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Review Article

introduCtion

Doppler velocimetry delineates characteristics and direction of 
blood dynamics, which is utilized in the evaluation of arterial 
supply to the kidney, brain, heart, feto-maternal circulations, 
etc.[1-3] Sonographic Doppler velocimetry is a diagnostic 
tool that gives the clinicians a clue about the well-being of 
the aforementioned organs.[4,5] Vascular resistance can be 
estimated by hemodynamic (the science that describes the 

physics of blood flow) indices based on Maximal systolic 
velocity, minimal diastolic velocity, end-diastolic velocity, and 
mean velocity.[6] The Doppler indices are calculated from the 
arteries of the kidney, brain, heart feto-maternal circulations 
to reveal the hypoxic states of Newtonian blood flow. Doppler 
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Clinicians frequently study arterial Doppler velocimetric waveforms depicted by Doppler sonography of the kidneys, the heart, the brain, and 
the feto-maternal circulation to assess the well-being of the aforementioned vital organs. The waveform interpretation of the Doppler indices 
can be studied using a mathematical model. The developed models serve as teaching tools and for easy comprehension of the regulatory 
mechanism of the organs. It will also obtain accurate wall shear stress (WSS) and likely atherosclerotic sites can be predicted early. The aim 
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the WSS. A thorough literature review was carried out between 1971 and 2021 on the mathematical modeling of blood dynamics and Doppler 
velocimetry of different blood vessels, across various electronic databases including NC AHEC Digital Library, PUBMED, ERIC, MEDLINE, 
Free Medical Journals, and EMBASE. The results of the literature search were presented using the PRISMA flow chat. The narrative review 
of the mathematical models of arterial blood dynamics is based on incompressible Navier-Stokes equations, the Windkessel model, and 
CFD. It was deduced that the blood flow velocity decreased with time across the varying frequency from 0.2Hz to 0.50Hz in the interlobar 
arterial channels. The review also revealed that adult humans’ Doppler indices of the renal-interlobar artery agree with developed models 
of renal interlobar arterial blood dynamics. The mathematical model measurements of the great vessels matched the sonographic Doppler 
velocimetry with <15% variation. In our fast-paced world of epidemiological transition, the imperatives of mathematical modeling of arterial 
flow dynamics based on the Navier–Stokes equations to represent various physiologic and pathologic situations cannot be overstated. The 
practical consequences include the possibility of mathematical models to acquire precise WSS distribution and early detection of potential 
atherosclerotic sites during cardiovascular Doppler sonography.
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velocimetry of the renal and umbilical arterial blood dynamic 
provides an indirect measure of renal and placental functions.[7] 
Increase in systolic-to-diastolic ratio and decreased diastolic 
flow suggest increased renal vascular resistance and renal 
compromise. When the umbilical Doppler indices are severely 
abnormal (increased or decreased pulsatility and resistive 
indices) is an indicator of poor antenatal prognosis.[8-11] It is also 
noteworthy that when the Doppler indices become abnormal, 
it usually accompanies congenital abnormalities, which are 
taken into consideration during antenatal management.[12,13] In 
a systematic review,[14-16] evidence revealed that it is imperative 
to carry out Doppler sonography of the feto-maternal 
arterial circulation of pregnancies with high risk and poor 
prognosis.[17-19] However, much needs to be learned about the 
rheology of the cardiovascular system and the etiology of its 
pathologic conditions. The investigation and early prediction 
of the disease conditions of the cardiovascular system are 
carried out by a powerful tool known as a mathematical 
model.[17,20,21] The mathematical model can be defined as a 
system or powerful tool that utilizes mathematical language and 
concepts.[22] A mathematical model or modeling is the process 
involved in developing a model which can be used to validate 
a concept. It helps in explaining the effects of Newtonian 
behavior of plasma and erythrocytes on the blood vessels by 
measuring wall shear stress (WSS) distribution and to make 
early predictions on the atheromatous plaque, constrictions, 
aneurysms, or atresia.[22-27] Doppler sonography displays the 
real-time measurement of blood dynamic velocimetry and 
spectral analysis of cardiovascular circulation. This generates 
detailed data on the blood flow velocimetry against the arterial 
walls.[28-33] There are challenges in correlating the obtained 
data to physiological variables of the cardiovascular system. 
First, the clinicians find it challenging to connect the rigorous 
mathematical model that describes the pulsatility and resistivity 
of arterial blood dynamic and the pathological conditions.[17,28] 
Second, the separation of the Doppler data acquisition and 
processing methodology from that of physical meaning. 
The mathematical modeling can eliminate methodological 
factors. Doppler ultrasound is a diagnostic imaging modality 
that extensively reveals cardiovascular disease, and for the 
evaluation of renal, brain, heart, uteroplacental, and fetal 
circulations.[4,8-10,17] The main merit of the mathematical model 
is that the pressure and instantaneous pulsatile and resistive 
flow of blood in the arteries can be calculated.[17,22,24] The 
calculated data from the model of the arterial blood dynamics 
can be used for the interpretation of Doppler velocimetry of 
human kidneys, brain, heart, and fetus in determining their 
physiological and pathological conditions. It helps to analyze 
the blood flow dynamics through a constricted and dilated 
blood vessel. This is achieved by studying the WSS distribution 
of the blood vessels and the impedance in the constricted or 
dilated regions.

