing statistical sampling with spiking neural networks is Langevin sampling, as proposed in95

previous work [41, 65, 42]. This sampling method uses 1) dynamics, which follow the gradient of a probability distribution,96

and 2) stochasticity, to explore the entire probability landscape [66] (Fig. 2A,B). Building upon previous studies [41, 56, 42],97

we show that Langevin sampling from a large family of distributions can be directly implemented by spiking networks with98

slow, nonlinear interactions of the form99

v̇ = −λv︸︷︷︸
voltage
leak

+ Ωf o︸︷︷︸
fast; E/I
balance

+ Ωsg(r) + η︸ ︷︷ ︸
slow; sampling
computations

, (1)

where v ∈ RN corresponds to neuron voltages, N is the number of neurons, λ is the voltage leak, o ∈ RN is the spike vector,100

and r ∈ RN are post-synaptic potentials defined as ṙ = −λr + o. A spike is emitted when the voltage of a neuron crosses101

a threshold Ti; g(r) ∈ RL are sets of possibly nonlinear interactions between neural activities modeling synaptic and/or102

dendritic interactions (Fig. 2C), and so L could be much larger than N ; η ∈ RN represents correlated voltage stochastic103

fluctuations fed into the neuron voltages (Fig. 1D, Fig. 2B-D, Methods). The neurons interact over two timescales:104

• Fast timescale interactions: Ωf ∈ RN×N is the fast connectivity matrix, acting on spike o timescales, through which105

the network maintains an excitation/inhibition balance [54, 55] (Fig. 2C, top). This timescale is similar to AMPA and106

GABAa receptors, with rapid activation and decay [67].107

• Slow timescale interactions: Ωs ∈ RN×L is the slow connectivity matrix, mediating slower and potentially nonlinear108

interactions (g(r)) (Fig. 2C, bottom). These connections enforce the desired network output dynamics over time109

[54, 56, 68]. In biology, this timescale is similar to NMDA and GABAb receptors, with slow rise and longer-lasting110

activations [69, 70].111

The information sampled by this network is then represented through a linear read-out (Fig. 2E):112

z = Dr (2)

The exact form of the neural interactions g(r) and the slow weights Ωs (Methods), discussed in the next section, make sure113

that z evolves according to the gradient of an underlying probability distribution. Finally, the stochastic fluctuations η drive114

the network to explore the full distribution (Fig. 2A,B,D).115
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Figure 2. Spiking neural networks can sample from arbitrary distributions through a combination of nonlinear
synaptic interactions and correlated voltage fluctuations. (A) Example SCN sampling from a given bimodal distribution, a clear
example of non-Gaussian distribution, which can be extended to higher orders and higher dimensions(Supp. Fig. 1). Top left: Spikes
from the network o. Bottom left: network readout zt corresponding to samples from P (z). Over time, samples from SCN approximate
the original probability distribution, as seen in the histogram/density overlay. Right: the samples z explore the gradient landscape of the
log P distribution; colored dots correspond to samples in the dashed box on the left. (B)Langevin dynamics allow one to sample from
arbitrary probability distributions. This entails following the slope of the log distribution (∇logP ) in concert with a source of
stochasticity to promote exploration. In our networks, these terms are effectuated by neuronal interactions and correlated voltage
stochastic fluctuations, respectively. (C) SCNs have two types of interactions between neurons: fast interactions (top) quickly propagate
spikes o through Ωf , and are responsible for maintaining E/I balance; slow interactions (bottom) act on a slower timescale through Ωs,
and implement both linear and nonlinear interactions. Linear interactions alone are sufficient for sampling from Gaussian distributions;
generic distributions require nonlinear interactions. (D) Correlated voltage stochastic fluctuations enables the network to explore the
distribution effectively; the Pearson cross-correlation (bottom) between two voltage traces (top) shows an interesting example of
short-timescale subthreshold correlation, reminiscent of experimental studies [64]. (E) Left: SCN structure with correlated voltage
inputs η. Middle: Voltage V and spikes o for 3 example neurons; spikes o contribute to the post-synaptic potentials r, which obey
ṙ = −λr + o. Right: readout z can be linearly decoded from the network activity using the decoding vectors Dis: z = Dr.
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Synaptic interactions required for sampling generic distributions.116

Previous SCN samplers were limited to Gaussian distributions [41, 42]. Here, we show how to set nonlinear interactions117

to sample from a wider family of distributions (Eq. (37), Supp. Fig. 1). We achieve this explicitly for exponential family118

distributions with polynomial moments, for which we derive the exact form and weighting required of the slow, nonlinear119

interactions Ωsg(r). Briefly, a polynomial exponential family requires multiplicative dependencies between the variables,120

which are implemented within the network by multiplicative interactions [56] between the neural activities (Fig. 2B, Supp.121

Fig. 1), similar to the implementation of nonlinear dynamical systems [56]. Notice that this is not the only option; other122

synaptic/dendritic nonlinearities can be employed for implementing or approximating different distributions [71, 68].123

As an example, the multi-peaked distribution (Fig. 2A) requires interactions of the form rirjrk, where three pre-synaptic124

neural activities act multiplicatively at the post-synaptic cell (Fig. 2C). Our formalism allows for sampling distributions125

in any dimension with arbitrary polynomial moments without the need for approximations (Supp. Fig. 1A). Higher-order126

polynomials require increasingly complicated multiplicative interactions (Supp. Fig. 1B-C). Specifically, networks have to127

implement (g − 1)-th order multiplications for distributions with g-th order polynomial moments (see Methods). For very128

high orders, such precise interactions become biologically unrealistic, but they can be approximated by combining several129

lower-order interactions [56].130

This approach formalizes precisely the synaptic requirements for implementing Langevin sampling from non-Gaussian131

distributions in this class of spiking neural networks. Alternative formalisms that can be used to approximate multiplicative132

interactions, as well as how they are implemented in real biological networks, are summarized in the Discussion.133

Correlated stochastic fluctuations required for sampling.134

The voltage stochastic fluctuations η ensure that the network state drifts and covers the entire space defined by the probability135

distribution. The dimension and correlation structure of the stochastic fluctuation is determined by the dimensionality of the136

distribution from which the network is sampling (Methods). From a biological perspective, these sources of stochasticity137

might arise from external inputs, oscillations, gap junctions, or other sources from the shared extracellular environment [64],138

and they give rise to correlated subthreshold voltages (Fig. 2C), similar to those found in experiments [72, 73, 74, 75]. Our139

assumptions give clear functional relevance to these subthreshold correlations, which are otherwise hard to clarify.140

Quantifying sampling performance141

Finally, we quantify how well the network output approximates the desired distribution for different parameter sets (Appendix142

and Supp. Fig. 2). The sampling performance is affected by various choices of parameters of the networks, such as number of143

neurons, voltage decay, and readout weights. The network outputs quickly converge to the desired distribution for a large144

range of parameter sets. Our basic implementation could be extended to improve convergence speed [33, 42]; nonetheless, it145

provides solid performance for the inference of dynamic stimuli, as we will see in the next section. All in all, our work clarifies146

how several types of interactions over different timescales, together with voltage stochastic fluctuation, could come together to147

perform network-level sampling from a very general class of distributions.148

Sampling-based inference of angular velocity from Poisson neuron inputs149

The HD system receives noisily encoded angular velocity inputs (Fig. 1, Fig. 3A, left), and in this section, we will focus150

on building a network that receives the noisy inputs and outputs angular velocity stimulus estimates. Though we focus on151

circular velocity variables, the same procedure works for generic variables (Methods). Specifically, sampling-based inference152

consists of drawing samples from the posterior distribution over noisily encoded variables (Fig. 3A, right). This has two153

main advantages, as it allows downstream circuits to 1) take into account the full uncertainty for further computation and 2)154

act fast by immediately using the samples received [43, 10]. Moreover, sampling-based inference can help simplify various155

problems, such as nonlinear state evaluation or prediction of the future [7, 24], and it can be parallelized easily [76, 41].156

We assume that a population of Poisson neurons σt ∈ RNp encodes the current angular velocity ωt ∈ R (Fig. 1A) (See Methods157

for different firing rate kernels and encoding noise models). The network needs to sample from the posterior distribution over158

ωt given the input σt:159

ω̂t ∼ P (ωt|σt). (3)

Sampling from this posterior can be formally implemented through Langevin dynamics (Methods) and implemented in an160

SCN using Eq. (1), as it was done previously for Gaussian variables [41, 42]. Explicitly, this results in a network of the form:161
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Figure 3. Sampling-based inference of
Poisson encoded angular velocity
signals.
(A) Angular velocity is encoded by noisy
Poisson neurons; sampling-based inference
entails drawing samples from the posterior
distribution over angular velocity. (B) SCN
of the form Eq. (48) can perform sampling
based inference of dynamically encoded
angular velocity. Left: grey spikes
σt = {σ1

t , . . . , σK
t } encode a time-varying

angular velocity signal ωt. Right: The
network readout, ω̂t, draws samples from
the time-varying posterior distribution
P (ωt|σt).

v̇ = −λv + Ωf o + Ωsg(r, σt) + η︸ ︷︷ ︸
inference

(4)

This equation resembles Eq. (1), except that neurons now incorporate external inputs σt. They use these inputs to continuously162

sample the variable ω̂t ∈ R from the posterior P (ωt|σt), and is read out through ω̂t = Dr. The details of g(r, σ) depend on163

the choice of encoding kernel and noise statistics (Methods). In effect, this network takes velocity information encoded in164

