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A B S T R A C T   

In this paper, the cavitation bubble dynamics near two spherical particles of the same size are investigated 
theoretically and experimentally. According to the Weiss theorem, the flow characteristics and the Kelvin im-
pulse are obtained and supported by the sufficient experimental data. In terms of the initial bubble position, the 
bubble size and the distance between the two particles, the collapse morphology and the movement charac-
teristics of the bubble are revealed in detail. The main findings include: (1) Based on a large number of 
experimental results, it is found that the Kelvin impulse theoretical model established in this paper can effec-
tively predict the movement characteristics of the cavitation bubble near two particles of the same size. (2) When 
the initial bubble position is gradually away from the particles along the horizontal symmetry axis near two 
particles of the same size, the movement distance of the bubble centroid in the first period increases first and then 
decreases. (3) When the initial position of the bubble centroid is at the asymmetric position near the two par-
ticles, the movement direction of the bubble centroid is biased towards the particle closer to the bubble, but not 
towards the center of this particle.   

1. Introduction 

When hydraulic machinery operates in sediment laden flow, the 
material surface of flow passage components often suffers cavitation 
damage [1–6], and the existence of particle swarm in the liquid will 
make bubble dynamics more complex [7–12]. To be specific, the exis-
tence of the particle swarm not only provides additional nuclei to in-
crease the probability of cavitation events [13,14], but also affects the 
severity of the bubble collapse by affecting the bubble morphology, the 
jet and the bubble movement [15,16]. However, most of the existing 
studies focus on the cavitation bubble dynamics under the effect of a 
single particle [15–17]. The bubble dynamic behavior near the particle 
swarm may be more complex than that near a single particle, such as the 
non-uniform morphology of the bubble collapse, the jet direction and 
the movement distance of the bubble centroid. In this paper, the cavi-
tation bubble dynamics near two particles are investigated theoretically 

and experimentally. 
According to the effects of the particle swarm on the cavitation 

phenomena, existing studies can be categorized into two aspects: bubble 
morphology [15,16] and jet characteristics [25–32]. For the bubble 
morphology, Zhang et al. [15] experimentally studied three typical cases 
of the bubble collapse morphology near a single spherical particle. And 
the parameter identification criteria for different cases is defined based 
on numerous experimental results. Recently, Wang et al. [16] theoreti-
cally investigated the cavitation bubble dynamics under the effect of a 
single particle in the bubble expansion and collapse process, and found 
that the particle could delay the expansion and collapse speed of the 
local bubble wall, which led to the non-uniformity of the bubble 
collapse. 

For the jet characteristics, the Kelvin impulse has become a set of 
complete theories to predict the jet direction [16,28,29]. A brief review 
of the development of the Kelvin impulse will be given. Blake et al. 
[18–22] established a set of rigorous Kelvin impulse theory systems, and 
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regarded the bubble as a point source with variable source strength. And 
the effect of the wall can be reflected by the liquid velocity potential. On 
this basis, the possibility of predicting the bubble deformation according 
to the Kelvin impulse is proposed [23]. After that, Best and Blake 
[24,25] derived a simplified version expression of the Kelvin impulse 
based on the Lagally theorem. Furthermore, according to the Weiss 
theorem [26], the specific expression of the Kelvin impulse near a 
spherical particle is obtained. For more specific details of the above 
development process of the Kelvin impulse, readers can refer to the 
latest review [27]. Recently, Wang et al. [16] employed the Kelvin im-
pulse to reveal the cavitation bubble characteristics near a single 
spherical particle with the experimental verification, and the application 
range of the Kelvin impulse according to the requirements of the quasi- 
spherical bubble is further given. In addition, many researchers have 
also made many contributions to the bubble movement characteristics 
or jet dynamics near a single particle through experiments and numer-
ical simulation [30–34]. 

The previous studies mainly focus on the effect of a single particle on 
a cavitation bubble [15–17]. The bubble dynamic behavior near particle 
swarm may be more complex than that near a single particle, such as the 
morphology characteristics of the bubble collapse, the jet direction and 
the movement distance of the bubble centroid. In this paper, according 
to the Weiss theorem and sufficient experimental data, taking two par-
ticles as an example, the cavitation bubble dynamics near the particles 
are investigated theoretically and experimentally. 

2. Theoretical model 

In this section, according to the Weiss theorem and the Kelvin im-
pulse [18–26], the theoretical model (including the basic equations, the 
solution method and the Kelvin impulse) will be introduced in detail. 
The main assumptions employed in this paper can be concluded as fol-
lows. The liquid is considered incompressible. The flow field is potential 
flow. In addition, the cavitation bubble is considered as a point source 
with the variable source strength and the fixed position. Moreover, the 
effects of the particles on the bubble are only reflected by the liquid 
velocity potential. And the effect between two particles is ignored. 
Furthermore, the bubble basically remains quasi-spherical during most 
of the bubble oscillation. 

2.1. Basic equations and solutions 

Based on the definition of the velocity potential, the liquid velocity u 
around the cavitation bubble and two particles can be demonstrated as 

follows [35]: 

u =
∂ψ
∂x

ex +
∂ψ
∂y

ey (1)  

where 

ψ = ϕ+ϕ
′ (2) 

Here, ψ is the liquid velocity potential. ϕ is the liquid velocity po-
tential produced by the bubble. ϕ′ is the liquid velocity potential pro-
duced by the walls around the bubble. ex and ey are unit vectors pointing 
toward the positive direction of the X-axis and Y-axis defined in Fig. 1, 
respectively. 