The mathematical modeling of arterial blood dynamics 
using computational fluid dynamics (CFD) allows a wider 
range analysis of arterial flow phenomena.[28] Doppler 

velocimetry in combination with CFD and WSS distribution 
are useful diagnostic tools for determining renal, coronary, 
and carotid arterial segments prone to atheromatous plaque 
development.[34-38] WSS is the force per unit area the blood flow 
exerts on the tunica intima of the blood vessels. It plays an 
important role in the pathophysiology of atheromatous plaque 
formation and atherosclerosis. The endothelial cells sensed the 
changes in WSS due to variations in the flow of erythrocytes 
and plasma. This will trigger the release of vasodilators and 
vasoconstrictors.[28,39] The endothelial WSS of relatively 
straight arteries are unidirectional and pulsatile, while the WSS 
of arteries with irregular geometry is oscillatory.[28] Magnetic 
resonance velocimetry (MRV) using phase contrast magnetic 
resonance imaging (PC-MRI) and sonographic Doppler 
velocimetry have been used to study arterial WSS.[37-44] This 
review aims at using a mathematical model of arterial blood 
dynamics to study Doppler velocimetry. Using CFD and 
MATLAB, the velocimetry of the blood dynamics and WSS 
will be measured using an incompressible NSE.[29,45,46] The 
measurements obtained from the Doppler velocimetry will be 
compared with the obtained values from the modeled arterial 
blood flow and CFD.

MEthods

A thorough literature review was carried out between 1971 
and 2021 on the mathematical modeling of blood dynamics 
and Doppler velocimetry of different blood vessels, across 
various electronic databases including NC AHEC Digital 
Library, PUBMED, ERIC, MEDLINE, Free Medical Journals, 
and EMBASE.[47] Many pieces of literature that revealed the 
imperatives of the mathematical models of arterial blood 
dynamics for the interpretation of Doppler velocimetry were 
explored. These include mathematical models of feto-maternal 
circulation, renal interlobar artery, carotid artery, fetal heart, 
and umbilico–placental circulation among others. The 
search results of the review are presented in a PRISMA flow 
chart [Figure 1 and Table 1].