Poisson spikes (Fig. 3B left) and continuously samples from the resulting posterior (Fig. 3B right, blue curve) through its165

spiking activity. While this signal seems to follow the true signal noisily (dashed curve), note that this variation reflects the166

actual shape of the uncertainty about the inferred variable (Supp. Fig. 3).167

Notice that this implementation requires the network to continuously sample from a time-varying angular velocity posterior168

(Fig. 3B). Assuming that the dynamics of the variable encoded are slower than the neural dynamics, the network can draw169

multiple samples for the same angular velocity, allowing for a complete exploration of the posterior (Methods). In Supp.170

Fig. 3, we show how various statistics of the posterior distribution over angular velocities can be recovered from noisy Poisson171

inputs under the assumption that neural dynamics are 3 orders of magnitude faster than stimulus dynamics.172

Overall, this implementation allows a spiking network to infer noisily encoded signals while capturing the full uncertainty over173

the posterior distribution.174

Inference, integration, and attractor dynamics within a single HD network175

In this section, we will derive network equations for HD computations through sampling-based inference, which results in the176

integration of inferred angular velocity combined with attractor dynamics. Consider a population of Poisson neurons encoding177

angular velocity ωt through spikes σt, and assume that the animal operates in darkness so that the only way to update the HD178

is through σt inputs. Our derivation begins with the assumption that the network updates the current head direction estimate,179

θ̂t, by drawing a sample from the distribution P (θt|σt, θt−1). This distribution can be computed with a statistical process called180

Bayesian filtering, which we approximate as follows (Methods): P (θt|σt, θt−1) ∝ P (σt|θt, θt−1)P (θt|θt−1) ≈ P (σt|ωt)P (θt).181

An intuitive interpretation of this process is a system that integrates angular velocity samples, ω̂t ∼ P (ωt|σt) (Fig. 4A).182

Head direction within the network can be represented in different ways, leading to different network mechanisms and dynamics183

(Fig. 4A-B, Methods). Here, we consider a network that outputs head direction estimates θt = (xt, yt) ≈ Drt in 2 − D184

coordinates. This representation prevents angular discontinuities and wraparound issues, can simplify downstream vector185

computations (e.g., navigation to a goal [77]), and could be used to represent other variables (e.g., forward speed). On the flip186

side, this representation requires a nonlinear mechanism to prevent the network output from drifting away from the circle187

(Supp. Fig. 5A). This can be done in different ways (Fig. 4A-B, Supp. Fig. 5B); here, we consider a prior that implements a188

soft circular constraint which, in the resulting dynamics, takes the form of an attractor (Fig. 4B, Supp. Fig. 5C). As shown189

6 of 37

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted February 26, 2025. ; https://doi.org/10.1101/2025.02.25.640158doi: bioRxiv preprint 

https://doi.org/10.1101/2025.02.25.640158
http://creativecommons.org/licenses/by/4.0/


A B

C

time (s)

in
pu

t
V

 (
a.

u.
)

sp
ik

es
 o

ra
te

 r
ra

d/
s

1D, strict constraint

2D, soft constraint

0 1 2 3 4 5

sp
ik

es
/s

r

0
2

1 

2
4 
6 

2 4 

6 

1 

3 

5 

7 

8 

2 
4 
6 
8 

2 
4 
6 
8 

8 

10 

20 

Dr = (x,y)

5

10

0

5

10

0

an
gl

e

Figure 4. Combining
sampling-based inference and
attractor dynamics within a single
network.
(A) Updating the current HD estimate
θ̂t requires updating the previous
estimate, θ̂t−1, using ω̂t, the angular
velocity sample derived from input
spikes σt. In statistical terms, this
entails drawing a sample from the
distribution θ̂t ∼ P (θt|σt, θt−1). The
distribution can be computed with a
Bayesian filtering process
P (θt|σt, θt−1) ∝
P (σt|θt, θt−1)P (θt|θt−1). We
approximate this with the assumptions
that θt−1 ≈ θ̂t−1 and ωt ≈ θt − θt−1.
(B) Top: a possible neural
representation consists of a 1 − D angle;
in this case, the network is assumed to
implement strict circular constraints,
either through trigonometric functions
or Fourier transforms. As described in
the Methods, this implementation
simply adds the current angular
velocity sample ω̂t to the previous HD
estimate. Bottom: another possibility
is to consider a 2 − D representation of
the angle. The usual transformation is
x = cos(θ) and y = sin(θ); nonetheless,
without a mechanism to pull the
representation back towards
x2 + y2 = ρ2, the network readout can
go to zero or diverge. Hence, in our
approximate Bayesian filter (Methods),
we consider a specific prior to attract
the network dynamics towards the
circle. (C) Left: schematic of our
implementation, with noisily encoded
angular velocity, SCN with 8 neurons,
and readout Dr (black curve) overlaid
to the attractor prior (green ring).
Right, top to bottom: angular velocity,
noisy Poisson encoding σt, voltage of a
SCN HD network with 8 neurons,
spikes o, filtered spikes r, readout (θ̂t)
vs. real angle (θt).
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formally in the Methods, we derive HD network dynamics of the form190

v̇ = −λv + Ωs1 g1(r, σt)︸ ︷︷ ︸
inference & integration

+ Ωs2 g2(r)︸ ︷︷ ︸
attractor

+Ωf o + η, (5)

where Ωs1 is a set of linear connections that infers information from external spikes σt, and Ωs2 is a set of nonlinear191

interactions that attract the network activity to the circular manifold. Notice that, for clarity, we show the connectivities192

responsible for inference & integration and attractor dynamics separately in the equation; in practice, they are both part of193

the same slow connections responsible for sampling from a non-Gaussian probability distribution.194

More specifically, these voltage equations implement the low-D dynamics in (xt, yt) defined by195 [
xt+1

yt+1

]
=
[

yt

−xt

]
β(σt − 1)︸ ︷︷ ︸

inference & integration

− γ

[
xt

yt

]
(x2

t + y2
t − 2ρ2)︸ ︷︷ ︸

attractor

+ ξt︸︷︷︸
stochastic
fluctuation

, (6)

The first term, together with the stochastic fluctuations, approximates sampling-based inference from the posterior over196

angular velocity and integration towards the current HD estimate, while the second implements a soft constraint with strength197

γ > 0, which biases the dynamics towards the circle with radius ρ (Fig. 4B, Supp. Fig. 5).198

Equation 5 constitutes the main result of our proposed SNN approach combining statistics with dynamics for handling199

uncertain angular velocity inputs. Starting from fundamental principles, we first derived networks capable of sampling from200

non-Gaussian distributions (Fig. 2 and Eq.1) to implement sampling-based inference (Fig. 3 and Eq.4). We then leveraged201

these results and extended them to derive a sampling-based ring-attractor network for inferring and updating the current HD202

representation given noisy velocity inputs (Fig. 4 and Eq.5).203

Our derivation and implementation offer an alternative perspective on a computation necessary for effective navigation [3, 4].204

Unlike previous approaches, our network explicitly accounts for the uncertainty of incoming signals, casting the problem as an205

inference rather than simply averaging the noise out. Such an approach opens avenues beyond HD estimation (as we discuss206

in the last results section) — for example, it enables downstream brain areas to directly asses the uncertainty in angular207

velocity inputs, which might be used for decision-making.208

Finally, our network offers two key advantages. First, it is biologically plausible in terms of both connectivity and activity209

patterns, exhibits some well-known phenomena observed in real brains, and also generates novel testable predictions (as will210

be discussed in the final results section). Second, it is derived from well-known statistical sampling methods, making the211

model straightforward to adapt and extend, as demonstrated in the following subsection.212

Multimodal integration and visual reset213

So far, we have considered only one external population input. In reality, the HD system receives a number of inputs214

[51, 22, 62]. This can be accommodated in our model by considering multiple populations of external inputs; consider215

P (σ(1)|ω), P (σ(2)|ω), . . . , each with their own encoding properties such as noise model, kernel, and nonlinearity (Methods).216

The angle update will follow217

P (θt|θt−1, σ
(1)
t , σ

(2)
t , . . . ) ∝ P (σ(1)

t |θt, θt−1)︸ ︷︷ ︸
1st input

P (σ(2)
t |θt, θt−1)︸ ︷︷ ︸
2nd input

. . . . (7)

A relevant use case of multimodal integration is the implementation of a visual reset. As the network infers noisy information,218

the representation will drift due to noise [21], and requires periodic ‘reset’. This could, for example, be achieved by observing219

a visual landmark, allowing neural activity to realign with the true orientation. Such a visual reset is known to happen in the220

fruit fly, together with a plasticity mechanism that remapped visual stimuli onto the HD population by learning a specific221

angular relationship between the bump and the scene, called ‘visual remapping’ [14, 63]. We implemented a reset mechanism222