Nomenclature 

Roman letters 
F the action force on the bubble (kg⋅m/s2) 
g the gravitational acceleration (m/s2) 
I the Kelvin impulse (kg⋅m/s) 
L the distance between the particle center and the initial 

position of the bubble centroid (m) 
L1 the distance between the center of the particle 1 and the 

initial position of the bubble centroid (m) 
L2 the distance between the center of the particle 2 and the 

initial position of the bubble centroid (m) 
m the strength of the bubble source (m3/s) 
R the instantaneous bubble radius (m) 
Ṙ the first derivative of R with respect to the time (m/s) 
R̈ the second derivative of R with respect to the time (m/s2) 
R0 the equilibrium bubble radius (m) 
Rmax the maximum bubble radius (m) 

Rp1 the radius of the particle 1 (m) 
Rp2 the radius of the particle 2 (m) 
r the position of any point in the flow field (m) 
r0 the initial position of the bubble centroid 
t the time (s) 
T the first period of the bubble oscillation (s) 
u the liquid velocity (m/s) 
V the volume of the bubble 

Greek letters 
κ the polytropic exponent 
ρ the liquid density (kg/m3) 
σ the surface tension coefficient (kg/s2) 
ϕ the liquid velocity potential only caused by the bubble 

(m2/s) 
ϕ

′ the additional liquid velocity potential caused by other 
wall surfaces except the cavitation bubble (m2/s) 

ψ the liquid velocity potential (m2/s)  

Fig. 1. A diagram of a system consisting of two spherical particles and a single 
cavitation bubble based on the Weiss theorem [24]. 
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In an infinite flow field, ϕ can be written as follows [24]: 

ϕ = −
m
4π

1
|r − r0|

(3) 

where 

m = 4πR2Ṙ (4)  

here, m is the liquid volume released from the point source in unit time, 
and it also represents the bubble source strength. r is the position of any 
point in the flow field. r0 is the initial position of the bubble centroid. R is 
the instantaneous bubble radius. Ṙ is the first derivative of R with 
respect to the time. 

According to the Weiss theorem [16,24], the effect of one particle on 
the liquid velocity potential can be characterized by an image bubble 
and uniformly distributed linear sinks inside the particle. Therefore, the 
effect of the particle can be equivalently replaced by the superposition of 
the liquid velocity potential of the image bubble and the uniformly 
distributed linear sinks. The above Weiss theorem can satisfy the 
boundary condition of the liquid velocity on the particle surface. 

Fig. 1 shows the diagram of a system consisting of two spherical 
particles, a single cavitation bubble and the surrounding liquid based on 
the Weiss theorem. A 2D coordinate system is established. The origin is 
the midpoint of the line between the centers of the two particles. And the 
Y-axis passes through the centers of the two particles. Two grey circles 
are the particles 1 and 2 with radii being Rp1 and Rp2, respectively. The 
white circle is the cavitation bubble with a maximum radius of Rmax. The 
blue area represents the water. In addition, L is the distance between the 
center of any particle and the origin. L1 is the distance between the 
center of the particle 1 and the initial position of bubble centroid. L2 is 
the distance between the center of the particle 2 and the initial position 
of bubble centroid. Two blue dashed circles represent the image bubbles 
1 and 2, respectively. And two red dashed lines represent the uniform 
linear sinks 1 and 2, respectively. Moreover, the initial position of the 
bubble centroid r0 is as follows: 

r0 = (x0, y0) (5) 

The positions of the centers of particles 1 rp1 and 2 rp2 are as follows: 

rp1 = (0, − L) (6)  

rp2 = (0, L) (7) 

ri1 and ri2 defined in Fig. 1 are the centroid positions of the image 
bubbles 1 and 2, respectively. The coordinates of ri1 and ri2 are as follows 
[24]: 

ri1 =

(
R2

p1x0

L2
1
,

R2
p1(y0 + L)

L2
1

− L

)

(8)  

ri2 =

(
R2

p2x0

L2
2
, L −

R2
p2(L − y0)

L2
2

)

(9) 

Meanwhile, the position range of the uniform linear sinks 1 is from 
the center of the particle 1 to the centroid of the image bubble 1. The 
position range of the uniform linear sinks 2 is from the center of the 
particle 2 to the centroid of the image bubble 2 [24]. 

According to the above introduction, the liquid velocity potential 
induced by the two particles ϕ′ can be obtained by the superposition of 
the velocity potential caused by particle 1 ϕ′

1 and the velocity potential 
caused by particle 2 ϕ′

1, thus ϕ′ can be expressed as follows [24]: 

ϕ
′

= ϕ
′

1 +ϕ
′

2 (10)  

where 

ϕ
′

1 = −
mRp1

4πL1

1
|r − ri1|

+
m

4πRp1

∫ R2
p1/L1

0

ds
⃒
⃒
⃒r −

(
s

L1
x0,

s
L1
(y0 + L) − L

) ⃒
⃒
⃒

(11)  

ϕ
′

2 = −
mRp2

4πL2

1
|r − ri2|

+
m

4πRp2

∫ R2
p2/L2

0

ds
⃒
⃒
⃒r −

(
s

L2
x0,

s
L2
(y0 + L) − L

) ⃒
⃒
⃒

(12)  

here, s represents the integral variable. 
To close the above model, the classical Rayleigh—Plesset equation 

[16] is solved to calculate m in Eq. (4), and the equation is expressed as 
[16]: 

RR̈+
3
2
Ṙ2

=
1
ρ

[(

p0 +
2σ
R0

)(
R0

R

)3κ

−
2σ
R

− p0

]

(13)  

here, R̈ is the second derivative of R at t. p0 is the ambient pressure. σ is 
the surface tension coefficient. R0 is the equilibrium bubble radius. κ is 
the polytropic exponent. To obtain the values of R,Ṙ, R̈ and the corre-
sponding t, the fourth-fifth order Runge-Kutta method in MATLAB is 
employed to numerically solve Eq. (13). Some important values of pa-
rameters employed for the numerical solution are demonstrated in 
Table 1. 