Records identified from
databases (n = (145)

Records removed before
screening: 20

Records after removing
duplicates (n = 125)

Screened records
(n = 130)

Records removed due to
inadequate contents 

(n = 28)

Reports assessed for eligibility
(n = 101)

Included studies in the review
(n = 91)

Reports excluded (full-text
articles) with reasons:
Reason 1: studies published
before 1971 (n = 8)
Reason 2: published studies
with insufficient citation (n = 6)

Figure 1: The articles’ flowcharts, which were used in the narrative review
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Mathematical model of arterial and bifurcation segments 
of the feto‑maternal circulation[17‑19]

It consists of arterial and bifurcation segments. The 
equations of the model are governed by Navier–Stokes fluid 
mechanics and formulated based on the law of conservation 
of mass. In addition, Newtonian behavior of plasma and 
erythrocytes in the blood vessels was considered. The 
arterial elasticity was incorporated and blood was considered 
incompressible while arterial blood pressure and dynamic 
were assumed to be constant. Based on these assumptions, 
the law of conservation of mass equation can be written as 
follows:
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Where

υ = mean blood flow velocity

S = cross-section of the artery

z = distance from the arterial tree to the aortic valve

ψ =  the  func t ion  o f  the  smal l  a r t e r i a l  ou t f low 
(geometrically non-depicted)

ρ = density (mass per unit volume m/v) of the blood

p = exerted pressure (force per unit area F/A) on the artery

f = WSS

c =  pressure wave velocity c (for arterial vascular 
elasticity)[17-19]

Fetal heart modeling
The equation below demonstrates the relationship between 
ventricular volume and pressure:[17,20-21]
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Where

p(t) = ventricular pressure (mmHg)

V(t) = volume of blood in the ventricle (mL)

Vo = volume reference value

E(t) = elastance of the ventricle

En(t) = elastance in normalized state (amplitude)

Emax = arterial contractility at maximum (mmHg ml−1)

En (t/Tmax) = elastance in normalized state (amplitude and time)

Tmax =  maximum time between onset of cardiac and end-systolic 
velocity

Tn= time in normalized state

Pps and Vps =  exerted pressure and volume of blood in the 
ventricle maximum systole[17,20,21]

Mathematical model of the peripheral area
( ) ( )( ) cp t p dp tQ t C

R dt
−

= +  (10)

Pc, C, and R = critical pressure, compliance, and resistance 
of the peripheral areas. They were determined by blood flow 
velocities of fetal Doppler sonography (Doppler indices of the 
peripheral areas).[17,19,20]

Mathematical model (wall shear stress of carotid 
artery)[28,31‑35]
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The equation for calculating WSS:

tf
r

µ ∂
= ×

∂
 (14)

f = the WSS

µ = blood viscosity

υ  = arterial blood velocity

Table 1: Literature reviewed and the emerging themes

Authors Major emerging themes
Thompson et al.,[4,8-11] Giles.,[7] 
Trudinger et al.,[11]

Mathematical model for 
interpretation of doppler 
velocimetry

Onwuzu et al.,[28] Gates et al.,[37] 
Irace et al.,[38] Sui et al.,[44] Poelma 
et al.,[62,63] Fraser et al.,[64] Von et al.,[65]

Mathematical model (WSS 
and CFD) versus ultrasound 
Doppler

Ali et al.,[22], Sahu et al.,[23] Kumar and 
Kumar[24] Sankar et al.,[25] Nardinochini 
et al.,[26] Takuji et al.,[27]

Modeling of Newtonian 
and nonNewtonian tapered 
arterial blood dynamics

Me´nigault  et al.,[17] Guettouche 
et al.,[18] Guiot et al.,[19] Guiot C et al.,[20] 
Hill et al.,[21]

Doppler measurements 
compared to the 
mathematical model

WSS: wall shear stress, CFD: Computational fluid dynamics
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r = arterial wall radius[28,31-35]

Mathematical model of the renal interlobar artery[48,49]
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Model for interpretation of Doppler velocimetry in 
umbilico–placental circulation
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Where PI = pulsatility index[4,8-10]