(Methods) through a second population of Poisson sensory neurons that gives a strong input to the network to move the223

bump in the right direction (Supp. Fig. 6A-B). We did not implement the plasticity mechanism, which could be implemented224

by taking inspiration from inhibitory Hebbian plasticity implemented in continuous RNNs [14]. While this implementation225

does not capture all biological complexities, it highlights the potential to extend the model to encompass a broader range226

of phenomena. Finally, in Supp. Fig. 1A, we demonstrate that our networks are not limited to sampling 1D variables but227

can sample from arbitrary distributions. This shows the potential for future extensions of our model to multimodal variable228

representations, inference, and integration.229
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Figure 5. Experimentally testable predictions from SCNs performing HD computations through sampling.
(A) Correlated stochastic fluctuations predict specific patterns of subthreshold voltage correlations among neurons with similar tuning.
Top: example voltage trace for dark green neuron. Around the circle: subthreshold voltage cross-correlations between the green neuron
and the others in the network. Notice that neurons with opposite tuning exhibit negative subthreshold correlations. (B) Top: fast
connections show nearest neighbor inhibition and long-range excitation, while slow connections show a classical nearest neighbor
excitation and long-range inhibition. Bottom: short-time vs. long-time correlations in neural activity, measured on spiking activity
convolved with a Gaussian kernel of 1ms vs. 100ms. (C) Top: filtered spike trains r for a network with slow leak (λ = 0.5); Bottom:
true HD orientation vs. network readout. (D) Tuning functions, measured as the average ri given an HD angle θ, for networks of 8
neurons with fast leak (as in Fig. 4, λ = 10) vs. slow leak (λ = 0.5), as in panel C. Each line corresponds to one neuron. (E) Left:
Distribution of bump velocity for positive and negative angular velocity (±4 rad/sec). The variability in bump movement velocity
reflects the uncertainty in the inferred angular velocity. Right: Scatter plot of true angular velocity vs. bump velocity for a 50sec
simulation. (F) Absolute angle difference during continuous clockwise turning at 5 rad/sec for low vs high input noise, averaged across
100 repetitions. Solid line: mean; shaded area: 1STD.
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Experimentally testable predictions230

Our HD sampling and attractor network (Eq. 5) reproduces several experimentally observed phenomena. Firstly, the network231

shows a localized “bump” of activity whose position correlates with the heading direction (Fig. 4C). The network maintains a232

good HD estimate for a period of time but slowly loses the true orientation as the various sources of noise accumulate (Supp.233

Fig. 4A, Fig. 5E), reminiscent of biological studies [21, 51]. Moreover, the average network activity is higher during periods of234

high angular velocity (Supp. Fig. 4B), as previously shown [21]. Finally, this HD system can be implemented in very small235

networks (Fig. 4, Supp. Fig. 4C) [20, 21].236

Next, we use the model to generate experimentally testable hypotheses. Does the head directional system rely on sampling to237

infer angular velocity to be integrated? Does this process rely on an interplay between fast, slow, and nonlinear interactions,238

and are there correlated stochastic voltage fluctuations among nearby neurons? To answer these questions, we lay out239

hypotheses arising from our theoretical work and simulations and suggest concrete experiments and measures that could be240

studied in, but are not limited to, the Drosophilla melanogaster and the mouse HD systems.241

We begin with low-level structural hypotheses:242

1. Voltage subthreshold fluctuations: To sample the full distributions, the neurons require specific subthreshold243

voltage fluctuations (Fig. 2). The voltages should exhibit stronger correlations among neighboring neurons. This can244

be tested by computing cross-correlations between the voltages of nearby and distant cells (Fig. 5A) and could be245

achieved experimentally, for example, in a fly navigating an artificial environment paired with voltage imaging of the246

central complex neurons [21, 78, 79], or head-fixed mice navigating in an artificial environment [79]. Moreover, given247

the absence of sensory stimuli during the larva/pupa stages of fruit fly development, one could study the dimensionality248

of neural activity, which will be driven by other areas’ inputs and other noisy sources, which, summed, could be seen as249

structured voltage noise. This prediction derives from mapping the Langevin sampling dynamics to a neural network250

(Fig. 2B right).251

2. Fast vs. slow interactions: The networks presented in Fig. 4 have two main sets of connections. The fast connections,252

which operate on a timescale of a few milliseconds, show nearest-neighbor inhibition and long-range excitation. On the253

other hand, slow connections, which operate on the timescale of tens of milliseconds, show a classical nearest neighbor254

excitation and long-range inhibition, similar to what was used in previous studies [49], inspired by true biological255

connectivity [62] (Fig. 5B, top). This is observable in the short-time versus long-time correlations in neural activity256

(Fig. 5B, bottom), an analysis that could be carried out using ultra-fast calcium recording [80] or e-phys recordings257

in the central complex of fruit fly, or with detailed knowledge of the timescales of interactions in a connectome [62].258

Nonlinear interactions will act over slow timescales and constrain the activity to the desired manifold, and the manifold259

dynamics can be made arbitrarily slower at the cost of softening the circular constraints γ in Eq. (6). This is biologically260

relevant, as these slower nonlinear interactions might be implemented through widespread peptidergic neuromodulation261

[81], and could be studied in a peptidergic connectome [82]. This prediction comes from using SCN theory to implement262

the gradient dynamics required for Langevin sampling (Fig. 2B left).263

Next, we look at network-level hypotheses:264

3. Angular integration without bump selectivity: Some values of voltage leak term λ lead to a loss of the bump in265

neural activity, whereas the linear read-out θ̂ = Dr remains constrained to a circle (Fig. 5C). This is reminiscent of HD266

systems in vertebrates, where the neural activity does not show an obvious bump of neural activity, although the low-D267

manifold representation clearly falls on a circle [3]. Moreover, the resulting circular tuning functions are not necessarily268

equal across neurons (Fig. 5D), similar to what is observed in rodents, and that violates the assumptions of classical269

ring-attractor models [83, 84]. Experimentally, one could observe that the absence of a bump of activity due to the slow270

voltage leak increases tuning function heterogeneity but does not hinder the readout quality. This could be achieved, in271

principle, through genetic or pharmacological interventions to manipulate specific ion channels in fly models with slow272

vs. fast voltage leaks of central complex neurons. According to theory, the bump should disappear without hindering273

HD readout precision. This prediction derives from the encoding properties of SCNs.274

4. Bump movement statistics: In our model, the head direction is updated by sampling from the posterior over275

angular velocities; this implies that changing informativeness of the inputs will change the certainty of updates (i.e.,276

the bump will exhibit bigger vs smaller "jumps") (Fig. 5E). This can be tested in various ways: for example, one277

can manipulate the reliability of GLNO input neurons or provide conflicting visual vs. locomotive stimuli [1], with278

simultaneous recordings from central complex neurons. Such analyses are not currently feasible due to slow calcium279
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sensors and altered behavioral/proprioceptive dynamics due to head-fixation and fly-on-a-ball setup [49]. In the future,280

faster sensors and free navigation might provide an avenue for implementing such analyses. This prediction comes from281

the use of probabilistic sampling to infer head direction.282

5. Skewed Poisson posterior: Given that the Poisson posterior is skewed, and the skewness depends both on angular283

velocity and input quality, it is possible to observe the same skewness in the statistics of bump movement. In particular,284

comparing the instantaneous bump position finite difference vs. fly angular velocity, it is possible in our model to285

visualize the skewness of the distribution for positive and negative angular velocities (Fig. 5E). As in the previous point,286

these measures are unreliable in current experimental settings and will necessitate faster sensors for future exploration.287

This prediction is a result of assuming the velocities are encoded through Poisson spiking and then sampled from the288

posterior distribution by the HD network.289

Finally, we propose functional and behavioral hypotheses on and around the question: “Does explicit knowledge of input290

uncertainty help, functionally and behaviorally?”. These predictions all link to the assumption of a network which explicitly291

uses probabilistic sampling to estimate and infer information.292

6. Fixed vs flexible mapping of posterior to velocity estimation: The simplest option is to have a hardwired circuit293

that automatically converts inputs into velocity estimates without stochastic sampling. Nonetheless, the posterior might294

change significantly during behavior, either due to noise or differing input statistics, suggesting a need for a flexible,295

probabilistic adjustment mechanism. These two possibilities could be disentangled experimentally by manipulating input296

firing properties or input statistics and then measuring bump movement statistics as a proxy for studying posterior297

distributions. In particular, a fixed mapping will maintain a fixed posterior shape, whereas a flexible one should be able298

to adapt.299

7. Unreliable inputs and angular velocity estimation: The noise of the inputs determines how quickly the network300

will lose its true orientation (Fig. 5F). If inputs from certain neurons (e.g., GLNO neurons in the fly brain) are unreliable,301

P-EN neurons may rely on other cues for angular velocity estimation. For example, recent work by [1] shows that302

unreliable GLNO inputs force P-EN neurons to use other cues to estimate angular velocity. This situation could illustrate303

how the HD system uses estimates of input uncertainty—such as higher moments of the angular velocity posterior—to304

switch its reliance on different cue modalities. One possible experiment would be to measure the bump movement sizes305

and determine whether they correlate with GLNO input uncertainty only up to a particular threshold.306

8. Behavioral relevance of input uncertainty: Does the explicit knowledge of uncertainty in sensory inputs affect307

behavior? This question could be addressed by manipulating input conditions or by observing behavior under conflicting308

proprioceptive and visual cues. For instance, if specific angular velocity encoding neurons are disrupted or manipulated,309

does the subject exhibit less turning behavior or rely more on non-HD cues? Additionally, understanding whether310

the explicit tracking of uncertainty is advantageous in changing environments—such as variations in lighting or input311

quality, damage to neurons, or altered sensory modalities—could provide valuable insights into adaptive behavior.312