According to the above introduction, the effect of the bubble on the 
flow field is considered as a point source. Although the isotropic bubble 
wall motion equation Eq. (13) is selected to calculate the strength of the 
point source, it can also be employed to investigate the dynamic 
behavior of the quasi-spherical bubble with slight deformation. This is 
because the superposition of the liquid velocity potential induced by the 
image bubble and the uniform linear sinks will affect the distribution of 
the liquid equipotential surface around the bubble, which can also 
qualitatively reflect the morphological characteristics of the quasi- 
spherical bubble. 

The calculation method of u can be concluded as follows. Firstly, the 
value of m can be obtained by simultaneous Eqs. (4) and (13). Secondly, 
ϕ and ϕ

′ can be calculated by simultaneous Eqs. (3) and (10)-(12). 
Finally, u can be obtained by taking the values of ϕ and ϕ′ into Eqs. (1) 
and (2). 

2.2. Kelvin impulse of the cavitation bubble 

Blake et al. [18,22] systematically derived the Kelvin impulse I based 
on the Reynolds transmission theorem, and I can be defined as follows 
[18,22]: 

I =
∮

S

ψndS (14)  

here, n is the unit vector pointing inside the bubble. S is the bubble 
surface. I varies with the action force on the cavitation bubble F, and F 
can be determined as follows [18]: 

F = dI/dt (15)  

where 

F = Fg +Fb (16) 

Table 1 
Some important values of parameters employed for the numerical solution.  

Physical parameters Values Units 

p0 1 × 105 Pa 
κ 1.4 – 
ρ 1 × 103 kg/m3 

σ 7.25 × 10-2 kg/s2  
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Fg = ρgVey (17)  

Fb = ρ
∫

S

(
1
2
|∇ψ|2n − (n⋅∇ψ)∇ψ

)

dS (18)  

here, Fg and Fb are the buoyancy and the Bjerknes force of the bubble, 
respectively. ρ is the liquid density. g is the gravitational acceleration. V 
is the bubble volume. ∇ is the Hamiltonian operator. According to the 
previous work of Blake et al. [19,22], when the volume of the bubble is 
small, the magnitude of the buoyancy is extremely small compared with 
the Bjerknes force. Thus the effect of the buoyancy on the Kelvin impulse 
is safely ignored in the following discussion [20,22]. 

According to the unsteady Lagally theorem of the deformable body 
[26], Best et al. [24] developed a simplified Bjerknes force Fb as follows 
[24]: 

Fb = − mρ∇ϕ
′

(r0) (19) 

By simultaneous Eqs. (4), (9) and (14), the expression of the Kelvin 
impulse can be simplified as follows [16,24]: 

I = πρ4∇g(r0)

∫ T

0
R4Ṙ2dt (20)  

where 

g(r0) = −
4π
m

ϕ
′ (21) 

By simultaneous Eqs. (4), (10)-(12), (20) and (21), the values of the 
Kelvin impulse with different parameters can be easily derived. 

2.3. Applicability range of theoretical model 

According to the above introduction, the effect of the anisotropic 
perturbation of the liquid velocity potential caused by the particles on 
the bubble wall motion equation Eq. (13) is neglected. Hence, the 
theoretical model is applicable to the bubble close to the sphere. And the 
sphericity of the bubble is affected by both time and space. For example, 
when the bubble is very close to the particle, it may cause serious 
deformation of the bubble. In addition, the bubble may also be severely 
deformed at the end of the collapse because the jet injection may occur 
in this process. For the above situations, the theoretical model is not 
suitable for the calculation. 

Based on our previous work [16], the applicability range of the 
theoretical model is quantitatively described with the aid of the high- 
speed photography experiment. In the pictures of the cavitation bub-
ble obtained by the high-speed photography, the roundness of the cross- 
section of the bubble χ is calculated and employed to qualitatively 
characterize the sphericity of the bubble. And χ can be defined as follows 
[16]: 

χ =
4πA
P2 (22)  

here, A is the area of the cross-section of the bubble. P is the perimeter of 
the cross-section of the bubble. The dimensionless distance between the 
bubble and the particle closer to the bubble γ is defined as follows [16]: 

γ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(L − Yb)
2
+ X2

b

√

− Rp

Rmax
(23)  

here, Yb is the vertical distance between the initial position of the bubble 
centroid and the origin of the coordinate system. Rp represents the 
radius of any one of two particles of the same size. According to our 
previous work [16], considering the effects of the time and the space on 
χ, when χ is greater than a critical value (e.g. 0.80), the bubble is 
considered to be quasi-spherical. Otherwise, the bubble is considered 
not to satisfy the condition of quasi-spherical. Based on a large number 

of experimental data, the critical value of γ is 0.5 [16]. And it can ensure 
that the bubble remains quasi-spherical for most of the time during the 
bubble growth and collapse. Hence, the following theoretical calcula-
tions are all guaranteed to satisfy the condition of γ > 0.50. 

3. Experimental setup and typical experimental examples 

In this section, the experimental setup and a typical example of 
experimental results is demonstrated in detail. 

3.1. High-speed photography 

Fig. 2 shows a brief diagram of the experimental system. The specific 
information of the main experimental equipment is demonstrated in 
Table 2. And the experimental system can be divided into three parts, 
which are described as follows. 

First, the module of cavitation bubble-particles interaction will be 
introduced as follows. Experiments are carried out in a water chamber 
filled with deionized water. When a high energy laser from Nd: YAG 
laser generator is focused through a focusing lens in the water chamber, 
a plasma is generated and gradually expands into a cavitation bubble. 
Two spherical particles of the same size are glued to the tips of two thin 
needles, and the two thin needles are attached to a three dimensional 
movement platform. 

Then, the module of data acquisition will be described as follows. 
The complete process of cavitation bubble dynamics is captured by the 
high-speed camera. To prevent the laser light scattered by the liquid 
from damaging the lens of the camera, a filter is placed in front of the 
lens, which can filter 532 nm laser to protect the lens. 