rEsults/disCussions

Any location along the umbilico–placental arterial tree 
can have its instantaneous blood pressure and velocity 
calculated using the developed mathematical model.[17-19] 
The arterial tree’s pressure levels are generally constant and 
range between a systolic value of 55 mmHg and a diastolic 
value of 35 mmHg.[17,20-22] The umbilical artery and the mean 
pressure of ascending aorta decreased by 10 mmHg at the 
insertion of the placenta (cord). These findings concur with 
observations of pregnant women and in vivo physiological 
pressure measurements on lamb and human fetuses. Blood 
velocities were measured using Doppler velocimetry at key 
places on human uterine and fetal arteries. The computed 
findings computed instantaneous flow profiles, and the Doppler 
velocimetry observations are in good agreement. The Doppler 
spectral envelope and the estimated blood velocity profiles 
are analogous.[17,20-22] The kidneys, heart, placenta, etc., are 
irrigated by blood dynamics in a high continuous component, 
while the femoral and external iliac arteries are irrigated by 
blood dynamics that present a low continuous component 
which displayed two regions with different hemodynamic 
resistances.[17] The hemodynamic resistance indices are 
reflected in the shapes of the velocity profiles. The peak systolic 
velocity and end diastolic velocity of the blood, which are 
frequently employed by obstetricians to assess fetal well-being, 
are used to calculate the indices.[52,53] Physiological resistive 
and pulsatility indices can be found in the computed arterial 
blood dynamics. The in vivo physiological and computational 
data accord with the computed distribution of flows along the 

feto-maternal arterial tree. The physiological and bifurcation 
segments combine to provide the foundation of the proposed 
model of arterial circulation.[20,21] Any arterial tree can be 
developed using this mathematical model, which was used 
to study feto-maternal arterial circulation. The curves of the 
computed instantaneous pressure and velocity were compared 
to published data on human and animal fetuses (measured 
at the umbilical cord at parturition). The velocities and the 
obtained Doppler velocity data were compared. The calculated 
physiological outcomes concur with the measurements of 
arterial blood dynamics measurement taken on gravid women 
that are healthy.[17,20-22]

The first stage in developing the mathematical model of the 
renal interlobar artery was the consideration of the flow process 
in the interlobar artery as shown in Figure 2. The tapering 
shape of the renal interlobar artery was also considered as 
shown in Figure 3. In the first 0.2 s, at a variable frequency 
of 0.20 Hz–0.50 Hz, the blood dynamic velocity in the 
interlobar artery increased from 400 mm/s to a maximum of 
500 mm/s, then fell as the frequency of flow increased across 
the arterial channel. This trend is seen by increasing the time 
of flow. The pulsatility of the blood flow in the artery caused 
the velocity to continue moving in a wavelike pattern. The 
time-averaged intensity-weighted mean velocity (TAVmean) 
and the time-averaged maximal velocity (TAVmax) were 
calculated using the in vivo physiological renal interlobar 
indices (TAVmean). The TAVmax was computed by summing 
the area above the curve for negative velocities and the area 
under the curve for positive velocities, then dividing by the 
R-R interval. The TAV was calculated during diastole and 
the entire cardiac cycle using the second retrograde flow. 
Due to the pressure gradient produced by tissue ischemia, 
capillary dilatation, and decreased peripheral resistance during 
hyperemia, the flow velocities rose and the waveform altered 
from triphasic to monophasic with the continuous anterograde 
flow. Further research revealed that blood flow pressure drops 
in a wave-like pattern as artery radius increases.[46,47] Only 
the recoil of blood flow (backflow), which is consistent with 

Figure 2: The flow process in the interlobar artery
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Olowoyeye et al., allowed for the observation of this pattern.[30] 
Therefore, the heart’s pumping motion, the conduit arteries’ 
elastic recoil, and the resistance of the distal microvasculature 
affect the blood flow within the interlobar artery.[54,55] Thus, 
Olowoyeye et al. findings are supported by the quantification 
of blood flow as a function of mean blood velocity and the 
area across the interlobar artery.[30] The obtained Doppler 
indices of the renal interlobar artery from adult humans agree 
with the developed model of the renal interlobar artery.[48,49] 
The resistive index (RI) and pulsatility index (PI) are the 
Doppler indices for the kidneys.[1,51-53] In adults, an RI value 
of 0.70 is typically regarded as normal, with a mean value of 
0.60 ± 0.01 (mean ± standard deviation).[1,51-53] In chronic renal 
failure, the normal range for PI value (1.36 and 1.56) would 
be increased, and it is correlated with the filtration fraction, 
the resistance of renal vasculature, and effective renal plasma 
flow.[1,51-53] The physiological interlobar arterial blood velocity 
profiles are similar to the Doppler spectral envelopes both in 
normal and abnormal renal Doppler indices [Figure 4].