Discussion313

The brain is hypothesized to use sampling-based methods to deal with uncertain inputs, but important open questions remain314

about how local interactions and neural variability come together to perform such network-level probabilistic computations in315

non-sensory brain areas. We described the neural and structural requirements for spiking HD neural networks to combine316

sampling-based inference and attractor-based integration. To this end, we described the relationship between nonlinear317

synaptic interactions and sampling from exponential family distributions, sampling-based inference from noisy stimulus318

encoding, and sampling-based integration of noisy angular velocity inputs. We concluded with biological hypotheses and319

experimental predictions derived from this framework.320

HD neural computations as sampling-based inference321

Classical models of HD ring attractor networks [45, 48, 47] often rely on strict assumptions about the input signals, and322

generally do not cast decoding the inputs as an inference problem. How should a spiking neural network deal with generic,323

noisy inputs? A previous study by [53] proposed using a circular Kalman filter to implement a version of Bayesian ring324

attractor. In that implementation, the network keeps track of mean and circular variance, and the bump modifies its amplitude325

in response to confirmatory vs. conflicting evidence. In the invertebrate brain, the bump does not seem to change in size326

during darkness [21, 22, 49], suggesting that the head direction system does not directly represent uncertainty by widening327

the activation bump. Nonetheless, uncertainty should not be discarded so readily. Empirical evidence suggests that angular328

velocity inputs are noisy [22, 2, 1], and the head directional system must perform computation on this input to infer the most329
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likely angular speed. In our work, we assume that the HD system can deal with the noise by performing sampling-based330

inference. The network we derive combines aspects of statistical inference and classical attractor network dynamics. Its331

behavior can be understood as integrating samples from the posterior distribution over angular velocities while maintaining a332

soft circular constraint. Under the assumption that neural dynamics are faster than behavioral dynamics, this leads to the333

integration of the posterior mean. Moreover, this approach guarantees the possibility to compute arbitrary statistics on the334

inputs. These capabilities could be useful in cases where the posterior changes over time or across conditions, and future work335

will probe for flexibility and robustness through plasticity rules adapting this sampling to different inputs. In our study, the336

bump does not significantly change its shape during periods of increased uncertainty. Rather, it “wiggles” around the true337

head direction due to the Poisson inputs and the randomness driving sampling. Moreover, [53] predicted that in the absence338

of visual inputs, the network would progressively lose direction selectivity. In our study, although the true angular direction339

becomes imprecise over time, the bump selectivity does not decrease. Other aspects of our simulations are consistent with340

previous reports. For example, the bump size does not significantly change throughout the experiment, the average activity is341

higher during period of high angular velocity, and the true orientation is progressively lost in darkness [21, 22]. Moreover,342

we need just a handful of neurons for the precise integration of angular velocity inputs, as is known to happen in several343

insect brains [85], and recently demonstrated in a study on rate network attractors [49]. Finally, the slow connectivity of344

our network is consistent with previously proposed ring attractors, as in nearby excitation and long-range inhibition [48].345

Although we do not claim that our model is a faithful reproduction of the head directional system, we hope for it to be an346

alternative viewpoint and inspiration for future experiments. To that extent, we provide extensive predictions related to the347

connectivity and neural activity correlations over different timescales, subthreshold inputs, and other testable measurements.348

Alternative spiking ring attractor networks349

We briefly review other models of spiking neural networks implementing ring attractors in the context of existing literature.350

[86] proposed a general framework for biologically plausible simulations of attractor networks, including the HD system, based351

on the Neural Engineering Framework [87]. The paper’s main idea is to implement control-theoretic approaches in networks352

of spiking neurons; for the ring attractor, a nonlinear control model is built using a vestibular control signal to move the353

current head direction estimate. An interesting contrast to our model is that they explicitly avoid the use of multiplicative354

interactions at the neural level, while in our model, this is the enabling factor. Moreover, they make use of an explicit notion355

of tuning function for each neuron, and introduce nonlinearities at the level of encoding external variables, while preserving356

the notion of linear decodability. A limitation of their approach is that the decoding weights need to be learned through357

least-squared methods, and it is not clear that this HD system can be implemented with a handful of neurons only, both of358

which can be easily solved with our approach.359

[88] built a detailed spiking ring attractor model, striving to computationally mimic the Drosophila melanogaster head360

direction system [21, 89]. The protocerebral bridge (informing of angular velocity) and ellipsoid body (ring attractor,361

maintaining bump of neural activity) are modeled explicitly, as well as the neurons projecting between the two networks,362

using leaky-integrate-and-fire (LIF) dynamics. Most single neuron parameters correspond to experimentally observed values,363

while neural connectivity strengths were set through parameter sweeps. Their results successfully replicate several findings364

from [21] and interestingly suggest that spiking neurons are required to recapitulate other aspects of fruit fly experimental365

recordings. In the absence of spike inputs and external cues, bump movements were completely absent. In contrast, the bump366

would still move in our model (and also in the presence of reset mechanisms, the bump would still “wiggle”) because of the367

subthreshold voltage stochastic fluctuation and internal spiking activity implementing sampling.368

Finally, work by [52] built a network model for the mammalian lateral mammillary nucleus and dorsal tegmental nucleus369

(LMN-DTN), consisting of three populations of noisy and spiking neurons, coupled by biophysically realistic synapses. The370

angular velocity updates for the head direction were fed into the network as uncorrelated Poisson spike trains, specifically to371

neurons in the inhibitory populations - consistent with experimental findings [2]. An interesting finding with respect to the372

bump of neural activity is that the external excitation, together with recurrent cross-inhibition was sufficient to produce the373

persistent activity, without the need for recurrent excitation. In contrast, our model requires the slow connections to have374

nearest neighbors excitation to preserve the current HD estimate.375

Structural and neural requirements376

In our networks, we formalize sampling as Langevin dynamics; this method combines the gradient of the log-probability with377

a source of stochasticity to explore the probability landscape. What are the neural requirements at various levels, and how378

biologically feasible is it? The gradient of the log-probability is, in most non-Gaussian settings, a nonlinear function, which379
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requires the use of nonlinear interactions to be implemented or approximated. In our work, we formalized multiplicative380

synapses as the ideal set of interactions for exponential distributions with polynomial moments, which can be used to381

approximate generic distributions to arbitrary precision[90]. The feasibility of this type of interaction has been discussed at382

length in [56]. As a summary: 1) experimental circuit reconstruction studies demonstrated the existence of several distinct383

synaptic connections among cell pairs [91, 92]; 2) examples of effectively multiplicative computations have been characterized384

[93, 94, 95, 96]; 3) experimental and theoretical work has long shown the computational advantages of nonlinear synaptic385

and dendritic interactions in single neurons [97, 98]; 4) mechanisms such as dendritic calcium or NMDA spikes, synaptic386

clustering, and shunting inhibition [99, 100, 101, 102, 103, 104] could all contribute to implementing effective multiplicative387

interactions. Recently, the biophysical details for implementing multiplication-like nonlinearity have been described in a class388

of Drosophilla melanogaster ON motion vision neurons, which arises from the coincidence of cholinergic excitation and release389

from glutamatergic inhibition [105]. An alternative formalism to approximate multiplications is the use of nonlinear dendrites,390

which have been shown to act as universal function approximators [106], also in spiking neural networks [68, 71]. Moreover, it391

was shown previously that it is possible to employ supplemental networks in order to avoid high-order interactions [56] or to392

simplify certain computations taking advantage of the fixed points of recurrent networks [107, 34]. Finally, all connections393

will depend on the choice of sparseness of the decoding matrix; the connectivity density of g−th order interactions will behave394

as ∝ (pN)g [56].395

Next, the assumption of Langevin sampling requires the existence of correlated voltages/stochastic subthreshold fluctuation396

between the neurons. Neural variability at various levels has been observed in many studies. The inherent variability of397

neural responses to identical stimuli has been observed for decades [108, 109, 110, 111]. This, together with the presence of398

various types of noise both at the sensory, cellular, synaptic, and population levels [11], have been interpreted as support399

for probabilistic neural representations [30, 24] and for the idea that these sources of variability facilitate the exploration of400

posterior probability distributions over stimuli [35, 5, 7, 39]. In particular, and most relevant for our implementations, is the401

need for correlated stochastic fluctuation, which are extremely important in our network as they are the principal driver of402

sampling. This requirement gives rise to consistent ongoing subthreshold synchronization without the need for oscillations403

and stronger correlation in pairs of neurons with similar receptive fields [72, 73, 74, 75].404

Other approaches to sampling in spiking neural networks405

Various approaches have been proposed to explore sampling methods within Spiking Neural Networks (SNNs). Among the406

prominent techniques, Markov Chain Monte Carlo (MCMC) methods utilize stochastic neurons to approximate samples407

from target random variables, offering a robust framework for probabilistic inference [35, 36, 37, 38]. In our case, single408

neurons don’t necessarily represent sampling proposals, and aren’t required to work with discrete probability distributions.409

More recently, a fractional diffusion neural model has been proposed that harnesses Levy motions to effectively sample410

from heavy-tailed, non-Gaussian distributions [40]. Although biophysically realistic, this model relies on many thousands411

of excitatory and inhibitory neurons embedded in a 2D feature space, and it is not clear how the complexity of the neural412

circuit model and the sampling dynamics would be affected by increasing the dimensionality of the problem. Another recent413

approach that used different assumptions involves the use of linear recurrent networks of excitatory neurons governed by414

Poisson statistics [39]; these networks don’t need external correlated stochastic fluctuation in the form of a Wiener process,415

but instead rely on the intrinsic Poissonian variability of the inputs to drive the random sampling from the stimulus posterior416

[39]. Finally, as in our work, previous implementations of Langevin samplers relied on SCNs [41, 42]. These networks can be417

fully derived and embed various types of deterministic and stochastic dynamics directly into their computational architecture418

[54, 55], including Langevin Dynamics [41]. Importantly, [42] have bridged the gap between generic MCMC-based spiking419

neurons and SCNs, revealing a deeper connection between these two sampling SNN frameworks.420

Closing remarks421

We have explored how sampling-based computations and attractor dynamics can be implemented within spiking neural422

networks in the special case of the HD system. This work supports the hypothesis that sampling-based methods are a423

viable and powerful framework for neural computation in non-sensory brain areas, offering hypotheses for experimental424

and computational neuroscience. Future research will further explore these concepts, particularly in more realistic and425

higher-dimensional settings, and integrate findings with experimental data to enhance our understanding of stochastic426

computations in the brain.427
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Methods428