Finally, the modulation module of the experimental system will be 
introduced as follows. The relative position of the bubble and particles 
are controlled by a three dimensional movement platform, while the size 
of the bubble is adjusted by a laser energy attenuator in the laser beam 

Fig. 2. A brief diagram of the experimental system in this paper.  

Table 2 
The specific information of main experimental equipment.  

Names Models Manufacturers 

Nd: YAG laser 
generator 

Penny-100-S Anshan Ziyu Laser Technology limited 
company 

high-speed 
camera 

Phantom 
v1212 

Fuhuang Junda Gaoke Information 
Technology limited company 

Focusing lens LMH-10X- 
532 

Etmont Optics (Shenzhen limited company)  
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route. In addition, the laser generator, high-speed camera and flash are 
all synchronized by a digital delay generator to clearly record the 
complete process of the bubble-particles interaction. 

3.2. Typical example of experimental results 

Fig. 3 demonstrates a typical example of cavitation bubble dynamics 
on the horizontal symmetry axis near two particles of the same size. A 
pixel in the figure represents about 0.05 × 0.05 mm2, and the parameter 
values related to experimental results are kept two significant digits 
after the decimal point. In the figure, twenty frames were selected to 
show the complete cavitation bubble dynamics in the first two bubble 
oscillation periods. And the sequence number and the corresponding 
time are marked on both sides of each subfigure. Moreover, the red 
dashed line in the figure refers to the initial position of the bubble 
centroid. As demonstrated in Fig. 3, in the expansion process of the first 
period (corresponding to subfigures 1–4), the bubble gradually expands 
until it reaches the maximum volume (corresponding to subfigure 4). 
The bubble almost remains spherical for the whole expansion process. 
Subsequently, the bubble gradually shrinks owing to the pressure dif-
ference inside and outside the bubble (corresponding to subfigures 5–9). 
According to the marked red dashed line, it is found that the bubble 
moves towards the middle position of the two particles, and the move-
ment of the bubble centroid in the first period mainly occurs at the end 
of the collapse. The bubble wall shrinks unevenly under the effect of the 
two particles during the collapse (corresponding to subfigures 7–9), and 
the shrinkage velocity of the bubble wall near the particles is smaller 

than that of the bubble wall at other places. Moreover, a jet with the 
same direction as the bubble movement is generated by the bubble 
(corresponding to subfigures 14 and 15). After the first collapse, the 
bubble rebounds and collapses again (corresponding to subfigures 
11–20) until the energy is completely dissipated. 

4. The cavitation bubble dynamics and the prediction of the 
Kelvin impulse. 

In this section, the cavitation bubble dynamics at different positions 
near two particles of the same size are revealed. Based on the experi-
mental results, the prediction of the Kelvin impulse on the direction of 
the jet or the bubble movement is verified. 

According to the strict theoretical derivation by Best [28], it is found 
that the direction of the Kelvin impulse is consistent with the jet direc-
tion and the movement direction of the bubble centroid under certain 
conditions. Readers can refer to Eq. (3.6.3) in Reference 28 for more 
derivation details. Therefore, the movement direction of the bubble 
centroid is consistent with the jet direction. Tagawa et al. [29] and Wang 
et al. [16] replaced the jet direction with the movement direction of the 
bubble centroid in their own research. Due to the limitations of the 
experimental conditions, it is difficult to capture the experimental re-
sults of the jet appearance. Therefore, in the subsequent analysis, the 
prediction of the movement direction of the bubble centroid by the 
Kelvin impulse near two particles is mainly studied. 

When the initial position of the bubble centroid is located on the 
horizontal symmetry axis near two particles of the same size, it is 
obvious that both the direction of the Kelvin impulse and the movement 
direction of the bubble centroid are toward the middle position of the 
two particles. When the initial position of the bubble centroid is on the 
vertical symmetry axis near the two particles, both the direction of the 
Kelvin impulse and the movement direction of the bubble centroid are 
toward the center of the particle closer to the bubble. Therefore, in the 
subsequent analysis of this section, the direction of the Kelvin impulse 
and the movement direction of the bubble centroid are investigated 
when the initial position of the bubble centroid is located at the asym-
metric position near the two particles. 

To quantitatively compare the direction of the Kelvin impulse and 
the movement direction of the bubble centroid, the angle between the 
movement direction of the bubble centroid and the negative horizontal 
direction is represented by β. The angle between the direction of the 
Kelvin impulse and the negative horizontal direction is represented by θ. 
Table 3 shows the comparison between θ and β with different initial 
position of the bubble centroid. The dimensionless difference between θ 
and β is defined as follows: 

Δ =
β − θ

θ
(24) 

In Table 3, in addition to the initial position of the bubble centroid 
(Xb and Yb) given in the table, the first three rows in the table have the 
same parameter values with Rmax = 1.28 mm, L= 2.95 mm andRp = 1.50 
mm. Other parameter values in the fourth row of the table are Rmax =

0.73 mm, L= 2.85 mm andRp = 2.00 mm. As demonstrated in Table 3, 
the dimensionless differences between θ and β for different initial 

Fig. 3. A typical example of the cavitation bubble dynamics on the horizontal 
symmetrical axis of two spherical particles of the same size. The red dashed line 
refers to the initial position of the bubble centroid. The subfigure at the bottom 
left of the figure is marked with the actual length and the width of the sub-
figure. Xb = 2.00 mm, Yb = 0.00 mm, Rmax = 1.73 mm, L = 2.63 mm and Rp =

2.00 mm. 

Table 3 
The comparison between the Kelvin impulse direction θ and the movement di-
rection of the bubble centroid β with different initial positions of the bubble 
centroid.  

Bubble positions θ(◦) β(◦) Δ 

Xb(mm) Yb(mm)  

2.00  0.25  21.78  23.06  5.85 %  
2.00  0.50  38.66  36.60  − 5.32 %  
2.00  1.00  45.00  41.33  − 8.15 %  
1.50  0.50  51.34  51.30  0.08 %  
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position of the bubble centroid are small. Therefore, it can be concluded 
that the Kelvin impulse can effectively predict the jet direction and the 
movement direction of the bubble centroid. Furthermore, according to 
the values of θ and β, it can be found that the moving direction of the 
bubble centroid is toward the particle closer to the bubble, but not to-
ward the center of this particle. 