The researchers obtained measurements from carotid Doppler 
velocimetry and the developed mathematical model, as well 
as percentage differences at various arterial segments.[28,37,38] 
The carotid bulb exhibited the lowest WSS values, whereas 
the common carotid artery had the highest WSS values. The 
WSS values for the model were calculated during a period of 
three consecutive heartbeats. To validate the model, the clinical 
measurements obtained from human participants are expected 
to match the results of end-diastolic velocity and peak systolic 
velocity, with a measurement of a percentage difference of not 
more than 15%.[28,44,56-59] Clinical measurements consistently 
produced lower values than the mathematical model. The 

percentage difference between the external carotid artery 
and the carotid bulb was greater than 15%. The peak systolic 
and end-diastolic velocities across the carotid artery were 
measured clinically and matched the CFD data.[28,50] The peak 
and average WSS values for the carotid bulb were 1.39 N/
cm2 and 3.13 1.34 N/cm2, for the common carotid they were 
19.81 N/cm2 and 15.76 1.81 N/cm2, and for the external carotid, 
they were 11.51 N/cm2 and 8.05 1.65 N/cm2. The Doppler 
velocimetry observations and the model measurements 
were within 15% variation. The obtained measurements of 
Doppler velocimetry were lower compared to the values for 
the mathematical model based on WSS. The carotid bulb has 
low WSS distribution, making the segment most susceptible to 
atheromatous plaque development. The practical consequences 
include the possibility of using mathematical models to acquire 
precise WSS distribution and early detection of potential 
atherosclerotic portions during cardiovascular Doppler 
sonography.[28,37,38,44,56-59]

In a study that used a mathematical model to examine the 
interpretation of empirical Doppler indices (RI and PI), the 
placenta and its complex branching (placental villous bed) 
were modeled in great detail.[7,8] The disease condition of 
the placental vasculature was modeled either as a fractional 
decrease in the radius of the vessels or as an effaced portion of 
the terminal branches.[8,10] The developed model can reproduce 
or simulate the arterial waveforms of both the typical and 
aberrant umbilical arteries. Theoretical relationships between 
the bulged arterial resistances and capacitance and the velocity 
waveform indices were obtained for different input pressure 
functions. The ratio between the placenta and umbilical artery 
resistances is approximately proportional to the umbilical 
Doppler indices. The PI determines the pulsatility of the 
input pressure waveform. The Fourier PI was examined for 
an arbitrary pressure function, and the umbilical arterial 
waveform behaves like (PI).[2] It was concluded that there 
was a wide range variation of umbilico–placental Doppler 
indices with the ratio of the arterial umbilical resistance and 
the arterial placental resistance (R2/R1, including the presence 
of extensive vascular diseases.[8-11] The models help to predict 
disease incidence such as atherosclerotic sites, frequency, 
and severity, especially in the new normal with a fast-paced 
epidemiological transition.Figure 3: The flow process in the interlobar artery (tapered in shape)

Figure 4: The three‑dimensional variation in the flow velocity across the interlobar arterial cross‑sectional area and the Doppler indices of the left 
interlobar artery. The waveform clearly outlines the pulsatility nature of the renal interlobar artery.[1,50,51,57]
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ConClusions

In our fast-paced world of epidemiological transition, the 
imperatives of mathematical modeling of arterial flow 
dynamics based on the Navier–Stokes equations to represent 
various physiologic and pathologic situations cannot be 
overstated. The practical consequences include the possibility 
of mathematical models to acquire precise WSS distribution 
and early detection of potential atherosclerotic sites during 
cardiovascular Doppler sonography.
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