Notational convention429

First we introduce the symbols used throughout this work, and specify dimensionalities or values used430

Table 1. Notational Conventions

Symbol Meaning Type / Dimension
N Number of neurons Variable
V Voltage N

T Threshold N

o Spikes N

r Filtered spike train N

M Dimension of dynamical variable Variable
z Dynamical variable M

c External input M

D Decoding matrix (N, M)
·̂ Estimate Notation
λ Voltage leak Variable
Ω Connectivity matrix (N, N)
⊗ Kronecker product Operator
E Cost function Scalar
ν Linear cost control Variable
µ Quadratic cost control Variable
A Linear dynamical system (M, M)
F (·) Polynomial dynamical system Function
dt Simulation time step Variable
P Probability distribution Function
U Energy function Function
∇ Gradient Operator
η Brownian noise (Langevin) M

Np Number of Poisson neurons Variable
σ Sensory neuron spikes Np

ϕ Poisson firing kernel Function
β Rate parameter (Np, M)
τs Sampling timescale Variable
θ Angle Scalar
ω Angular velocity Scalar
ρ Ring radius Scalar

Spike Coding Networks431

We start by introducing the model by [54], upon which we will expand in the coming sections.432

The goal is deriving the equations of a network that follows the temporal evolution of a dynamical signal z ∈ RM ,433

ż = Az + c(t), (8)

where A ∈ RM×M is the state-transition matrix and c ∈ RM is the external input. The network readout, ẑ ∈ RM , is an434

estimate of the signal z,435

ẑ(t) ≈ z(t), (9)

and is updated dynamically using the spiking of the N neurons, o(t):436

˙̂z(t) = −λẑ(t) + Do(t), (10)
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where λ is the leak term, and D is an inherent and fixed decoding weight matrix of size M × N . For simplicity, we will437

consider the vector r of filtered spike trains438

ṙ(t) = −λr + λo(t), (11)

such that the stimulus estimate439

ẑ(t) = 1
λ

Dr(t). (12)

To minimize the difference between the real signal z and the readout ẑ, the cost function E(t) is minimized440

E(t) =
∫ t

0
du
[
∥z(u) − ẑ(u)∥2

2 + ν∥r(u)∥1 + µ∥r(u)∥2
2
]

, (13)

where the first term minimizes the difference between signal and estimate, the second term forces to minimize the amount of441

spikes, and the third term distributes spikes across neurons, leading to efficient and balanced spiking, respectively.442

Consequently, the network dynamics will perform greedy minimization of E(t), such that they only spike if it leads to a443

decrease in E(t). The spiking rule for neurons will be444

vi(t) > Ti, (14)

where445

vi(t) = DT
i (z(t) − ẑ(t)) − µλri(t), (15)

and446

Ti(t) = 1
2νλ + µλ2 + ∥Di∥2. (16)

With ν, µ = 0,447

v(t) = DT(ẑ(t) − z(t)), (17)

and448

T = 1
2∥D∥2

2, (18)

Taking the time-derivative of v, rearranging, and using the approximation z ≈ ẑ, we obtain [54, 41, 58]449

v̇ = −λv + DT(Aẑ + c(t) + λẑ) − DTDo. (19)

Multiplicative interactions in SCNs450

If the dynamics of z are described by a linear system,451

ż = Az, (20)

we can re-write eq. Eq. (19) as452

v̇ = −λv + Ωf o + Ωsr, (21)

where453

Ωf = −DTD

Ωs = DT(A + λI)D
(22)

are the fast and slow recurrent connectivity matrices, respectively. In the case of non-linear systems of the form ż = F (z), the454

resulting model has formal network dynamics given by455

v̇ = −λv + DT(F (ẑ) + λẑ) − DTDo, (23)

where F (·) is a non-linear function. One approach is to approximate the function F by using a polynomial expansion up to456

order g:457

F (z) ≈
g∑

d=0

Adz⊗d, (24)
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where ⊗ denotes the Kronecker product (see below). This derivation quantifies the minimum set of multiplicative interactions458

[99, 95, 104, 96, 94, 93, 105] necessary for implementing a polynomial dynamical system in a SCN, which we call multiplicative459

SCN (mSCN) [56]:460

v̇ = −λv + Ωf o +
g∑

d=0

Ωmd
s r⊗d, (25)

where461

Ωf = −DTD,

Ωm1
s = DT(A1 + λI)D,

Ωmd
s = DTAdD⊗d.

(26)

All these interactions could be carried out in the dendritic tree of a neuron [97, 112].462

Next, to simplify notation and intuit computational implementation, we rewrite the summation to a vectorized form through463

concatenation. First we define the term Ωs that encapsulates all the interaction matrices Ωmd
s as464

Ωs =
[
Ωm0

s Ωm1
s Ωm2

s · · · Ωmg
s

]
, (27)

where each Ωmd
s corresponds to the individual interaction matrices defined in Eq. (26). Furthermore, we introduce the term465

g(r) ∈ RL as a function of r that, in our case of multiplicative interactions, contains all the powers of r, such that466

g(r) =
[
r r⊗2 . . . r⊗g

]
, (28)

This term represents all the possible multiplicative interactions in r, from r⊗1 to r⊗g, and L is of length
∑g

d=0 Nd . This467

allows the expression of the sum in the compact form,468

g∑
d=0

Ωmd
s r⊗d =: Ωsg(r), (29)

which leads to the resulting expression for the voltage equations469

v̇ = −λv + Ωf o + Ωsg(r). (30)

Note that g(r) could consist of other types of non-linear interactions as well, depending on the method at hand and the470

capabilities of the neurons in the network [97].471

Kronecker formalism472

Multiplicative interactions in the SCN framework depend on the use of the Kronecker product. The ⊗ symbol represents the473

Kronecker product, of which the operation between two matrices is given by474

A ⊗ B =

a11B . . . a1nB
...

. . .
...

am1B . . . amnB

 . (31)

An interesting property of the Kronecker product is the mixed-product property, given by475

(A ⊗ B)(C ⊗ D) = (AC ⊗ BD), (32)

which is allowed in the case that the matrix products AC and BD exist. As in [56], we will often use the notation D⊗d to476

denote the d-fold Kronecker product of D with itself; i.e. if d = 3, then D⊗3 = D ⊗ D ⊗ D. Summarized biological support477

for multiplicative interactions can be found in the Discussion and in-depth elaboration is to be found in [56]478
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Sampling using SCNs479

The classical SCN formulation [54, 58] is given by480

v̇ = −λv + DT(ż + λz) − DTDo. (33)

On the other hand, the general form of naïve Langevin Dynamics is given by481

dz(t) = − 1
τs

∇U(z)dt +
√

2
τs

dη(t), (34)

where U(z) is the log-probability density function (PDF), τs is the timescale of the sampling performed by the network, and482

η ∼ N (0, I) is Brownian noise. Specifically, we consider PDFs belonging to the exponential family,483

P (z) = e−U(z). (35)

The Langevin Dynamics Eq. (34) can be formally plugged into the membrane voltage equation Eq. (33), as in [41, 42], to484

obtain485

dv =
[
−λv + DT

(
− 1

τs
∇U(z) + λz

)
− DTDo

]
dt + DT

√
2
τs

dη(t). (36)

Lastly we use the assumption that z ≈ ẑ,486

dv =
[
−λv + DT

(
− 1

τs
∇U(ẑ) + λẑ

)
− DTDo

]
dt + DT

√
2
τs

dη(t). (37)

For the Gaussian distribution, the gradient of the energy function will be linear in z and consequently also linear in r [41, 42].487

However, as is, the current formulation does not accommodate more complex distributions, as the energy function will contain488

non-linear interactions between r. Note that in the main text, for clarity, we used η for the voltage noise Eq. (5), whereas ξ489

was used for the stochastic fluctuations pertaining to the Langevin Dynamics Eq. (6); practically, these were related through490

η = DTξ, where ξ is projected from the dynamical variable dimension M to neural dimension N through D. In all of the491

Methods, η takes the place of ξ, and the projection is explicitly written, as seen above.492

Sampling polynomial-moment exponential family distributions493

Consider P (z) ∝ e−U(z) for z ∈ RM ; if U(z) is a polynomial with maximum degree g + 1, ∇zU has maximum degree g and494

can always be written in the form495

∇zU(z) =
g∑

d=0

Adz⊗d, (38)

where Ad ∈ RM×Md

is the matrix of coefficients for the degree-d terms in ∇U , and we define z⊗d as above. Then we can496

rewrite Eq. (37) as497

dv =

[
−λv + Ωf o − 1

τs

g∑
d=0

Ωmd
s r⊗d

]
dt +

√
2
τs

DTdη(t), (39)

where498

Ωf = −DTD,

Ωm1
s = DT(A1 − λI)D,

Ωmd
s = DTAdD⊗d for d ∈ {0, 2, 3, ..., g − 1}.