5. Morphology characteristics of the cavitation bubble collapse 

In this section, according to the enough experimental results and the 
liquid velocity obtained from Eq. (1), in terms of Xb, L and Rmax, the 
quasi-spherical morphology characteristics of the bubble collapse on the 
horizontal symmetrical axis near two particles are revealed within the 
parameters satisfying the theoretical model [16]. In addition, the in-
fluences of the aforementioned parameters are fully discussed in the 
following two aspects. First, the liquid velocity distribution and the 
motions of bubble boundary and centroid are qualitatively displayed 
and compared. Second, the differences in the liquid velocities at several 
characteristic positions around the bubble wall and the shrinkage rates 
of the characteristic positions of the bubble wall are quantitatively 
shown, respectively. And the values of Yb and Rp involved in this section 
are Yb = 0.00 mm and Rp = 1.50 mm. 

5.1. Influences of the initial bubble position 

Fig. 4 demonstrates the liquid velocity u distribution around the 
cavitation bubble and particles with different initial bubble positions Xb. 
The colors in the figure represent the size of the liquid velocity. Point A 
represents the bubble wall closest to the particles. Point B represents the 
rightmost bubble wall. Subfigures (a), (b) and (c) refer to Xb = 1.50 mm, 
Xb = 2.00 mm and Xb = 3.00 mm, respectively. Other relevant important 
parameters are Rmax = 1.50 mm and L = 2.50 mm. The white circle in the 
figure represents the bubble, and two white semicircles in the figure 
represent two particles of the same size. The length and the direction of 
the arrow represent the size and the direction of u. In order to satisfy the 
quasi-spherical condition, the time corresponding to 70 % of the first 
oscillation period calculated by Eq. (13) was selected for the analysis, 
because based on the experimental results, it is found that the non- 
spherical characteristics of the bubble near this time were found 
initially. As demonstrated in Fig. 4, the difference in |u| around the 
bubble wall is obvious. Specifically, |u| at point A is obviously lower than 
that at point B. According to the continuity equation, the shrinkage rate 
of the bubble wall is consistent with the liquid velocity around the 
bubble wall if the mass transfer on the bubble surface is neglected. 
Hence, it can be inferred that the shrinkage rate of bubble wall near the 
point A is slightly smaller than that near the point B. Moreover, with the 
increase of Xb, the difference in |u| around the bubble wall is gradually 
weakened by comparing subfigures (a)-(c). In addition, the direction of u 
is toward the interior of the bubble during the bubble collapse, although 
the direction of the liquid velocity is not completely perpendicular to the 
bubble surface due to small errors. 

To quantitatively show the difference of |u| around the bubble wall in 
Fig. 4, Table 4 demonstrates the size of the liquid velocity at points A and 
B (called |uA| and |uB| respectively) and their dimensionless difference 
with different Xb based on the theoretical results. The dimensionless 
difference between |uA| and |uB| is defined as follows: 

|Δu∗| =
|uB| − |uA|

|uB|
(25) 

As demonstrated in Table 4, with the increase of Xb, |uA| increases 
gradually, while the change of |uB| is weak due to the small influences of 
particles. And the value of |uA| gradually approaches the value of |uB|, so 
|Δu∗| gradually decreases. 

In addition, Fig. 5 demonstrates the motions of bubble boundary and 

Fig. 4. The liquid velocity distribution around the bubble and two particles 
with different initial bubble positions. The colors in the figure represent the size 
of the liquid velocity. Point A represents the bubble wall closest to the particles. 
Point B represents the rightmost bubble wall. Subfigures (a), (b) and (c) refer to 
Xb = 1.50 mm, Xb = 2.00 mm and Xb = 3.00 mm, respectively. Rmax = 1.50 mm. 
L = 2.50 mm. 

Table 4 
The size of the liquid velocity at points A and B (|uA| and |uB|) and their 
dimensionless difference with different Xb based on the theoretical results.  

Xb(mm) |uA|(m/s) |uB |(m/s) |Δu∗|

1.50  1.67  4.07  58.97 %  
2.00  2.84  4.03  29.53 %  
3.00  3.78  3.97  4.79 %  
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Fig. 5. The motions of bubble boundary and centroid at the first collapse stage 
with different Xb. Subfigures (a), (b) and (c) refer to Xb = 1.50 mm, Xb = 2.00 
mm and Xb = 3.00 mm, respectively. Rmax = 1.50 mm. L = 2.50 mm. 

Fig. 6. The variations of the movement distances of the characteristic positions 
on the bubble wall (points A and B defined in Fig. 4) versus the dimensionless 
time of the bubble collapse t∗ with different Xb. Subfigures (a), (b) and (c) refer 
to Xb = 1.50 mm, Xb = 2.00 mm and Xb = 3.00 mm, respectively. Rmax = 1.50 
mm. L = 2.50 mm. 
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Fig. 7. The liquid velocity distribution around the bubble and two particles with different distance between two particles. The colors in the figure represent the size 
of the liquid velocity. Point A represents u around the bubble wall closest to the particle. Point B represents the liquid velocity around the rightmost bubble wall. 
Subfigures (a), (b) and (c) refer to L = 2.50 mm, L = 3.00 mm and L = 3.50 mm, respectively. Xb = 2.00 mm. Rmax = 1.68 mm. 
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centroid at three typical times with different Xb. Subfigures (a), (b) and 
(c) refer to Xb = 1.50 mm, Xb = 2.00 mm and Xb = 3.00 mm, respec-
tively, which correspond to the cases in Fig. 4. And other relevant 
important parameters are Rmax = 1.50 mm and L = 2.50 mm. The sta-
bility of the bubble size is ensured by precisely controlling the energy of 
incident laser As demonstrated in Fig. 5, the shrinkage rate of bubble 
wall near the particles is slightly smaller than that of other bubble walls. 
Moreover, with the increase of Xb, the bubble gradually tends to 
spherical shrinkage because the effects of the two particles gradually 
decreases. By comparing the results of Figs. 4 and 5, the basic trend of 
the morphological changes obtained from the experimental results is 
consistent with the prediction of u around the bubble wall. 

In addition, based on the results in Fig. 5, Fig. 6 demonstrates the 
variations of the movement distances of the characteristic positions on 
the bubble wall (points A and B defined in Fig. 4) versus the dimen-
sionless time t∗ of the bubble collapse with different Xb. SA and SB 
represent the movement distances of the points A and B. And the defi-
nition of the dimensionless time t∗ is as follows: 

t∗ =
t
T

(26)  

here, T is the first oscillation period of the bubble which can be 
numerically calculated by Eq. (13). 

In Fig. 6, subfigures (a), (b) and (c) refer to Xb = 1.50 mm, Xb = 2.00 
mm and Xb = 3.00 mm, respectively. And other relevant important 
parameters are Rmax = 1.50 mm and L = 2.50 mm. As demonstrated in 
Fig. 6, when Xb is small, SA is weaker than SB at the early stage of the 
bubble collapse. With the increase of Xb, the difference between SA and 
SB gradually becomes smaller by comparing subfigures (a), (b) and (c). 
And this indicates that the bubble almost collapses in a spherical 
morphology. 

5.2. Influences of the distance between two particles 

Fig. 7 demonstrates the liquid velocity u distribution around the 
bubble and two particles with different distance between the two par-
ticles L. Subfigures (a), (b) and (c) refer to L = 2.50 mm, L = 3.00 mm 
andL = 3.50 mm, respectively. Other relevant important parameters are 
Xb = 2.00 mm and Rmax = 1.68 mm. The time corresponding to 70 % of 
the first oscillation period calculated by Eq. (13) was selected for the 
analysis. As demonstrated in Fig. 7(a)-(c), with the increase of L, the 
difference in |u| around the bubble wall is gradually weakened, this 
indicates that the bubble gradually tends to spherical shrinkage because 
the influences of the two particles gradually decrease. 

Moreover, based on the theoretical results in Fig. 7, Table 5 dem-
onstrates the size of the liquid velocity at points A and B (|uA| and |uB|) 
and their dimensionless difference with different L based on the theo-
retical results. As demonstrated in Table 5, with the increase of L, the 
influences of particles on the bubble is gradually weakened, |uA| in-
creases gradually, while |uB| changes weakly, thus |Δu∗| gradually de-
creases, because |uA| and |uB| tend to be equal. 

In addition, Fig. 8 demonstrates motions of bubble boundary and 
centroid at the first collapse stage with different L. Subfigures (a), (b) 
and (c) refer to L = 2.50 mm, L = 3.00 mm and L = 3.50 mm, respec-
tively, which correspond to the cases in Fig. 7. And other relevant 
important parameters are Xb = 2.00 mm and Rmax = 1.68 mm. As 
demonstrated in Fig. 8, with the increase of L, the influences of the 

Table 5 
The size of the liquid velocity at points A and B (|uA| and |uB|) and their 
dimensionless difference with different L based on the theoretical results.  

L(mm) |uA|(m/s) |uB |(m/s) |Δu∗|

2.50  2.03  4.05  49.88 %  
3.00  3.42  4.01  14.66 %  
3.50  3.74  3.99  6.15 %  

Fig. 8. The motions of bubble boundary and centroid at the first collapse stage 
with different L. Subfigures (a), (b) and (c) refer to L = 2.50 mm, L = 3.00 mm 
and L = 3.50 mm, respectively. Xb = 2.00 mm. Rmax = 1.68 mm. 
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particles on the bubble are weakened gradually. For example, the bubble 
appears spherical collapse with a large L as demonstrated in Fig. 8(c). 
Therefore, this supports the results predicted in Fig. 7. 

Based on the experimental results in Fig. 8, Fig. 9 demonstrates the 
variations of the movement distances of the characteristic positions on 
the bubble wall (points A and B defined in Fig. 7) versus t∗ with different 
L. SA and SB represent the movement distances of the points A and B. 

Fig. 9. The variations of the movement distances of the characteristic positions 
on the bubble wall (points A and B defined in Fig. 7) versus t∗ with different L. 
Subfigures (a), (b) and (c) refer to L = 2.50 mm, L = 3.00 mm andL = 3.50 mm, 
respectively. Xb = 2.00 mm.Rmax = 1.68 mm. 

Fig. 10. The liquid velocity distribution around the bubble and two particles 
with different maximum radii of the bubbles. The colors in the figure represent 
the size of the liquid velocity. Point A represents the liquid velocity near the 
bubble wall closest to the particle. Point B represents the liquid velocity near 
the rightmost bubble wall. Subfigures (a), (b) and (c) refer to Rmax = 1.28 mm, 
Rmax = 1.73 mm and Rmax = 1.80 mm, respectively. Xb = 1.50 mm. L =
2.50 mm. 
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Subfigures (a), (b) and (c) refer to L = 2.50 mm, L = 3.00 mm and L =
3.50 mm, respectively. Other relevant important parameters areXb =

1.50 mm andRmax = 1.68 mm. As demonstrated in Fig. 9, when the 
distance between two particles is small, the movement distance of the 
point A is not obvious at the early stage of the bubble collapse, while the 
movement distance of the point B is significant. In addition, with the 
increase of L, the differences between SA and SB gradually decrease at 
the early stage of the collapse by comparing subfigures (a), (b) and (c). 