Notice that we must ensure that the polynomial U(z) is well behaved, i.e. that
∫

eU(z) dz < ∞. This is true, for example, in499

1 − D for polynomials U(z) with a maximum degree that is even, and when the highest order term has a negative coefficient500

(e.g. U(z) = −z2).501

Using the same notation introduced in Eq. (29), we can rewrite Eq. (39) to the equation found in the main text Eq. (1):502

v̇ = −λv + Ωsg(r) + Ωf o + η, (40)
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Sampling-based inference of stimuli through Poisson sensory neurons503

A latent variable is encoded by noisy spiking neurons, and the spiking is then used by downstream regions for further504

computation. One such computation is the inference of the latent variable, which will be inherently uncertain due to the505

encoding noise. One way to deal with this uncertainty is to sample from the posterior distribution over latent variables, a506

process called sampling-based inference [41, 26].507

Starting with a single Poisson neuron with firing rate kernel ϕ dependent on the incoming stimulus z:508

P (σ|z) = ϕ(z)σ

σ! e−ϕ(z). (41)

The posterior distribution over latent variables, assuming a flat prior, can be obtained with Bayes’ rule simply as509

P (z|σ) ∝ P (σ|z) (42)

Here, we want to sample from P (z|σ) using Langevin Dynamics, which is, formally:510

dz(t) = −∇z log P (z|σ)dt +
√

2
τs

dη(t). (43)

Extending to multiple neurons and high−D variables z, we can write511

P (z|σ) ∝ exp−U(z) ⇐⇒ U(z) = − log P (z|σ), (44)

where512

P (z|σ) ∝ −
N∏
i

exp−ϕi(z) ϕi(z)σi

σi!
, (45)

such that513

U(z) = log P (z|σ) =
N∑
i

ϕi(z) − σi ln (ϕi(z)) + ln(σi)! (46)

Consequently,514

∇zU(z) =
N∑
i

∇zϕi(z) − σi∇z ln ϕi(z)

=
N∑
i

∇zϕi(z)
[

1 − σi

ϕi(z)

]
.

(47)

Once a kernel is chosen, Eq. (47) can be plugged into Eq. (37) to obtain a SCN that performs sampling from the posterior515

distribution over latent variables z, which is read out through ẑ = Dr:516

dv =
[
−λv + DT

(
− 1

τs
∇U(ẑ) + λẑ

)
− DTDo

]
dt + DT

√
2
τs

dη(t)

=

[
−λv + DT

(
− 1

τs

N∑
i

∇zϕi(z)
[

1 − σi

ϕi(z)

]
+ λẑ

)
− DTDo

]
dt + DT

√
2
τs

dη(t)
(48)

In the following, we will see the different forms of this equation for different choices of firing rate kernel ϕ, but in principle,517

any positive function with continuous derivative will work.518

Exponential Kernel519

Choosing an exponential firing rate kernel,520

ϕi(z) = eβiz → ∇zϕi(z) = βiϕi(z), (49)

such that521

∇zU(z) =
N∑
i

βi(eβiz − σi). (50)
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we find Langevin Dynamics on z evolve according to522

dz(t) = − β

τs

(
eβz − σ

)
dt +

√
2
τs

dη(t). (51)

We can now plug this into the membrane voltage equation Eq. (48), discerning between the spiking of the Poisson neurons σ523

and the spiking of the mSCN o, and using the fact that z ≈ ẑ,524

dv =
[
−λv − 1

τs
DTβ

(
eβẑ − σ

)
+ λDTẑ − DTDo

]
dt +

√
2
τs

DTdη(t). (52)

Using ẑ = Dr,525

dv =
[
−λv − 1

τs
DTβ

(
eβDr − σ

)
+ λDTDr − DTDo

]
dt +

√
2
τs

DTdη(t). (53)

The exponential term can be approximated by its truncated Taylor series and rewritten with multiplicative synapses as in the526

main text Eq. (1).527

Linear Kernel528

For a linear firing rate kernel with base firing rate r0,529

ϕi(z) = Aiz + r0 → ∇zϕi(z) = Ai. (54)

Plugged into Eq. (47),530

∇U(z) =
N∑
i

Ai

(
1 − σi

Aiz + r0

)
. (55)

Using the simple approximation 1
1+x

≈ 1 − x + x2,531

∇U(z) =
∑

i

Ai

[
1 − σi

r0

(
1 − Ai · z

r0
+ (Ai · z)2

r2
0

)]
(56)

If we use z ≈ ẑ = Dr, then we can rewrite (Ai · z)2 as532

(Ai · z)2 = (Ai · Dr)2 = A⊗2
i (Dr)⊗2 = A⊗2

i D⊗2r⊗2. (57)

Plugging this into the equation for ∇U ,533

∇U(z) =
∑

i

Ai

[
1 − σi

r0
+ σiA

T
i D

r2
0

r − σi(Ai ⊗ Ai)(D ⊗ D)
r3

0
r⊗2
]

(58)

Writing in vectorized form and plugging into Eq. (48), one finds534

dv =
[

−λv − 1
τs

DTAT
(

1 − σAr
r0

+ σA⊗2D⊗2r⊗2

r2
0

)
+ λDTDr − DTDo

]
dt +

√
2
τs

DTdη(t) (59)

This derivation can be extended to arbitrary precision by including more Taylor expansion terms, up to K:535

dv =
(
−λv + λDTDr − DTDo

)
dt

− 1
τs

DTAT

[
1 − σ

r0

K∑
n=0

(
− 1

r0

)n

A⊗nD⊗nr⊗n

]
dt (60)

+
√

2
τs

DTdη(t),
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Logistic kernel536

For a logistic firing rate kernel537

ϕi(z) = (1 + exp(−Aiz))−1 → ∇zϕi(z) = Ai exp(−Aiz)
(1 + exp(−Aiz))2 . (61)

Plugged into Eq. (47),538

∇U(z) =
N∑
i

Ai exp(−Aiz)
(1 + exp(−Aiz))2 [1 − σi(1 + exp(Aiz))] . (62)

Let’s consider for simplicity the case where z is 1 − D; similar approximations can be achieved in higher dimensions. The539

term ∇zϕi(z) is well approximated, within a neighborhood of z ≈ 0, by a parabola:540

∇zϕi(z) ≈ −Ai(
1
4 − A2

i z2

32 ), (63)

therefore we consider541

∇U(z) ≈
N∑
i

−Ai

(
1
4 + A2

i z2

32

)
[1 − σi(1 + exp(Aiz))]

≈
N∑
i

−Ai

(
1
4 + A2

i z2

32

)[
1 − σi(2 + Aiz + A2

i z2 + · · · + AK
i zK))

]
.

(64)

This is a polynomial of order K + 2, and can be easily implemented into Eq. (48).542

Different noise models543

Other discrete probability distributions that can be chosen as noise models and implemented in Eq. (48) upon choosing544

appropriate approximations and/or synaptic nonlinearities:545

Bernoulli:546

Suppose we are dealing with independent binary neurons σi with firing probability sigmoid fi(z) ∈ [0, 1]:547

P (σi|z) = fi(z)σi (1 − fi(z))1−σi (65)

Suppose that fi(z) = 1
1+exp(−βT

i
z) . Taking the gradient of log f(z) we have the simple relationship ∇z log f(z) = β(1 − f(z)),548

hence549

∇z log P (σi|z) = σiβi(1 − fi(z)) + (1 − σi)βifi(z)) (66)

Considering now a population σ = {σ1, . . . , σk} where P (σ|z) =
∏

i
P (σi|z),550

∇z log P (σ|z) =
∑

i

σiβi(1 − fi(z)) + (1 − σi)βifi(z)) (67)

Binomial:551

If each neuron is binomial, as in σi ∈ {0, 1, . . . , n} and552

P (σi|z) =
(

n

σi

)
fi(z)σi (1 − fi(z))n−σi (68)

there follow similar derivations as above, and553

∇z log P (σ|z) =
∑

i

σiβi(1 − fi(z)) + (n − σi)βifi(z)) (69)

Geometric:554

if σi ∈ {0, 1, . . . }, where P (σi|z) = fi(z)(1 − fi(z))σi , then555

∇z log P (σ|z) =
∑

i

βi(1 − fi(z)) + σiβifi(z)) (70)
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Separation of timescales, and temporal integration to estimate moments556

To deal with dynamically encoded stimuli, we assume that the neural dynamics are at least one order of magnitude faster557

than the stimulus dynamics; this could be justified by observing that animals interact with their surroundings with actions558

often spanning hundreds of milliseconds, while the average membrane timescales in the cortex are on the order of tens of559

milliseconds; or by observing the millisecond precision of stimulus-related spikes in the visual system of multiple organisms560

for natural stimuli with much slower timescales [113, 114]. This allows for the exploration of the posterior distribution over561

dynamic stimuli online, through a moving average or a similar filter.562

Inference of Heading Direction through sampling-based integration of angular speed563

We want our network to perform inference on the current head direction given the previous estimate and the angular velocity564

provided by the external neural population. We assume that the head direction estimate of our network will be given by565

θ̂ ∼ P (θt|σt, θt−1). (71)

This estimation can be decomposed using Bayes’ rule:566

P (θt|σt, θt−1) ∝ P (σt|θt, θt−1)P (θt|θt−1), (72)

We consider the case where σt depends only on the change in angle, ∆θ ∝ ωt, and assume that567

P (σt|θt, θt−1) = P (σt|θt − θt−1) = P (σt|∆θt) ≈ P (σt|ωt), (73)

such that Eq. (72) becomes568

P (θt|σt, θt−1)︸ ︷︷ ︸
HD angle posterior

∝ P (σt|ωt)︸ ︷︷ ︸
ang. vel. input

P (θt|θt−1)︸ ︷︷ ︸
prior

. (74)

The term P (σt|ωt) will inform the HD system about the angular velocity ωt through Poisson spikes σt, while the term569

P (θt|θt−1 will implement a prior, which can take different forms, as described below. Finally, Langevin sampling in θt, written570

in a discretized form amenable to being implemented in SCNs, and assuming ωt ≈ θt − θt−1 ≪ 1, P (σt|ωt) ∼ P oiss(exp(βωt))571

and a flat prior:572

θt − θt−1 = ∇θP (θt|σt, θt−1)dt +
√

2dtηt (75)