5.3. Influences of the bubble size 

Fig. 10 demonstrates the liquid velocity u distribution around the 
bubble and two particles with different maximum radii of the cavitation 
bubbles Rmax. Subfigures (a), (b) and (c) refer to Rmax = 1.28 mm, Rmax =

1.73 mm and Rmax = 1.80 mm, respectively. Other relevant important 
parameters are Xb = 1.50 mm and L = 2.50 mm. The selection method of 
the time in this figure is the same as those in Figs. 4 and 7. As demon-
strated in Fig. 10(a)-(c), as Rmax gradually increases, the difference in |u|
around the bubble wall is gradually significant due to the strong in-
fluences of the particles. 

In addition, based on the theoretical results in Fig. 10, Table 6 
demonstrates the size of the liquid velocity at points A and B (|uA| and 
|uB|) and their dimensionless difference with different Rmax based on the 
theoretical results. As demonstrated in Table 6, when Rmax is small, the 
difference between |uA| and |uB| is not obvious due to the weak in-
fluences of the two particles. However, with the increase of Rmax, the 
difference between |uA| and |uB| is gradually significant. 

Fig. 11 demonstrates the motions of bubble boundary and centroid at 
the first collapse stage with different Rmax. Subfigures (a), (b) and (c) 
refer to Rmax = 1.28 mm, Rmax = 1.73 mm and Rmax = 1.80 mm, 
respectively, which correspond to the cases in Fig. 10. SA and SB 
represent the movement distances of the points A and B. And other 
relevant important parameters are Xb = 1.50 mm and L = 2.50 mm. As 
demonstrated in Fig. 11, due to the influence of the particles, there is a 
weak non-uniformity in the shrinkage rates of bubble wall during the 
bubble collapse. Moreover, with the increase of Rmax, the non-uniformity 
of the shrinkage rate of the bubble wall is gradually significant, so this is 
also consistent with the liquid velocity distribution around the bubble 
and particles predicted by Eq. (1). 

Based on the experimental results in Fig. 11, Fig. 12 demonstrates the 
variations of the movement distances of the characteristic positions on 
the bubble wall (points A and B defined in Fig. 10) versus t∗ with 
different Rmax. Subfigures (a), (b) and (c) refer to Rmax = 1.28 mm, Rmax=

1.73 mm and Rmax = 1.80 mm, respectively. Other relevant important 
parameters are Xb = 1.50 mm and L = 2.50 mm. As demonstrated in 
Fig. 12, with the increase of Rmax, the difference between SA and SB is 
gradually significant at the early stage of the bubble collapse by 
comparing subfigures (a), (b) and (c). 

According to the above analysis, when the bubble collapses near two 
particles, the shrinkage rates of the bubble wall are uneven. The 
shrinkage rates of the bubble wall near the particles are smaller than 
those far away from the particles. Moreover, through qualitatively 
comparing the liquid flow characteristics predicted by Eq. (1) and the 
movement characteristics of the bubble wall obtained from experi-
mental results with various parameters (the initial bubble position, the 
bubble size and the distance between two particles), it is found that the 
liquid velocity distribution predicted by Eq. (1) has a good predictive 

Table 6 
The size of the liquid velocity at points A and B (|uA| and |uB|) and their 
dimensionless difference with different Rmax based on the theoretical results.  

Rmax(mm) |uA|(m/s) |uB |(m/s) |Δu∗|

1.28  3.46  3.96  12.51 %  
1.73  2.24  4.03  44.28 %  
1.80  1.88  4.02  53.23 %  

Fig. 11. The motions of bubble boundary and centroid at the first collapse 
stage with Rmax. Subfigures (a), (b) and (c) refer to Rmax = 1.28 mm, Rmax =

1.73 mm and Rmax = 1.80 mm, respectively. Xb = 1.50 mm. L = 2.50 mm. 
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value for the non-uniformity characteristics of the bubble collapse. 

6. Movement characteristics of the cavitation bubble 

In the present section, based on the Kelvin impulse obtained from 
Eqs. (20) and (21) and the movement distance of the bubble centroid d, 
in terms of Xb, L and Rmax, the movement characteristics of the bubble on 
the horizontal symmetrical axis near two particles will be quantitatively 
investigated within the parameters satisfying the theoretical model 
[16]. Since the direction of the Kelvin impulse always points to the 
middle position of two particles of the same size, the size of the Kelvin 
impulse |I| is only analyzed in this section. The values of Yb and Rp 

involved in this section are Yb = 0.00 mm and Rp = 1.50 mm. 

6.1. Influences of the distance between two particles 

Fig. 13 demonstrates the variations of the absolute value of the 
Kelvin impulse |I| versus different initial bubble positions Xb with 
different distance between two particles L. The blue, red and black lines 
in the figure refer to L = 3.00 mm, L= 2.50 mm and L = 2.20 mm, 
respectively. Rmax = 1.28 mm. As demonstrated in Fig. 13, when Xb is 
very small, the force exerted by the two particles on the cavitation 
bubble is offset, so |I| is almost zero. With the increase of Xb, |I| increases 
first and then decreases gradually. This is because when Xb is very far, |I|
will become very small due to the weak influences of the particles on the 
bubble. In addition, the greater L, the smaller |I| due to the weak in-
fluences of the particles on the bubble. 

Fig. 14 demonstrates the variations of the movement distance of the 
bubble centroid d versus Xb with the different L. The blue, red and black 
lines in the figure refer to L = 3.00 mm, L= 2.50 mm andL = 2.20 mm, 
respectively. Rmax = 1.28 mm. As demonstrated in Fig. 14, with the in-
crease of Xb, d has a peak value. When Xb is very small or very large, d is 
very small due to the weak influences of the particles on the bubble. 
Moreover, d decreases with the increase of L. Furthermore, by 
comparing Figs. 13 and 14, it is found that the consistency of the basic 
trend of |I| and d versus Xb with the different L is great. 