= dt(−β exp(β(θt − θt−1)) + βst) +
√

2dtηt (76)

≈ dt(−β(1 + β(θt − θt−1))) + βst) +
√

2dtηt, (77)

where ηt ∼ N(0, 1). Denote α = 1 + βTβdt, then 1
573

θt = θt−1 + β

α
(st − 1)dt + ηt

α

√
2dt. (78)

This equation could be implemented in a SCN, e.g., Eq. (37), but would suffer from angular wraparound issues at the −π → π574

boundary. To avoid this problem, we will adopt a 2 − D formalism.575

Softening of circular constraints and shift to Cartesian coordinates576

To avoid angular wraparound issues, we consider the angular representation in x, y coordinates: P (θt|σt, θt−1) = P (xt, yt|σt, xt−1, yt−1).577

This will require us to soften the strict circular constraint that is intrinsic when using only θ.578

We assume that the angular velocity is well approximated in Cartesian coordinates by the small angle approximation579

ωt ≈ ∆θt ≈ sin(∆θt)

= sin(θt − θt−1)

= cos(θt) sin(θt−1) − sin(θt) cos(θt−1)

= xtyt−1 − ytxt−1. (79)

1We abuse the notation and use β to denote the vector containing all weights associated with the Poisson input neurons.
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We consider a population of Poisson neurons responding to the angular velocity through a kernel ϕt = ϕ(ωt) ≈ ϕ(xtyt−1−ytxt−1)580

and a soft ring prior of radius ρ with form P (xt, yt|xt−1, yt−1) ∝ exp
(
−(x2

t + y2
t )(x2

t + y2
t − 2ρ2)

)
(Fig. 4B-C). These choices581

allow us to rewrite Eq. (73) as:582

P (xt, yt|σt, xt−1, yt−1) ∝ P (σt|xtyt−1 − ytxt−1)P (xt, yt|xt−1, yt−1)

∝ exp [−ϕt + σt log(ϕt) − log(σt!)

−
(
(x2

t + y2
t )(x2

t + y2
t − 2ρ2)

)]
. (80)

Taking the log, we get583

log P (xt, yt|σt, xt−1, yt−1) = −ϕt + σt log(ϕt) − log(σt!)

−
[
(x2

t + y2
t )(x2

t + y2
t − 2ρ2)

]
. (81)

The exact form of the Langevin sampler will depend on the choice of the firing rate nonlinearity of the Poisson neurons. For584

example, using an exponential kernel585

ϕ(xtyt−1 − ytxt−1) = exp(β(xtyt−1 − ytxt−1)), (82)

and taking the gradient ∇x,y log P , leads to586

∇xt,yt logP (xt, yt|σt, xt−1, yt−1) (83)

=
[

yt−1

−xt−1

]
β(σt − exp(β(xtyt−1 − ytxt−1)) − 4

[
xt

yt

]
(x2

t + y2
t − 2ρ2)

≈
[

yt−1

−xt−1

]
β(σt − 1 − β(xtyt−1 − ytxt−1)) − 4

[
xt

yt

]
(x2

t + y2
t − 2ρ2).

Considering the Langevin sampler in discrete time, and assuming that x2
t + y2

t ≈ x2
t−1 + y2

t−1, one gets587 [
xt

yt

]
=
[

xt−1

yt−1

]
+ dtβ

[
yt−1

−xt−1

](
σt − 1 − βxtyt−1 + βytxt−1

)
− 4dt

[
xt−1

yt−1

]
(x2

t−1 + y2
t−1 − 2ρ2) +

√
2dtηt, (84)

where η ∼ N (0, I). Considering now that588 [
yt−1

−xt−1

]
(−xtyt−1 + ytxt−1) ≈

[
xt − xt−1

yt − yt−1

]
, (85)

and moving the terms in ·t to the left-hand side, simplifying, and considering α = 1 + dtβTβ,589 [
xt

yt

]
=
[

xt−1

yt−1

]
+ dt

β

α

[
yt−1

−xt−1

](
σt − 1

)
− 4

α
dt

[
xt−1

yt−1

]
(x2

t−1 + y2
t−1 − 2ρ2) +

√
2dt

α
ηt. (86)

This equation resembles a noisy 2 − D angular velocity integrator informed by σt, with a nonlinear part that implements a590

soft circular constraint, whose strength is regulated by γ, and takes the form of a limit cycle of radius ρ [115]. This general591

procedure could be extended to more complicated examples, which we will explore in future work. All in all, these models592

show how sampling dynamics and attractor dynamics can be combined in spiking neural networks.593

Eq. (86) can be implemented into a SCN by using Eq. (37); In detail, for the simulations in Fig. 4 and Fig. 5, this is the594

voltage equation being used:595

vt+1 = (1 − λdt)vt + dt

 I(rt, σt)︸ ︷︷ ︸
infer & integrate

+ A(rt)︸ ︷︷ ︸
attractor

+Ωsrt + Ωf ot

+
√

2dt ηt (87)
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where596

I(rt, σt) = −βT(σt − 1)
α

DT
[

D(1)rt

−D(0)rt

]
(88)

with D(i) denoting the i−th row of DT, and597

A(rt) = −4DTDrt((Drt)2 − ρ2). (89)

The other terms are defined as in Eq. (37); for completeness, Ωs = DTD, Ωf = −DtD, and η = DTξ where ξ ∼ N (0, I).598

Multimodal integration and possible reset mechanisms599

The HD systems receives multiple inputs. Moreover, under normal conditions, the HD system can reset towards a known600

landmark,; this necessitates the integration of visual and angular velocity cues. This process could be implemented in various601

ways. For example, there could be a mechanism that resets the network readout to a set value (e.g., 0) every time the fly sees602

the sun. Consider an external input to the network, σ(reset), that interacts with the other terms as in603

P (θt|σt, σ(reset), θt−1) ∝ P (σt|θt, θt−1)P (θt|θt−1, σ(reset)), (90)

and the prior P (θt|θt−1, σ(reset)) is such that P (θt|θt−1, σ(reset)) = P (θt|θt−1) if σ(reset) = 0, and P (θt|θt−1, σ(reset)) ∼604

N
(
0, f(σ(reset))

)
otherwise.605

A slightly more realistic example could entail an external input that encodes the direction of a known landmark, again at606

θ = 0, noisly, such as P (σ(reset)|θ) ∝ Poiss(c exp(−θ2)) and P (θt|θt−1, σ(reset)) = P (σ(reset)|θt)P (θt|θt−1). In that case,607

P (θt|σt, σ(reset), θt−1)︸ ︷︷ ︸
angle posterior

∝ P (σt|ωt)︸ ︷︷ ︸
ang. vel. input

P (σ(reset)|θt)︸ ︷︷ ︸
reset

P (θt|θt−1)︸ ︷︷ ︸
prior

. (91)

This can be implemented in 1 − D as608

θt − θt−1 = ∇θP (θt|σt, σ(reset), θt−1)dt +
√

2dtηt (92)

= dt(−β exp(β(θt − θt−1)) + βst + 2θt−1 exp(−θ2
t−1) − 2σ(reset)θt−1) +

√
2dtηt (93)

and in 2 − D, assuming P (σ(reset)|x, y) ∝ Poiss(c exp(−(x − 1)2 − y2)), as609 [
xt

yt

]
=
[

xt−1

yt−1

]
+ dtβ

[
yt−1

−xt−1

](
σt − 1 − βxtyt−1 + βytxt−1

)
+ 2dt

[
xt−1 − r

yt−1

](
exp(−(x − r)2 − y2) − 2σ(reset)

)
− 4dt

[
xt−1

yt−1

]
(x2

t−1 + y2
t−1 − 2ρ2) +

√
2dtηt, (94)

Code availability and Github repository610

The code to reproduce the analyses in the main figures is available at https://github.com/michnard/sampl_attract_HD.611
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Supplementary Figures631
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Supp. Fig. 1. Sampling from high−D non-Gaussian distributions in mSCNs
(A) 3D, 4th order polynomial moment exponential family distribution, given by exp(−U(x, y, z)), where
U(x, y, z) = x + x2 − 3x3 + y2 − 3y + x2y2 + xyz2 + x2yz + x4 + z4. Top row: true marginal PDF, bottom: sampled marginal
normalized histogram after 10000 samples. (B) Nonlinear polynomial dynamical systems in SCNs require multiplicative interactions
among pairs of incoming inputs. The PSP of the receiving neuron i will be affected according to Ωijkrj

t rk
t , where j, k are the two

presynaptic neurons, and Ω is the matrix of nonlinear synaptic weights. (C) Higher-order polynomials require increasingly complicated
multiplicative interactions (Supp. Fig. 1B). Specifically, networks have to implement (g − 1)-th order multiplications for distributions
with g-th order polynomial moments (see Methods).
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Supp. Fig. 2. Sampling behaviour and performance for various distributions
(A) Example neural activity of 10 neurons (top) and linearly read out samples (bottom) for a bimodal distribution (as in panel C, left).
(B) Schematic of the evolution over time of an empirical histogram-based density from samples (orange), and the true density (blue). (C)
Visualization of good and bad sampling for the 1D, 4th and 8th order distributions (left and right, respectively); true distributions (top)
are sampled with best (middle) and worst (bottom) parameters as per Table 2. Orange lines are the true distributions, thick blue line is
the mean of 100 runs, each plotted as a thin blue line. (D) Visualization of good and bad sampling for the 3D, 4th order distribution;
true distribution (top) is sampled with the best and worst parameters, shown in middle and bottom respectively, as per Table 2. The left
column showcases the marginal distributions P (x, y), and the right column contains the flattened 3D histogram. (E) Similarity scores as
a function of Dmag and λ for the 1D, 4th order distribution. (F) Similarity scores for characterizing the sampling performance for three
distributions given by Eq. (96) with varying parameter sets. The optimal parameter set {N, Dmag , λ} is determined for each distribution
(Table 2), and consequently one parameter is varied while the other two are fixed. Blue, orange, and green line correspond to the 1D
fourth order, 1D eighth order, and 3D fourth order distributions respectively. Each datapoint is the mean over 20 runs for that
parameter set, and the corresponding bars span 5th to 95th percentiles. Similarity score is determined as per Perfomance calculation.
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A
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C

Supp. Fig. 3. Sampling-based inference allows the computation of various statistics online on time-varying stimuli
posterior distributions
An oscillating external stimulus is encoded by 100 Poisson neurons for 50 seconds with a dt = 10−3s. A SCN network with 50 neurons,
following the dynamics of Eq. (53), computes real-time sampling-based inference. (A) True signal (dashed black) vs network output
(light blue) over 50 seconds. (B) We assume that a downstream reader computes various statistics on a running window of 1000 samples.
Three histograms show the real-time sampling process. (C) Various statistics measured on the running windows of 1000 samples: first 4
central moments, entropy measured on the discretized distribution, hill coefficient measured with a hill estimator with k = 100.
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Supp. Fig. 4. Biological phenomena captured by sampling-based HD network
(A) True HD vs SCN readout for an example network run as in Fig. 4. Notice that the network accumulates errors and loses the true
orientation over time. (B) Average network activity (blue) during pulses of angular velocity (red). (C) Voltage (v), spikes (o), and
filtered spikes (r) for SCN HD networks with 4, 16, 100, and 1000 neurons. Same inputs as in Fig. 4.
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Supp. Fig. 5. Constraining 2 − D angular representations.
(A) Left: angular velocity ω is encoded noisily, and then transformed into a 2 − D, ∆x, ∆y HD update. Right: the HD representation in
2 − D can be constrained in various ways; top: a hard constrain represents a renormalization, whereby xt, yt = ρ xt√

x2
t

+y2
t

, ρ yt√
x2

t
+y2

t

;

middle: a soft constraint biases the dynamics to return towards the circle by including an energy term away from the circle, as in
(x2 + y2)(x2 + y2 − ρ2), so that the dynamics are driven towards the outside if x2 + y2 < ρ2, and towards the inside if x2 + y2 > ρ2;
bottom: no constraints allow the dynamics to go wherever in the 2 − D plane. (B) Example x, y dynamics for hard (red), soft (green),
and no constraints (cyan). Notice the radius oscillations (right panel). (C) Writing the approximate Baysian filtering problem through
Langevin dynamics results into a nonlinear dynamical system resembling a 2 − D integrator combined with a circular limit cycle (i.e.
attractor).
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Supp. Fig. 6. Implementing a visual reset mechanism through multimodal integration
(A) Comparison of cumulative angle for real vs. HD with reset vs. HD without reset over 20 seconds behavior. Inset: zoom in to show
the effect of the reset. (B) Avg. error after 20 seconds behavior with vs. without reset mechanisms.
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Appendix632

Convergence analysis633

To better understand the overall performance and the impact of the parameters on the sampling of the SCN, we chose three634

distributions and sampled from them using Eq. (37) with varying parameters:635

dv =
[
−λv + DT

(
− ϵ

τs
∇U(ẑ) + λẑ

)
− DTDo

]
dt + DT

√
2ϵ

τs
dη(t). (95)

To appropriately test the sampling performance, we hand-picked three distributions that portrayed interesting and somewhat636

complicated characteristics: the simplest distribution is one-dimensional with fourth-order terms in the energy function,637

which results in a double-peaked distribution (Supp. Fig. 2C, left); the second distribution is also one-dimensional but638

with eighth-order terms in the energy function, leading to a triple-peaked distribution (Supp. Fig. 2C, right); lastly, we639

also analyzed a three-dimensional distribution with fourth-order terms in the energy function, as seen in (Supp. Fig. 1A).640

Specifically, the distributions are given by respectively641

U1(x) = x + x2 − 3x3 + x4,

U2(x) = (0.9 ∗ (x − 0.1)8 + 1.05 ∗ (x − 0.13)7 − x6 − x5 + (x + 0.15)2)/0.4, (96)

U3(x, y, z) = x + x2 − 3x3 + y2 − 3y + x2y2 + xyz2 + x2yz + x4 + z4.

As for the parameters, we varied the number of neurons N , the voltage leak λ, and the magnitude of the decoding matrix642

Dmag = ∥D∥. The following parameter sets were used for sampling all distributions:643

N = [4, 8, 16, 32, 64, 128, 200],

Dmag =
[1

2 ,
1
4 ,

1
8 ,

1
16 ,

1
25 ,

1
32 ,

1
50 ,

1
64 ,

1
100

]
, (97)

λ = [0.1, 1, 2, 4, 8, 10, 16, 20, 32, 64].

Additionally, for the 1D, 4th and 8th order distributions, Dmag =
[

1
200 , 1

400

]
and λ =

[
1
2 , 1

50 , 1
100 , 1

500 , 1
1000

]
were added to644

the parameter sets for better characterization. We ran all permutations of the parameters to see which combination would645

produce the best result, with 20 runs for each permutation to make sure accurate results are obtained given the stochasticity646

in the sampling procedure. Other relevant parameters were standardized across all runs: for the 1D distributions, nt = 10000647

timesteps, dt = 0.001 time step size, ϵ = 10 learning rate; for the 3D distribution, nt = 10000 timesteps, dt = 0.01 time step648

size, ϵ = 100 learning rate. No random seed was used for simulations, so the read-out matrices D, i.e. also the interaction649

matrices (Eq. (26)), as well as the noise η were randomized in every run.650

Performance calculation651

To quantify the performance of the sampling, we used the L1 metric between the histogram bins of the ground truth652

distribution and the sampled empirical distribution with standardized bins,653

L1(b1, b2) =
n∑

i=1

|b1[i] − b2[i]| . (98)

The histogram bins were standardized for each distribution to ensure validity: in the 1D 4th order case, 100 histogram bins654

between −3 and 5; in the 1D 8th order case, 100 bins between −1.5 and 1.5; in the 3D 4th order case, 200 bins between −4655

and 4 in each dimension. It was ensured that the histograms of the ground truth distribution and empirical distribution656

had the same bin centers. The ground truth distribution and the empirical distributions were appropriately normalized: the657

ground truth distribution was normalized by dividing by the partition function through numerical integration over the entire658

space, and the empirical distribution was normalized using the density option in the numpy.histogramdd function.659

Furthermore, as the L1 metric magnitude varied strongly in each distribution ensemble, i.e. the collections of all sampling
runs for a specific distribution in Eq. (96), we calculate a normalized similarity score for each distribution. Within each
distribution ensemble, the best L1 is taken as the performance baseline. Then, we compute the difference between each L1

value and the best (minimum) L1 in the dataset, effectively inverting the metric so that higher values correspond to better
similarity. This ensures that a higher score represents a better match. To further normalize the scores for comparison across
different distributions, we divide by the maximum value obtained after inversion, yielding a final similarity measure in the
range [0, 1]. The transformed score is thus given by:

Si = max(L1) − Li
1

max(L1) − min(L1)
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where Si is the normalized similarity score for the ith distribution.660

Results661

Table 2. Best and worst parameter sets for sampling from the distributions given by Eq. (96), visualized in Supp. Fig. 2C&D.

Distribution
Parameters

N Dmag λ

1D, 4th order
best

32 1
25 0.5

1D, 4th order
worst

64 1
400 64

1D, 8th order
best

16 1
50

1
100

1D, 8th order
worst

32 1
400 64

3D, 4th order
best

128 1
8 2

3D, 4th order
worst

8 1
50 1

The results of the simulations can be seen in Supp. Fig. 2. The sampled distributions for the best and worst parameter662

sets are visualized in Supp. Fig. 2C&D. To see the effects of each parameter on the sampling performance individually, we663

determined the optimal parameter sets {N, Dmag, λ} (Table 2), and varied each parameter while the other two are fixed to664

the optimal value; the result is visualized in Supp. Fig. 2F.665

Interpreting the result in Supp. Fig. 2F, we see that the number of neurons N does not influence performance in the 1D666

case, which is sensible from the geometric perspective [60], as 2 neurons with decoding vectors spanning positive and negative667

values suffice for optimal performance. For 3D distributions, the number of neurons impacts performance, due to the potential668

lack of closure in the bounding box for low N [55, 60]. Second, the magnitude of the read-out matrix D is most relevant to669

the sampling performance of the network, which shows a strong dependence on Dmag. Both small and large magnitudes lead670

to bad results, for different reasons: small decoding vectors cannot counteract the decay, while big decoding vectors are too671

imprecise to obtain a reasonable readout [60]. Finally, the voltage decay λ has generally negligible impact on performance.672

Only when λ > 10 it affects the sampling negatively. This corresponds to a quick decay and, thus, a short memory of the673

voltage and readout. The network forgets the previous state and cannot properly sample the distribution. From Fig. 2E, we674

see that the sampling performance is not independently modulated by the parameters Dmag and λ; therefore, a potential675

solution for the posited problem is to increase Dmag, as the spiking will have a larger effect on the readout and can counteract676

the quick decay [60], but this will generally decrease the precision of the readout.677
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