6.2. Influences of the bubble size 

Fig. 15 demonstrates the variations of the absolute value of the 
Kelvin impulse |I| versus Xb with the different Rmax. The blue, black and 
red solid lines in the figure refer to Rmax = 1.80 mm, Rmax= 1.28 mm and 
Rmax = 1.65 mm, respectively. L = 2.50 mm. As demonstrated in Fig. 15, 
with the increase of Xb, |I| increases first and then decreases gradually. 
The reasons for the variations have been explained before, and will not 
be repeated here. Moreover, the greater Rmax, the greater |I| due to the 
strong influences of the particles on the bubble. 

Fig. 16 demonstrates the variations of the movement distance of the 
bubble centroid d versus Xb with the different Rmax. The blue, black and 
red solid lines in the figure refer to Rmax = 1.80 mm, Rmax= 1.28 mm 
andRmax = 1.65 mm, respectively.L = 2.50 mm. As demonstrated in 
Fig. 16, with the increase of Xb, d increases gradually at first, and then 
decreases gradually after reaching a peak value. Moreover, the greater 
Rmax, the greater d. By comparing Figs. 15 and 16, there is also good 
consistency of the general trend for the Kelvin impulse and bubble 
centroid movement versus Xb with the different Rmax. Therefore, it can 
be concluded that the Kelvin impulse has a good qualitative predictive 
value for the movement trend of the bubble centroid. 

7. Special cases 

In the present section, To fully demonstrate the cavitation bubble 
dynamics on the symmetrical axis of two spherical particles of the same 
size, Figs. 17 and 18 show two special examples that do not satisfy the 
theoretical model [16]. As demonstrated in Fig. 17, the blue dashed line 

Fig. 12. The variations of the movement distances of the characteristic posi-
tions on the bubble wall (points A and B defined in Fig. 10) versus t∗ with 
differentRmax. Subfigures (a), (b) and (c) refer to Rmax = 1.28 mm, Rmax = 1.73 
mm and Rmax = 1.80 mm, respectively. Xb = 1.50 mm. L = 2.50 mm. 
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in the figure refers to the initial position of bubble centroid. Xb = 0.00 
mm, Yb = 0.00 mm, Rmax = 1.80 mm, L = 2.00 mm and Rp = 1.50 mm. 
Since the initial bubble position is located in the middle position of two 
spherical particles of the same size, the left and right halves of the 

bubble are also symmetrical in the whole bubble oscillation process. 
Moreover, the shrinkage rate of bubble wall near the particles is obvi-
ously smaller than that of other bubble walls, so a “neck” is formed 
between two particles. In addition, since the effects of the two particles 

Fig. 13. The variations of the absolute value of the Kelvin impulse versus Xb with different L. The blue, red and black lines in the figure refer to L = 3.00 mm, L =
2.50 mm and L = 2.20 mm, respectively. Rmax = 1.28 mm. 

Fig. 14. The variations of the movement distance of the bubble centroid versus Xb with different L. The blue, red and black lines in the figure refer to L = 3.00 mm, L 
= 2.50 mm and L = 2.20 mm, respectively. Rmax = 1.28 mm. 
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on the cavitation bubble is offset, the bubble did not move. For the last 
part of the first bubble collapse, the bubble is split into two parts from its 
middle position (corresponding to subfigure 11). Subsequently, the two 
parts will rebound and collapse respectively until the bubble completely 
disappears. 

Fig. 18 demonstrates the cavitation bubble dynamics on the sym-
metrical axis of two spherical particles of the same size with Xb = 1.00 
mm, Yb = 0.00 mm, Rmax = 1.80 mm, L = 2.00 mm and Rp = 1.50 mm. It 
is worth noting that the morphology difference between the left and 
right halves of bubble is very significant in the whole process of bubble 
oscillations, and a curved “bridge” is formed between the two particles 

during the bubble collapse (corresponding to subfigures 10 and 15). 

8. Conclusion 

In this paper, the cavitation bubble dynamics near two spherical 
particles of the same size are theoretically investigated with the support 
of sufficient experimental data. The flow characteristics and the Kelvin 
impulse are obtained based on the Weiss theorem. In terms of the initial 
bubble position, the bubble size and the distance between two particles, 
the collapse morphology and the movement characteristics of the bubble 
are revealed in detail. In addition, several special cases of cavitation 
bubble dynamics that do not satisfy the theoretical model are also 
demonstrated. The major findings of this paper are concluded as follows:  

(1). Based on a large number of experimental results, it is found that 
the results of the Kelvin impulse theoretical model established in 
this paper are in good agreement with the experimental results, 
which indicates that the theoretical model can effectively predict 
the movement characteristics of the cavitation bubble near two 
particles of the same size.  

(2). When the initial bubble position is gradually away from the two 
vertically placed particles along the horizontal symmetry axis, 
the movement distance of the bubble centroid in the first period 
increases first and then decreases. The bubble will not move until 
the initial bubble position is far enough from the particles. The 
larger the distance between two particles is, the smaller the 
movement distance of the bubble centroid is. The larger the 
bubble size is, the greater the movement distance of the bubble 
centroid is. 

(3). The liquid velocity at the gap between the bubble and the parti-
cles is lower than that at other places, which indicates that the 
shrinkage velocity of the bubble wall near the particles is lower 
than that at other places during the bubble collapse. The initial 
position of the bubble centroid, the bubble size and the distance 

Fig. 15. The variations of the absolute value of Kelvin impulse versus Xb with 
different Rmax. The blue, black and red solid lines in the figure refer to Rmax =

1.80 mm, Rmax= 1.28 mm and Rmax = 1.65 mm, respectively. L = 2.50 mm. 

Fig. 16. The variations of the movement distance of the bubble centroid versus Xb with the different Rmax. The blue, black and red solid lines in the figure refer to 
Rmax = 1.80 mm, Rmax = 1.28 mm and Rmax = 1.65 mm, respectively. L = 2.50 mm. 
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between two particles are key parameters affecting morphology 
characteristics of the bubble collapse. 
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